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1 INTRODUCTION

Coherently prepared atomic media are subject of
extensive studies over the last decade. A coherent phe�
nomenon which has been thoroughly investigated is
electromagnetically induced transparency (EIT).
Electromagnetically induced absorption (EIA) [1],
phenomena also associated with atomic coherences, is
on the other hand, much less studied. Investigations of
EIA are important because of the role of low�fre�
quency Zeeman coherences in laser spectroscopy and
quantum optics. Atomic scheme required for the
observation of EIA is a closed dipole transition for
which applies:

  (1)

i.e., the total angular momentum of the excited level Fe

must be larger than angular momentum of ground
level Fg, Fe = Fg + 1. Ground level must be degenerate
in order to allow the long�lived Zeeman coherence.
Both two�photon resonances in a bichromatic light
field (pump�probe spectroscopy) and magneto�opti�
cal resonances in the Hanle configuration have been
explored. Theoretically, EIA is studied by solving opti�
cal Bloch equations numerically [2–4], and several
realizations of analytical solving have been done. First
explanation for the physical origins of EIA phenome�
non was given by Taichenachev [5] using simple ana�
lytically tractable model of a four�level N system.
According to [5], the EIA resonance is caused by
spontaneous transfer of the light�induced low�fre�

1 The article is published in the original.

Fg F= Fe F 1, F 0,>+=

quency coherence from the excited level to the ground
one.

In this paper, we use the method of perturbations to
solve OBEs. This is new and elegant way which allows
us to study peculiarities about this phenomenon. Sim�
plest closed multilevel Fg = 1  Fe = 2 transition in
the Hanle configuration is analyzed.

METHOD OF PERTURBATIONS 
FOR THE SYSTEM OF LINEAR EQUATIONS 

APPLIED TO OBES

The system of linear equations can be solved by
applying set of approximation schemes. We consider
the system of linear equations in matrix form:

(2)

where A is the system’s matrix, x is the solution and y
is right side of the nonhomogeneous system. The main
assumption of the method is that the matrix A can be
separated in two parts, APERT which contains relatively
“small” elements and A0 with all other elements of the
matrix. The idea is to consider matrix APERT a pertur�
bation and to solve system of linear equations in a per�
turbative manner. The goal is to find solution x in
terms of corrections:

(3)

where x0 is the exact solution of unperturbed part.
Using solution for x0 we than calculate the residual
part xR. Inserting Eq. (3) into Eq. (2) gives:

(4)

Ax y,=

x x0 xR+ x0 x1 x2 x3 …,+ + + += =

A0 APERT+( ) x0 xR+( ) y.=
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ć ć ć
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We start with a simplified form of the original problem
that can be easily solved, i.e. the solution of the unper�

turbed problem A0x0 = y is simply x0 = . To obtain
ith—order correction we successively solve Eq. (4) for
higher order corrections xR = x1 + … + xi. That way we
get equation that contains addends of the equations of
the previous orders which cancel each other. Approxi�
mation is in considering term APERTxi negligible com�
pared to the rest of terms in the equation. This process
gives solutions for successive corrections as

(5)

Finally, we get the solution of residual part xR in terms
of power series:

(6)

Here, we emphasize the needs for the invertible matrix
A0 and the nonhomogeneous system of linear equa�
tions. For sufficiently small APERT, approximations for
every nth correction (APERTxn = 0) are justified, and
although not exact, solutions produced by this method
converge to the exact values when summed to high
enough orders. Using previous formulas, we solve sta�
tionary optical Bloch equations:

(7)

Here, H0 and H1 are Hamiltonian parts describing
interaction with the magnetic field B (Zeeman split�
ting) and the laser light field (characterized by the

Rabi frequency Ω),  is abbreviation for the sponta�
neous emission, and γ describes relaxation that is not
due to spontaneous emission. In order to apply pertur�
bation method to OBEs, we consider the laser light
field a perturbation and all coefficients containing
Rabi frequency are part of APERT. For the y we take 
and the rest are parts of the matrix A0. For the calcula�
tions of the Hanle EIA we used the following for
parameter’s values: Γ = 2π × 6 MHz, Ω = 0.02 Γ, γ =
0.001Γ, lFg = 1, lFe = 1. The last two parameters stand

A0
1–
y

xn 1+ A0
1–
APERTxn.–=

xR x1 x2 x3 …+ + +=

=  A0
1–
APERT–( )

1
A0

1–
APERT–( )

2
+[

+ A0
1–
APERT–( )

3
…+ ]x0.

i
�
�� Ĥ0 ρ̂,[ ]

i
�
�� Ĥ1 ρ̂,[ ] SE γρ̂+ + + γρ̂0.=

SE

γρ̂0

for Lande factors. We take linearly polarized light and
solve OBEs for Fg = 1  Fc = 2 (see Fig. 1) as a sim�
plest transition for which conditions from Eq. (1) are
fulfilled. It is obvious from the list of parameters that
the condition Ω � Γ is satisfied.

RESULTS AND DISCUSSION

In Fig. 2 we present successive even corrections
(second, fourth and sixth) for the real part of 

(left) and excited�state population (right). In the bot�
tom row we compare sums of successive corrections
with the exact solutions (obtained from exact numeri�
cal solution of OBEs). Corrections show few charac�
teristic features. First, we have that the next ascending,
either even or odd non�zero correction is nearly by
order of magnitude smaller than the previous one.
Also, typical profile seems to change the “sign” from
one even/odd correction to next one. All this yields
that the sum of corrections converges to the solution
which agrees perfectly with the exact solution (see bot�
tom row of the Fig. 2). Secondly, the order of appear�
ance of non�zero, even or odd corrections for density
matrix elements is schematically (by the column of
symbols on the right of the figure) shown in Fig. 3. Our
results show that each odd correction is a new contri�
bution to optical coherences, while even corrections
bring new contribution to populations and Zeeman
coherences via additional level couplings.

The solution of the unperturbed part x0 is simply
the redistribution of the ground state populations by
1/3 for each ground�state sublevel. First correction x1

is non�zero for optical coherences for which the selec�
tion rule Δm = ±1 between magnetic sublevels stands.
The 2nd correction corrects all populations and also
Zeeman coherences of the sublevels for which Δmg, e =
±2 holds (meaning that matrix elements ρe – 2, e + 2 and
ρe + 2, e – 2 are not yet perturbed by this correction). The
3rd correction x3, corrects all optical coherences and
4th all populations and all Zeeman coherences. Please
note that here and in the previous text, by all we mean
coherences that are radiatively coupled and have phys�
ical sense.

Next, some corrections for a few density�matrix
elements show complex Lorentzian�like behavior for
the dependence of magnetic field Bscan. First, by the
order of appearance, is for the 2nd correction of
ground�state coherences  and . These are

also the only elements in the 2nd correction that show
this kind of functional dependence. Since each cor�
rection depends on the solution of previous ones, the
third correction of some elements will also show this
kind of behavior. The 4th correction brings complex
Lorentzian�like behavior to the populations (see right
column of Fig. 2). We find that the narrow peak of the
2nd correction of the ground�state coherences is
responsible for the appearance of EIA in the 4th cor�

ρg 1– g+1,

ρg 1– g+1,
ρg+1 g 1–,

e
−2 > e

−1 > e0 > e+1 > e+2 >

g
−1 > g0 > g+1 >

Fig. 1. Atomic transition Fg = 1  Fe = 2 with notation
of magnetic sublevels.
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rection, and all the latter higher corrections of the
populations. Some properties of the EIA (sum of
excited�state populations) are therefore governed by
the behavior of the 2nd correction of the ground state
coherences. We further identify the appearance of the
narrow peak of the 2nd correction of the ground�state
coherences with the onset of EIA.

As each correction depends on the solution of the
previous ones (see Eq. (5)), this 2nd correction of the
ground�state coherence depends on previous transfer
of coherences and populations. In Fig. 4 we show
schematically how  (bottom row) is formed

through successive mechanisms of transfer of popula�
tions and coherences. Three ground�state populations
(top row) are transferred to 6 optical coherences (mid�
dle row), and by the next correction, these 6 coher�
ences transfer to ground�state coherence. Altogether,
ground�state populations are transferred to 12 optical
coherences, but we present here only 6 ones that con�
stitute 2nd correction of the ground�state coherence

. By a similar analysis it can be shown how

overall behavior of populations in the fourth (and lat�
ter) correction depends on the behavior of .

Moreover, since it comes to multiplying matrix
with column, each density�matrix element is simply a

ρg 1– g+1,

( )x2

ρg 1– g+1,
( )x2

ρg 1– g+1,
( )x2

linear combination of other previously corrected ele�
ments. Since our calculations are done with Wolfram
Mathematica 5.0, we were able to provide the analyti�
cal expressions for 2nd correction of ground�state
coherence . The details of this expression

will be published elsewhere, but we found that the term
that is responsible for the EIA, as mentioned previ�

ρg 1– g+1,
( )x2
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Fig. 2. Successive corrections (top 3 rows) and sum of corrections compared with exact solutions (bottom row) for real part of
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Fig. 3. Schematic diagram which shows which density�
matrix elements of successive corrections are non�zero.
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ously is the only narrow Lorentzian in the 2nd correc�
tion,

(8)

Realistically, due to non�perfect isolation from the
environment, atoms in a gas are subject to the loss of
quantum coherence. We discuss here the role of deco�
herence of ground�state sublevels due to relaxation in
the formation of EIA. The parameter γ in Eq. (7) (and
also in Eq. (8)) stands for relaxation of all density
matrix elements with the same rate γ due to various
processes like “escape” of an atom from the laser light
beam, collisions with other atoms etc. We look here
how ground�state coherence (only 2nd corrections x2,
but it is the largest contribution) and the overall EIA
depend on γ. The amplitude of the real part of the nar�
row complex Lorentzian in (8) is given by 1/γ, while
full�width�half�maximum is γh/(lFgμB). The compari�
son between dependence of amplitude and of FWHM
on γ, obtained using Eq. (8) and the exact solution for
the excited�state population are given in Fig. 5. Within

ρg 1– g+1,
( )x2

1
γ 2iBlFg

μB/h–( )
��������������������������������� .∝

the approximation limitation of the method (Ω � Γ),
widths show full agreement, while amplitudes show
qualitative good agreement and that the higher�order
corrections for  might also contribute. Our

results show that increase of relaxation leads to loss of
ground�state coherences and that this wanes overall
EIA effect.

In summary, we have presented results of calculat�
ing Hanle EIA using perturbative method for solving
OBEs for the stationary case. The results presented for
near degenerate two�level system, and assuming Ω �
Γ, show that EIA, obtained by the perturbation
method converges to the exact solution of the OBEs.
The method establishes the role of the ground state
coherences (2nd correction in the contribution to
ground state coherences) in the latter formation of
EIA. Similar dependence of the EIA and of this 2nd
correction (as established from analytical expression
for this 2nd correction) on decoherence rate can be
regarded as the evidence that EIA is developed from
the ground state coherences.

ρg 1– g+1,

ρg − 1, g − 1

ρg − 1, e0 ρg − 1, e +1 ρg − 1, e +2

ρg0, g0 ρg + 1, g + 1

ρe0, g + 1ρe − 1, g0

ρg − 1, g + 1

ρe − 2, g − 1

Fig. 4. Visualizing transfer of populations and transfer of coherences through successive solutions x0  x1  x2 (top 
middle  bottom row).
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