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prescriptions. We shall find that a 4-point contact term is indeed present. The
source of the extra term is found to lie in the short distance behaviour of the

operator insertions at the vertices. This results in an associativity anomaly.

We shall also consider the issue of higher order contact terms with the con-
clusion that no further terms appear in the action. Throughout, the stated con-
nection of associativity and gauge invariance will be used and will play a central

role.

This paper is organized as follows: We first give the mid-point insertion. We
then proceed to calculate the scattering of four tachyons in the bosonic string.
Next, the scattering of vectors in the superstring is calculated, and the contact
term is isolated. In the second part of the paper the connection between asso-
ciativity and gauge invariance is established. Failure of associativity induces a
4-string interaction that is needed in order to maintain gauge invariance. Also,
a g¢* order term is added to the gauge transformation. We then show that 5
point and higher interaction terms are not present. Lastly, we give the complete
action for Witten’s superstring and show the agreement with our perturbative

calculation.

Various Neumann coefficients for the vertices that were used in the calcula-

tions are listed in the appendix.

2. Superstring Insertions

All the problems we will look at in this paper reside in the Neveu-Schwarz
sector of Witten's gauge invariant, covariant open superstring. The action can

be written as
1 1
Swiuen = (AR} 4) + 79(Vs4)[4)]4) | (2.1)

where the string fields | A) have (first quantized) ghost number ~1- The gauge

invariance is given by
814) = QlA} + glavA -4+ a), {2:2)

and the string product « is defined as
_.._p * mvp = uah_nAm_Sv_z .

Imposing the Siegel gauge 8| A) = 0 leads to the gauge-fixed action'"**¥
1 1
5 = J(olale) + Jotwiledlaje) 23)

with _&v representing the sum of string fields of all ghost numbers, and satisfying
vo_av = 0. As can be seen, in this gauge the interaction is given by the same
vertex [V3} as in the gauge invariant action.

The explicit form of the interaction vertex has been constructed in a series

of papers”™™*

- Certain results were also obtained independently in Ref. s]
The vertex construction followed from the Witten string overlaps by the use of
Neumann function techniques,

The overlaps are such that all strings meet at the mid-point, where a curva-
ture singularity resides. It is thus possible to attach operators at this mid-point
without changing the overlaps. The correct insertions are deduced from impos-
ing BRST as well as K, (see for example ref.[2]) invariances of the vertex with

insertion. .

In everything that has been said so far the NS superstring parallels the
bosonic string. It is at this point that the two start to differ in an essential
way. In the bosonic case it turns out that no insertion is needed for the three
string vertex, while in the NS superstring one has to insert the so-called picture

changing operator X(%). As we shall see, the presence of the insertion in the

cubic vertex is responsible for all the nontrivial effects that follow.
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vacuum, so it is even. This implies that its insertion must satisfy
Iy = odd . (2.8)

In section 4 the connection between the 4-string and two 3-string vertices will be

shown to be
_Sov:u. = As_ma_sov:a?uovua . (2.9}

From this we immediately see that

I = odd . (2.10)

The definite grading of physical states enables us to commute the _hv.w in

(6). Using BRST invariances of the vertices and relabeling dummy indices we

get the following cycling properties

AS_: = lﬁ\u_: _Sv: = _SV:
AS__:u = AS_ME _SVE = ___\...v.a_ (2.11)
Vil yase = As_uu: _Sv_uu. = I_Sv“u:

Due to the curvature singularity at the mid-point operator insertions sitting
there are in general divergent when acting on the vertices. We regularize this
by moving the insertions a bit away from the mid-point along one of the strings.
Insertions Jjy thus actuaily carry a label indicating along which string we displace
the insertion. Cyclicity of {V?) and equations (9) and (11) imply that

=1 =10, (2.12)
when acting on the cubic vertex. Also, on the quartic vertex we have
e L (L, L (2.13)

Ghost number balancing further implies that g(Js) = 0, while g(Iy) = -1.

(%) obviously has the correct ghost number and grading to be the insertion
;. We shall now regularize this, extract the finite insertion (G), and show that
it satisfies (12). First, let us review the results of the Neumnann function method
for constructing the interaction vertex. We shall illustrate things on the 4 and
B parts of the vertex. The basic correlation function for ¥(w) on the unit circle

13
Kw,w) = ($upple) = —1— . (2.04)

Since ¥ has conformal dimension w it follows that under the conformal transfor-

mation w -+ p{w) which takes the unit circle into the Witten overlap geometry

wen=(3) (@) e

we have

The vertex coefficients K% are simply the Fourier coefficients of the scattering

part of K{p,p'), t.c.

oo 0
Nﬁmu.qgn MU a..an...n.ku.....mo. MU nn..q?ié. AN.:&

ra2lf1 r>1/3

From the last two formulas it directly follows that acting on V3 we have the
identity
do

P(e) = ﬂx..?.q_zﬁ.:a..s?.w . (2.17)

Similarly for the f~ part of the vertex one uses the Neumann function

- a1 B\ w41
.Mﬂnb..u.__u = AWlblv g AMMHV a - Am.wmu

The obvious difference with the result for 3 being that now the conformal di-
mensions of v and § (-1 and 3) are used. The mm.“m. term has been inserted™ in

order that the vertex be written as an exponential of a quadratic form acting on
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that all of the pieces are of order ¢~*/%; in other words

Qmm - mv = wﬁw s, {2.26)

The factor u% has been put in just for convenience. The non-singular operator
Gis

G=o", 9! F2+p°y* F¥ 4+, 0 G b2 o HP, {(2.27)

and it is to be used as an insertion for the cubic vertex. The coefficients Fa, gu,
H3 that have been used in this paper are listed in the appendix. Calculation of
all of these coefficients is rather tedious. We shall present here calculations only
for the # piece. As we have noted f is one of the fields for which both leading

and subleading terms need to be evaluated.

Using formulas (18) and (19) we have

RS
__wuﬁ| - nv N..__. naua:.o: ﬂa._.v.\.ﬁ.u._; l AN.MWU
where
F AL Aw\ M 4y
flon) = A ap' v w Aﬂv wd+1 (2:29)
By expanding w(o), z(o) and g{o) in powers of ¢ we find the following useful
results
1 1 W, (1Y 3/3 s
w—w Hiﬂﬂ T+ %AWV +q? ! uv
LI 1+ o(e’)
Eu +1 nm.wov
w'+1 _ 13
. MN..A v (1 +ofe})) .
Therefore we have
flo'} = |u\uﬁmmv Xk ,uu\»AE_u + C:f.
(2.31)
2

+ WN“\ ﬁuwmv:a Ta\uAE.u .T.SH_S +oT.‘:.J .

1

All we need do is expand f(o') in a Fourier series f(0') = ¥_ f,£ since this and
equation {28) implies that

p(Z-) =318 (2.32)

fediS

A general formula for the Fourier coefficients f, is not too difficult to obtain.
However, for our purposes here we shall be satisfied with the more modest task
of determining only the coefficients that are needed in calculations that follow in
this paper. In the ¢f sector we in fact make use of only the coeficient QMM that
multiplies ¢!, 5* 1 Therefore in the § calculation we only need to evaluate \».

We easily determine that

i (5 - ) = 2 () et ..

.__.z....__..a- AW - uv . mﬁ 2 v:_e s.nh—

where dots indicate pieces proportional to other modes of 3. Similarly working

il

(2.33)

with ¢($ — ¢) we obtain

. f
nwa.__.,_..-ﬂm ) mv i MIAMV_ u e (2.34)
nwcz.a..:___ﬁw - mv = mmﬁ.lmmvn.l_ +...
It is now quite a straightforward matter to find that
—edf - :m% = A;v_:mws-_u, ) (2.35)

in other words Gi| = &4. All the other coefficients of G can be determined in
T
the same manner. In fact, the calculation there is much simpler since things need

to be expanded only to leading order in ¢.

12
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tude for this process is simply
1
= \\ R.H. th\uINAa\w‘ﬁﬁv_?Ohhj\uuﬁuw-vv '
°

where we have introduced the notation
_S»aqu = :A - _<«v_~u.
(Vau(3)] = g (Va|Vauld')) .

Using the fact that zfa_,z % = z"a_,, as well as similar results for b's and

¢'s, we find
= .\oﬁmu Hu.b-»Aﬂrﬁ.wJ_vo_SLw_uv . {(3.3)

The dot on V indicates that &, b.,, c_, have been replaced by z"a_,, "h_,,
z"c.n. This matrix element is very difficult to do, however, we can expand V
in powers of £ = ¢~*. Using the appropriate Neumann coefficients after a bit of
straightforward algebra we find
117
A, = \ dz z*/* - T +...Vn_ﬂu_ .
o

The term in the exponent has the expansion

B =3 (5) - (3 +2) (- Ber Bty )o

33
Eﬁw+wv IWH!»M..M»H«.T.QI ‘ (34)
SCas RN CE )

This result can easily be put in a much more manageable and useful form

=(1)
A, = .\. dz 27373 (] — z)"H22 (3.5)
a .
where
N Nu 2
=gz (1-Gerhae) (3.6)

To this order in z we have z{1)  0.50480 which is very close to the exact

15

value z(1) = 1 shown by Giddings™" Using this exact value the s — ¢ amplitude
is simply

i
Afs,t) = A, + A4, = .\ dz 27933 _ y)ttr (3.7
]

which is the familiar Veneziano formula.

It should not be surprising that our approximation converges so rapidly to
the exact value. This is a consequence of the specific conformal transformation,
i.c. z(z), that maps the Witten string overlap into the upper half plane of the
dual model. Still, we should contrast this with the light-cone case where the

series expansion for z{z} does not converge at £ = 1"

We turn now to the scattering of vectors in the superstring. First we introduce
the kinematic invariants for this anwzn,_..in. General 4-point scattering has the
usual invariants

s=-~(p+p)
—{p + p)? (3.8)
~(pr+ )}

-
H]

L]
I

From momentum conservation and the fact that vectors are massless, it follows
that

stt+u=0. (3.9)

(i34 the s—channel diagram goes inlo the t-

channel. The invariants s,¢,u transform under P in a very simple way

Under the re-labeling P =

8§ —t

t—s (3.10)

U —u.

18
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We denote the above matrix element as J. A bit of algebra gives us J in
terms of P, Q, R and Z. We find that

J = ~(Rau(@)R1a(¥)) g, - (bo),.p,+

. — . 3.2
+ Abu.ﬁw*vb:?.uvk; (Pu(3 w?v:ﬁqv:? . (¢22)

By ?av_a? for example, we mean

u.A+ | exp ANKAMJV mw. exp AN:ASV _ +vu, y

and the subscript “b¢fiy" indicates that we should take only that sector of the

Z’'s in evaluating this expression.

Expanding J in powers of z to order =1 we find
J =2 (Ko(1),, + 2B ) (1), (3.23)

where the most tedious part of this calculation is determining the coefficients K,

and K. A long but straightforward caiculation gives us

Ko = Iﬁn_“,..w e w.%.m_hw + G .ﬁvm__mw. + ¢ .v,m..mnuv.

- (3.24)
(e +a PRia " Fia)

as well as

19

K, Hﬁﬁmww .n%.m.mm + NM.M? .t.mumn. - wan..v.mumnuv.
Tx‘m..wn. . n...ﬁ..m.mwu + km«wn_ .nog.._%»_nu - mn.m«w? -t nmn-ul
- Qmwwvuﬁnu . ?v:ﬂm +G v_..mumn. +6 t.m.hmnuv.
(- nnm..um 1+ npnuﬁum + wun_.m..umv PN
- :mmmun ? . nuvn.m.a..w +6 ..e»hﬂ»_nu +G .u.m.%mw.v.
g5 ?ﬂ«m 1+ Aum‘m..um + n.nnm._umu - p* NG~ (3.25)
— (K B ? e P Pt — g Pl pt
~ 1 Gags B P e gae - PO - pt
6P P - g o .n%...u.vn
- KEFD((D - 2060 sosr -0+ 260 uts )~

- unwmmwmﬁhwm%o a6y " Ga

where a,0' run through 1,2,3' ; b0 run through 3,4,3. 1 is just a diagonal matrix

with components §,,.

The matrix element A Hv x has been evaluated in the bosonic calculation. Care-
fully transcribing that result (bearing in mind that tachyons satisfied s + ¢+ 4 =
—8 while for vectors s + ¢ + v = 0) we find

1 2t 93 —af1-1 24 23 —-t/1
ar= [l (et o) T (- Beta - )™ (3.26)
Nu
(- wlui._.xs_cvx +&&

Using equation (6) for z(z), as well as the fact that 2(1) = i, leads us to

20
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Using equations (2.5) as well as (2.26) this becomes equal to

3? : T "
(7 @) sl (5 - 6 (5 — ¥ ¥)es -
Since G =} P4 + ... the V; overlap for G is simply
AS_EAQ—HQU —iGir IQ: =0 forall g .

We may now move both G's to the same leg, so that

3
|4+ (B+C)), = 55 €1 (A (BI{CH Vol GLGLW )0 W )i - (42)

where + simply denotes the points 7 +«

Now that both insertions are on the same string we may use the familiar

operator product expansion {given in the z-plane of fig.3)

1

C)G(") = —2—L(#) + -+ ,

z—2'

where dots indicate non-singular pieces in €. From the z-plane overlap it follows
that

s

1
GG = B = SLi 4, (4.3)

23 ¢
with B* = (1,¢,8), and ¢ = ¢%°. From now on we establish a convention to
always label the string on which the OPE’s are calculated “1”, so that E! = 1
will be used. As a result of this we are left with a single insertion o L residing
on the internal string. Therefore A+ (B +C) is

4 i X
3 . €3

B AL V) d W)

Using expressions for operators at § ~ ¢ acting on the cubic vertex {as in

23

section 2) we have™

P! =eP? =P}

vl=eyl =gl .

From this, for example, we directly see that G = G = 3, which as we saw in
(2.12) is a necessary property for G to be a good insertion for Vy. It also follows
that L(o) = $P(g)* + - -- obeys

Ll =¢ll =} . (4.4)

With the help of this relation we may move the L insertion to the leg labeled

“1.” Finally having moved the insertion to an external leg we have the result

_h * Am * Ovvu =1 wum‘“\m die .uAh_uAm_.AthAW - nv _Sov-ﬂ. * (4.5)

where we have defined (as promised in section 2) the “bare” four point vertex by

_Sov:k = A_\Lu___f.«ova:_ﬁnovwﬂ . (4.6)

We will have more to say about V2 in the next section. Let us note here that
our calculations in this section so far depend crucially on the OPE equation (6)
as well as the phases in equation (8). The consistency of the two may readily be
tested by performing the cyclings of insertions and OPE’s in different orders. It

is easy to convince oneself that the final result is independent of this order.

The (A + B) ¥ C calculation proceeds in the same way as the previous one.
We find that

_Hh * B}« QVH = uAh_uAm_.AQ_C\u_wm_d\uvmz_sv“: ' (4.7)

Moving both insertions, as before, to the fifth leg and performing the OPE we

24
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g* terms V; and 6;4. Since we are not admitting higher order terms in either the
action or the gauge transformation law then equations (6) and (7) play the role
of consistency conditions. We should note that in the bosonic case we have no
Vi or 8,4, so that (5) is the consistency condition. It is satisfied in the bosonic
atring because of associativity. (3) trivially implies _mohv = 0_>v. Using this the

Vs term in (4) becomes
uAh_uAb_pAb_O—_ﬂuv:u .

Using BRST invariance of ?\uv. as well as the odd grading of A\»_. this is equal

to

Iuﬁh_O» «A&_kbzﬂ\uv:u + uAh_OuuAh_HA:_Sv:u .

Re-labeling the first piece GWU and the second wa. and using cyclicity of _t.uv

gives

l614) = [As A — A 4), (5.8)

which is just the well known result. Let us look now to equation (5). We would
like to satisfy this equation without changing the usual form of gauge invariance.
It will turn out that this cannot be done. Still we want to determine V, so that it
cancels as much of the cubic piece as possible. We first calculate the piece known

to us. The expression aAh_uAa__A&L_ﬂuvsu simply becomes

{ALCAN VLo (Lo A] = (A1 0AL) 98) el Vo) s -

By re-labeling the indices ﬁ.ﬂ%@ this is put in a more convenient form

G R RETRVVERTRVT) VA A WA (5.9)

The contraction C\L__\uv___\uv has already been evaluated. When looking at asso-

7

ciativity we determined that

wf\ o

Aﬂu_g_«\uvﬁu_ﬂwv«: Q\u_-a e A + nv_vmevo:_ﬂo mt (5.10)

Moving the L insertion of the previous equation to the second leg we get

u)\. e

A_\»_S_ﬁ\uva..._ﬂuv.: A<u_no_<uovoa_<uovn._ :

By virtue of equations (4.6) and (4.8) this can be written as

3V3
(Va|gal V) o Vi = ¢ ...WI ¥ e LL{VE) 0, - (5.13)

On the other hand we may also move the insertion onto the third leg. This
gives us .
¥V3 i a0
(Val 5ol Va)ans| V3) dea =¥ 2 e e L3|V] | {5.12}
Note again the difference in phase for these two expressions. Using these last two

results as well as the cyclicity of |V,?) enables us to write (9) as

wf\. o

(e-2), h_u?ﬁ_ b_ A>_h_ __\av:u.. : (5.13)
Using the explicit values of ¢ and € this can be made a bit more tidy. We have

«AL_HAS_HAM_L_FYS == A v Ak_u?—_ A\L Ab_b _Qov:! . (5.14)

As we see this is just proportional to the association. Loss of associativity thus

indeed forces us to add g* order terms to our theory. The ¥, piece in equation

28
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Lastly, we turn to {6). We may rewrite the quartic piece as

AS*_uu._.muhv._hvn_hvu_hv. =
AS_:EAHA;_.—A& - aAimAh_v _<uv=am>vL>vu_hvp

With a bit of rearrangement, taking care of the gradings of all of the objects, we

find this to be equal to

- A_\u_u.A__\._%As_nuu._Sv_ua_hv»,\—vu_\*V‘_bvu_bve
- Aa\u_s_nﬂu_aks_su.._c.uv_S_LVLLVL;&Y—.}V"_>ve .

The cubic piece, on the other hand, becomes

(5.24)

OA.}TA&»?A%NL._ _«\uv‘ma = mA.}_mA\»_ A‘\.ru!_ﬁ\uvfam:hv__hvu_kwvul_l
|4}, |A),i4),+ (5.25)

|4),]4),14),) -

We re-label 1 + 4 and then use cyclicity of ASL. This enables us to write the

cubic piece of (6} as

Q\»_an?\u_r_ AS_:r_Svuuaﬁ_hvu_hvu_by
+|4),|4),]4), {5.26)

+14),14),14) | 4),14), .

As we see both (24) and (26) contain the contraction (V,|V;).
VehasdlVohao & (Volisss BLOLW e o« (LBl V) (527

where in the last step we used the corresponding OPE. As with the calculation of
associativity, the key in evaluating (6) is in carefully keeping track of phases that
come about from moving f to the external legs. For the cubic piece we need to
move the insertion onto legs 2,3,4 i.e. along V0. For theyquartic piece we move

to 5,6 f.e. along V2.
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Let us recall that by equations (2.18) and (2.19) we have on the cubic vertex

g~ Ammv% ~(vz@) 7, (5.28)

where we are just keeping the dependence on the index a. We found that the
choice of roots /z; = g, = (1,¢,2) % led to the Neumann functions with correct

overlap equations. Using the fact ¢* = #* = 1 gjves us
B'=p =5, {5.29)

on Vy. Similarly on V, we find

where the four string z’s (fig.4) are
z = (1,—i,~1,1) &% . (5.31)

The choice of the roots /Z, must be consistent with the overlap equations. As
we shall see at the end of this section the overlaps for the quartic vertex are not

cyclic. The choice of roots consistent with the overlaps of _S_v:u , (see appendix)

is
VZa = (1,675, 61, %) oF | (5.32)
This gives us
.mu - n..nm..mn = n.muu = n.,m.m; , ﬁm.wuu

acting on |V,) To get results for T\,vz: we just apply (33%). It follows that

1234° 2341

on _Svﬁ.: we have
u— = nu..m_a» = nl..wuu = nl..wum. . Am.w&

If we write ' = af* = b3* = cf* on V¥, then the cubic piece of equation (6) is
proportional to (a +&+¢)(V|V?). Thus (33) gives a +b+¢ = 1 + /27, while (34)

32
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Having derived the overlaps the vertex can be constructed in the usual way
(appendix}. We should also mention that this construction determines ¥, up to

an overall normalization constant. Therefore we have

! 1. e 1 o
—Sv_—nu¢ = QM Ounhvﬁ MQIEhSM—Q-I.’.m:MEWQN_‘u rlu+

) ) (5.39)
+02  Mammed  + B2, K2 )| + )1, -

C is the finite normalization constant, and the ! dependence comes from ({16}
and equation (2.36) which states that (since b has conformal dimension 2) we

have
Vi) WM_SV. (5.40)

We see that as in Wendt’s paper the extra four point scattering term diverges
as m Let us finally note that the constant € can be determined by looking (a
{d Wendt) at the scattering of four vectors and choosing C so that the ¥, piece
cancels the extra term in the ViV, contraction making the total amplitude equal

to the result of the dual model. The quartic piece gives rise to

wAw__uAnu_uAnu__.A?_Sv_u«. .

It is rather easy to show that by using the properties of the Neumann coefficients

of ¥, given in the appendix this is equal to

171y —of2 71y ~t/2
QlﬁmV ﬁmu (Lot o G~ G o=

| e} ") e r-0).

On the other hand, our result b"n:.n + \_Hna may be written as

(5.41)

@é@-s? FLELYS+T) - (1+..00) .

The two are obviously of the same form. The divergence m in the perturbative

calculation comes through a divergent sum 1+ 1 +.... If our calculation had

been exact then it would be possible to read off the value of C.
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6. Conclusion

Let us recapitulate the resuits of this work. In the first part of the paper we
have presented an insertion for the cubic interaction of Witten's superstring that
is equivalent to the picture changing operator but is given in terms of ghosts in
their natural {not bosonized) form. This simplifies explicit calculations and also
makes the connection to dual models more manifest. We then gave a straight-
forward calculation of the tree scattering of four vectors in the superstring. The
existence of a {divergent) contact term is confirmed. The derivation is free of
non trivial limiting procedures. Though tedicus, this calculation shows that in
Witten’s theory the expansion in £ = ¢ converges rapidly. This may prove
useful in calculating other diagrams (tadpole perhaps).

In the second part of the paper we showed that in the superstring the Witten
string product does not obey associativity as one would naively assume. This
result comes about through analyzing operator product expansions of mid-point
insertions. Failure of associativity necessitates the modification of the superstring
action, as well as of the gauge transformation. By imposing gauge invariance we
show that quintic and higher interactions are not present in the theory. The
quartic vertex is determined, and it is shown that this precisely gets rid of the
extra term in our four point scattering calculation, Thus by imposing gauge

invariance we recover correct dual model amplitudes.

Even though the string product fails to associate, it does this in a particularly
simple way by the appearance of a phase. The mathematical structure that
emerges seems interesting in its own right. Ancther indication of the existence
of an underlying structure not yet understood is the connection between the
super Virasoro algebra and the severe constraints on insertions of (non primary)

operators at vertex mid-points.

Due to the fact that both the action and gauge transformation are modified
by extra terms the question of gauge fixing should again be addressed. As we

have seen, it is strongly indicated that vertices higher than quartic can’t be made
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We list here some important symmetries of the Neumann coefficients
N3b = Nogi o

Same cyclicity property holds for N's, K’ and K's. The (13) coefficients follow
from the {12)’s via

NEL = ()N,

B = (A

K2 = (YK

R =y,
Finally, the coefficients are (anti) symmetric under interchange of both upper

and lower indices

20- = z-a
Neb = fjbe
Mﬂa— = - Mﬂ-b

MN:— = IMN: .

A.2. COEFFICIENTS OF THE G INSERTION

The insertion has been written as

G = at Wt Bt 40U B 4 2,08, Gon 4 420 H

For the coefficients of the P(5)¥(%) piece we have the formulas

Fg = fr)e e

.Nw ~i% pa
l..ulnln ™

ab
M..__.‘

it

ab 2 i ab
F, Iwuu.kln i
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We now turn to evaluating the diagonal coefficients of the quartic vertex.
Using equation (3) it is not very difficult to put K into the form
1 /3%
KM(o,0") = == (g(a)e(~=") + 9(z')g(-2)) , (a.6)
where we have introduced the notation £ = ie*”, The four string ¢ is simply
alz) = (1)

-z

Similarly, for the A7y correlator we have, in complete analogy with the three

- az\"¥ 1 az'\ 11
o L il —
Kle,o') = Aﬂw\u z—z AP mmmv M1

Again only the diagonal part of this interests us here, and we can write it as

. 1 g3l ,
KMa,d') = mwhil&li +

string case

l+z 1-2
-z 1+4&

.qﬁh..unﬁl..&v . (A.7)

The Fourier coefficients of the scattering part of K1' and K} are the vertex

coefficients, We thus have

X‘:HQ.QJ - M a»EN....n.h..—-— + M nl....anlﬁ__u , TPwv
ra>0 >0

and similarly for K. The easiest way to read off the K\'s is to apply (3, + 8,)

ra
on {6) and (8). Equating these two gives us

2 KR P =
X H o h , (A.9)
m%??ﬁ:i -g(z u&:iv .

Similarly forK we find

oo
n+m+l1l 711 A im __
M gAvmEl k.:+w.a+wn =
n,m=0 h , . T>.~8
1 1+ zx 3 l1+zz
= I ) - T e

Expanding in x and =’ we easily get the needed vertex coefficients. Let us just

43

note that calculating the non-diagonal coefficients (just as in the cubic vertex) is

even simpler.

We finish by giving a brief list of the first few (diagonal) Neumann coefficients
of the full quartic vertex. The coefficients of the X and be sectors are not listed
and can be found in |2].

Ky «"w«"mnﬂm_aﬂm
r=3 o| & | o|-4
_.Hw 0 .u_m
Rils=Ho=fa=gs=1
=& |%
= EFIE)
=1 |-
=K
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Figure 1.

s-channel amplitude

Figure 2.

t-channel amplitude
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Figure 5.
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