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ABSTRACT

PACS:
73.43.-f
71.10.-w
81.05.Uw

Due to its fourfold spin-valley degeneracy, graphene in a strong magnetic field may be viewed as a
four-component quantum Hall system. We investigate the consequences of this particular structure
on a possible, yet unobserved, fractional quantum Hall effect in graphene within a trial-wavefunction
approach and exact-diagonalisation calculations. This trial-wavefunction approach generalises an original
idea by Halperin to account for the SU(2) spin in semiconductor heterostructures with a relatively weak
Zeeman effect. Whereas the four-component structure at a filling factor v = 1/3 adds simply a SU(4)-
ferromagnetic spinor ordering to the otherwise unaltered Laughlin state, the system favours a valley-
unpolarised state at v = 2/5 and a completely unpolarised state at v = 4/9. Due to the similar behaviour
of the interaction potential in the zero-energy graphene Landau level and the first excited one, we expect

these states to be present in both levels.
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1. Introduction

Electrons in graphene may be viewed as a particular form of
the two-dimensional electron gas (2DEG), with the fundamental
difference that, due to the particular band structure, their
low-energy properties are described in terms of a zero-mass
Dirac equation rather than the usual effective-mass Schrodinger
equation [1]. One of the most salient features of the 2DEG, when
submitted to a strong magnetic field, is the quantum Hall effect
which occurs in an integer (IQHE) as well as in a fractional
(FQHE) form. The former is also manifest in graphene [2,3], and
its obervation is a spectacular proof of relativistic electrons (and
holes) in graphene, due to an unusual quantisation of the Hall
conductivity, oy = 2(e?/h)(2n + 1), in terms of the integer n, as
expected on theoretical grounds [4-6].

Experimental evidence for the FQHE, which is due to elec-
tron-electron interactions in a partially filled Landau level (LL),
is yet lacking in graphene. In the usual 2DEG in GaAs/AlGaAs
heterostructures, the FQHE is, indeed, seen in samples with
high mobilities yet unaccessed in graphene on a SiO, substrate
(w ~ 50000cm?/V s for typical samples). Higher mobilities
(i ~ 200000 cm?/V s) have been achieved in current-annealed
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suspended graphene [7], but unexpectedly the IQHE happens to
break down above 1T, probably due to extrinsic effects that are
not related to the intrinsic electronic properties of these graphene
samples [8]. In spite of the missing FQHE, interaction physics is
likely to be at the origin of additional plateaus in the Hall conduc-
tivity at LL filling factors vc = £1 (and 0) [9], where v = n¢/ng
is the ratio between the carrier density (nc > 0 for electron and
nc < 0 for hole transport) and that, ny = B/(h/e), of the flux
quanta threading the graphene sheet.

From a theoretical point of view, interactions in graphene
LLs are expected to be relevant. Indeed, one needs to compare
the typical energy for exchange interaction Vo = e%/eRc =~
254/B[T]/e~/2n 4+ 1 meV, in terms of the dielectric constant e
and the cyclotron radius Rc = Iz+/2n + 1, with the magnetic
length Iy = +/h/eB = 25/4/B[T]nm, to the LL separation A, =
ﬁh(v;/lB)(\/n +1 — 4/n), where v is the Fermi velocity. In
spite of the decreasing LL separation in the large-n limit, the ratio
between both energy scales remains constant and reproduces the
fine-structure constant of graphene, ag = V¢/A, = e*/hvpe ~
2.2/e. Notice that the Coulomb interaction respects the fourfold
spin-valley degeneracy to lowest order in a/lg ~ 0.005./B[T],
where a = 0.14 nm is the distance between nearest-neighbour
carbon atoms in graphene. This fourfold spin-valley symmetry
is described in the framework of the SU(4) group which covers
the two copies of the SU(2) spin and the SU(2) valley isospin.
Lattice effects break this SU(4) symmetry at an energy scale
Vc(a/lg) =~ 0.1B[T]/e meV [10-13], which is roughly on the
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same order of magnitude as the expected Zeeman effect in
graphene [9]. Other symmetry-breaking mechanisms have been
proposed [14-16] but happen to be equally suppressed with
respect to the leading interaction energy scale V¢. An exception
may be graphene on a graphite substrate, where the natural lattice
commensurability of the substrate and the sample may lead to a
stronger coupling than for graphene on a SiO, substrate [17]. This
yields a mass term in the Dirac Hamiltonian which lifts the valley
degeneracy of the zero-energy LL [14].

Based on these considerations, graphene in a strong magnetic
field may thus be viewed as a four-component quantum Hall
system, and we neglect SU(4)-symmetry breaking terms in the
remainder of the paper. An interesting theoretical expectation
resulting from this feature is the formation of a quantum Hall
ferromagnet at v = =+1 [18,10,11,19] with SU(4)-skyrmion
excitations, which may have peculiar magnetic properties [19,20].
Also for the FQHE, the SU(4) spin-valley symmetry is expected to
play a relevant role and has been considered within a composite-
fermion approach [21] as well as one based on SU(4) Halperin
wavefunctions [22,23].

In this paper, we review how the four-component structure
of graphene may have particular signatures in a possible FQHE.
In a first step, we discuss the structure of the interaction model
for electrons restricted to a single graphene LL. We concentrate
on the spin-valley SU(4) symmetric part of the interaction model,
which constitutes the leading energy scale, and discuss, based on
the behaviour of the pseudopotentials, theoretical expectations for
the FQHE in graphene in the LLs n = 0 and 1. In the second part
of this paper, we corroborate these qualitative expectations with
the help of the SU(4) wavefunction approach [22,23] and exact-
diagonalisation calculations.

2. Interaction model

In the case of a partially filled LL, one may separate the “low-
energy” degrees of freedom, which consist of intra-LL excitations,
from the “high-energy” inter-LL excitations. In the absence of
disorder, all states within the partially filled LL have the same
kinetic energy such that intra-LL excitations may be described by
considering only electron-electron interactions,

1
Hin = 5 qu V(@) Prn(— @) P (@), (1)
where v(q) = 2me?/eq is the 2D Fourier-transformed Coulomb
interaction potential. The Fourier components p;,(q) of the
density operator are constructed solely from states within the n-
th LL in the band A (A = + for the conduction and A = — for the
valence band). This construction is analogous to that used in the
conventional 2DEG, but the density operators p,(q) are now built
up from spinor states of the 2D Dirac equation,
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for the zero-energy LL n = 0, in terms of the harmonic oscillator
states |n, m) and the guiding-centre quantum number m = 0.

Here, we have chosen the first component of the spinor to
represent at the K point (§ = +) the amplitude on the A sublattice
and that on the B sublattice at the K’ point (¢ = —). Notice that
the valley and the sublattice indices happen to be the same in the
zero-energy LL n = 0 and that, thus, a perturbation that breaks

the inversion symmetry (the equivalence of the two sublattices)
automatically lifts the valley degeneracy [14-16]. In terms of the
spinor states (2) and (3), the density operator may be written

o
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where cﬂ)m ¢ annihilates (creates) an electron in the state wfn,m‘ In

Eq.(4), we have neglected the contributions that are off-diagonal in
the valley index. Indeed, these contributions give rise to a rapidly
oscillating phase exp(%iK-r) in the matrix elements, where +K =
i(4n/3ﬁa)ex is the location of the K and K’ points, respectively,
and yield terms in the Hamiltonian (1), which break the valley-
SU(2) symmetry of the interaction. They are suppressed by a factor
a/lg with respect to the leading interaction energy scale e? /el [10],
as mentioned in the introduction. For the sake of simplicity and
because of their smallness, we neglect these terms here.

Within the symmetric gauge, A = (B/2)(—y, x, 0), the position
operator r in Eq. (4) may be decomposed into the guiding-centre
position R and the cyclotron variable . Whereas the latter only
affects the quantum number n, R acts on m, and we may therefore
rewrite the density operator (4), p;,(q) = F,(q)p(q), as a product
of the projected density operator

p(q) = Z (m e~ | m/>Cin,m;gCMm’:$ (5)
&m,m’
and the graphene form factor
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for n # 0, in terms of Laguerre polynomials, and
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for n = 0. With the help of the projected density operators, the
interaction Hamiltonian (1) reads

1
Hin = 5 D 0 @p (5@, (8)
q

where we have defined the effective interaction potential for
graphene LLs,

2me?
€q

Notice that the structure of the Hamiltonian (8) is that of
electrons in a conventional 2DEG restricted to a single LL if one
takes into account that the projected density operators satisfy the
magnetic translation algebra [24]

vi(q) = EAO) 9)

/ 12
[5(q). 5(q)] = 2isin (" A;'B) pa+q). (10)

where ' A q = q,qy — qxq; is the 2D vector product. This is a
remarkable result in view of the different translation symmetries
of the zero-field Hamiltonian; whereas the electrons in the 2DEG
are non-relativistic and therefore satisfy Galilean invariance, the
relativistic electrons in graphene are Lorentz-invariant. However,
once submitted to a strong magnetic field and restricted to a single
LL, the translation symmetry of the electrons is described by the
magnetic translation group in both cases.
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2.1. SU(4) symmetry

The most salient difference between the conventional 2DEG
and graphene arises from the larger internal symmetry of the
latter, due to its valley degeneracy. This valley degeneracy may be
accounted for by an SU(2) valley isospin in addition to the physical
SU(2) spin, which we have omitted so far and the symmetry of
which is respected by the interaction Hamiltonian. Similarly to the
projected charge density operator (5), we may introduce spin and
isospin density operators, S*(q) and I*(q), respectively, with the
help of the tensor products [20]

SMQ) = (5" ®1) ® p(q),
" =1®I") ®p(q). (11)

Here, the operators S* and I* are (up to a factor 1/2) Pauli matrices,
which act on the spin and valley isospin indices, respectively.
The operators (S* ® 1) and (1 ® I*) may also be viewed as the
generators of the SU(2)xSU(2) symmetry group, which is smaller
than the abovementioned SU(4) group. However, once combined
in a tensor product with the projected density operators p(q), the
SU(2)xSU(2)-extended magnetic translation group is no longer
closed due to the non-commutativity of the Fourier components
of the projected density operators. By commutating [S*(q), I"(q)],
one obtains the remaining generators of the SU(4)-extended
magnetic translation group [20], which is, thus, the relevant
symmetry that describes the physical properties of electrons in
graphene restricted to a single LL.

2.2. Effective interaction potential and pseudopotentials

Another difference, apart from the abovementioned larger
internal symmetry, between the 2DEG and graphene in a
strong magnetic field arises from the slightly different effective
interaction potentials in the n-th LL. The effective interaction for
graphene is given by Eq. (9) whereas that in the conventional 2DEG
reads

2 2P 2
vﬁDEG(q) _ 2me [Ln (ﬁ) e_q21§/4] . (12)
€q 2
The difference between the two of them vanishes for n = 0,

as well as in the large-n limit [10], but leads to quite important
physical differences in the first excited LL (n = 1) when comparing
graphene to the 2DEG.

For the discussion of the FQHE, it is more appropriate to
use Haldane’s pseudopotential construction [25], which is an
expansion of the effective interaction potential in the basis of two-
particle states with a fixed relative angular momentum ¢. In the
Laughlin state at filling factor v = 1/m [26],

L * m _lej|2/4
pnlz.zh=[J@a-2me 7 . (13)
k<l
in terms of the complex position z; = (x; + iy;)/I of the j-th

particle, e.g., no particle pair has a relative angular momentum
less than ¢ = m. Therefore, all pseudopotentials V,_,, are
completely screened, and the Laughlin state (13) is the exact N-
particle ground state with zero energy of a model interaction
potential with Vo, > 0 and V,>, = 0 [25]. Although this model
interaction potential is quite different from the pseudopotentials
of the effective interaction potentials (9) and (12), it allows
one to generate numerically the Laughlin state, which may be
then compared to those obtained within exact-diagonalisation
calculations of the realistic interaction potential.

% @ n=0

N m n=1 (graphene)

Y A n=1(2DEG)

pseudopotentials V j

Fig. 1. Pseudopotentials for graphene and the 2DEG in n = 0 (graphene and 2DEG,
circles), n = 1 (graphene, squares), and n = 1 (2DEG, triangles). The energy is
measured in units of e?/elp. The lines are a guide to the eye.

Notice that one may easily obtain the pseudopotentials of a
given interaction potential v,(q) in Fourier space, such as (12) or
(9), with the help of

V= un@Le(qPBye T2, (14)
q

The pseudopotentials forn = 0 and n = 1 in graphene and the
2DEG are shown in Fig. 1, which allows us to make some qualitative
statements about a potential FQHE in graphene as compared to
that of the 2DEG. First, apart from the internal symmetry, the
polarised FQHE states in the zero-energy LL are expected to be the
same in graphene as in the 2DEG because there is no difference
in the effective interaction potential. The only difference stems
from the larger internal symmetry in graphene, which affects the
unpolarised FQHE states in n = 0. Second, then = 1 LL in
graphene is much more reminiscent of the n = 0 LL than of the
n = 1 LL in the 2DEG. From an interaction point of view, one
would therefore expect that the quantum phases encountered in
the n = 1 graphene LL are merely a copy of those in n = 0.
Furthermore, if one considers spin-polarised FQHE states, only
pseudopotentials with odd angular momentum are relevant due
to the fermionic nature of the electrons. It is apparent from Fig. 1
that odd-¢ pseudopotentials are systematically larger inn = 1
than in n = 0. Therefore, the overall energy scale of FQHE states
inn = 1 is slightly larger (by ~10%) than in n = 0, and one
would expect, somewhat counterintuitively, that the n = 1 FQHE
states are more stable than those in n = 0, for the same B-field
value. These qualitative predictions [10] have been corroborated
within exact-diagonalisation studies, where only the valley isospin
degree of freedom was considered and the physical spin was taken
as completely polarised [27,28].

3. Trial wavefunctions

In order to account for the internal SU(4) symmetry in graphene
LLs, two of us have proposed a trial-wavefunction approach [22]
based on an original idea by Halperin [29] for the description of
two-component FQHE states. These states,

wSU(‘l) _¢L intere J=1kj=1 J (15)

My, MR~ VM, Mg PN ’

consist of a product of four Laughlin wavefunctions (13) (one per
spin-valley component)
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and a term

4 NN -
inter (@) @M\
on =TITITT (= -=)

i<j ki ki

that takes into account correlations between the different com-
ponents, labeled by the indices i,j = 1,..., 4. Whereas the ex-
ponents m; must be odd integers to account for the fermionic
statistics of the electrons, the exponents n;;, which describe inter-
component correlations, may also be even. Notice further that
not all wavefunctions are good candidates for a possible FQHE
in graphene; it has indeed been shown, within the plasma anal-
ogy [26], that some wavefunctions correspond to a liquid in which
the components undergo a spontaneous phase separation [23].

The exponents n; and nj; = m; define a symmetric 4 x 4 matrix
M = (n;), which determines the component densities p; — or else
the component filling factors v; = ,oj/nB,1

1
41
b | = M 1 (16)
1
Eq. (16) is only well-defined if the matrix M is invertible. If M is
not invertible, some of the component filling factors, e.g. v; and v,,
remain unfixed, but not necessarily the sum of the two (v + v5).
This is a particular feature of possible underlying ferromagnetic
properties of the wavefunction [22], as is discussed below for some
special cases.

In the following, we consider some particular subclasses of
the trial wavefunctions (15), which are natural candidates for a
FQHE in graphene. Explicitely, we attribute the four spin-valley
components as 1 = (1,K),2 = (4,K),3 = ({,K),and 4 =
({, K"), where the first component denotes the spin orientation
(1 or |) and the second the valley (K or K’). We investigate
wavefunctions, where all intracomponent exponents are identical
m; = m, i.e. we consider the same interaction potential for any
of the components, as it is the case in graphene. Furthermore, we
consider nis = ny; = ngand ny; = Ny = N3 = N3y = N,
which makes an explicit distinction between inter-component
correlations in the same valley (n,) and those in different valleys
(ne). This distinction may seem somewhat arbitrary - indeed, it
does no longer treat the spin on the same footing as the valley
isospin - but it happens to be useful in some cases if one intends
to describe states with intermediate polarisation, such as for a
moderate Zeeman field. The equivalence between spin and valley
isospin is naturally restored for n, = n,. We use the notation
[m; n., ny] to describe these subclasses of trial wavefunctions (15),
the validity of which we check by exact diagonalisation of N
particles on a sphere [25].

3.1. [m; m, m] wavefunctions

If all exponents are identical odd integers m, we obtain a
completely antisymmetric orbital wavefunction, which is nothing
other than the Laughlin wavefunction (13). In this case, the
distinction between the components vanishes, and the component
filling factors are not fixed — one may, without changing the orbital
wavefunction, fill only one particular component as well as another
one or distribute the particles over all components. Only the total
filling factor is fixed at v = 1/m. The corresponding exponent

1 The filling factors used here are those that arise naturally in FQHE studies,
i.e. they are defined with respect to the bottom of the partially filled LL, in contrast
to v defined with respect to the center of n = 0. In order to make the connection
between the two filling factors, one needs to choose v = vy +vy +v3+ vy = vg+2.

Table 1
Overlap © between the (3, 3, 2) wavefunction and the state obtained from exact
diagonalisation of the effective interaction potentialinn = 0andn = 1.

Number of particles N 4 6 8 10
Overlap @ inn =0 0.990 0.985 0.979 0.970
Overlap@inn =1 0.965 0.882 0.896 0.876

matrix M is indeed not invertible (of rank 1), and the residual
freedom of distributing the electrons over the four components
may be viewed as the arbitrary orientation of a four-spinor in
SU(4) space. The Laughlin wavefunction in graphene is therefore
associated with an SU(4) ferromagnetism, similar to that of the
stateat vg = £+1(18,10,11,19,20], where a graphene quantum Hall
effect has been observed at high magnetic fields [9].

As already mentioned above, the Laughlin wavefunction has
the good property of screening all pseudopotentials with angular
momentum £ < mand has, for m = 3, the usual large overlap with
the Coulomb ground state [21].

3.2. [m; m — 1, m] wavefunctions

A similarly good wavefunction is [m; m — 1, m], where the
intervalley-component exponents are decreased by one. It also
screens all pseudopotentials V,_,, in any pair of electrons within
the same valley, but an electron pair in two different valleys is
affected by the pseudopotential V,_,,_1. The filling factor, where
this wavefunction may occur, is

2

2m—1’

i.e. at slightly larger densities as the Laughlin wavefunction with
the same m. The exponent matrix M is still not invertible but
of rank 2, and indeed only the filling factors in the two valleys,
vk = v1 + vz and vyr = vy + Vg4, respectively, are fixed, vy =
vg = 1/(2m — 1). The wavefunction, thus, describes a state
with ferromagnetic spin ordering, but which is valley-isospin un-
polarised. One may alternatively view this [m; m — 1, m] wave-
function as a tensor product of an SU(2) Halperin (m, m, m — 1)
isospin-singlet wavefunction [29] and a completely symmetric
(ferromagnetic) two-spinor that describes the physical spin.

We have checked within exact diagonalisation calculations that
the [3; 2, 3] wavefunction (m = 3) describes indeed, to great
accuracy, the ground state in graphene at v = 2/5. It was shown by
exact diagonalisation in Ref.[21] that, for N = 4 and 6 particles, the
physical properties are indeed governed by an SU(2) symmetry, as
suggested by the [m; m— 1, m] wavefunction. The overlap between
this trial state and the one obtained by exact diagonalisation with
implemented SU(2) symmetry of the Coulomb interactioninn = 0
and 1 is shown in Table 1 for up to 10 particles. It is above 97%
for all studied system sizes in the zero-energy LL n = 0, but
slightly smaller (~88%) in n = 1. We have used the planar
pseudopotentials (14) in the calculation of the n = 1 LL and
checked that the difference is less than 1% inn = 0 when compared
to using the more accurate spherical ones, even for the smallest
system sizes N = 4 and 6.

It has been shown that the ground state at v = 2/5 in the
conventional 2DEG is well described by an unpolarised (3, 3, 2)
SU(2) Halperin wavefunction once the spin degree of freedom
is taken into account [30]. This wavefunction is identical to the
composite-fermion wavefunction when including the SU(2) spin.
The energy difference between the polarised and the unpolarised
2/5 states is, however, relatively small as compared to the
Zeeman effect at the corresponding magnetic fields, such that
a polarised state is usually favoured. Intriguing spin transitions
have furthermore been observed experimentally at v = 2/5
and hint to even more complex physical properties of the 2/5

v
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FQHE [31]. Notice that the situation of the [3;2, 3] state in
graphene is remarkably different from that in the 2DEG: even in
the presence of a strong Zeeman effect, only the ferromagnetically
ordered physical spin is polarised, while the state remains a
valley-isospin singlet. Whether such a valley-isospin singlet state
is indeed encountered in graphene depends sensitively on the
valley-symmetry breaking terms; whereas a possible easy-axis
ferromagnetism, as has been proposed for the zero-energy LLn =
0 [11], may destroy the [3; 2, 3] state, it is favoured in the case of
an easy-plane valley-isospin anisotropy, which may occur in the
n = 1 graphene LL due to intervalley coupling terms of the order
Ve(a/lp) [10].

We have furthermore studied the (5, 5, 4) wavefunction (m =
5) at v = 2/9. Its overlap with the state obtained by exact
diagonalisation is lower than for the (3, 3, 2) case (with @ = 0.941
for N = 4 and © = 0.892 for N = 6), but remains relatively high.

3.3. [m; m — 1, m — 1] wavefunctions

Another candidate is the [m; m — 1, m — 1] wavefunction [23]

which may describe FQHE states at
4

v = .

4m —3
The corresponding exponent matrix M is now invertible, and the
filling factor of each spin-valley component is v = 1/(4m — 3),
i.e. the state is an SU(4) singlet. As for the [m; m, m] and [m; m —
1, m] wavefunctions, all intracomponent correlations are such that
the pseudopotentials V,_,, are screened, but V,_,,_1 is relevant for
all intercomponent interactions.

As an example, we consider the [3; 2, 2] wavefunction (m = 3),
which is a candidate for a possible graphene FQHE at v = 4/9.
Our exact-diagonalisation calculations with implemented SU(4)
symmetry, for N = 4 and 8 particles, indicate that this trial
wavefunction describes indeed to great accuracy the ground state
for the Coulomb interaction potential in the n = 0 LL, with an
overlap of @ = 0.999 for N = 4and ©® = 0.992 for N = 8.
Inn = 1,itis © = 0.944 for N = 8, for the case where one
uses the planar pseudopotentials (14). These results indicate that a
possible 4/9 FQHE state in graphene is, remarkably, of a completely
different nature than the composite-fermion state at v = 4/9
in a one-component system, such as the conventional 2DEG with
complete spin polarisation. It is, nevertheless, an open issue to
what extent the SU(4) singlet state survives if one takes into
account the Zeeman effect at high magnetic fields, which favours
a polarisation in the spin channel. A complementary composite-
fermion calculation with SU(4) symmetry has revealed that, at
v = 4/9, states with intermediate SU(4) isospin polarisation - such
as a valley-isospin singlet with full spin polarisation — may exist,
with a slightly higher energy than the composite-fermion SU(4)
singlet [21], which is indeed identical to the [3; 2, 2] wavefunction.
One may, therefore, expect a transition between two 4/9 states
with different polarisation when the Zeeman energy outcasts the
energy difference between the two states. This is similar to the
abovementioned 2/5 state in a conventional 2DEG [30].

4. Conclusions

In conclusion, we have investigated theoretically some partic-
ular features of the FQHE in graphene as compared to the 2DEG.
The electrons in graphene lose their relativistic character asso-
ciated with the Lorentz invariance once they are restricted to a
single LL, in which case the translations are governed by the mag-
netic translation group, as in the 2DEG case. The main difference

between the 2DEG and graphene arises from the approximate
SU(4) spin-valley symmetry, which is respected in a wide energy
range. Another difference arises from the spinor character of the
wavefunctions, which yields a different effective electron-electron
interaction in graphene as compared to the 2DEG. The graphene in-
teraction potential in the first excited LLn = 1 (in both the valence
and the conduction band) is shown to be similar to that in the cen-
tral zero-energy LL n = 0, yet with a slightly larger overall energy
scale (roughly 10% larger).

The FQHE at v = 1/3 is described as a Laughlin state [26]
with SU(4)-ferromagnetic spin-valley ordering, similar to the state
at v = 1[18,10,11,19,20]. In contrast to this state, the system
profits from its internal degrees of freedom by choosing a state
with partial and full SU(4)-isospin depolarisation at v = 2/5 and
v = 4/9, respectively. The [3; 2, 3] state at v = 2/5 is a valley-
isospin singlet, but its physical spin is ferromagnetically ordered
and may eventually be oriented by the Zeeman effect. The state at
v = 4/9is described in terms of a [3; 2, 2] Halperin wavefunction,
which is an SU(4) singlet with necessarily zero spin and valley
isospin polarisation. A possible FQHE at v = 4/9 in graphene may
therefore be sensitive to the Zeeman effect at high magnetic fields,
and one may expect transitions between states with different
polarisation, similar to the 2DEG at v = 2/5 and 2/3 [31].
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