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abstract
A strong magnetic field applied along the growth direction of a quantum cascade laser (QCL) active region
gives rise to a spectrum of discrete energy states, the Landau levels. By combining quantum engineering
of a QCL with a static magnetic field, we can selectively inhibit/enhance non-radiative electron relaxation
process between the relevant Landau levels of a triple quantum well and realize a tunable surface emitting
device. An efficient numerical algorithm implementation is presented of optimization of GaAs/AlGaAs QCL
region parameters and calculation of output properties in the magnetic field. Both theoretical analysis and
MATLAB implementation are given for LO-phonon and interface roughness scattering mechanisms on the
operation of QCL. At elevated temperatures, electrons in the relevant laser states absorb/emit more LOphonons which results in reduction of the optical gain. The decrease in the optical gain is moderated by
the occurrence of interface roughness scattering, which remains unchanged with increasing temperature.
Using the calculated scattering rates as input data, rate equations can be solved and population inversion
and the optical gain obtained. Incorporation of the interface roughness scattering mechanism into the
model did not create new resonant peaks of the optical gain. However, it resulted in shifting the existing
peaks positions and overall reduction of the optical gain.
Program summary
Program title: QCL
Catalogue identifier: AERL_v1_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/AERL_v1_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 37763
No. of bytes in distributed program, including test data, etc.: 2757956
Distribution format: tar.gz
Programming language: MATLAB.
Computer: Any capable of running MATLAB version R2010a or higher.
Operating system: Any platform supporting MATLAB version R2010a or higher.
RAM: Minimum required is 1 GB. Memory usage increases for less intense magnetic fields.
Classification: 15.

✩ This paper and its associated computer program are available via the Computer Physics Communication homepage on ScienceDirect (http://www.sciencedirect.com/
science/journal/00104655).
∗ Corresponding author at: Scientific Computing Laboratory, Institute of Physics Belgrade, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia. Tel.: +381
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Nature of problem:
The nature of the problem is to provide an efficient numerical algorithm implementation for optimization
of GaAs/AlGaAs QCL active region parameters and calculation of output properties in the magnetic
field.
Solution method:
The optimization of the QCL laser performance at selected wavelength is performed at entire freeparameters space using simulated annealing algorithm. The scattering rates are calculated in the presence
and without magnetic field and used as coefficients in rate equations. The standard MATLAB procedures
were used to solve iteratively this system of equations and obtain distribution of electron densities over
electronic states.
Restrictions:
The machine must provide the necessary main memory which decreases roughly quadratically with the
increase of the magnetic field intensity.
Running time:
Optimization time on Intel 3 GHz processor is about 2 × 104 s. The calculation time of laser output
properties for values set automatically in GUI is 5 × 104 s.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Molecular beam epitaxy (MBE) technique [1], allowed the realization of complex heterostructures, with the quantum well as a
basic structural building block. The inherent design variability of
these structures gave rise to a new direction of research that relies
on the so-called band-structure engineering. In superlattices comprising many coupled quantum wells, energy subbands are formed
in analogy with what happens when atoms are brought together to
form a solid [2]. The first intersubband heterostructure laser was
created by Jerome Faist et al. [3]. In recent years the scientific community has witnessed a rapid progress in the development of semiconductor quantum cascade lasers (QCLs) [4–8]. The optimization
of the structure and prediction of performance of the QCL is an important contribution of theory to the development [9–14].
Quantum cascade lasers have become light sources of choice for
a broad variety of applications including high-sensitivity gas sensing, infrared imaging, military countermeasures, security monitoring, non-invasive medical diagnostics, optical communications
[3,4,15–19]. In the mid- and far-infrared spectral range, these powerful light sources are particularly appreciated for the wide scope
of operating wavelengths which can be achieved by using the same
heterostructure material combination. Some of the features that
make this kind of device so unique are: unipolarity, the population inversion achieved through careful quantum engineering of
the lifetimes of the states (typically in the ps range) and the electron recycling due to the cascading scheme. Their performance
under the influence of high magnetic field has been intensively
studied as well, due to the fact that magnetic field may serve
as an efficient tool to determine the nature and magnitude of
the scattering mechanisms in the active region [5–8,20–24]. Early
experiments have demonstrated QCL emission enhancement and
a magneto-phonon-resonance effects [5–7] which have led to a
deeper insight into the physics of intersubband lasers. Furthermore, in the THz frequency range where the performances of QCLs
deteriorate rapidly with temperature, due to detrimental thermal
activation of non-radiative losses, the highest operating temperature of 225 K is reported for the structure assisted by external
magnetic field for additional carrier confinement [21]. Recently,
a portable QCL based infrared magnetospectrometer covering the
spectral range from 5 to 120 µm has been presented, for applications in cyclotron-resonance spectroscopy measurements where
high magnetic fields (up to 60 T) are required [16]. Hence, a detailed understanding of various scattering mechanisms under the
influence of strong magnetic field is an important factor for improving QCL performances and applicability.

The typical design of the QCL active region entails a threelevel system. The carriers are injected into the upper laser state,
from which they can relax into the lower state by means of
photon-assisted transition or by scattering, mainly by interactions
with LO-phonons. In order to achieve the population inversion the
lifetimes of electrons in the quantum states must satisfy the relation τ32 > τ21 : this condition is achieved by means of two key
points. The lifetime τ21 is reduced by making the energy E21 resonant with the optical phonon energy, which is the most efficient
scattering mechanism. The lifetime τ32 is increased by employing
a transition with a reduced spatial overlap of the wavefunctions.
Further extension of otherwise short carrier lifetime (of the order
of 1 ps) is achieved using an intense magnetic field parallel to the
growth direction of semiconductor layers [6–8,20]. The magnetic
field breaks the two-dimensional (2D) in-plane continuous energy
subbands into discrete Landau levels. The lifetime of electrons in
the excited laser state is strongly modulated by the applied magnetic field. The dependence of electron lifetime on magnetic field
intensity results in oscillations in the laser emission intensity. The
inelastic scattering by LO-phonons and elastic scattering by interface roughness were identified as main mechanisms behind this
effect by Leuliet et al. [8]. Given that the scattering processes between the two states depend on their energy spacing, certain relaxation mechanisms can be enhanced or inhibited by varying the
magnetic field strength, although they may be influenced by the
operating temperature as well. LO-phonon scattering is well explained in previous theoretical and experimental works [6–8,20,
25]. Increasing magnetic field reduces the number of relevant Landau levels and changes the energy differences between individual
levels, thus affecting the lifetime of carriers in higher states. On the
other hand, the influence of interface roughness scattering has only
recently been studied in detail [26]. The strength of the interface
roughness scattering in a particular sample is determined by the
morphology of the interfaces. In contrast to LO-phonon, interface
roughness (IR) scattering does not depend on the temperature.
As a result, efficiency of interface roughness scattering mechanism remains constant with increasing temperature, while the efficiency of LO-phonon scattering is reduced due to their higher
absorption [27].
The purpose of the present paper is to give a simple and efficient
program for the numerical solution of the rate equations based
model and analysis of the optical gain in the active region of the
R
QCL in magnetic field. An easy-to-use MATLAB⃝
user interface is
provided. In order to find an optimal design of the structure for
operation at specific wavelength and temperature, optimization
procedure is provided as well. The procedures for calculation of
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LO-phonon and IR scattering rates are also included both with and
without magnetic field. The electron distribution over the states
of the system is found by solving the full set of rate equations
which describe the transitions between levels, and subsequently
used to determine the optical gain. These results can be easily
R
calculated by a moderate PC configuration using the MATLAB⃝
programs provided, due to efficient numerical implementation.
This is important, since the number of levels involved is inversely
proportional to the applied magnetic field.
In Section 2, we present a theoretical description of QCL active
region and introduce models for LO-phonon and IR scattering
rate with and without the presence of an external magnetic field.
The rate equations which describe the population change of each
Landau level are presented as well. The stationary solution of these
equations allows for evaluating the population inversion and the
resulting optical gain. In Section 3 we present a description of
R
the MATLAB⃝
program, an explanation about inputs and how to
use the graphical user interface. In Section 4, we demonstrate
the program features by calculating the optimal QCL active region
parameters at different wavelengths. The calculations are also
presented for the scattering rates and the total relaxation rate
from the upper laser state, for a wide range of magnetic fields
(3–60 T) and two temperatures T = 77 and 300 K. By using the
calculated scattering rates as input data, rate equations are solved
and population inversion and the optical gain are obtained. For
both the population inversion and the gain, interface roughness
scattering is shown to have a significant influence in terms of
reducing the predicted magnitude, especially at low temperatures.
Finally, in Section 5 we present a brief summary of our work.
2. Theoretical considerations
The active region of the QCL structure under consideration
comprises three coupled quantum wells (QWs) biased by an
⃗ In the absence of the magnetic field this
external electric field E.
system has three energy states, i.e., subbands (n = 1, 2, 3), and the
laser transition occurs between subbands n = 3 and n = 2. This
active region is surrounded by suitable emitter/collector regions
in the form of superlattices, designed as Bragg reflectors, which
inject electrons into state n = 3 on one side, and allow for rapid
extraction of carriers from the lowest subband n = 1, on the other
side. The energy difference between E2 and E1 should match the LOphonon energy in order to ensure fast depopulation via LO-phonon
scattering and maintain a short lifetime for the lower laser level. In
addition, we introduce in our calculations the interface roughness
scattering as an additional non-radiative relaxation mechanism.
In the absence of an external magnetic field, the electronic subbands have a free particle-like energy dispersion in the direction
parallel to the QW planes En + h̄2 k2∥ /2m∥n (En ), where m∥n (En ) is
the energy-dependent in-plane wave vector. However, when this
structure is subjected to a strong magnetic field B in the z-direction,
continuous subbands transform into series of individual (strictly
discrete) states, the total energies of which are [7] En,l ≈ En + (l +
1/2)h̄ωcn where l = 0, 1, 2, . . . is the Landau index, En ≡ En (k∥ =
0), the term (l + 1/2)h̄ωcn originates from the in-plane kinetic energy part of the subband, and ωcn = eB/m∥n is the corresponding
cyclotron frequency. The values of B which give rise to resonant LOphonon emission are found by solving the equation E3,0 − En,l =
h̄ωLO where n = 1, 2, while h̄ωLO is the LO-phonon energy.
According to [8,20], to account for the variations of the well
widths, a Gaussian probability density is introduced:

Π (Li ) =

1

√ e−(Li −Li0 )
σ 2π

2 /2σ 2

energy difference varies linearly with Li , i.e.
Eni ,li (Li ) − Enf ,lf (Li ) ≈ Eni ,li (Li0 ) − Enf ,lf (Li0 ) − γ (Li − Li0 )

with the factor γ taken the same for all Landau levels, according
to [8,20].
By introducing Eqs. (1) and (2) into the Fermi golden rule, we
obtain the following function:
Js =

∞



Π (Li )δ[Eni ,li − Enf ,lf − ∆Es ]dLi
−∞

1

for the ith well width Li , i = 1, 2, 3. In order to keep the results as
analytical as possible, we assume that around a mean value Li0 the

−∆E )2 /2δ 2

−E

−(E

s
= √ e ni ,li nf ,lf
,
(3)
δ 2π
where δ = σ γ is the width of the Gaussian distribution of energy
difference Eni − Enf +(li ωcni − lf ωcnf )h̄ + h̄(ωcni −ωcnf )/2 − ∆Es , and

s denotes the scattering mechanism (electron–LO-phonon scattering (LO) or interface roughness (IR) scattering). In our notation
∆ELO = h̄ωLO and ∆EIR = 0. The terms En,l represent the total
energies of Landau levels and a more detailed explanation of their
calculation will be provided in the continuation of this section (see
Eq. (19)).
The material parameters for GaAs used in the calculation are
mGaAs = 0.067m0 and for AlAs mAlAs = 0.15m0 (m0 is the free
electron mass), effective mass in Alx Ga1−x As is m = xmAlAs +
(1 − x)mGaAs . The dielectric permittivities used in the numerical
calculations are ϵ∞ = 10.67, ϵs = 12.51 and δ = 6 meV.
2.1. Electron–LO-phonon scattering in magnetic field
The electron–LO-phonon scattering rates for phonon emission
between the initial state Eni ,li and the final state Enf ,lf may be found
from
1

τ(LO
ni ,li )→(nf ,lf )
=

2π 
h̄

|⟨nf , lf , kxf , nq + 1|Ĥe–ph (⃗q)|ni , li , kxi , nq ⟩|2 J LO .

(4)

⃗
q

In this expression, electron–LO-phonon Hamiltonian Ĥe–ph (⃗
q) is
the sum of the interaction Hamiltonians with each phonon mode
⃗, see [20], and kxi and kxf are the
defined by its 3D wave vector q
initial and the final state wave vector components, respectively.
From the previous equation one obtains the following analytical
expression for the scattering rate:
1
,e
τ(LO
ni ,li )→(nf ,lf )

=

e2 ωLO
4ϵ0



1

ϵ∞
1

−

−(E

1



ϵs
−E

−h̄ω )2 /2δ 2

LO
× √ e ni ,li nf ,lf
δ 2π
 ∞
×
|F (q∥ )|2 G(q∥ )dq∥ ,

(nq + 1)
(5)

0

where ϵ∞ and ϵs are the static and the high-frequency relative
dielectric constant, respectively, ϵ0 is the vacuum dielectric
permittivity and nq = [exp(h̄ωLO /kB T ) − 1]−1 is the mean number
of LO-phonons. Furthermore, q∥ is the in-plane component of the
⃗ = (qz , q∥ ) and F (q∥ ) is the lateral overlap
phonon wave vector q
integral
−(q2∥ /2β 2 ) li !

|F (q∥ , li , lf )| = e
2

(1)

(2)

√

lf !



q2∥
2β

 l f −l i 
l f −l i
Ll i



q2∥
2β

2
,

(6)

where β =
eB/h̄ is the magnetic length and Lkm (x) represents
the associate Laguerre polynomial [28]. Finally, G(q∥ ) stands for the
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form factor given by
G(q∥ ) =

 

1001

component kxi :

√

′

ηi∗ (z )ηf (z )ηi (z ′ )ηf∗ (z ′ )e−q∥ |z −z | dzdz ′ ,

1

(7)

where ηi and ηf denote the z-dependent parts of the electronic
wave functions. The electron–LO-phonon scattering rate for
phonon absorption [29] is

τnIRi ,li →nf ,lf

2 −
e

=

h̄δ


×

(En ,l −En ,l )2
f f
i i
2δ 2

+∞ − ∆k2x
2



e

× |Fif |2 ∆2 Λα

2+Λ2 β 2
2β 2



ζ (∆kx )d(∆kx ).

(14)

−∞

1
LO,{a}
(nf ,lf )→(ni ,li )

τ

=

1

1

τ

LO,{e}
(ni ,li )→(nf ,lf )

eh̄ωLO /kT

.

(8)

l f +l i

Phonon absorption is significant at room temperature (T = 300 K)
and it almost vanishes at low temperatures (T = 77 K).
2.2. Electron–LO-phonon scattering without the magnetic field
When the magnetic field is not present, the electron–LOphonon scattering rate may be evaluated from
1

τifLO (B = 0)

=


2π  
⟨nf , ⃗kf , nq
h̄ ⃗

and Hj is the Hermite polynomial of order j.

q

2

+ 1|Ĥe–ph (⃗q)|ni , ⃗ki , nq ⟩ J LO .

(9)

The Hamiltonian Ĥe–ph is in this case the sum of interaction
Hamiltonians with each phonon mode defined by its 3D wave
⃗, see [30], and k⃗i and k⃗f are the initial and the final state
vector q
in-plane wave vectors, respectively. From the previous equation
one obtains the following expression for the scattering rate in the
absence of magnetic field:
1

τ (B = 0)
LO
if

=

e2 ωLO m



1

−

ϵ∞

4π h̄ ϵ0
2

1

ϵs

= U0 ηi∗ (zi )ηf (zi ) and α = β 2 /
(π lf !li !2 ). The form factor ζ (∆kx ) is given by:


 
ω2
ζ (∆kx ) =
exp −β 2 [t 2 + (t − ω)2 ] − 2
Λ

 

∆kx
∆kx
× Hli β t −
Hli β(t − ω) −
2β
2β

 

∆kx
∆kx
× Hlf β t +
Hlf β(t − ω) +
dtdw
(15)
2β
2β
Here, ∆kx = kxi − kxf , Fif



(nq + 1)

π


0

G(q∥ )
q∥

dθ , (10)

where G(q∥ ) and q∥ are the form factor and the in-plane component
of phonon wave vector, respectively. The form factor is already
defined in Eq. (7) and q2∥ = 2m(Ei − Ef − h̄ωLO )/ h̄2 .

2.4. IR scattering without magnetic field
The electron-interface roughness scattering rate can be calculated from the following expression:



τnIRi →nf



,

(11)

with ∆ being the mean height of the roughness and Λ the correlation length. We also introduce the corresponding perturbation
Hamiltonian [8],
ĤIR = U0 δ(z − zi )∆(x, y),

(12)

where U0 is the barrier height at interface position zi .
The electron-interface roughness scattering rate can be calculated from the following expression:





1

(zi )
τ(IRni ,li )→(nf ,lf )



2π  
2
=
|nf , lf , kxf |ĤIR |ni , li , kxi | J IR .
h̄

(13)

kxi ,kxf

In the above expression, the averaging is performed over space
(as follows from Eq. (11)), and over the initial state wave vector

h̄




2
⃗
⃗
|nf , kf |ĤIR |ni , ki | J IR .

(16)

⃗ki ,⃗kf

√



1

τifIR (B = 0)

We use the model for interface roughness scattering proposed
by Leuliet et al., cf. [8]. This model assumes the in-plane terasselike surface defects, as explained in [31]. In order to evaluate
the interface roughness scattering rate, we introduce spatial
distribution of roughness which follows the Gaussian correlation
function [8,32–34,29]:
′ 2 /Λ2

(zi ) =



2π

The Hamiltonian ĤIR is the same as in the case with magnetic
field, i.e., Eq. (12). The averaging is performed over space, and over
amplitude of the initial ki and the final kf state wavevector. The
following expression for IR scattering rate without magnetic field
is obtained:

2.3. IR scattering in magnetic field

⟨∆(⃗r )∆(⃗r ′ )⟩ = ∆2 e−|⃗r −⃗r |



1

=

2

2π − (∆Eif2) 1
e 2δ
|Fif |2 (∆Λ)2
h̄δ
4
h̄4
2
4m2 x2 − Λ
4
2δ 2



+∞ −


×

e

−

h̄2 ∆E
if
m
2δ 2


x

dx.

(17)

0

2.5. Rate equations and optical gain
Using previous expressions obtained for the scattering rates
in the presence/absence of magnetic field, we can write the
expression for the total scattering rate of the system as
1

τ

=

1

τ LO

+


 1
(
z
)
.
i
τ IR
zi

(18)

Finally, if one wants to compare the effects of electron–LO-phonon
scattering and electron-interface roughness scattering, two things
can be noted: (1) due to the nature of electron-interface roughness
interactions, scattering rates for transition from lower to upper
and from upper to lower energy level are equal. (2) the LO-phonon
scattering has maximum influence when the energy difference between two states is close to phonon energy, ∆ELO = h̄ωLO ; on the
other hand, the effects of interface roughness are maximal when
the energy difference approaches zero. Therefore, the two mechanisms of scatterings are complementary.
When the magnetic field B is applied, continuous subbands En
transform into discrete Landau levels. The expression for energies
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En,l is given by Ekenberg as [36]
En,l = En + (l + 1/2)

h̄eB
m∥n

+ (l2 + l + 1)⟨β0 ⟩]

+ [(8l2 + 8l + 5)⟨α0 ⟩
e2 B2
2 h̄2

.

(19)

In Eq. (19), m∥n represents the parallel effective mass of the nth
subband in the absence of the magnetic field [36], while α0 and β0
are the nonparabolicity parameters. The optical gain corresponds
to transitions (3, l) → (2, l) and is given by [25,35]
2e2 π 2 d23→2 
δ(E3,l − E2,l − h̄ω)(N3,l − N2,l ),
n̄ϵ0
λ
l

g3→2 =

(20)

where n̄ is the material refractive index, λ and ω denote the
wavelength and the frequency of the emitted light, respectively,
while N3,l − N2,l represents the degree of population inversion.
The Dirac function in the above equation is replaced in numerical calculations by a Lorentzian with the linewidth parameter Γ =
Γ
. The en4.25 meV [37], δ(E3,l − E2,l − h̄ω) → π1 [E −E −
h̄ω]2 +Γ 2
3,l

2,l

ergy difference between states is dependent
on the
 Landau index

l, E3,l − E2,l ≈ E3 − E2 + (l + 1/2)h̄eB

1
m∥3

−

1
m∥2

. Therefore, the

Dirac function (i.e. the Lorentzian) cannot be put in front of summation in Eq. (20). The transition matrix element is calculated as
d3→2 = η3∗ (z )z η2 (z )dz, where the wavefunctions ηn are found
by solving the Schrödinger equation in the form [36]
d2

α
2 0

d2 η n

h̄2 d 1 dηn

+ U (z )ηn = En ηn .
(21)
dz
dz 2
2 dz m dz
Here, m represents the effective mass at the conduction-band minimum.
To calculate the optical gain we need to find the inverse population which is the solution of a nonlinear system of rate equations:
−

 f¯j
 Nj
Ji
Ni
− f¯i
+ = 0,
τi→j
τj→i
e
j̸=i
j̸=i

(22)

where indices i, j = 1, 2, . . . denote the electronic states sorted by
energy and
f¯i = 1 −

π h̄

Ni
(23)
eB
is the probability that the state i is not occupied according to
the Fermi–Dirac distribution. The electrons arrive in the active region by a constant current, and they are injected only into a limited number of Landau levels of the excited laser state, i.e. levels
(3, 0), . . . , (3, l3,max ). The injection current can be represented as
a sum of all currents Ji which inject electrons into levels (3, l3 ),
and in a similar manner, the extraction current can be expressed
as a sum of all currents Ji which extract the electrons from levels
(1, l1 ). The energy values of maximal Landau levels for each subband described by l1,max , l2,max and l3,max , are taken in this work to
be roughly E3,0 + 5kB T and it is reasonable to assume that the levels
above are almost empty, cf. [25].
In the absence of an external magnetic field, the electronic
subbands have free particle-like energy dispersion in the direction
parallel to the QW planes, which in the parabolic approximation
reads as E∥ = h̄2 k2∥ /2m∗ , where m∗ is the effective mass and k∥ is
the in-plane wave vector. The non-radiative lifetime for the state
|3, k∥ ⟩ is limited by the electron–LO-phonon scattering into the
two lower subbands of the active region, and the optical gain may
be described by the following expression:
g3,2 =

e2 ω
2n̄ϵ0 c


0

+∞

F3,2 |d3,2 | δ(E3 − E2 − h̄ω)d(k∥ ),
2

2

(24)

where ϵ0 is the vacuum dielectric permittivity, c is the speed
of light in vacuum, h̄ω is the photon energy, F3,2 stands for the
difference of Fermi–Dirac functions for the initial and the final
state, while di,f = ⟨ηi |z |ηf ⟩ is the transition matrix element, and ηi
and ηf denote the z-dependent parts of the wave functions.
2.6. Optimization procedure of the QCL active region
In order to optimize the laser performance at selected wavelength, one must consider the entire free-parameters space and
this type of search is best performed by some established method
for global optimization, such as simulated annealing algorithm [38]
employed in this work. This algorithm belongs to the class of
stochastic global optimization methods and uses the Metropolis
function for the acceptance probability. The annealing algorithm in
each step randomly generates new configurations and calculates a
fitness function value. Any downhill step is automatically accepted
while an uphill step may be accepted according to the Metropolis
criteria. The algorithm starts initially with annealing control parameter set to a high value, and as the annealing proceeds, the
value of annealing control parameter declines. In this way, the
system is expected to wander initially towards a broad region of
the active parameter space containing good solutions and then the
search towards minimum is narrowed down. One of the most important phases in the implementation of any simulated annealing
algorithm is the selection of a formal fitness function, which should
be defined to encompass the goals of optimization. Here, the objective is to optimize the optical gain at selected wavelength, hence
the fitness function is taken in the following form [11]
F = − 

g (B = 0)
E 3 −E 2
h̄ω

2

−1

+ Θ2

 

E 2 −E 1
h̄ωLO

−1

2

+ Θ2

,

(25)

where the term in the denominator favors achieving specified
emission wavelength (i.e. photon energy h̄ω) and the LO-phonon
resonance. In addition, Θ is a nonzero constant, which ensures that
F is strongly driven towards resonance in the course of optimization, while remaining finite at the exact resonance, and g (B = 0)
is the optical gain in the absence of the magnetic field, given by
Eq. (24). In numerical calculation, the optical gain can be expressed
via the gain coefficient g ∗ = (1 − τ21 /τ32 )τ3 d232 , where τ21 and τ32
are the scattering times and τ3 is the upper laser level lifetime.
3. Program usage
In this section we provide instructions on how to operate the
QCL program with a user-friendly graphical user interface (GUI)
R
which was developed using MATLAB⃝
. The QCL GUI enables the
end user to easily manipulate the active region parameters, set and
run simulations. The main m-file for running the program is QCL.m.
The GUI has been designed so as to meet the following functions:

• The user can define her/his own input parameters, and to save
them if desired. The user is able to choose only the input values
within the allowed parameter range, see Table 1.
• The user is able to perform a search for the optimal QCL parameters for a given wavelength and temperature and to save the
obtained values.
• The user is able to specify the range of magnetic field and visualize/save laser output properties in the presence of an external
magnetic field.
Fig. 1 shows the graphical user interface. The window is basically divided into four panels. These panels are described in detail
below.
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Table 1
Summary of the input parameters and allowed range of values.
Parameter

Description

Minimum value

Maximum value

λ

Wavelength (µm)
Temperature (K)
IR scattering parameter (Å)
IR scattering parameter (Å)
Coefficient of AlX Ga1−X As alloy composite
Electric field (kV/m)
1st well width (Å)
1st barrier width (Å)
2nd well width (Å)
2nd barrier width (Å)
3rd well width (Å)
Lower endpoint of range of magnetic field (T)
Upper endpoint of range of magnetic field (T)
Step size for calculations in magnetic field (T)

5
1
0
0
0.01
3000
8a
8a
8a
8a
8a
3
3
/

15
350
2
200
0.4
5000
60
60
60
60
60
60
60
/

T

∆
Λ
X
E

well(1)
barrier (1)
well(2)
barrier (2)
well(3)
Bmin
Bmax
dB
a

If the system has two wells, one of the well or barrier widths is set to zero value, and other layer widths are in the range 8–60 Å.

Fig. 1. QCL main window.

On the Parameters panel, there are three sub-panels. In the
first two sub-panels, the input parameters are defined only by
the user. In case of input entrance outside the allowed range (see
Table 1), the parameter is automatically set to the closest allowed
value or to NaN value (for example in case of text input). It is
useful to note that if one of the IR parameters is chosen to be
zero, the interface roughness scattering influence on the operation
of QCL will not be considered. In the third QCL parameters subpanel, the user has two options: (i) s/he can define the parameters manually, or (ii) s/he can optimize the laser performance at
selected wavelength and temperature in the absence of magnetic
field. If the optimization is selected, the ‘Run’ button will be enabled and after a click on this button alloy composition coefficient,
electric field and layer widths lying in the appropriate range will
be computed automatically using the simulated annealing algorithm. When the optimization is completed, calculated values will
be entered in their boxes and the user will not be able to modify

these parameters. If s/he wants to modify or delete them, s/he has
to select ‘Enter manually’ from the popup menu. The user can save
the parameters. The ‘Save’ button is used for all input parameters
of the Parameters panel. The input parameters are summarized in
Table 1.
Once the QCL parameters are specified by using one of the
above-mentioned ways, the user can calculate the scattering rates,
the total relaxation rate, population inversion and the optical gain
for a wide range of magnetic fields. On the Magnetic field panel,
after defining the range of magnetic field, the user must click on
the ‘Run’ button to analyze QCL dynamics when it is subjected to a
magnetic field. After calculating QCL properties in magnetic field,
the user can visualize results by clicking the appropriate button in
the Plot results panel. Graphics appear in the central panel. The user
can plot the active region of QCL, the total electron relaxation rate,
the ratio of the total areal densities or the optical gain. There are
options to plot a single graphic or to plot all the graphics together.
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Table 2
Functions used for the optimization of QCL active region parameters.
Program

Description

QCLparam_opt.m

Finding optimal QCL parameters for given wavelength
using annealing algorithm
calls: fitness_fun.m, anneal.m

fitness_fun.m

QCLgain_opt.m

Fitness function, function to be optimized (Eq. (25))
inputs: QCL parameters for optimization
calls: QCLgain_opt.m
Finding optical gain i.e. gain coefficient in the absence of
the magnetic field (Eq. (24))
inputs: QCL parameters for optimization, wave functions,
energy eigenvalues
calls: WLO_opt.m, WIR_opt.m

WLO_opt.m

Finding LO-phonon scattering rate at zero magnetic field
(Eq. (10))
inputs: wave functions, energy eigenvalues, temperature

WIR_opt.m

Finding IR scattering rate at zero magnetic field (Eq. (17))
inputs: energy eigenvalues, IR scattering parameters,
width of the Gaussian distribution

anneal.m

Simulated annealing optimization method
inputs: fitness function, initial values of parameters to be
optimized

These graphics can be saved in the form of a picture file (.tif) by
using the ‘Save’ button.
The ‘Close’ button on the right side of the GUI is a general button
that closes the program and clears any temporary information.
4. Running the program and examples
In the following examples, applications of QCL program are
presented. We illustrate how the program can be used to obtain
(i) a gain-maximized structure and (ii) laser output properties in
magnetic field.
4.1. Optimization of the QCL active region parameters
The first test run is concerned with the optimization of QCL
active region parameters, described in the Section 2, by means
of the simulated annealing algorithm. Here, we demonstrate the
optimization of QCL active region parameters at two wavelengths
λ = 10 µm and λ = 11 µm.
An overview of the principal functions used for optimization
is given in Table 2. The principal script is QCLparam_opt.m. The
parameters mGaAs and mAlAs are defined in param1.m. The dielectric
permittivities used in numerical calculations ϵ∞ , ϵs and the width
δ are defined in phyconst.m. Nonparabolicity parameters α1 and β1
are defined in param2.m.
Starting from the predefined initial values of active region parameters, we minimize the fitness function given by Eq. (25) using
the simulated annealing algorithm [38]. The optimization time on
Intel 3 GHz processor is about 2 × 104 s. The QCL configurations
with corresponding wave functions squared, obtained using the
optimization algorithm, are given in Fig. 2(a) and (b). The structural
parameters for the QCL active region for λ = 10 µm are 25, 30, 59,
12 and 59 Å (for the well and the barrier widths, respectively, going
from left to right) and the applied electric field in the z direction is
E = 3581 kV/m. The obtained Al mole fraction is X = 0.4, so the
structure may be realized by GaAs/Al0.4 Ga0.6 As. Another optimization is performed for λ = 11 µm, and the optimization procedure
has delivered a structure with the following layer widths: 26, 23,
58, 12, 51 Å. The applied electric field is E = 4600 kV/m and Al
mole fraction X = 0.37.

Table 3
Functions used for calculation of the output characteristics of QCL in the magnetic
field.
Program

Description

main1.m

Finding subband positions at zero magnetic field and
corresponding wave functions
calls: phyconst.m, param1.m, shooting.m

main2.m

Finding scattering rates, the total relaxation rates,
population inversion and the optical gain in the presence of
an intense external magnetic field
calls: phyconst.m, param1.m, param2.m, dipol.m, GQP.m,
Ekenberg.m, WLO.m, WIR.m, iterrateequ.m, gainQCL.m

shooting.m

Shooting method for the Schrödinger equation
inputs: energy eigenvalue

dipol.m

Calculation of dipole (transition matrix) element
inputs: wave functions, energy eigenvalues, parallel masses

GQP.m

Calculation of form factor
inputs: wave functions, in-plane component of the phonon
wave vector

Ekenberg.m

Energies given by Ekenberg (Eq. (19))
inputs: energy eigenvalue, parallel mass, magnetic field

WLO.m

Finding LO-phonon scattering rate (Eq. (5))
inputs: energy eigenvalues, form factor, in-plane component
of the phonon wave vector, magnetic field, temperature,
width of the Gaussian distribution

WIR.m

Finding IR scattering rate (Eq. (14))
inputs: energy eigenvalues, magnetic field, IR scattering
parameters, width of the Gaussian distribution

iterrateequ.m

Calculation of inverse population which is obtained from the
solution of a nonlinear system of rate equations (Eq. (22))
inputs: scattering rate, distribution of current, magnetic field

gainQCL.m

Calculation of the optical gain (Eq. (20))
inputs: energy eigenvalues, inverse population, dipole
element

4.2. Output characteristics of QCL in magnetic field
This section presents calculations of the output characteristics
of QCL in the presence of an external magnetic field. The aim of this
example is to demonstrate how the optical gain, resulting from the
combined action of LO-phonon and IR scattering mechanisms, is
influenced by varying the magnetic field strength. The overview of
the scripts and functions is given in Table 3.
Each run has a set of unique parameters associated with it, including wavelength, temperature, IR scattering parameters, the alloy composition coefficient, electric field and layer widths. In the
first calculation, we use parameters previously obtained by optimization at λ = 10 µm. In Fig. 3(a) and (b) the relaxation rates
for the low temperatures (T = 77 K) and the room temperature
(T = 300 K) are shown, respectively. The first bottleneck of simulation is calculation of the form factor, cf. Eq. (7). This takes roughly
3 × 103 s at 3 GHz processor. After that, relaxation rates are calculated for every energy level within subbands. Since the number of
levels is inversely proportional to the applied magnetic field and
three subbands are involved, the calculation time decreases as B−2
with magnetic field. Calculation time at B = 10 T on Intel 3 GHz
processor is about 600 s. Oscillations of the relaxation rate with B
are very pronounced, and very prominent peaks are found at values of the magnetic field which satisfy the resonance conditions for
LO-phonon emission. If the relaxation rates due to interface roughness and LO-phonon scattering are compared, one can see that the
local relaxation rate maxima are of the same order of magnitude
and not correlated with respect to the applied magnetic field. This
is due to the fact that interface roughness scattering has the largest
influence when the energy difference between states is diminishing. In contrast, for LO-phonon scattering, when the arrangement
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(a) λ = 10 µm.

1005

(b) λ = 11 µm.

Fig. 2. (a) The active region of QCL, optimized for emission at λ = 10 µm. (b) The active region of QCL, optimized for emission at λ = 11 µm.

(a) T = 77 K.

(b) T = 300 K.

Fig. 3. The total electron relaxation rate due to the electron LO-phonon scattering and interface roughness scattering for transitions from the ground laser level of the third
subband into the two sets of Landau levels of the lower subbands, for the magnetic fields in the range of B = 3–60 T and at temperature (a) T = 77 K and (b) T = 300 K. The
QCL active region parameters used are obtained by optimization at λ = 10 µm. The IR scattering parameters used in calculation are ∆ = 60 Å and Λ = 1.5 Å.

(a) T = 77 K.

(b) T = 300 K.

Fig. 4. The ratio of the total electron areal densities due to the electron LO-phonon and interface roughness scattering, in the ground laser levels of the third and the second
subband,for the magnetic fields in the range of B = 3–60 T and at temperature (a) T = 77 K and (b) T = 300 K. The QCL active region parameters used are obtained by
optimization at λ = 10 µm. The IR scattering parameters used in calculation are ∆ = 60 Å and Λ = 1.5 Å.

of laser levels is such that there is a level situated at h̄ωLO below the
state (3, 0), this type of scattering is enhanced. One can also see
that the peaks at magnetic fields B < 20 T are a result of combined
action of two scattering mechanisms. Assuming a constant current
injection, the modulation of lifetimes of all the states in the system
results in either suppression or an enhancement of population inversion between states (3, 0) and (2, 0), see Fig. 4(a) and (b).
In Fig. 5, the optical gain is shown at three wavelengths λ = 9,
10, and 11 µm. The QCL active region parameters are obtained by
optimization at λ = 10 µm. One can observe significant changes
in the magnitude of the optical gain, but at the same time, the
gain as a function of magnetic field looks qualitatively similar
for different (close by) wavelengths. The difference in magnitude
of the gain is about one order of magnitude between resonant
wavelength λ = 10 µm and other two wavelengths λ = 9,
11 µm. Finally, we should note that the QCL operating in the midIR spectral range was chosen to demonstrate our simulation code
since experimental data were readily available [6].

Fig. 5. The optical gain (per unit injection current) as a function of the applied
magnetic field in the range B = 3–60 T, at temperature T = 77 K.
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5. Conclusion
R
MATLAB⃝
-based program is introduced, which solves the
rate equations-based model and analyzes the optical gain in
the active region of a QCL in magnetic field perpendicular to
the layers of the structure. The scattering on both LO-phonons
and interface roughness is included in modeling. Magnetic field
alters the number of relevant in-plane electronic levels and the
corresponding relaxation rates between them, by positioning some
states on or off resonance with the upper laser level. Scattering
effects are also important for relaxation of electrons from the
second level to the first (ground) level. While interface roughness
relaxation has maximal effects when the energy difference
between levels is negligible, the LO-phonon scattering is enhanced
if energy difference is close to resonant phonon energy. It is evident
from the obtained numerical results that the inclusion of interface
roughness scattering does not introduce additional (strong) peaks
of inverse population and optical gain with varying magnetic field,
it mainly affects their magnitude. The work aims to distribute
an open source program which can be easily understood, used
for efficient modeling and understanding of QCL operation and/or
straightforwardly modified for the THz spectral range.
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