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Abstract. We report on measurements of the electrical conductivity on a two-dimensional packing of
metallic disks when a stable current of ∼1 mA ﬂows through the system. At low applied currents, the
conductance σ is found to increase by a pattern σ(t) = σ∞ − ΔσEα [−(t/τ )α ], where Eα denotes the
Mittag-Leﬄer function of order α ∈ (0, 1). By changing the inclination angle θ of the granular bed from
horizontal, we have studied the impact of the eﬀective gravitational acceleration geﬀ = g sin θ on the
relaxation features of the conductance σ(t). The characteristic timescale τ is found to grow when eﬀective
gravity geﬀ decreases. By changing both the distance between the electrodes and the number of grains in the
packing, we have shown that the long term resistance decay observed in the experiment is related to local
micro-contacts rearrangements at each disk. By focusing on the electro-mechanical processes that allow
both creation and breakdown of micro-contacts between two disks, we present an approach to granular
conduction based on subordination of stochastic processes. In order to imitate, in a very simpliﬁed way,
the conduction dynamics of granular material at low currents, we impose that the micro-contacts at the
interface switch stochastically between two possible states, “on” and “oﬀ ”, characterizing the conductivity
of the micro-contact. We assume that the time intervals between the consecutive changes of state are
governed by a certain waiting-time distribution. It is demonstrated how the microscopic random dynamics
regarding the micro-contacts leads to the macroscopic observation of slow conductance growth, described
by an exact fractional kinetic equations.

1 Introduction
The electrical resistance of a granular packing is a combination of the individual resistances of both the grains and
the contacts between them [1]. Such a combination is a
strong function of global properties concerning the grain
assembly (packing size and density, external loads) and
local properties at the contact scale of two grains (surface
state, roughness, degree of oxidation, presence of impurities). Understanding the electrical conduction through
real granular materials is a complicated many body problem since particles may have simultaneously broad distributions of sizes and strongly varying morphologies.
The main contribution to the overall conductivity of
the packing of metallic grains comes from the contact
resistances, which may have two origins: tunneling [2]
and constrictions [3]. The tunneling resistances may have
very high values, but especially concern metallic powders
coated by thin oxide ﬁlm. On the other hand, constriction
resistances are due to the narrowness of the conducting
path owing to the small contact area between two particles. Actually, any contact is made of a number of touching
points rather than by well-deﬁned surface.
a
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Experiments on the electrical properties of granular systems have been performed in the past. In 1890,
Branly [4] discovered the extreme sensitivity of the conductivity of metal ﬁlling to an electromagnetic wave.
The Branly’s eﬀect is an instability of the electrical
conductance that appears in oxidized granular metallic
material under mechanical loading [5–9]. Electrical conduction within metallic granular packings displays other
interesting properties. Indeed, in both 1D and 2D granular systems at low current, the wide distribution of contact
resistances results in a logarithmic behavior for the voltage/current characteristics [10]. At high enough current,
the voltage saturates due to the local welding of microcontacts between grains [11]. Furthermore, electrical conduction shows a large sensitivity on the small mechanical
and thermal perturbations of the packing [12,13]. Origin of
these large non-Gaussian conductance ﬂuctuations should
be found in local micro-contact rearrangements at each
grain rather than collective rearrangements of grains inside the packing.
Although many experiments have been performed for
studying electrical aspects of granular matter, only few
reports [14,15] can be found for describing the temporal evolution of the electrical resistance R(t) in packing
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of metallic grains when a stable current ﬂows through the
system. Dorbolo et al. [14] measured the electrical resistance in a 2D system and found that the decay process
in the case of injected currents 35  I  50 mA may
be decomposed into three phases. At ﬁrst the resistance
decreases during the ﬁrst minute, after that the curves
R(t) are stabilized during ∼103 s before decreasing again.
However, for lower injected currents 10  I  25, the
resistance R(t) is a monotonically decreasing function. It
would be interesting to ﬁnd out where such unusual behavior comes from. Dorbolo et al. [14] suggested that the
long term decay of the electric resistance R(t) seems to be
related to the enhancement of contacts themselves. The
aim of this work is to investigate the regime of very small
electric currents I ∼ 1 mA in order to gain a better understanding the origin of the slow electrical resistance relaxation in granular packing.
We focus on the electrical transport within 2D packing
of metallic disks directly connected to an electrical source.
A ﬁxed current has been injected during a few hours and
conductance σ(t) = 1/R(t) has been recorded at regular
intervals. Experiments were performed for two diﬀerent
inclination angles θ of the granular bed from horizontal.
Consequently, we have considered the impact of the eﬀective gravitational acceleration geﬀ = g sin θ on the relaxation features of the conductance σ(t). We could change
the distance between the electrodes, i.e. the number of
grains in the packing. In this way we were able to compare the inﬂuence of large force chain rearrangements with
impact of local micro-contact rearrangements at each disk
on overall electrical conductivity of the packing.
We have tried to ﬁt diﬀerent functional forms to the
slow temporal relaxation of σ(t) obtained in the experiments, looking in particular at the relaxation functions
proposed in the experimental and numerical studies of
disordered systems [16]. We have found that the most
suitable functional form for our experimental data is the
Mittag-Leﬄer law (1) (corresponding mathematical deﬁnitions are provided later in the text; see Eqs. (2) and (3)).
The main question that needs an answer is whether equation (1) represents only a convenient ﬁtting expression or
it has a more fundamental meaning, associated to some
peculiar dynamical events which are dominant in the conductance relaxation. We would like to elucidate this point
more thoroughly in order to develop a dynamic model
for the electric contact between two grains based on the
stochastic fractional process that captures this relaxation
dynamics.
A typical rough surface of metallic grain may include
many small contacts of varying sizes. Our model assumes
the electrical current ﬂow is between two contiguous bulk
conducting materials and the current ﬂows through the
conducting a-spots or constrictions (micro-contacts) [3].
The model does not explicitly account for quantum effects or the spreading resistance resulting from the thin
ﬁlm micro-contacts. Our approach is based on the probabilistic formalism of limit theorems which provides tools to
relate the non-diﬀerentiable nature of microscopic dynamics of components in complex systems to the macroscopic
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description of such systems in the form of fractional operators [17–20]. We suppose that there are only two possible
states of micro-contacts, referred to as “switched on” and
“switched oﬀ ”. In order to imitate, in a very simpliﬁed
way, the relaxation features of conductance σ(t) under low
currents, we impose that the micro-contacts at interface
switch stochastically between two possible states. Starting
with the description of the two-state system evolution as
a Markovian process, we develop the analysis on a subordinated random process. The process diﬀers from the
Markovian ones by the temporal variable becoming random [19]. This generalization is of a stochastic origin and
produces the fractional operator in the resulting evolution equation for the conductance. The evolution equation
is capable of reproducing a wide range of experimental
behavior.
In the following section, we present the experimental
set-up and describe the experimental procedures. The experimental results are reported and discussed in Section 3.
Deﬁnition of the model and discussion on the physical interpretation of the model parameters are given in Section 4. In the same section results of numerical simulation
are presented, discussed, and wherever possible compared
with analytical results. Finally, we summarize our ﬁndings
in Section 5.

2 Experiment
Let us now describe our experimental set-up, which is presented in Figure 1. Experiments were carried out on a 2D
granular medium, i.e. the motion of the grains was conﬁned to a plane. The granular packing is constituted of
metallic cylinders of millimetric size contained in a rectangular box made of two parallel glass plates, with an inner
gap of thickness 3.4 mm, slightly larger than the height of
the cylinders, h = 3.00 ± 0.01 mm. The lateral walls of the
box delimit a rectangular frame of height H = 340 mm
and an adjustable width of typically L = 300 mm. We
can change the distance between the lateral walls, i.e. the
number of grains in 2D packing, to separate local behavior
from collective behavior. The box is secured on a heavy
plane able to be inclined at diﬀerent rates (5◦ –20◦ s−1 )
so that we could set an arbitrary inclination angle θ from
the horizontal. The angle of inclination θ is measured by
means of a goniometer ﬁxed to the plane. See Figure 1b
for a sketch of this angle deﬁnition.
The cylinders of diameter d = 6.00 ± 0.05 mm were
used to prepare the monodisperse packings containing
about 2400 grains. Disordered packings are prepared by
pouring grains onto an initially horizontal glass plate at
once. Then, they are spread until a ﬂat layer is obtained,
where the cylinders are randomly deposited without contact between them and at rest. The angle of the plane is
then slowly increased up to the angle θ = 45◦ or θ = 85◦ ,
at constant angular velocity. These ﬁnal inclination angles
correspond to a value larger than the static Coulomb angle
of friction between the metallic grains and the glass plate,
which is around 25◦ . During the plane rotation, grains
therefore freely slide downward and reach a mechanically
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Fig. 1. (a) Photograph of the experimental setup. (b)
Schematic diagram of the experimental setup (side view). The
hatched area indicates the granular packing and θ is the inclination angle of the packing from the horizontal.

stable state. This way we control the balance of tangential
and normal gravitational force on the layer and thus the
contact network (and certainly also force network) inside
the granular material. The measured packing fractions of
these disordered packings are ρ = 0.78−0.80 ± 0.01. Partially ordered packings are obtained by using the same
initial procedure followed by the vibration of the inclined
plane with a hammer-like device installed below the container. The packing fraction of densely packed systems is
ρ = 0.81−0.86 ± 0.01. Those
√ densities are far from the
close packing limit ρcp = π/2 3 ≈ 0.91 [21].
The bottom side of the rectangular box is electrically
insulated. The current is injected to the packing side and
not to only one grain. Long electrical contacts are disposed
on two opposite lateral walls of the box. Electrical contacts
are connected by cables to a Fluke 8008A Digital Multimeter which allows to measure the resistance. During
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Fig. 2. Typical temporal evolutions of the resistance R(t) obtained for an injected current I = 1 mA and an inclination
angle θ = 85◦ (solid lines). The corresponding values of the
conductance σ(t) are given on the right axis (dashed lines).
The diﬀerent curves are obtained for several disordered packings prepared by using the same procedure.

the experiment, we have recorded the temporal evolution
of the electrical resistance R(t) of a metallic grains heap
when a stable current ﬂows through the system. A ﬁxed
current of I = 1 mA is injected during ∼20–100 min and
the resistance R(t) is sampled every 5 s. Diﬀerent materials have been used for the electrodes (brass and stainless steel). We observed that the main relaxation features
of conductance σ(t) do not qualitatively depend on the
electrode material. After each measurement of resistance
R(t), eﬀective gravitational force on the grains is reduced
to zero by placing the container in a horizontal position,
and we rearrange the cylinders which creates new contacts
for the next measurement.
The experimental setup has a high sensitivity to thermal perturbations and mechanical vibrations. It should
be noted that we controlled the ambient humidity and
temperature of the laboratory. The experimental reproducibility is qualitatively good although the exact values
of conductance may exhibit ﬂuctuations from one packing
preparation to another.

3 Experimental results and discussion
In Figure 2, typical variations of the resistance R(t) are
shown versus time for an injected current I = 1 mA and an
inclination angle θ = 85◦ . Also included in Figure 2 is the
temporal evolution of the conductance σ(t) for the same
experimental conditions. We observe that for the ﬁxed injected current, the initial resistance for diﬀerent packings
diﬀers from one another. This should be attributed to the
changes in the contact network during the formation of
new packings. It must be noted that the initial resistance
dependence on the injected current in the range between
10 and 65 mA has been extensively analyzed in the experiments by Dorbolo et al. [14], that suggested that the initial
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σ(t) = σ∞ − Δσ Eα (−(t/τ )α ),

(1)

where σ∞ , Δσ, τ , and α are the ﬁtting parameters. Parameter τ determines the characteristic time of the temporal evolution of conductance σ = σ(t), and α measures
the rate of conductance relaxation on this time scale. The
parameter σ∞ is the asymptotic value of the conductance
σ(t) when t → ∞, and Δσ = σ∞ − σ(0).
In equation (1), Eα denotes the Mittag-Leﬄer function
of order α ∈ (0, 1) [22]. It is deﬁned through the inverse
Laplace transform L


(2)
Eα [−(t/τ )α ] = L (u + τ −α u1−α )−1 ,
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resistance decreases with the injected current. As seen
in Figure 2, resistance R(t) decreases very slowly with
time for each packing. Our measurements have suggested
that resistance R(t) continues to decrease toward some
saturation value. With the compacted (partially ordered)
granular medium we made the same experiments and obtained qualitatively the same long-time behavior of the
conductivity. Such behavior of the electrical conductivity,
Dorbolo et al. [14] was demonstrated in the experiments
at higher currents, 10 mA  I  25 mA.
Looking for a function that gives the best ﬁt to the
temporal evolution of the conductance σ(t) in the case of
very low injected currents I ≈ 10−3 A, we have obtained
that the best agreement with our experimental data gives
the Mittag-Leﬄer function. The ﬁtting function we have
used is of the form
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Fig. 3. Temporal evolution of the conductivity σ(t) obtained
for two diﬀerent inclination angles of the plane, θ = 85◦ , 45◦ .
The thin (black) lines are the Mittag-Leﬄer ﬁts of equation (1),
with parameters τ (85◦ ) = 1.46 × 104 s, α(85◦ ) = 0.461, and
τ (45◦ ) = 2.68 × 105 s, α(45◦ ) = 0.327. Inset: temporal evolution of the normalized conductance σr (t) = (σ(t)−σ(0))/(σ∞ −
σ(0)) = 1 − E[−(t/τ )α ] for θ = 85◦ , 45◦ .
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can be deduced; in particular, E1 (−t/τ ) = exp(−t/τ ).
The Mittag-Leﬄer function interpolates between the initial stretched exponential form


1
(t/τ )α , t  τ,
Eα [−(t/τ )α ] ∼ Φ1 (t) = exp −
Γ (1 + α)
(4)
and the long-time power-law behavior
Eα [−(t/τ )α ] ∼ Φ2 (t) =

0.055

t

τ. (5)

In Figure 3 we compare the temporal evolution of the
conductivity σ(t) obtained when the experiment is performed for two diﬀerent inclination angles of the plane,
θ = 85◦ , 45◦ . In the same ﬁgure the ﬁts to the MittagLeﬄer law (Eq. (1)) are also given, demonstrating that
it is excellently obeyed. The two ﬁtting parameters are
τ (85◦ ) = 1.46 × 104 s, α(85◦ ) = 0.461 for θ = 85◦ , and
τ (45◦ ) = 2.68 × 105 s, α(45◦ ) = 0.327 for θ = 45◦ . In addition, the inset of Figure 3 compares the evolution of normalized conductivity σr (t) = (σ(t) − σ(0))/(σ∞ − σ(0)) =
1 − E[−(t/τ )α ] for the two values of inclination angle,
θ = 85◦ , 45◦ . It can be seen that the relaxation dynamics gets slower (τ (85◦ ) < τ (45◦ )), and the evolution of the

0.04
0.035
0.03
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

t[s]

Fig. 4. Time evolution of the conductivity σ(t) when the inclination angle θ is changed from θ1 = 85◦ to θ2 = 45◦ and
vice versa in diﬀerent time instants.

conductivity σ(t) toward the saturation value takes place
on much wider time scale (α(85◦ ) > α(45◦ )) when the effective gravity geﬀ = g sin θ decreases.
Figure 4 shows the rapid variation of the electrical conductivity σ(t) of granular packing induced by the abrupt
change of the eﬀective gravity geﬀ = g sin θ. In this experiment, the inclination angle θ is changed from θ1 = 85◦ to
θ2 = 45◦ and vice versa in three diﬀerent time instants.
For a sudden decrease in geﬀ (θ1 ) → geﬀ (θ2 ) it is observed
that on short-time scales the conductivity σ decreases
rapidly, while for a sudden increase in geﬀ (θ2 ) → geﬀ (θ1 )
the conductivity increases for short times. This behavior is transient, and after short time the usual increasing
rate of conductivity σ(t) growth is recovered. In addition,
the rapid variation of the electrical conductivity induced
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by a sudden change of the inclination angle θ is proportional to the angle change, Δθ = |θ1 −θ2 | (not shown here).
Our ﬁndings for the behavior of the electrical conductivity, shown in Figures 3 and 4, clearly demonstrate that
a granular material in the case of the higher values of effective gravity has a higher electrical conductivity. This is
in agreement with experiments and numerical simulations
examining the eﬀect of gravity on the force network and
microstructural properties of granular packings [23–27].
As gravity decreased, the spatial distribution of the force
chain network changed from a dense, tangled network to
one consisting of less tangled, longer chains. Intuitively,
we would expect that shorter chains can support greater
stress since there are fewer potential failure points. Thus,
packings with more branching in their force chain network,
induced by higher values of eﬀective gravity are macroscopically stronger and more electrically conductive, since
there are more pathways available for stress and electric
current transmission.
Previously described “geometrical” contact disorder
which arises from the lowering of the number of real contacts when the eﬀective gravity decreases is not the sole
cause that induces the abrupt changes of conductivity
shown in Figure 4. Additionally, the “physical” contact
disorder appears because some contacts are good transmitters, other are not. As the stress increases, some contacts may become active in turn, as the contact area may
be cleaned of oxide coating or some other impurities. Consequently, the number of active contacts increases with
the eﬀective gravity. This eﬀect contributes to the conductance due to the growth of the conducting network.
In order to better understand the reasons for the long
term decay of the electric resistance, we have made the following experiment. The distance between the √
lateral walls
of the box (electrodes) is reduced to d(1 + 2). In this
channel, six, nine or twelve disks are arranged to form
square packing as illustrated in Figure 5a. This packing
can easily be reproduced before each experiment. For the
given conﬁgurations, each conductive path between the
electrodes always includes only three disks. Therefore, the
total number of possible conductive paths is equal to 5,
9, and 13, for conﬁgurations with 6, 9, and 12 disks, respectively. For conﬁgurations with small number of possible conductive paths, one should expect to detect abrupt
changes in the resistance as a result of forming new conductive paths or termination of existing ones. However,
Figure 5b shows that the resistance decreases continuously
for all three conﬁgurations of disks. This means that the
number of conductive paths does not change, but their
conductivity increases over time. The fact that the decay
of the resistance still holds for six disks (or ﬁve conductive
paths), suggests that the origin of these changes is local.
Consequently, long term resistance decay observed in the
experiment is not related to large force chain rearrangements, but to individual microcontacts between two disks
that rearrange.
It must be stressed that the time behavior of the conductance σ(t) in experiments with reduced distance between the lateral walls (electrodes) is consistent with the
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(b)
Fig. 5. Experiment with reduced distance between the lateral
walls (electrodes). (a) Sketch of the 2D experimental setup.
(b) Temporal evolutions of the resistance R(t) obtained for
conﬁgurations with 6, 9, and 12 disks shown on plot (a).

Mittag-Leﬄer law (1). According to equation (1), we get
σ∞ − σ(t)
Δσ(t)
=
= Eα (−(t/τ )α ).
Δσ(0)
σ∞ − σ(0)

(6)

Temporal evolution of the quantity Δσ(t)/Δσ(0) for the
conﬁguration with 9 disks (see Fig. 5) is shown in Figure 6
on double logarithmic scale together with the MittagLeﬄer ﬁtting function Eα (−(t/τ )α ). In addition, Figure 6
shows the functions Φ1 (t) and Φ2 (t) (see Eqs. (4) and (5))
determined by ﬁtting the conductance behavior σ(t) to
the Mittag-Leﬄer functional form (1).
The observed slow resistance decay might be related
to the roughness of the surface of the disks. When
two surfaces meet, and because no surface is perfectly
smooth, asperity peaks or “a-spots” from each surface
meet at the interface and form contact areas [3]. In this
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Fig. 8. Schematic picture of the dynamic model of the electric
contact between two grains described in the text.
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Fig. 6. Shown here is the double logarithmic plot of the temporal evolution of the normalized conductance deviation from
the asymptotic value, Δσ(t)/Δσ(0) = (σ∞ −σ(t))/(σ∞ −σ(0))
(Eq. (6)). Data for σ(t) are obtained for conﬁguration with
9 disks in the experiment with reduced distance between the
electrodes (Fig. 5). The solid (blue) line is the Mittag-Leﬄer
function Eα (−(t/τ )α ), with parameters τ = 815.3 s, α = 0.628,
and σ∞ = 0.497. The dashed lines give the functions Φ1 (t) and
Φ2 (t) (see Eqs. (4) and (5)), as indicated in the legend. The
solid vertical line indicates the characteristic time τ = 815.3 of
the temporal evolution of conductance σ(t).

Fig. 7. Schematic diagram of current ﬂow through a contact
spot. The electrical connection between the two surfaces takes
place at discrete solid spots, also known as a-spots or asperities,
based on the roughness of the surfaces. These spots determine
the true size of the contact area that can be as small as only a
fraction of the nominal contact area.

way, when two disks are brought into contact, the surface irregularities of each disk create a large number of
conducting micro-channels. The presence of the microcontacts leads to a constriction of the current lines on
tiny areas. Figure 7 shows a graphical representation of
a contact area and contacting a-spots. Instead of passing
uniformly through the oxide layer, electric current prefers
to be divided in a large number of micro-currents following
conducting micro-channels [2,3,11,13]. The convergence of
the electrical current through the conducting a-spots is
known as the constriction resistance or commonly the contact resistance [1]. With a small contact region comes a
large contact resistance. Consequently, the ﬂow of the current through the micro-contacts contributes to their heating by Joule eﬀect and causes a softening or even melting
some of them. At the same time, the mechanical stabilization of the discs, initiated by thermal perturbations,

leads to the local micro-contact rearrangements at each
disk, during which the new micro-contacts can be created.
These electro-mechanical processes then allow both creation and breakdown of the micro-contacts between two
disks. Adaptation of the micro-contacts to the ﬂow of the
electric current leads to a larger eﬀective contact surface,
thereby making the resistance of contact smaller.

4 Definition of the model and numerical
simulation
Previous ﬁndings allow us to build a dynamic model of the
electric contact between two grains that provides a very
slow relaxation of electrical conductivity observed in the
experiments. Our model can be regarded as a very simple picture of the interface between two metallic grains
which is composed of a large number of micro-contacts.
We consider a one-dimensional lattice, with N microcontacts located at its lattice points (see Fig. 8). Each
micro-contact can take two possible states, referred to as
“switched on” (↓) and “switched oﬀ ” (↑). A conﬁguration
of the contact is uniquely deﬁned by N orientation variables {Λn |n = 1, . . . , N }, with Λn = +1 denoting a microcontact in state “on” (↓), and Λn = 0 denoting a microcontact in state “oﬀ ” (↑). To each micro-channel n in the
state “on”, we assigned the same resistance, rn ≡ r(c) .
When micro-channel n is in the state “oﬀ ”, its resistance
is too high and no current ﬂows through it, so that we
formally take rn = ∞.
At ﬁrst, we can try to model the contact interface,
naively, by a continuous-time stochastic dynamics, described by the following general kinetic equations:
dp(↓)
= ω↓↑ p(↑) (t) − ω↑↓ p(↓) (t),
dt
dp(↑)
= ω↑↓ p(↓) (t) − ω↓↑ p(↑) (t),
dt

(7)
(8)

where p(↑) (t) and p(↓) (t) are the probabilities for ﬁnding
the micro-contact in the states “oﬀ ” and “on” at time
t, respectively. Here, ω↓↑ and ω↑↓ represent, respectively,
the constant transition probability rate from the state
“oﬀ ” to the state “on”, and from the state “on” to the
state “oﬀ ”. The term ω↓↑ p(↑) describes transition into the
state “on” from the state “oﬀ ”, and ω↑↓ p(↓) corresponds
to transition out of the “on” into the other state “oﬀ ”.
Since the micro-channels of conduction are connected in
parallel, the total contact conductance σ(t) = 1/R(t)
is expressed as the sum of their individual conductances
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σn = 1/rn = 1/r(c) ≡ σ (c) :
σ(t) =

N


Λn (t)σ (c) = σmax p(↓) (t),

(9)

n=1

where σmax = N σ (c) is the conductance when all microcontacts are in the state “on”. We have two limits: p(↓) =
(↓)
is minimal) and
= 0
1 when σ = σmax (resistance

 p
dp(↓) 
dp(↑) 
when σ = 0. Setting dt 
= 0 and dt 
= 0 in
t→∞
t→∞
equations (7) and (8) they become a set of two algebraic
equations whose solution provides the steady-state values
of the conductance σ(∞):
σ(∞) = σmax p(↓) (∞) = σmax

ω↓↑
,
ω

(10)

where ω = ω↓↑ + ω↑↓ is the total transition probability
rate. This steady state will be reached by the system from
any initial conﬁguration. Assume that for t = 0:
p(↑) (0) =

N

(↑)

(t = 0)
,
N

p(↓) (0) =

N

(↓)

(t = 0)
,
N

τ
,
tα
Br
(13)
√
where Br denotes the Bromwich path and j = −1. The
function Fα (z) can be expanded as a Taylor series:
pSα (t, τ ) =

(11)

where N (↑) and N (↓) are the number of micro-contacts
in the states “oﬀ ” and “on”, respectively. Without loss
of generality we assume that for t = 0 the states “oﬀ ”
dominate, i.e. N (↑) (t = 0) > N (↓) (t = 0). The solution
of equations (7) and (8) with initial conditions (11) is
straightforward. Accordingly, the conductance of the contact (Eq. (9)) grows exponentially in time towards the
steady state value:
σ(t) = σ(∞) − [σ(∞) − σ(0)] exp(−ωt),

time clock of the kinetic equation for the Markovian process (Eqs. (7) and (8)).
Now we consider in more details the evolution of
the number of micro-contacts in the states “on” and
“oﬀ ”. These are parent random processes in the sense
of subordination. Consider a sequence Ti , i = 1, 2, . . .
of non-negative, independent, identically distributed random variables which represent the waiting time intervals
between single microscopic jumps “on” (↓) ↔ “oﬀ ” (↑)
of the micro-contacts. If the waiting times Ti belong to
the strict domain of attraction of 
an α-stable distribution (0 < α < 1), their sum n−1/α ni=1 Ti , n ∈ N converges in distribution to a stable law with the same index
α [17,28,29]. The continuous limit
of the discrete counting
n
process {Nt }t≥0 = max{n ∈ N | i=1 Ti ≤ t} is the hitting time process S(t) (also called the ﬁrst passage time).
We choose the nondecreasing random process S(t) for a
new time clock (stochastic time arrow). The probability
density of the process S(t) has the following form [30]:

(12)

where σ(0) = σmax p(↓) (0) = σmax N (↓) (t = 0)/N is the
conductance at the moment t = 0, when an electric current
is turned on.
Not unexpectedly, this simpliﬁed model does not describe the behavior of a real electrical contact between
metallic grains at low applied current, i.e. it is not a
good approximation for the conduction dynamics. Our
model requires substantial addition and extension in order to have the ability to properly capture the slow relaxation dynamics of conductivity observed in the experiments. The main physical idea of our approach is that the
time intervals between the successive micro-contact closing/opening are governed by a certain waiting-time distribution ψ(t). This function governs the random time intervals between single microscopic jumps “on” (↓) ↔ “oﬀ ”
(↑) of the micro-contacts. Actually, in our model the evolutions of the number of micro-contacts in the states “on”
and “oﬀ ” are subordinated by another random process.
Random switching of micro-contacts between the states
“on” and “oﬀ ” are parent random processes Y (t) in the
sense of subordination (see Eqs. (7) and (8)). Recall that a
subordinated process Y [U (t)] is obtained by randomizing
the time clock of a random process Y (t) using a random
process U (t). The latter process is referred to as the randomized time. The new clock generalizes the deterministic

1
2πj

uα−1 exp(ut − τ uα )du = t−α Fα

Fα (z) =

∞

k=0

(−z)k
,
k! Γ (1 − α − kα)

(14)

where Γ (·) is the gamma function. The probability density pSα (t, τ ) determines the probability to be at the internal time (or so-called operational time) τ on the real
time t [29,31].
The stochastic time arrow can be applied to the kinetic
equations (7) and (8). Take the process S(t) as a subordinator. It accounts for the amount of time when an microcontact does not change its state. If p(↓) (τ ) and p(↑) (τ ),
taken from equations (7) and (8) as probability laws of the
parent process, depend now on the local time τ , then the
(↓)
(↑)
resulting probabilities pα (t) and pα (t) after the subordination are determined by the integral relations
p(↓)
α (t) =
p(↑)
α (t) =

∞
0

0

∞

dτ pSα (t, τ )p(↓) (τ ),

(15)

dτ pSα (t, τ )p(↑) (τ ).

(16)

Now the relaxation of conduction σ(t) is deﬁned by two
stochastic processes, random switching of micro-contacts
and random waiting times between these events. The ratio
of micro-contacts in the state “oﬀ ” (↑) and another in the
state “on” (↓) is subordinated by the process S(t). In other
words, the new relaxation process (Eqs. (15) and (16)) is
obtained by randomizing the time clock of the continuoustime stochastic dynamics (Eqs. (7) and (8)) using the random process S(t) [29,31]. The stochastic time clock has a
clear physical sense. The electrical connection between the
two surfaces takes place at discrete solid a-spots in random
points of time.

Page 8 of 12

Eur. Phys. J. B (2017) 90: 108

The equation describing the present model takes the
form similar to equations (7) and (8), but the derivatives
of ﬁrst order become fractional of order 0 < α < 1 determined by the index of the process S(t). In the following,
using properties of the stochastic time clock, we derive the
corresponding master equation with the fractional derivative of time, along the lines of references [31–33]. Let us
present equations (7) and (8) in compact form
d
p(t) = ω̂ p(t),
(17)
dt

T
where p(t) = p(↓) (t) p(↑) (t) and ω̂ denotes the transition rate operator:
ω̂ =

−ω↑↓ ω↓↑
ω↑↓ −ω↓↑

.

(18)

It is important to note that the operator ω̂ is independent
of time. Equation (17) can be written in the integral form
p(t) = p(0) +

∞
0

dτ ω̂ p(τ ).

(19)

The Laplace transform of equation (19) gives the relation
ω̂ p̃(s) = sp̃(s) − p̃(0),

(20)

where the Laplace transform L is deﬁned as:
Lp(t) ≡ p̃(s) =

∞

dt exp(−st)p(t).

(21)

0

In the Laplace space the probabilities pα (t) =

T
(↓)
(↑)
pα (t) pα (t)
(see Eqs. (15) and (16)) take the most
simple form
p̃α (s) = sα−1 p̃(sα ),
(22)
since p̃Sα (s, τ ) = sα−1 exp(−τ sα ) [34]. When the operator
ω̂ acts on the Laplace image p̃α (s) (Eq. (22)), we obtain
ω̂ p̃α (s) = sα−1 ω̂ p̃(sα ) = sα−1 (sα p̃(sα ) − p̃(0))
= sα p̃α (s) − sα−1 p̃(0).

(23)

The inverse Laplace transform L−1 of the latter expression (23) gives the abstract partial diﬀerential equation
with the fractional derivative of time:
pα (t) = p(0) + 0 Dt−α ω̂ pα (t).

(24)

Here we use the fractional Riemann-Liouville integral operator deﬁned via the formula
−α
0 Dt f (t)

=

1
Γ (α)

t
0

dτ (t − τ )α−1 f (τ ),

0 < α < 1,

(25)
with the convenient property L[ 0 Dt−α f (t)]
=
s−α f˜(s) [35]. Using equation (24) and taking into
(↓)
account that σ(t) = σmax pα (t), we obtain that the
deviation Δσ(t) = σ(∞) − σ(t) of the conduction σ(t)

from its steady-state value σ(∞) obeys the fractional
diﬀerential equation


(26)
Δσ(t) = Δσ(0) − ω 0 Dt−α Δσ(t) ,
where ω = ω↓↑ + ω↑↓ is the total transition probability rate and σ(∞) is deﬁned by equation (10). In equation (26), the fractional derivative on the rhs describes a
process which is subordinated to the simple micro-contact
switching; the subordination is deﬁned by the α-stable
waiting time distribution. By diﬀerentiating equation (26)
with respect to time and with the help of the formula [35]
d
−α
1−α
f (t),
0 Dt f (t) = 0 Dt
dt

(27)

d
Δσ(t) = −τr−α 0 Dt1−α Δρ(t),
dt

(28)

it is found that

where τr = ω −1/α = (ω↓↑ + ω↑↓ )−1/α . Equation (28) is an
integro-diﬀerential equation. The Riemann-Liouville operator 0 Dt1−α introduces a convolution integral with the
power-law kernel M (t) ∝ tα−2 . The parameter τr may
be interpreted as a generalized relaxation time. Indeed,
the solution of equation (28) can be expressed in terms of
the Mittag-Leﬄer function Eα of order α via [35,36]
  α 
t
Δσ(t) = Δσ(0)Eα −
.
τr

(29)

Let us brieﬂy describe the algorithm used in our numerical simulation. At each Monte Carlo step one lattice site
is selected at random, and one of the two possible transitions between the two diﬀerent states of the micro-contact
is chosen at random. The choice of the transition from the
state “oﬀ ” to the state “on” occurs with probability p↓↑ ,
and from the state “on” to the state “oﬀ ” with probability p↑↓ . The transition probabilities obey the normalization condition p↓↑ + p↑↓ = 1. When the attempted process
is an “oﬀ ” → “on” transition, and if randomly chosen
micro-contact is in the “oﬀ ” state, its state switches form
“oﬀ ” to “on”. On the contrary, if randomly chosen microcontact is in the “on” state the attempt is abandoned.
When the attempted process is an “on” → “oﬀ ” transition, and provided that the selected micro-contact is in
the “on” state, its state is changed from the “on” to “oﬀ ”.
Otherwise, we reject the switching trial. Switching processes at micro-contacts are assumed to happen instantaneously or at least in negligible time.
The random time τ between the successive microcontact closing/opening attempts is extracted from a residence time distribution ψ(τ ). We assume that the waitingtime intervals Ti between single microscopic jumps “on”
(↓) ↔ “oﬀ ” (↑) of the micro-contacts belong to the strict
domain of attraction of an α-stable distribution (0 < α <
1) [17,28]. In that case, the probability that Ti is greater
than some number t > 0 (tail probability) is asymptotically a power law, i.e. P (Ti > t) ∝ t−α as t → ∞ [28].
Accordingly, decreasing of the parameter α in the range
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(0, 1) increases the contribution of long waiting-time intervals Ti during the relaxation process. A suitable possible
choice for a residence time distribution ψ(τ ) is the MittagLeﬄer distribution deﬁned by
ψ(τ ) = −

d
Eα (−(τ /ν)α ),
dτ

(30)

where Eα is the Mittag-Leﬄer function of order α ∈ (0, 1)
and the constant ν is the time-scaling parameter. The basic role of the Mittag-Leﬄer waiting time probability density in the time fractional continuous time random walk
(CTRW) has become well known by the seminal paper of
Hilfer and Anton [37]. The probability density ψ(τ ) for
the waiting times can be numerically calculated by the
series expansion (3). This method produces a pointwise
representation of the density on a ﬁnite interval. Random
numbers can then be produced by rejection, most eﬃciently with a look-up table and interpolation. More convenient is the following inversion formula by Kozubowski
and Rachev [38,39]:

τ = −ν ln u

1/α
sin(απ)
− cos(απ)
,
tan(απv)

ω↓↑
,
ω↓↑ + ω↑↓

p↑↓ =

and
ν = (N (ω↓↑ + ω↑↓ ))

ω↑↓
,
ω↓↑ + ω↑↓
−1/α

.

(31)

(32)

(33)

In that case, the results of simulations are independent of
the number of micro-contacts in the system. The fractional
rates can be chosen as
ω↓↑ = ω

1
,
1+γ

ω↑↓ = ω

γ
,
1+γ

σ(∞) = σmax

(34)

where γ = p↑↓ /p↓↑ . We impose that the parameter ω >
0 in equation (34) depends only on the micromechanical
properties of the contact, i.e. ω does not depend on the
injected current I and the eﬀective gravity geﬀ = g sin θ
(an inclination angle θ of the plane) in the experiment. In

1
.
1+γ

(35)

The conductance σ(∞) is a decreasing function of the parameter γ ≥ 0 and varies between 0 (γ → ∞) and σmax
(γ = 0).
It is important to note that the coeﬃcient α is not independent as far as its functional dependence on the parameter γ is concerned. We postulate that the parameters
0 < α < 1 and γ > 0 obey a simple relation:
α=

where u, v ∈ (0, 1) are independent uniform random numbers, ν is the scale parameter, and τ is a Mittag-Leﬄer
random number. For α = 1, equation (31) reduces to
the inversion formula for the exponential distribution,
i.e. τ = −ν ln u. In each computational step the time
t and the conductance σ are updated, t → t + τ and
σ → σ + Δσ, where Δσ ∈ {±σ (c) , 0}. Reiterating this
algorithm, the full conductance growth above the initial
value σ(0) = σmax N (↓) (t = 0)/N to the steady-state limit
σ(∞) (Eq. (10)) can be computed.
The time-scaling parameter ν in equation (31) is calculated using the procedure detailed in references [40,41].
The quantities ω↓↑ = (p↓↑ /N )ν −α and ω↑↓ = (p↑↓ /N )ν −α
in the fractional kinetic equation (28) are referred to as the
fractional “oﬀ ” → “on” and “on” → “oﬀ ” rates. Using
the normalization condition for the transition probabilities, i.e. p↓↑ + p↑↓ = 1, one obtains that
p↓↑ =

fact, the form (34) of the fractional rates ensures that the
total rate ω↓↑ + ω↑↓ = ω = f (γ) is independent on the
parameter γ.
The crucial parameter which determines the ﬁnal
steady-state conductance σ(∞) and controls the dynamics, is the ratio γ = p↑↓ /p↓↑ = ω↑↓ /ω↓↑ . According to
equation (10), the steady-state value of the conductivity
σ(∞) is determined by

1
.
1+γ

(36)

The value of parameter α decreases monotonically from
unity as a function of the parameter γ. This relationship
can be justiﬁed by the following phenomenological argument. Mapping the model on to the experiment, “on” →
“oﬀ ” event is associated with the opening of a microcontact, whereas an “oﬀ ” → “on” event is associated
with the closing of a micro-contact. The number of microcontacts in the state “oﬀ ” and another in the state “on” is
controlled by the parameter γ = p↑↓ /p↓↑ . Higher values of
the eﬀective gravity geﬀ mean stronger interaction between
the contact surfaces, thereby reducing the possibility of
termination of micro-contacts, and stimulates the process
of creating new ones. Therefore, it is acceptable to suppose
that increasing the eﬀective gravity geﬀ corresponds to reduction of the parameter γ. Consequently, equation (35)
indicates that the steady-state value of the conductivity
σ(∞) increases with the increasing of the eﬀective gravity geﬀ . Furthermore, from equation (36) it follows that
higher values of eﬀective gravity are consistent with the
greater values of the parameter α. Increasing of the parameter α in the range (0, 1) decreases the contribution of
long waiting-time intervals Ti during the relaxation process, because P (Ti > t) ∝ t−α as t → ∞ [28]. This causes
that the relaxation dynamics gets faster when the eﬀective gravity geﬀ increases, in accordance with our experiment. Analogously, in the present model, parameter γ has
higher values for the lower values of eﬀective gravity geﬀ .
In addition, decreasing of the parameter α (Eq. (36)) increases the contribution of long waiting-time intervals Ti
during the relaxation process. Accordingly, evolution of
the conductivity σ(t) toward saturation value takes place
on much wider time scale when the eﬀective gravity geﬀ
decreases, which is consistent with the results of the experiment. Now it can be concluded that the parameter γ
within a model plays a role similar to that of the intensity
of eﬀective gravity geﬀ in real experiments.
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Fig. 9. Temporal evolution of the conduction σ(t) obtained
through Monte-Carlo simulations (solid lines) and analytically (dashed lines) for various values of parameter γ =
3/7, 2/3, 1, 3/2. Two curves, for the same value of γ = 2/3,
demonstrate that the same steady-state will be reached by the
system from any initial conﬁguration.
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16
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Numerical simulation: γ1=2/3 → γ2=9/11
M-L funct. (γ1=2/3, α1=0.60)
M-L funct. (γ2=9/11, α2=0.55)

The growth of a generalized relaxation time τr with γ
can be accurately described by the exponential law:
τr = τ0 exp(γ0 · γ).

σ [Ω-1]

12

10

8

(37)

Indeed, inserting expressions γ0 = ln(1/ω) = f (γ) and
τ0 = 1/ω = f (γ) into equation (37), and eliminating γ
with the help of relation (36), we can obtain the expression for the generalized relaxation time, τr = ω −1/α (see
Eq. (28)).
Now, we present and discuss numerical results regarding the temporal evolution of the conductivity σ(t). All
numerical simulations were performed on a system of
N = 25 micro-contacts. The parameter ω was chosen to be
ω = 10−2 . In order to suﬃciently diminish statistical ﬂuctuations, it is necessary to average over many independent
runs for each value of the parameter γ. Therefore, curves
of the σ(t) relaxation reported here are averages of 104 independent simulations. A detailed description for the computation of the averages can be found in reference [40].
Variation of the conductance σ(t) with time for several values of parameter γ is presented in Figure 9. We
have observed that the relaxation of the conductance gets
slower when the parameter γ increases. The simulation
curves are in a good qualitative agreement with our experimental data, since the parameter γ has higher values for lower values of the eﬀective gravity geﬀ . Actually,
for small values of the eﬀective gravity we obtain higher
values for the relaxation times τ and lower values of the
asymptotic conductance σ(∞). In the same ﬁgure, the relaxation curves obtained analytically by equation (29) are
also given, demonstrating that the Mittag-Leﬄer law (29)
is excellently obeyed in our simulations. For very small
values of γ, i.e. for high values of geﬀ , there is a rapid
approach to the asymptotic conductance σ(∞), and consequently the parameter α reaches a value close to 1 (see
Eq. (36)). Since Eα [−(t/τr )α ] → exp(−t/τr ) when α → 1,
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(b)
Fig. 10. Time evolution of the conductance σ(t) when the
parameter γ is switched (a) from γ1 = 9/11 (α1 = 0.55) to
γ2 = 2/3 (α2 = 0.60) and (b) from γ1 = 2/3 (α1 = 0.60)
to γ2 = 9/11 (α2 = 0.55), at a time tw = 104 (solid curves).
The dotted and dashed curves, obtained analytically by equation (29), correspond to the processes at constant γ1 and γ2 .

the slow relaxation feature disappears in the regime of
strong external forces.
Next we show that the proposed model reproduces
qualitatively the rapid variation of the electrical conductivity σ(t) of granular packing induced by the abrupt
change of the eﬀective gravity geﬀ = g sin θ (see Fig. 4).
Since the parameter γ within a model plays a role similar to that of the intensity of the eﬀective gravity geﬀ in
our experiment, we simulate the abrupt change of geﬀ as
an instantaneous change of the parameter γ in our model.
Figure 10 shows a typical change of the electrical conductivity in our model after an abrupt change of the parameter γ. In Figure 10a the parameter γ is switched from
γ1 = 9/11 (α1 = 0.55) to γ2 = 2/3 (α2 = 0.60) at
tw = 104 . We observe that after the transient interval,
the rapid growth of σ(t) ceases and there is a crossover
to the “normal” behavior, with relaxation rate becoming
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the same as in the case of constant value of parameter
γ. When γ = p↑↓ /p↓↑ is abruptly lowered, the ﬁrst effect is that the system tends to decrease the fraction
of opened micro-contacts, so that conductance becomes
larger. Therefore the rate of conductivity growth increases
with respect to the unperturbed case. At larger times,
however, the relaxation of σ(t) is slowed down by the
creation of smaller fraction of the micro-contacts that is
available for transition from the state “oﬀ ” to the state
“on”. In Figure 10b we show the response of the system to instantaneous shift of parameter γ from γ1 = 2/3
(α1 = 0.60) to γ2 = 9/11 (α2 = 0.55) at a time tw = 104 .
We observe an eﬀect opposite to the previous case, i.e. we
ﬁnd that the conductance σ(t) drops immediately following tw . Both numerical results are qualitatively consistent
with our experimental results shown in Figure 4.

5 Concluding remarks
We have reported experiments on the electrical conductivity in 2D packings of metallic disks at ﬁxed injected current of I = 1 mA. This work provides experimental and
theoretical additions to the studies of references [14,15]
mostly carried out in the regime of higher currents (I >
10 mA). The scenario of the evolution of the conductance
depends on both the injected current and external forces
acting on the packing. In this paper, we have attempted to
give some insights into the mechanisms by which granular
materials handle slow relaxation of electrical conductivity
in the regime of very low injected currents and without
external load.
We have experimentally investigated the conductance
of 2D packings of metallic disks for diﬀerent values of the
eﬀective gravity geﬀ . We have shown that evolution of the
conductivity σ(t) toward saturation value takes place on
much wider time scale when the eﬀective gravity geﬀ decreases. We have ﬁtted the time dependences of the conductance σ(t) with the Mittag-Leﬄer function (1). The
characteristic timescale τ (Eq. (1)) is found to grow when
the eﬀective gravity geﬀ decreases. By changing both the
distance between the electrodes and the number of grains
in the packing, it was shown that the long-term resistance decay observed in the experiment is not related to
large force chain rearrangements, but to individual microcontacts between two disks that rearrange. Hence, this
long-term decay seems to be related to the enhancement of
the contacts themselves. The behavior of granular material
is thus completely diﬀerent from a metallic bulk material.
When the current is switched on, the metallic wire produces heat. This change in temperature makes the electrical conductance decrease. On the other hand, in the case
of granular material, the opposite eﬀect occurs. The local micro-contact rearrangements at each grain inﬂuence
the conduction by increasing it. Consequently, in the case
of granular material with weak links between conductive
grains, electrical measurements have to be carefully implemented. The intensity of the injected current, external
load and surface state of grains are seen to be relevant
parameters.
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These results were used as a basis for building of a
dynamic model of the electric contact between two grains
which is composed of a large number of micro-contacts.
Actually, we have developed an artiﬁcial, but instructive
model of a contact which can be regarded as a very simple picture of the interface between two metallic grains.
We impose that the micro-contacts at the interface switch
stochastically between the two states (“on” and “oﬀ ”).
By appropriately choosing this random process, one can
provide the essential ingredients in our model to reproduce the slow relaxation of the electrical conductivity and
mimic the rapid variation of the conductance σ(t) induced
by the abrupt change of the eﬀective gravity geﬀ . We think
that the success of the model in emulating the experiments indicates that the dominant physical mechanisms
have been correctly identiﬁed. Even though the model is
simple enough as to be analytically tractable, the theoretical results are corroborated by numerical simulations of
the corresponding stochastic fractional processes.
This work was supported by the Ministry of Education,
Science, and Technological Development of the Republic of
Serbia under projects ON171017, III45016, and by the European Commission under H2020 project VI-SEEM, Grant
No. 675121. Numerical simulations were run on the PARADOX
supercomputing facility at the Scientiﬁc Computing Laboratory of the Institute of Physics Belgrade.
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