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ABSTRACT
Numerically “exact” methods addressing the dynamics of coupled electron–phonon systems have been intensively developed. Nevertheless,
the corresponding results for the electron mobility μdc are scarce, even for the one-dimensional (1d) Holstein model. Building on our recent
progress on single-particle properties, here we develop the momentum-space hierarchical equations of motion (HEOM) method to evaluate
real-time two-particle correlation functions of the 1d Holstein model at a finite temperature. We compute numerically “exact” dynamics of the
current–current correlation function up to real times sufficiently long to capture the electron’s diffusive motion and provide reliable results
for μdc in a wide range of model parameters. In contrast to the smooth ballistic-to-diffusive crossover in the weak-coupling regime, we observe
a temporally limited slow-down of the electron on intermediate time scales already in the intermediate-coupling regime, which translates to a
finite-frequency peak in the optical response. Our momentum-space formulation lowers the numerical effort with respect to existing HEOM-
method implementations, while we remove the numerical instabilities inherent to the undamped-mode HEOM by devising an appropriate
hierarchy closing scheme. Still, our HEOM remains unstable at too low temperatures, for too strong electron–phonon coupling, and for too
fast phonons.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0165532

I. INTRODUCTION

The electron–phonon interaction governs the transport of
charge (and energy) in systems ranging from semiconductors,1–6

organic molecular crystals, and polymers7–9 to molecular aggre-
gates relevant for photosynthesis.10–14 The simplest model of such
diverse systems is the Holstein model,15 in which an electron is
locally and linearly coupled to phonons. Well-established trans-
port theories are formulated as perturbative expansions from either
the limit of vanishing coupling (Boltzmann-like4,5,16 or Redfield-
like13,14,17 theories) or vanishing electronic bandwidth (small-
polaron/Lang–Firsov,18 Marcus,13,14,19 or Förster13,14,20 theories).
However, in many instances, the energy scales representative of
electron motion, phonons, electron–phonon interaction, and ther-
mal fluctuations are all comparable to one another.1,21–23 This cir-
cumstance calls for the development of methods beyond standard
transport theories.

Such methods are typically formulated under physically
motivated approximations. Examples include the cumulant
expansion,24–28 dynamical mean-field theory,29–33 polaron

transformation-based approaches,34–43 momentum-average
approximation,44–46 and kinetic Monte Carlo approaches.47,48

The approximate methods are generally computationally efficient
and can thus be combined with electronic-structure methods
to provide first-principles results on systems large enough that
a direct comparison with experimental results is sensible.49–55

While the agreement between numerical and experimental results
justifies the approximations introduced, it does not fully reveal their
domain of validity. This can be unveiled by comparison to results
produced by numerically “exact” methods, which do not lean on
any approximation beyond those in the Hamiltonian. Since they are
computationally intensive, numerically “exact” methods are usually
applied to model Hamiltonians only.

The numerically “exact” approaches used to study interacting
electron–phonon models may be roughly divided into the following:
(i) quantum Monte Carlo (QMC) methods;56–63 (ii) wavefunction-
based methods considering the electron and phonons as a closed
system, such as exact diagonalization (ED)-based techniques,64–69

the density-matrix renormalization group (DMRG),70–77

thermo-field dynamics,78–80 and the hierarchy of Davydov’s
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Ansätze;81–85 (iii) methods leaning on the theory of open quantum
systems, such as the hierarchical equations of motion (HEOM),86–89

its generalizations,90,91 and hybridizations92,93 with the stochastic
Schrödinger equation.94,95

Many of the above-mentioned methods deliver practi-
cally exact results on the ground-state or equilibrium finite-
temperature properties of the Holstein model.58,65,70,76 Some of
them have recently been used to examine the model’s single-
particle properties (the electronic spectral function or linear absorp-
tion spectra).67–69,71,73,76,77,92,95,96 However, much more demanding
numerically “exact” evaluations of two-particle correlation functions
at finite temperatures, such as the ac and dc electrical conductiv-
ity, have started only recently.27,61–63,74,75,77,93,97–99 Each class of the
above-mentioned numerically “exact” methods encounters certain
issues in computations of two-particle quantities. (i) QMC meth-
ods are usually formulated directly in the thermodynamic limit
but require numerical analytical continuation to reconstruct real-
frequency spectra. A combination of statistical errors and uncer-
tainties in the analytical continuation may lead to final results
whose errors are comparable to the results themselves. Real-time
QMC simulations witness a progressive development of the infa-
mous sign (or phase) problem, which limits their applicability to
relatively short-time dynamics. (ii) ED-based methods are applied
to small clusters and typically require artificial broadening para-
meters to construct real-frequency spectra. The DMRG equations
can be propagated only for relatively short times,76,77 which may
not be long enough to reliably estimate the dc mobility.77 (iii) The
HEOM method treats small clusters but can, in principle, capture
the full decay of correlation functions.97–100 Being based on a for-
mally exact expression for the electronic reduced density matrix
(RDM), the HEOM method is undoubtedly numerically “exact.”
However, when employed on a finite system and truncated at a
finite depth, the HEOM with undamped phonon modes suffers
from numerical instabilities,101 which practically limit the maxi-
mum propagation time102 and whose overcoming requires further
algorithmic developments.101,103

In this study, we provide numerically “exact” results for the
electron mobility within the 1d Holstein model. In contrast to the
best currently available results, which are obtained by perform-
ing the numerical analytical continuation of imaginary-axis QMC
data61 (possibly combined with real-time QMC data on rather short
time scales63), our results entirely follow from real-time compu-
tations. We extend the momentum-space HEOM we developed
in Ref. 96 to follow the time evolution of finite-temperature two-
particle correlation functions up to very long (practically infinite)
real times. In addition, our momentum-space HEOM also enables
us to obtain highly accurate results for imaginary-time correlation
functions, which are the central quantities in QMC simulations.
Our imaginary-axis results help us establish the minimum chain
length and hierarchy depth needed to obtain results representa-
tive of the thermodynamic limit. The high quality of our real-time
results is ensured by checking that different sum rules (e.g., the
optical sum rule—OSR) are satisfied with high accuracy. We lower
the numerical effort with respect to existing HEOM implementa-
tions by exploiting the translational symmetry, which reduces the
number of independent dynamical variables in the formalism, and
noting that the totally symmetric phonon mode does not contribute
to the time evolution of correlation functions. We avoid numerical

instabilities in a wide range of parameter spaces by devising a specific
closing of the hierarchy. Still, the numerical instabilities inherent to
the undamped-mode HEOM prevent us from obtaining results at
low temperatures, for strong electron–phonon coupling, and when
electronic dynamics is much slower than phonon dynamics (the
so-called antiadiabatic regime).

The paper is organized as follows. Section II specifies the
model and introduces our momentum-space HEOM method for
the current–current correlation function. Technical details are pre-
sented in Appendixes A–D. In Sec. III, we provide a number of
numerical examples testing critical points of our methodology and
present our main results concerning temperature-dependent dc
mobility. Section IV is devoted to a summary and prospects for
future work.

II. THEORETICAL FRAMEWORK
A. Model and definitions

We consider the Holstein model on the 1d lattice comprising
N sites with periodic boundary conditions. In the momentum space,
its Hamiltonian reads as

H = He +Hph +He−ph

=∑
k

εk∣k⟩⟨k∣ +∑
q

ωqb†
qbq +∑

q
VqBq. (1)

The electronic and phononic wave numbers k and q may assume
any of the N allowed values in the first Brillouin zone −π < k,
q ≤ π. The Hamiltonian He describes an electron in a free-
electron band whose dispersion εk = −2J cos(k) originates from the
nearest-neighbor electronic hopping of amplitude J. The Hamil-
tonian Hph describes an optical-phonon branch with dispersion
ωq such that ωq=0 ≠ 0. The interaction term He−ph is character-
ized by its strength g and contains the purely electronic operator
Vq = ∑k ∣k + q⟩⟨k∣, which increases the electronic momentum by
q, and the purely phononic operator Bq =

g
√

N
(bq + b†

−q), which
decreases the phononic momentum by q. In the following, we set
the lattice constant al and the elementary charge e0, and the physical
constants h and kB to unity.

We focus on the dynamics of the current–current correlation
function

C jj(t) =
1
Z

Tr{ j(t) j(0)e−βH
}, (2)

where the current operator reads as

j = −2J∑
k

sin (k)∣k⟩⟨k∣, (3)

where j(t) = eiHtje−iHt , while Z = Tr e−βH is the partition sum at tem-
perature T = β−1. Its Fourier transform C jj(ω) = ∫

+∞

−∞
dt eiωtC jj(t)

[with Cjj(−t) = Cjj(t)∗] determines the frequency-dependent (or
dynamical) mobility,

Re μac(ω) =
1 − e−βω

2ω
C jj(ω)

=
C jj(ω) − C jj(−ω)

2ω
, (4)
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where the second equality follows from the fluctuation–dissipation
theorem for equilibrium correlation functions, Cjj(−ω)
= e−βωCjj(ω). The dc mobility is μdc = limω→0Re μac(ω) and
may be computed using only the real or only the imaginary part of
Cjj(t),104

μdc =
1
T∫

+∞

0
dt Re C jj(t)

= −2∫
+∞

0
dt t Im C jj(t). (5)

Cjj(t) (for t > 0) carries information on the carrier’s
dynamics resulting from a sudden (δ-like) perturbation of the
electron–phonon equilibrium. Its real part is proportional to the
velocity–velocity anticommutator correlation function, which is the
quantum counterpart of the velocity–velocity correlation function
used, e.g., to study Brownian motion. The mean-square displace-
ment (MSD) of the carrier’s position, Δx2

(t) = ⟨[x(t) − x(0)]2⟩,
where ⟨⋅ ⋅ ⋅⟩ denotes averaging with respect to e−βH

/Z, grows at a
rate determined by the time-dependent diffusion constant,105

D(t) = 1
2

d
dt

Δx2
(t) = ∫

t

0
ds Re C jj(s). (6)

Within the model considered here, Re Cjj(t) decays to zero in the
long-time limit, so that D(t) varies from 0 at short times to D∞
= ∫

+∞

0 ds Re C jj(s) at long times, where D∞ is the diffusion
constant related to the dc mobility by the Einstein relation (in
the units we use, μdc = D∞/T). The electron’s dynamics then
exhibits a crossover from short-time ballistic dynamics, when Δx2

(t)
= Cjj(0)t2 and D(t) = C jj(0)t, to long-time diffusive dynamics,
when Δx2

(t) = 2D∞t and D(t) = D∞. In addition to D(t), another
quantity useful to describe this crossover is the diffusion exponent
α(t) ≥ 0 defined by assuming that the power-law scaling Δx2

(t)∝
tα(t) holds locally around instant t,106 so that

α(t) =
2tD(t)
Δx2
(t)

. (7)

At short times, α(t) is close to 2, while it reaches the value of unity
in the long-time diffusive limit.

B. HEOM for the real-time current–current correlation
function

We formulate the HEOM method for the purely electronic
operator

ι(t) =
1
Z

Trph{e−iHt je−βHeiHt
}, (8)

while C jj(t) = Tre{ jι(t)}. Since the totally symmetric phonon mode
(q = 0 mode) couples to the unit operator in the electronic sub-
space, it does not affect the dynamics of ι(t), while its contributions
to Z and e−βH cancel out after performing the partial trace over
phonons. This decoupling of the q = 0 phonon mode from the rest
of the phonon modes and the electronic states107 somewhat lowers
the number of auxiliary density operators (ADOs) ι(n)n (t), which
are characterized by the vector n = {nqm∣q ≠ 0, m = 0, 1} contain-
ing 2(N − 1) non-negative integers nqm counting individual phonon

absorption and emission events whose total number is n = ∑′qm nqm.
The prime on the sum indicates the omission of the q = 0 term.
The momentum conservation implies that the ADO ι(n)n (t) changes
the electronic momentum by kn = ∑

′
qm qnqm, so that only N of its

N2 matrix elements are nonzero. The only nonzero matrix ele-
ments of ι(n)n (t) are the ones connecting the states whose momenta
differ by kn. This requirement leads to a drastic reduction in the
number of equations with respect to existing real-space HEOM
formulations.97,99,102 A more detailed discussion in this direction is
deferred to the last paragraph of Sec. III B.

The dynamics of ι(t) follows from the real-time HEOM

∂t⟨k∣ι(n)n (t)∣k + kn⟩

= −i(εk − εk+kn + μn)⟨k∣ι(n)n (t)∣k + kn⟩

+ i∑
′

qm

√
(1 + nqm)cqm ⟨k − q∣ι(n+1)

n+qm
(t)∣k + kn⟩

− i∑
′

qm

√
(1 + nqm)cqm ⟨k∣ι(n+1)

n+qm
(t)∣k + kn + q⟩

+ i∑
′

qm

√
nqmcqm ⟨k + q∣ι(n−1)

n−qm
(t)∣k + kn⟩

− i∑
′

qm

√
nqm

cqm
√cqm

⟨k∣ι(n−1)
n−qm
(t)∣k + kn − q⟩, (9)

where μn = ∑
′
q ωq(nq0 − nq1). The ADO ι(n)n (t) couples to ADOs at

depths n ± 1, which are characterized by vectors n±qm whose compo-
nents are [n±qm]q′m′

= nq′m′ ± δq′qδm′m. The coefficients cqm and cqm

are defined in Eqs. (A2) and (A3) of Appendix A, where we provide
a detailed derivation of Eq. (9).

The initial condition for Eq. (9) is set by the equilibrium state
of the interacting electron–phonon system [see also Eq. (8)]. In our
previous publication,96 we derived that the hierarchical representa-
tion of that equilibrium state can be obtained from the following
imaginary-time HEOM:

∂τ⟨k∣σ(n)n (τ)∣k + kn⟩

= −(εk + μn)⟨k∣σ(n)n (τ)∣k + kn⟩

+∑
′

qm

√
(1 + nqm)cqm⟨k − q∣σ(n+1)

n+qm
(τ)∣k + kn⟩

+∑
′

qm

√
nqmcqm⟨k + q∣σ(n−1)

n−qm
(τ)∣k + kn⟩. (10)

Equation (10) is propagated in imaginary time τ from 0 to β with the
infinite-temperature initial condition ⟨k∣σ(n)n (0)∣k + kn⟩ = δn,0. The
initial condition for Eq. (9) is finally

⟨k∣ι(n)n (0)∣k + kn⟩ = Z−1
e (−2J) sin (k)⟨k∣σ(n)n (β)∣k + kn⟩, (11)

where the so-called electronic partition sum reads as

Ze =∑
p
⟨p∣σ(0)0 (β)∣p⟩. (12)

A more detailed derivation is provided in Appendix A. Here, let
us emphasize that the structure of the imaginary-time HEOM in
Eq. (10) is fully compatible with the structure of the real-time HEOM
in Eq. (9). This is different from existing approaches, in which the
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structures of the imaginary-time and real-time HEOMs are not man-
ifestly identical99,108 and may require appropriate rearrangement
steps to obtain the initial condition for the real-time HEOM.108

C. Closing the HEOM for the real-time current–current
correlation function

When truncated at a finite maximum depth D, the real-time
HEOM in Eq. (9) suffers from numerical instabilities appearing at
sufficiently long times, which are commonly ascribed to the dis-
crete and undamped nature of phonons.101 Such instabilities have
been observed even for not-too-strong couplings and at not-too-low
temperatures. The instabilities are particularly detrimental to eval-
uations of μdc, for which we need Cjj(t) up to times so long that
it has decayed almost to zero [Eq. (5)]. They may be eliminated by
projecting out the unstable eigenmodes of the truncated HEOM,101

which requires numerically complicated filtration algorithms, or by
deriving a new hierarchy of equations,103 whose generally nontriv-
ial relation to the original hierarchy may complicate evaluations of
physically relevant quantities. The numerical instabilities reported
in Ref. 101 were observed under the so-called time-nonlocal (TNL)
truncation scheme, which sets all ADOs at depths n > D to zero.
One may thus hope that an appropriate closing of the HEOM at
the maximum depth could eliminate numerical instabilities. While a
number of closing schemes have been proposed recently,91,109,110 we
find that none of them stabilizes Eq. (9). A possible reason behind
our observation is that these schemes were tried and tested for the
electron coupled to a phonon bath, i.e., when the spectral density
of the electron–phonon interaction is a continuous function of the
energy exchanged. On the other hand, here we deal with a discrete
spectral density consisting of a finite number δ peaks at ±ωq. In
Appendix B, we build on previous density-matrix studies111–113 and
derive in detail a specific closing of Eq. (9) that permits us to over-
come the instabilities in many (but not all) parameter regimes. Here,
let us only mention that we eliminate the ADOs at depth D + 1 from
the equations at the maximum depth D by (i) setting the ADOs with
n ≥ D + 2 to zero and (ii) solving the resulting equations at depth
D + 1, which then contain only the ADOs at depth D in the Markov
and adiabatic approximations. The structure of the resulting equa-
tions at depth D is, however, more involved than the structure of
Eq. (9) because the ADOs at depth D become mutually coupled. We
eliminate these equal-depth couplings by resorting to the random
phase approximation, which neglects momentum-averaged matrix
elements of the ADOs at depth D due to random phases at different
momenta. The above-described procedure for closing the HEOM
results in equations for maximum-depth ADOs (n = D) that feature
exponential damping terms

[∂t⟨k∣ι(n)n (t)∣k + kn⟩]
close
= −δn,D

1
2
(τ−1

k + τ−1
k+kn
)

× ⟨k∣ι(n)n (t)∣k + kn⟩, (13)

where τk is the carrier scattering time in the second-order per-
turbation theory and the long-chain limit [see Eq. (B7) and
Ref. 42].

In our numerical computations, we assume that phonons are
dispersionless, ωq ≡ ω0. For ω0/J ≥ 2, the closing scheme in Eq. (13)
cannot fully remove the numerical instabilities inherent to the
undamped-mode HEOM because the carrier scattering times then

become infinite for k states in the vicinity of ±π/2.26,42 We thus
obtain HEOM results for ω0/J ≥ 2 only at sufficiently high temper-
atures and for sufficiently (but not excessively) strong interactions.
For ω0/J < 2, our results summarized in Secs. III A and III E show
that the closing scheme in Eq. (13) removes the instabilities of Eq. (9)
for not too strong g or at not too low T. The instabilities remain for
strong g and at low T, while their relatively early appearance pre-
vents us from reliably computing μdc in such parameter regimes (see
Sec. III F).

D. HEOM for the imaginary-time current–current
correlation function

In order for Cjj(t) to be representative of the long-chain limit
and take all relevant phonon-assisted processes into account, both
N and D should be sufficiently large. The first proxy for how large
N and D should be follows from analyzing the current–current
correlation function Cjj(τ) in imaginary time.

While Cjj(τ) is directly accessible in QMC simulations,61,63,100

its evaluation using the HEOM method has not been considered
so far, to the best of our knowledge. The appropriate imaginary-
time HEOM is obtained from Eq. (9) by performing Wick’s rotation
t → −iτ. We employ the TNL truncation of the HEOM thus
obtained, i.e., we simply set all the ADOs with n > D to zero. Cjj(τ)
is to be determined on the interval [0, β], on which it is symmetric
with respect to β/2. To enable as accurate an evaluation of Cjj(τ) as
possible, we find it useful to consider the symmetrized correlation
function

Csym
jj (τ) =

1
Z

Tr{e−βH/2eHτ je−Hτe−βH/2 j}, (14)

on the interval [−β/2, β/2], which is related to Cjj(τ) via C jj(τ)
= Csym

jj (τ − β/2) for 0 ≤ τ ≤ β. We note that the use of the sym-
metrized correlation function instead of the standard one is advan-
tageous in real-time QMC simulations114 and is also reported to be
useful in real-time HEOM computations.98,99 Nevertheless, we find
that the numerical instabilities of the real-time HEOM [Eqs. (9) and
(13)] are reflected on both Cjj(t) and Csym

jj (t) in the same man-
ner, which is the reason why we consider the non-symmetrized
correlation function [Eq. (2)] in all our real-time computations.

We determine Csym
jj (τ) by two independent imaginary-time

propagations: one forward from 0 to β/2 and the other backward
from 0 to−β/2. The initial condition (at τ = 0) for both propagations
is obtained from the imaginary-time HEOM for the equilibrium
state of the coupled electron–phonon system [Eq. (10)], which we
(i) propagate from 0 to β/2, (ii) multiply by j from the left, and
(iii) propagate once again from 0 to β/2. Since Csym

jj (τ) is symmet-
ric around 0, the results of the forward and backward propagations
in imaginary time should coincide. We use this fact to gain insight
into the maximum hierarchy depth D that is needed to obtain con-
verged results. In more detail, we find that the relative deviation
(−β/2 ≤ τ ≤ β/2)

δsym
jj (τ) = 2

∣Csym
jj (τ) − Csym

jj (−τ)∣
Csym

jj (τ) + Csym
jj (−τ)

, (15)
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decreases with increasing D. Furthermore, following how C jj(τ)
= [Csym

jj (τ − β/2) + Csym
jj (β/2 − τ)]/2 (0 ≤ τ ≤ β) changes with the

chain length N provides information about the minimum chain
length N needed to obtain results representative of the thermody-
namic limit. We, however, emphasize that the estimates for D and
N that stem from imaginary-axis data may differ from the cor-
responding estimates originating from real-time data. Whenever
possible, we also perform real-time simulations for multiple N and
D to ensure that our real-time results are also representative of the
thermodynamic limit.

E. Sum rules
To gain additional confidence in our HEOM results, we check

that certain sum rules for frequency-resolved quantities are sat-
isfied with sufficient accuracy.77,115 We compare the moments of
frequency-dependent quantities evaluated by (i) numerical integra-
tion over frequency and (ii) averaging an appropriate operator in the
equilibrium state of the coupled electron and phonon. We consider
the OSR

∫

+∞

0
dω Re μac(ω) = −

π
2
⟨He⟩, (16)

and the sum rules

∫

+∞

−∞

dω
2π

ωn C jj(ω) =Mn, (17)

for the first three moments (n = 0, 1, 2) of the real-frequency
current–current correlation function. In Eq. (16), we use the dynam-
ical mobility computed using the first equalities in Eqs. (4) (for
ω ≠ 0) and (5) (for ω = 0). The electron’s kinetic energy entering
Eq. (16) is evaluated using the quantities defined in Eqs. (10) and
(12),96

⟨He⟩ =
1

Ze
∑

k
εk⟨k∣σ

(0)
0 (β)∣k⟩. (18)

We note that the initial conditions ι(n)n (t = 0) [Eq. (11)] for the real-
time HEOM [Eq. (9)] do not enter Eq. (18). On the other hand, the
quantities Mn entering Eq. (17) are expressed in terms of the initial
conditions ι(n)n (t = 0) for the real-time HEOM, and we derive the
corresponding relations in Appendix C. Strictly speaking, Eq. (16)
holds only in the long-chain limit, and in Appendix D, we demon-
strate that the corresponding finite-size corrections decrease with
increasing N. On the contrary, for any given N and D, Eq. (17)
(with the expressions obtained in Appendix C) is exact. Having all
these things considered, we conclude that checking the sum rules
in Eq. (17) provides an important self-consistency check that all
the numerical procedures (e.g., the numerical Fourier transforma-
tion) are properly implemented while providing limited information
on the adequacy of N and D employed. In addition to a test for
numerical implementation procedures, checking the OSR consti-
tutes a nontrivial test for the adequacy of both D and N employed,

which is in line with previous studies.115 It is for this reason that we
focus our discussion in Sec. III on the OSR. As a general trend, we
observe that the sum rules in Eq. (17) are satisfied with better relative
accuracy than the OSR.

III. NUMERICAL RESULTS
We limit ourselves to dispersionless optical phonons, ωq ≡ ω0,

and perform HEOM computations for three different values of ω0/J
spanning the range from the adiabatic regime of slow phonons
(ω0/J = 1/3) to the extreme quantum regime (ω0/J = 1) and the
antiadiabatic regime of fast phonons (ω0/J = 3). Since most of
our results are obtained for ω0/J ≤ 1, we use the dimensionless
interaction parameter,

λ =
g2

2Jω0
, (19)

that is appropriate to describe the zero-temperature transition
from free electrons (λ < 1) to polarons (λ > 1) at such phonon
frequencies.

We devote Secs. III A–III C to discussing the performance
of the closing strategy embodied in Eq. (13) (Sec. III A) and the
effects of finite N and D on the HEOM results in imaginary and
real time (Sec. III B), as well as the accuracy with which the OSR
is satisfied (Sec. III C). Section III D summarizes the most rep-
resentative HEOM results for the time evolution of Cjj and the
dynamical-mobility profile. Our most significant results, which con-
cern the temperature dependence of μdc for different values of ω0/J,
are presented in Sec. III E. To further illustrate the capabilities and
limitations of our approach, we present HEOM results for Cjj(t) for
strong electron–phonon couplings and at different temperatures in
Sec. III F.

We provide HEOM data on Cjj(t), its Fourier transformation
Cjj(ω) computed using the FFTW3 software package,116 as well
as Re μac(ω), in different parameter regimes, as a freely available
dataset. For more details, see Ref. 117, which contains all our numer-
ical data, and the supplementary material of this manuscript, which
contains their detailed description. Here, let us only mention that the
HEOM in Eq. (9) supplemented with the closing in Eq. (13) is prop-
agated using the algorithm proposed in Ref. 118 with the time step
ω0Δt = (1 − 2) × 10−2. While the maximum propagation time tmax
generally shortens with increasing g and/or T, it is a highly non-
trivial task to give its a priori estimate based only on the values of
model parameters. Fortunately, in contrast to some other numeri-
cally “exact” methods, such as the DMRG77 or real-time QMC,63 the
computational demands of the HEOM method do not increase with
time t and are completely determined by N, D, Δt, and the propa-
gation algorithm. We thus propagate the HEOM up to real times
that are sufficiently long so that the integral ∫

t
0 ds Re C jj(s)/T [see

Eq. (5)] as a function of t enters saturation [see, e.g., Figs. 3(b) and
3(c)]. The frequency resolution in the optical response is increased
by continuing Cjj(t) symmetrically for negative times −tmax ≤ t ≤ 0
using Cjj(−t) = Cjj(t)∗, which results in the frequency step Δω/ω0
= π/(ω0tmax). Therefore, if one wants both a reliable result for μdc
and a finely resolved optical response, the maximum propagation
time should be sufficiently long. In practice, we used ω0tmax ≳ 500
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for small g and at relatively low T, ω0tmax ≃ 300 at intermediate
values of g and T, and ω0tmax ≲ 100 for large g or at high T.

A. Effectiveness and reliability of our closing strategy
We offer numerical examples demonstrating that the closing

in Eq. (13) actually stabilizes the real-time HEOM [Eq. (9)] without
compromising the results for μdc.

Figure 1(a) (its inset) shows the evolution of Re Cjj (Im Cjj)

with the closing in Eq. (13) and the TNL truncation in the weak-
coupling regime and at a relatively low temperature. The benefi-
cial effects of our closing strategy on HEOM stability are appar-
ent. Moreover, the HEOM [with closing in Eq. (13)] estimate for
μHEOM

dc = 68.0 using Jtmax = 800 agrees well with the estimate μwcl
dc =

72.5 emerging from the weak-coupling limit [see Eq. (49) in Ref. 42].
The relative difference between the two results is under 10%, which
eventually emerges as the relative error that is to be associated with
μHEOM

dc (see Sec. III B). With TNL truncation, it is much more diffi-
cult to obtain a reliable estimate of μdc. This is evident when μdc is
computed using only Re Cjj(t) [the first equality in Eq. (5)], which
under TNL truncation develops a pronounced hump for Jt ≳ 100.
The same applies to the computation using only Im Cjj(t) [the

FIG. 1. Time dependence of Re Cjj (in units of J2) employing the closing in
Eq. (13) (full black line, label “this work”) or the time-nonlocal truncation (dashed
red line, label “TNL”). The values of model parameters are ω0/J = 1, λ = 0.01,
and (a) T/J = 1, N = 160, D = 2 (in units of J2), (b) T/J = 10, N = 40, D = 3.
The insets show the time dependence of (a) Im Cjj , (in units of J2) (b) the quantity

∫
t

0 ds Re C jj(s)/T , which tends to μdc as t → +∞.

second equality in Eq. (5)], when the small-amplitude long-time
oscillations of Im Cjj around zero are amplified by multiplication
with time.

One may still argue that at higher temperatures, when carrier
scattering rates entering Eq. (13) become large, our hierarchy closing
may underestimate μdc. Such an effect may be particularly pro-
nounced for not too strong coupling when the maximum depth D
is not very large so that the exponentially damping terms in Eq. (13)
may appreciably affect the quantity at the hierarchy root, i.e., Cjj(t).
The inset of Fig. 1(b) shows that the estimate for μdc using the closing
in Eq. (13) and propagating the HEOM to sufficiently long times (we
took Jtmax = 100) is approximately the same as the one using the TNL
truncation and propagating the HEOM to times before the insta-
bilities arise (up to Jt ≈ 20). Both of these estimates (μHEOM

dc = 0.53)
agree reasonably well with the estimate μwcl

dc = 0.61 emerging from
the weak-coupling limit.

B. Effects of finite N and D on the current–current
correlation function and dc mobility

We first analyze Cjj(τ). We fix g/J = ω0/J = T/J = 1 and dis-
cuss the importance of finite-size effects for maximum hierarchy
depth D = 6. Figure 2(a) shows that Cjj(τ) steadily approaches its
long-chain limit with increasing N. The approach to that limit is
quite fast because the relative deviation with respect to the results
for the longest chain studied (N = 13) decreases by almost three
orders of magnitude upon increasing N from 7 to 10 [see the inset
of Fig. 2(a)]. Therefore, already, N = 10 should be sufficiently large
to obtain results representative of the long-chain limit. Figure 2(b)
shows that the quality of our imaginary-time data, quantified by
the relative difference δsym

jj (τ) [Eq. (15)], steadily increases with
increasing D.

While Figs. 2(a) and 2(b) demonstrate a steady convergence of
the imaginary-time data toward the large-N and large-D limit as N
and D are increased, the situation on the real axis is somewhat more
complicated, which is summarized in Figs. 3(a)–3(c). Fixing D to 6,
Fig. 3(a) [Fig. 3(b)] shows that Re Cjj(t) [Im Cjj(t)] is virtually the
same for N = 10, 13, and 15. For N = 7, 10, and 13, we propagated
HEOM up to Jtmax = 400, while we used Jtmax = 300 for N = 15. At
longer times (not shown here), both Re Cjj(t) and Im Cjj(t) exhibit
small-amplitude oscillations around zero. The agreement between
the results for different N in the real-time domain translates to the
overall profile of Reμac(ω) [see the inset of Fig. 3(a)]. However, the
dc mobility somewhat decreases upon increasing N from 7 to 10 and
13, while its values for N = 13 and 15 are virtually the same [see the
full dots in the inset of Fig. 3(a) and Table I]. The relative differ-
ences between μdc for different values of N considered are of the
order of percent, which is also evident from the inset of Fig. 3(b)
displaying the convergence to the dc limit when only Im Cjj(t) is
used to evaluate μdc [the second equality in Eq. (5)]. The integral
−2∫

t
0 dssIm C jj(s) is expected to display long-time oscillations origi-

nating from the corresponding oscillations of Im Cjj(s) around zero.
The inset of Fig. 3(b) thus shows the smoothed data obtained using
the moving-average procedure, which is employed at sufficiently
long times to reliably compute μdc. In more detail, the moving aver-
age of the quantity −2∫

t
0 dssIm C jj(s) at instant t is computed as

the arithmetic average of its Nmove values right after t and its Nmove
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FIG. 2. (a) Current–current correlation function (in units of J2) in imaginary time
Jτ ∈ [0, βJ] for D = 6 and different chain lengths N. The inset shows the quantity

∣CN
jj(τ) − CN=13

jj (τ)∣/CN=13
jj (τ) for N = 7 and 10. (b) The quantity δsym

jj [Eq. (15)]

as a function of imaginary time Jτ ∈ [−βJ/2, βJ/2] for a 10-site chain and differ-
ent maximum hierarchy depths D. Note the logarithmic scale on the vertical axis in
the insets of (a) and (b). The model parameters are g/J = ω0/J = T/J = 1.

values right before t. We take Nmove to be 10% of the total number
of points for which we have HEOM data. Figure 4(a) shows that the
moving-average procedure indeed smooths out the long-time oscil-
lations of the quantity −2∫

t
0 dssIm C jj(s), while the dependence of

the final result for μdc on the averaging window is much less pro-
nounced than, e.g., its dependence on the parity of D, vide infra.
The μdc estimates using the two equalities in Eq. (5) agree up to a
couple of percent (see Table I). The relative difference of the same
order of magnitude is obtained when D is increased from 6 to 8
when N = 10, while decreasing D from 6 to 5 leads to a decrease
in μdc of around 10% [see Fig. 3(c) and Table I]. For N = 10 and
D = 7, Re Cjj(t) becomes negative at long times, which may prevent
us from reliably estimating μdc. Nevertheless, we see that follow-
ing the time evolution up to Jtmax = 70 provides an estimate of μdc
that differs from the estimate for N = 10, D = 5, by a couple of per-
cent. We thus conclude that μdc estimates may depend on the parity
of the maximum hierarchy depth D. For sufficiently large D, the
estimates for D and D + 2 differ by a couple of percent, and those
for D and D + 1 differ by around 10%. While we find that such
a behavior of μdc as a function of D (for fixed N) is generic, the

FIG. 3. Time dependence of (a) Re Cjj and (b) Im Cjj (both in units of J2) for
D = 6 and different chain lengths N. (c) Time dependence of Re Cjj (in units of
J2) for N = 10 and different maximum hierarchy depths D. The inset in (a) shows
the frequency profile of the dynamic mobility for D = 6 and different N. Full dots
at ω = 0 represent the results for μdc using the first equality in Eq. (5) (see also
Table I). The inset in (b) shows how the result of the integration in Eq. (5) converges
toward μdc as we increase the upper integration limit. To obtain smooth curves, we
perform the moving average procedure described in the text. The inset in (c) shows
how the result of the integration in Eq. (5) converges toward μdc as we increase
the upper integration limit. The model parameters are g/J = ω0/J = T/J = 1.

magnitudes of the above-mentioned relative differences generally
decrease with temperature. The preceding discussion implies that
HEOM estimates for μdc should be taken with relative uncertainties
not surpassing 10%.
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TABLE I. Effects of finite N and D on HEOM results for the dc mobility. The HEOM is
propagated up to time Jtmax. Model parameters are g/J = ω0/J = T/J = 1.

(N, D) μdc from Re Cjj(t) μdc from Im Cjj(t) Jtmax

(10,5) 1.327 1.308 400
(10,6) 1.493 1.484 400
(10,7) 1.336 1.325 70
(10,8) 1.548 1.537 200

(7,6) 1.520 1.513 400
(13,6) 1.472 1.459 400
(15,6) 1.473 1.452 300

Without the specific HEOM closing [Eq. (13)], it would be
nearly impossible to obtain meaningful results for the dc or ac
mobility, which is apparent from Fig. 4(b) showing HEOM data for
Re Cjj(t) that use the TNL truncation. Model parameters are the
same as in Fig. 3(c), to which the results in Fig. 4(b) are to be com-
pared. Our closing smooths the local maximum in Re Cjj(t) around
Jt ≃ 4 and stabilizes the subsequent time evolution, whose oscil-
latory features under TNL truncation become more pronounced
with increasing D. In addition to Re Cjj(t), in Fig. 4(c), we show
the quantity ∫

t
0 ds Re C jj(s)/T [see Eq. (5)] under TNL truncation

(dashed lines) and our closing scheme (solid lines). While the agree-
ment between the dashed and solid lines in Fig. 4(c) is good for
Jt ≲ 10, the results obtained under TNL truncation do not show any
sign of reaching a long-time limit with increasing t. One could use
the HEOM data with TNL truncation up to Jtmax ≃ 20 (before the
instabilities become more pronounced) to extract the dc mobility
of around 1.25, and virtually the same estimate would be obtained
using the HEOM data with our closing scheme up to Jtmax ≃ 20 [see
Fig. 4(c)]. Nevertheless, if one is to obtain the optical response with
a decent frequency resolution using the HEOM data in Fig. 4(b)
up to Jtmax ≃ 20, one should probably perform additional numerical
procedures, such as the zero-padding (to effectively increase tmax),
possibly combined with signal windowing.77,96 Such procedures,

however, may affect the intensities (and to some extent the posi-
tions) of the optical-response features, mainly in the low-frequency
part that corresponds to the most challenging long-time dynamics.
On the other hand, when we propagate our stabilized HEOM up to
long real times, no additional numerical procedures on the HEOM
data for Cjj(t) are required to compute the optical response. While
the observed dependence of our HEOM results on the parity of D
could be attributed to our closing scheme, we believe that we handle
this effect in an appropriate manner because we use it to estimate
the relative error of our results for μdc. While a detailed explana-
tion of our observations is beyond the scope of this investigation,
we speculate about their possible origin as follows. In Eq. (9), μn is
the change in energy of the phononic subsystem due to the sequence
of electron–phonon interaction events described by n. At depth n,
μn/ω0 can assume values ±n,±(n − 2), . . ., while at odd depths n,
all μns are nonzero, even depths feature some vectors n for which
μn = 0. At even depths, there are thus ADOs having both μn = 0
and kn = 0, meaning that the resonance condition εk − εk+kn + μn = 0
emerging from the free-rotation term in Eq. (9) is perfectly satis-
fied. On the other hand, at odd depths, the resonance condition
is almost never perfectly met: even if kn = 0 for a particular n,
μn is certainly nonzero. When the closing scheme in Eq. (13) is
applied, the behavior of all ADOs at an odd maximum depth can
be described by damped oscillations (in the lowest approximation
that neglects links to other ADOs). In the same approximation, at
an even maximum depth, there are ADOs that are exponentially
suppressed with time without displaying any oscillatory behavior.
The influence of such ADOs on the overall HEOM dynamics might
be less pronounced than the influence of ADOs exhibiting damped
oscillations.

We finish this section by briefly discussing the decrease in the
number of active variables in our momentum-space HEOM with
respect to existing real-space formulations. Namely, for an N-site
chain, the number of ADOs upon hierarchy truncation at depth D
is nrs

ADO = (
2N+D

D ) when working in real space (q = 0 phonon mode

is considered) and nms
ADO = (

2(N−1)+D
D ) when working in momen-

tum space (q = 0 phonon mode is not considered). As the num-
ber of entries in each ADO is at the same time reduced by a

FIG. 4. (a) Long-time evolution of the quantity −2∫
t

0 dssIm C jj(s) [black solid line, label “non-smoothed,” see Eq. (5)] and its moving averages computed for different sizes
(determined by Nmove defined in the text) of the averaging window. Percentages are to be taken from the total number of points for which HEOM data are available. (b) Time
dependence of Re Cjj (in units of J2) under the TNL truncation for different values of D. (c) Time dependence of the quantity ∫

t
0 ds Re C jj(s)/T [see Eq. (5)] under the TNL

truncation (dashed lines) and our closing in Eq. (13) (solid lines). The values of the model parameters and the color code are the same as in (b). The model parameters are
g/J = ω0/J = T/J = 1, N = 10 in all three panels, and D = 6 in panel (a).
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factor of N, the relative decrease in the number of variables that
have to be propagated upon transferring from real to momentum
space is

N2nrs
ADO −Nnms

ADO

N2nrs
ADO

= 1 −
2(2N − 1)

(2N +D)(2N +D − 1)
. (20)

For a fixed N, the savings in computer memory increase with D.
While the savings in computer memory for fixed D decrease with
N, they can be substantial on relatively short chains that are still suf-
ficiently long so that the corresponding results are representative of
the long-chain limit. For example, for N = 10 and D = 6 (as in Fig. 3),
the relative decrease in the number of active variables with respect to
HEOM formulations in real space is around 40%.

C. Numerical examples concerning sum rules
Figure 5(a) summarizes how the relative accuracy

δOSR =
∣∫
+∞

0 dω Reμac(ω) − π
2 ∣⟨He⟩∣∣

π
2 ∣⟨He⟩∣

, (21)

with which the OSR is satisfied depends on N and D for the same
values of model parameters as in Figs. 2–4. We observe that, in the
ranges of N and D considered, δOSR generally decreases with both N
[assuming fixed D; see black circles, right vertical and top horizon-
tal axes in Fig. 5(a)] and D [assuming fixed N; see red squares, left
vertical and bottom horizontal axes in Fig. 5(a)].

Fixing D to 6 and varying N from 7 to 15, we observe the steep-
est decrease in δOSR upon increasing N from 7 to 10, while further
increases in N from 10 to 13 and 15 result in a much milder decrease
in δOSR. This observation is consistent with both the imaginary-axis
data shown in Fig. 2(a) and the real-time data presented in Figs. 3(a)
and 3(b) and Table I. Namely, the largest (and smallest) variation
in Cjj(τ), Cjj(t), and μdc upon increasing N ∈ {7, 10, 13} to the sub-
sequent value from the sequence [7,10,13,15] is observed for N = 7
(N = 13). The decrease in δOSR with increasing N is, however, ulti-
mately limited by the fact that δOSR depends on quantities that are
themselves calculated numerically and thus bring their own numer-
ical errors into the final expression. The integral over frequencies
is computed using the trapezoidal rule, while ⟨He⟩ is computed for
finite values of N and D (we do not use its “exact” value in the
limit N, D→∞ that could be obtained using our96 or some other76

method). The error incurred when the integral ∫
+∞

0 dω Reμac(ω) is
evaluated using the trapezoidal rule is of the order of (Δω/J)3,119

where the frequency step Δω is related to the maximum propaga-
tion time tmax by Δω/J = π/(Jtmax). Fixing D and varying N, we
use Jtmax = 300, meaning that the numerical error of the integral
∫
+∞

0 dω Reμac(ω) is of the order of (π/300)3
∼ 10−6. In other words,

N = 15 is sufficiently large that δOSR is most probably not domi-
nated by finite-size effects in N but rather by the error of numerical
integration. This is further corroborated by the fact that the kinetic
energies for N = 13 and N = 15 differ on the seventh decimal place
(see Table II), meaning that the error of the kinetic energy for N = 15
is at least an order of magnitude below the numerical integration
error. On the other hand, for N = 7, δOSR is most probably limited
by the finite-size effects in ⟨He⟩. The data in Table II suggest that
the error of ∣⟨He⟩∣N=7,D=6, which can be inferred from its deviation

FIG. 5. (a) Relative accuracy δOSR [Eq. (21)] as a function of D for N = 10 (red
squares, left vertical and bottom horizontal axes) and as a function of N for D = 6
(black circles, right vertical and top horizontal axes). The dashed lines connecting
the symbols serve as guides for the eye. The model parameters are g/J = ω0/J
= T/J = 1 (λ = 0.5). For N = 10, we use Cjj(t) up to Jtmax = 200 for
D = 5, 6, and 8, while for D = 7, we take Jtmax = 70 (see also Table I).
For D = 6, we use Cjj(t) up to Jtmax = 300 for N = 7, 10, 13, and 15.
(b) Comparison of HEOM (lines) and QMC (symbols with error bars)
results for Re Cjj(t) (in units of J2) for N = 10, g/J = 1/

√

3, ω0/J = 1/3,
T/J = 1 (λ = 0.5), and different values of D. Solid lines (label “w c”)
employ our closing [Eq. (13)], while dashed lines (label “TNL”) use the TNL trun-
cation. (c) Comparison of HEOM results averaged over depths D − 1 and D (solid
lines) with QMC results (symbols with error bars) for D = 6, 7, and 8, while other
parameters assume the same values as in (b). QMC data are the courtesy of N.
Vukmirović.

from ∣⟨He⟩∣N=10,D=6, is of the order of 10−3. This is consistent with
the value of δOSR reported in Fig. 5(a).

A similar analysis can be repeated by fixing N and varying D. In
practice, our criterion for choosing N and D is that δOSR ≲ 10−4. As
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TABLE II. Kinetic energy of the electron as a function of N and D for g/J = ω0/J
= T/J = 1.

(N, D) ∣⟨He⟩∣/J

(7,6) 1.155 308 279 5
(10,6) 1.154 623 995 5
(13,6) 1.154 622 914 9
(15,6) 1.154 623 007 8

mentioned in Sec. II E and as can be seen from the supplementary
material, the relative accuracy with which the sum rules in Eq. (17)
are satisfied is generally better than δOSR.

At higher temperatures (T/ω0 ≳ 3), we find that HEOM data
for fixed N and two sufficiently large consecutive depths D − 1 and
D generally have almost the same δOSR [as in Fig. 5(a)], while there
are some differences between them already at relatively short times.
For example, for g/J = 1/

√
3, ω0/J = 1/3, and T/J = 1 (λ = 0.5), we

find that the differences between HEOM results for different val-
ues of D (we fix N = 10) appear already for Jt ≃ 2 or ω0t ≃ 2/3 [see
Fig. 5(b)], in contrast to the situation in Figs. 3(c) and 4(c), where the
differences appear at somewhat longer times. We perform HEOM
computations with TNL truncation and our specific closing and find
that the short-time differences observed in Fig. 5(b) cannot be exclu-
sively attributed to our closing scheme as they are also present under
the TNL truncation. Actually, our closing stabilizes the evolution of
Re Cjj(t) and lowers the differences between HEOM results for dif-
ferent values of D (with respect to the TNL truncation). To reveal
whether our HEOM results are reliable, we compare them with
QMC data obtained using the methodology developed in Ref. 63.
QMC results are numerically “exact,” as their convergence with
respect to all control parameters of the simulation has been carefully
checked. In Figs. 5(b) and 5(c), we show QMC results with their sta-
tistical error bars. Figure 5(b) suggests that the difference between
HEOM (with our closing) and QMC results decreases relatively
slowly with increasing D, while HEOM dynamics for Ds of the same
parity (D = 5, 7 and D = 6, 8) deviate from the QMC results in a sim-
ilar manner (both deviations are positive/negative). It is known that
the convergence of a slowly converging sequence can be improved
by performing an appropriate sequence transformation, such as the
Shanks or Richardson transformation.120 Here, inspired by the rea-
soning behind the Shanks transformation, we want to improve the
convergence of the sequence Cjj(D; t) in D (for fixed N and at each
instant t) by handling the term whose decay (as a function of D)
toward zero is the slowest. Based on Fig. 5(b), one may imagine that
the dependence of Cjj(D; t) on D can be represented as

C jj(D; t) = CD→∞
jj (t) + α(t)

(−1)D

Da , (22)

where a > 0, α(t) is a complex number, CD→∞
jj (t) is the sought

large-D limit, while the alternating term (−1)D mimics the observed
alternation of HEOM results with respect to QMC results with the
parity of D. We use Eq. (22) to arrive at

C jj(D − 1; t) − CD→∞
jj (t)

C jj(D; t) − CD→∞
jj (t)

= −(
D − 1

D
)

a
≈ −1, (23)

where the last approximate equality holds for sufficiently large D
(the smaller a, the smaller the minimum value of D for which the
approximation is good). Equation (23) implies that

CD→∞
jj (t) ≈

C jj(D; t) + C jj(D − 1; t)
2

, (24)

which suggests that the large-D limit of Cjj(D; t) can be approached
more rapidly by considering the transformed sequence [Cjj(D; t)
+ Cjj(D − 1; t)]/2 instead of the original sequence Cjj(D; t). While
our arguments are not fully mathematically rigorous, they produce
plausible results, as revealed in Fig. 5(c), showing how the HEOM
data averaged over two consecutive depths (5 and 6, 6 and 7, 7 and
8) compare to the QMC data. We observe that the agreement with
the QMC data improves with increasing the depths over which the
averaging is performed. As a result, when averaging over depths 7
and 8, HEOM results are within the QMC error bars in the largest
portion of the time window displayed. It then seems reasonable that
our final HEOM result in this parameter regime be the average of
the results for D = 7 and 8. Finally, whenever our dataset117 provides
raw data for Cjj(t) for two consecutive depths, we use the average
Cjj(t) when computing physical quantities.

D. Signatures of the electron–phonon interaction
in time and frequency domains

Figures 6(a1)–6(c3) present selected results concerning the
dynamics of the j − j correlation function, diffusion constant,
and diffusion exponent, together with the frequency profile of
the dynamical mobility. Our analysis of the parameter regimes
in which HEOM computations are free of numerical instabili-
ties [see Figs. 7(a)–7(c)] identifies three typical behaviors of the
aforementioned quantities.

In the weak-coupling regime (λ = 0.01) for ω0/J = 1/3 and 1,
we find a smooth crossover from the ballistic electronic motion at
short times toward the diffusive motion at long times. The rep-
resentative results for ω0/J = 1 are shown in Figs. 1(a) and 1(b),
while Figs. 6(a1)–6(a3) show representative results for ω0/J = 1/3.
Re Cjj(t), D(t), and α(t) are all monotonic functions of time, while
the dynamical-mobility profile has only the Drude peak at ω = 0 and
bears an overall resemblance to the Drude model.

Already in the intermediate-coupling regime (λ = 0.5) for
ω0/J = 1/3 and 1, the ballistic-to-diffusive crossover is not
smooth. The representative results for ω0/J = 1 are presented in
Figs. 3(a)–3(c), whereas Figs. 6(b1)–6(b3) show representative
results for ω0/J = 1/3. Re Cjj(t), D(t), and α(t) are non-monotonic
functions of time. We observe that Re Cjj(t) < 0 on intermediate
time scales, on which the diffusion constant decreases with time.
This is clear from Eq. (6), which establishes a connection between
the sign of Re Cjj(t) and the intervals of monotonicity of D(t).
α(t) reaches a pronounced local minimum on the very same time
scale. In other words, intermediate time scales in the intermediate-
interaction regime witness a temporally limited slow-down of the
electronic motion. Depending on the parameter regime (typically
for strong g and at high T), that slow-down may be so pronounced
that the electronic motion changes its character from superdiffusive
(α > 1) to subdiffusive (α < 1) over a limited time frame. While such
a change occurs for model parameters studied in Figs. 6(b1)–6(b3),
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FIG. 6. Time dependence of Re Cjj [in units of J2, (a1)–(c1)], D [in units of J, (a2)–(c2)], and the frequency dependence of Re μac [(a3)–(c3)] for (a) ω0/J = 1/3, λ =
0.01, T/J = 1, (b) ω0/J = 1/3, λ = 0.5, T/J = 1, and (c) ω0/J = 3, λ = 0.5, T/J = 10. The insets of panels (a1)–(c1) [(a3)–(c3)] display the time dependence of Im Cjj in
units of J2

(α). The dashed lines in (a2)–(c2) represent the short-time (ballistic) limit of the diffusion constant, Dbal(t) = C jj(0)t. The dashed line in the inset of (c2)
represents α(t) for the parameter regime examined in Fig. 3. The results in (a1)–(a3) emerge from HEOM computations using N = 128, D = 2, while the remaining results
are the arithmetic average of HEOM computations using: (b1)–(b3) N = 10, D = 7 and N = 10, D = 8; (c1)–(c3) N = 5, D = 18 and N = 5, D = 19.

FIG. 7. HEOM-method results for the temperature-dependent dc mobility for different interaction strengths (different values of parameter λ) and (a) ω0/J = 1/3, (b) ω0/J = 1,
and (c) ω0/J = 3. Full symbols are HEOM-method results, while dashed lines connecting them serve as guides to the eye. Double dashed–dotted lines show the theoretically
predicted26 power-law scaling μdc ∝ T−2 or μdc ∝ T−3/2 in appropriate limiting cases (no fitting procedures have been performed on the HEOM data).

it is absent for model parameters studied in Figs. 3(a)–3(c) [see the
dashed line in the inset of Fig. 6(b3)]. Apart from the Drude peak at
ω = 0, the dynamical mobility features a prominent finite-frequency
peak.

The available results for ω0/J = 3, which are obtained for
sufficiently strong interactions and at sufficiently high tempera-
tures, also display a non-monotonic behavior of Re Cjj(t), D(t),
and α(t). In contrast to the results for ω0/J = 1/3 and 1, D(t)
increases in almost regular steps centered around integer multiples
of 2π/ω0. The first peak of Re Cjj(t) is indeed centered at 2π/ω0,

while subsequent peaks are somewhat displaced toward earlier times
[see Fig. 6(c1)]. The dynamic-mobility profile is characterized by rel-
atively broad peaks centered around integer multiples of ω0. These
features suggest that we are close to the genuine small-polaron
limit.18,32

E. Temperature dependence of the dc mobility
Figures 7(a)–7(c) present the central result of our study, the

HEOM-method results for the temperature dependence of μdc for
three different values of ω0/J. As discussed in Sec. III B, our results
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for μdc should be assigned relative errors not surpassing 10%. The
values reported in Figs. 7(a)–7(c) are obtained by averaging μdc com-
puted using only Re Cjj(t) or only Im Cjj(t) [Eq. (5)]. The smoothing
procedure described in Sec. III B is applied when considering only
Im Cjj(t). At elevated temperatures (T/ω0 ≳ 3), we additionally
average HEOM results for two consecutive depths, as discussed in
Sec. III C.

Section III F gives an example of numerical instabilities appear-
ing for sufficiently strong g or at sufficiently low T, which prevent
us from obtaining reliable HEOM results, e.g., when λ > 1 or when
T/J < 2 and λ = 1 in Fig. 7(b). Our data for λ = 1 in Figs. 7(a) and
7(b) suggest that μdc enters saturation on the low-temperature side.
If we could lower the temperature further, we would enter the regime
of thermally activated transport, in which μdc grows with T, while
we obtain HEOM results only in regimes where μdc decreases with
T. Concerning the temperature dependence of μdc, we find that the
HEOM mobilities at low g and for ω0/J = 1/3 and 1 are consistent
with the recently found scaling μdc ∝ T−2,26 which is shown as a
double dashed–dotted line. For stronger coupling and at sufficiently
high temperatures, the HEOM mobilities are consistent with the
scaling μdc ∝ T−3/2, which is again shown as a double dashed–dotted
line.

F. Numerical instabilities for strong electron–phonon
interactions and at low temperatures

For stronger interactions, at lower temperatures, and for larger
ω0/J, the numerical instabilities appearing already at relatively short
real times (despite employing our specific closing strategy) prevent
us from computing the long-time dynamics of Cjj(t) and thus μdc.
As an example, in Figs. 8(a) and 8(b), we present our HEOM results
in the strong-coupling regime (λ = 2) for ω0/J = 1 at a relatively low
temperature T/J = 1 [Fig. 8(a)] and at an elevated temperature T/J
= 5 [Fig. 8(b)].

For T/J = 1, numerical instabilities appear already for Jt ≳ 3
and become more pronounced at longer times. The maximum time
up to which reliable HEOM results for Cjj(t) can be obtained is
thus of the same order of magnitude as the maximum time that can
be reached in real-time QMC simulations, whose results are shown
as full symbols (QMC error bars are omitted here for visual clar-
ity). The inset of Fig. 8(a) shows how the integrals ∫

t
0 dsReC jj(s)/T

and −2∫
t

0 dssIm C jj(s), whose t → +∞ limit determines μdc, evolve
as functions of their upper limit t. While the numerical instabili-
ties become amplified when μdc is computed using only Im Cjj(t),
the data using only Re Cjj(t) may suggest that the maximum
time Jtmax = 3 is sufficiently long to capture the electron’s diffusive
motion [∫

t
0 ds Re C jj(s)/T reaches a plateau for 2 ≤ Jt ≤ 3]. Nev-

ertheless, the corresponding mobility estimate may be unreliable.
Namely, as discussed in Ref. 42, for strong interactions and at not
too high temperatures, Re Cjj(t) exhibits a series of peaks whose
envelope decays over many phonon periods. Our HEOM computa-
tions do capture the most prominent peak centered at t = 0. Still, the
numerical instabilities arise well before the completion of the first
phonon period 2π/ω0, meaning that the HEOM results fully miss
the contributions to μdc from the peaks at later times. Such contri-
butions may be appreciable because of the slowly decaying envelope,
and one may thus expect that the HEOM result underestimates the
dc mobility.

FIG. 8. Time dependence of Cjj (in units of J2) computed using the HEOM method
(lines) and the real-time QMC method developed in Ref. 63 (symbols) for ω0/

J = 1, λ = 2, and (a) T/J = 1, (b) T/J = 5. Solid (dashed) lines display Re Cjj(t)
[Im Cjj(t)]. The insets display time evolution of ∫

t
0 ds Re C jj(s)/T (solid lines)

and −2∫
t

0 dssIm C jj(s) (dashed lines). The HEOM computations in (a) use
N = 10 and D = 8, while (b) shows the arithmetic average of HEOM results
obtained for N = 7, D = 10 and N = 7, D = 11. QMC simulations in both (a) and
(b) use N = 10, and the respective data are the courtesy of N. Vukmirović.

For strong interactions and at higher temperatures, we do
not observe numerical instabilities [see Fig. 8(b)], and our HEOM
method can again reach much longer times than real-time QMC
methods. Higher temperatures, in combination with our closing
strategy, generally stabilize the HEOM. Since the amplitude of the
aforementioned later-time peaks is strongly suppressed at higher
temperatures,42 the HEOM method may provide reliable results
for μdc. The inset of Fig. 8(b) shows that mobility computations
using either ReCjj(t) or ImCjj(t) [the latter in conjunction with the
moving-average procedure, see the discussion of Fig. 3(b)] lead to
virtually the same HEOM result, μHEOM

dc = 0.0375.
Finally, the very good agreement between the HEOM and QMC

results in Figs. 8(a) and 8(b) strongly suggests that the values of
D employed in the corresponding HEOM computations are suffi-
ciently large. One may ask themselves whether a larger value of D
could mitigate the instabilities observed in Fig. 8(a). Unfortunately,
the results of Ref. 101 show that the undamped-mode HEOM cannot
be stabilized by further increasing D.
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IV. CONCLUSION AND OUTLOOK

We develop the momentum-space HEOM method to compute
the real-time current–current correlation function at finite tempera-
ture for the 1d Holstein model, which provides us with direct access
to its transport properties. By exploiting the decoupling of the q = 0
phonon mode and formulating the HEOM in the momentum rep-
resentation, we greatly reduce the number of variables with respect
to existing real-space HEOM implementations. This circumstance
has enabled us to obtain results that take into account all important
phonon-assisted processes (i.e., D is sufficiently large) on chains that
are sufficiently long (i.e., N is sufficiently large) so that the finite-size
effects are minimized. Another distinctive feature of our formal-
ism is its specific hierarchy closing strategy [Eq. (13)], which has
enabled us to overcome the numerical instabilities inherent to the
undamped-mode HEOM formulated on a finite chain and truncated
at a finite maximum hierarchy depth. We are thus in a position to
provide reliable results for the dc mobility by computing Cjj(t) up
to quite long real times by which it has almost decayed to zero, i.e.,
the electronic motion has become diffusive. A detailed analysis of
how Cjj(t) and, therefore, μdc depend on N and D suggests that our
results for temperature-dependent mobility should be considered
with uncertainties typically below 10%. Still, the instabilities remain
for strong couplings, at low temperatures, and for large phonon fre-
quencies. In such parameter regimes, we can obtain Cjj(t) only up
to relatively short real times.

Our momentum-space HEOM method, which has already
achieved substantial memory savings with respect to existing real-
space HEOM implementations (see Sec. III B), may be com-
bined with advanced propagation techniques based on the tensor
formalism80,103,121–123 or with on-the-fly filtering techniques124 to
treat longer chains or larger maximum depths. This could pave the
way toward HEOM computations at lower temperatures or stronger
interactions. In such parameter regimes, accurate results for elec-
tronic dynamics can be obtained using the hierarchy of Davydov’s
Ansätze.81,82 However, its current implementations assume that the
initial state of the electron–phonon system is factorized and that
phonons are in thermal equilibrium with the system with no elec-
trons. While following the electron’s dynamics from such a state can
provide information on the dc mobility,40,83,97 it provides no infor-
mation on the frequency-dependent mobility, which follows from
the current–current correlation function (see Sec. II A). Its com-
putation, in turn, necessitates an appropriate representation of the
thermal equilibrium state of the interacting electrons and phonons
(see Sec. II B), which has still not been addressed using the hierarchy
of Davydov’s Ansätze, to the best of our knowledge. Our study may
motivate an extension of Davydov’s Ansätze approach to compute
equilibrium correlation functions in parameter regimes that are the
most challenging for the HEOM method.

We also note that, at least in the limiting case of slow phonons,
an interesting physical picture for the finite-frequency peak we
observe in the optical response may be constructed based on the
transient localization scenario.125 While this approach was originally
devised to study transport limited by intermolecular vibrations mod-
ulating the hopping amplitude, its more recent refinements126 and
applications127 have considered the Holstein model in the limit of
vanishing carrier density. A more detailed study in this direction
might be the subject of future work. We finally note that the method

proposed in this manuscript cannot be directly applied to study car-
rier transport limited by the nonlocal electron–phonon interaction
(e.g., the Peierls model).128 The developments reported here cru-
cially lean on the fact that the current operator j is a purely electronic
operator [see Eq. (3)]. In other words, the current–current corre-
lation function Cjj(t) can be computed using only the electronic
RDM (see Sec. II B). On the other hand, when the electron interacts
linearly with intermolecular phonons modulating the hopping inte-
gral, the current operator is a mixed electron–phonon operator.37,100

This means that Cjj(t) cannot be computed using only the electronic
RDM. One should thus devise a procedure to retrieve correlation
functions involving phonon operators from the HEOM formalism.
While this complex issue is well beyond the scope of this study, the
herein developed momentum-space representation of the HEOM
will remain beneficial to the overall computational performance of
such a procedure.

SUPPLEMENTARY MATERIAL

See the supplementary material for the details of HEOM com-
putations [values of N and D employed, reference HEOM results for
the electron’s kinetic energy and moments of Cjj(ω), as well as the
relative accuracy with which different sum rules are satisfied]. The
supplementary material contains all the information needed to use
our numerical data that are deposited on the Zenodo platform (see
Ref. 117).
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APPENDIX A: DERIVATION OF THE HEOM
FOR THE REAL-TIME CURRENT–CURRENT
CORRELATION FUNCTION

The decoupling of the q = 0 phonon mode from the rest of
the system permits us to consider Hamiltonians H′ph = ∑

′
q ωqb†

qbq

and H′e−ph = ∑
′
q VqBq without the q = 0 term, which is signaled

by primes. The Feynman–Vernon influence functional theory129

implies that the only phonon quantity that determines the dynam-
ics of ι(t) is the equilibrium free-phonon correlation function (we
assume t > 0 and q2, q1 ≠ 0),

Cq2q1(t) = Tr′ph

⎧⎪⎪
⎨
⎪⎪⎩

B(I)q2 (t)Bq1

e−βH′ph

Z′ph

⎫⎪⎪
⎬
⎪⎪⎭

= δq1 ,−q2

1

∑
m=0

cq2me−μq2mt. (A1)

The time dependence in Eq. (A1) is in the interaction pic-
ture [signaled by the superscript (I)], B(I)q (t) = eiH′phtBqe−iH′pht , Z′ph

= Tr′ph e−βH′ph is the free-phonon partition sum, while

cq0 = (
g
√

N
)

2 1
1 − e−βωq

, μq0 = +iωq, (A2)

cq1 = (
g
√

N
)

2 1
eβωq − 1

, μq1 = −iωq. (A3)

The partial trace over phonons in Eq. (8) is performed in the same
manner as in Refs. 96, 98, 99, and 108, and the final result for ι in the
interaction picture reads as

ι(I)(t) = T e−[Φ1(t)+Φ2(β)+Φ3(t,β)] j
e−βHe

Ze
. (A4)

Here, Ze = Z/Z′ph is the electronic partition sum [Eq. (12)], while the
influence phases are given as

Φ1(t) =∑
′

qm
∫

t

0
ds2∫

s2

0
ds1 V(I)q (s2)

× e−μqm(s2−s1)

× [
cqm + cqm

2
V(I)−q (s1)

×
+

cqm − cqm

2
V(I)−q (s1)

○
], (A5)

Φ2(β) = −∑
′

qm
∫

β

0
dτ2∫

τ2

0
dτ1

CV−q(τ1)

× eiμqm(τ2−τ1)cqm
CVq(τ2), (A6)

Φ3(t, β) = −i∑
′

qm
∫

t

0
ds∫

β

0
dτ V(I)q (s)

×

× e−μqmseiμqm(β−τ)cqm
CV−q(τ). (A7)

The influence phase Φ1(t) describes the pure real-time evolution,
and the hyperoperators V× and V○ entering Eq. (A5) act on an arbi-
trary operator O as V×O = [V , O] (commutator) and V○O = {V , O}
(anticommutator), respectively. We define m = 1 for m = 0 and vice
versa. The influence phase Φ2(β) represents the pure imaginary-
time evolution, while Φ3(t, β) takes into account the contributions

mixing the real-time and imaginary-time evolutions. The imagi-
nary time-dependent operator in the interaction picture is defined
as V(τ) = eHeτVe−Heτ , while the hyperoperator CV appearing in
Eqs. (A6) and (A7) acts on an arbitrary operator O as CVO = OV .
The time ordering symbol T imposes the following hyperopera-
tor ordering: the hyperoperators depending on real time act after
the imaginary time-dependent hyperoperators; the arguments of
real time-dependent hyperoperators are chronologically ordered,
while the arguments of imaginary time-dependent hyperoperators
are anti-chronologically ordered. This ensures that the general term
in the expansion of Eq. (A4) is of the form

V(I)qn (sn)
πn . . .V(I)q1 (s1)

π1 j
e−βHe

Ze
Vpm(τm) . . .Vp1(τ1),

where n +m is even, π1, . . . , πn ∈ {×, ○}, t ≥ sn ≥ ⋅ ⋅ ⋅ ≥ s1 ≥ 0,
β ≥ τm ≥ ⋅ ⋅ ⋅ ≥ τ1 ≥ 0, and qn + ⋅ ⋅ ⋅ + q1 + pm + ⋅ ⋅ ⋅ + p1 = 0.

Starting from Eq. (A4), the HEOM [Eq. (9)] is formulated in
the standard manner.88,96 The ADO ι(n)n is defined (in the interaction
picture) as

ι(I,n)
n (t) = f (n)T∏′

qm
{i∫

t

0
ds e−μqm(t−s)

[
cqm + cqm

2
V(I)−q (s)

×

+
cqm − cqm

2
V(I)−q (s)

○
] + e−μqmt

∫

β

0
dτ eiμqm(β−τ)

× cqm
CV−q(τ)}

nqm

e−[Φ1(t)+Φ2(β)+Φ3(t,β)] j
e−βHe

Ze
. (A8)

The rescaling factor f (n) reads as124

f (n) =∏′

qm
[cnqm

qm nqm!]
−1/2

. (A9)

Equation (A8) explicitly shows that ι(n)n decreases the momentum
of the electronic subsystem by kn = ∑

′
qm qnqm, meaning that only

N matrix elements ⟨k∣ι(n)n ∣k + kn⟩ connecting the free-electron states
whose momenta differ by kn assume nonzero values.

Setting t = 0 in Eq. (A8) gives the following initial condition for
the real-time HEOM:

ι(n)n (0) = j f (n)T∏′

qm
{∫

β

0
dτ eiμqm(β−τ)cqm

CV−q(τ)}
nqm

× e−Φ2(β) e−βHe

Ze
. (A10)

In Eq. (A10), we may move the current operator to the left-most
position because all the hyperoperators act on the operator je−βHe/Ze
from the right. Similarly to Ref. 96, one may now recognize that
ι(n)n (0) is the product of operator j and the ADO σ(n)n (β), which
is one of the components in the hierarchical representation of the
(unnormalized) reduced density operator,

σ(0)0 (β) = T e−Φ2(β)e−βHe. (A11)
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To actually evaluate σ(n)n (β) and the normalization constant Ze

= Treσ(0)0 (β), we consider the imaginary time-dependent analog of
Eq. (A11),

σ(0)0 (τ) = T e−Φ2(τ)e−τHe , (A12)

where 0 ≤ τ ≤ β. As discussed in detail in Ref. 96, Eq. (A12) can be
transformed into the imaginary-time HEOM given in Eq. (10).

APPENDIX B: DERIVATION OF THE CLOSING SCHEME
IN EQ. (13)

Here, we provide a detailed derivation of our strategy for
hierarchy closing that is embodied in Eq. (13).

Let us consider the equation for ⟨k∣ι(D)D (t)∣k + kD⟩ at the maxi-
mum depth D, which contains the ADOs ι(D+1)

D+qm
at depth D + 1. The

equation of motion for ι(D+1)
D+qm

contains ADOs at depth D + 2, which
will be set to zero. Moreover, its coupling with the ADOs at depth
D will be restricted by assuming it couples back only to the original
ADO ι(D)D we are considering. With these assumptions, the equation
at depth D + 1 reads as

∂t⟨k∣ι(D+1)
D+qm

(t)∣k + kD + q⟩

= −i(εk − εk+kD+q + μD+qm
)⟨k∣ι(D+1)

D+qm
(t)∣k + kD + q⟩

+ i
√
(1 +Dqm)cqm ⟨k + q∣ι(D)D (t)∣k + kD + q⟩

− i
√

1 +Dqm
cqm
√cqm

⟨k∣ι(D)D (t)∣k + kD⟩. (B1)

Using the initial condition ⟨k∣ι(D+1)
D+qm

(0)∣k + kD + q⟩ = 0, which is
appropriate because the imaginary-time HEOM in Eq. (10) is trun-
cated at the maximum depth D, Eq. (B1) can be formally integrated
to yield

⟨k∣ι(D+1)
D+qm

(t)∣k + kD + q⟩

= i
√

1 +Dqm∫

t

0
dt1 e

−i(εk−εk+kD+q+μD+qm
)(t−t1)

× [
√

cqm e−i(εk+q−εk+kD+q+μD)t1 f1(t1)

−
cqm
√cqm

e−i(εk−εk+kD+μD)t1 f2(t1)]. (B2)

We have introduced the auxiliary function f1(t) representing the
slowly changing part of the ADO at depth D by factoring out the
oscillating (rapidly changing) part as follows:

⟨k + q∣ι(D)D (t)∣k + kD + q⟩ = e−i(εk+q−εk+kD+q+μD)t f1(t), (B3)

and similarly for f2(t). Under the integral entering Eq. (B2), we
introduce the variable change s = t − t1 and subsequently apply
the Markovian approximation f1/2(t − s) ≈ f1/2(t) to the slowly
changing part. As a result, we obtain

⟨k∣ι(D+1)
D+qm

(t)∣k + kD + q⟩

= i
√
(1 +Dqm){

√
cqm∫

t

0
ds e−i[εk−εk+q+(δm0−δm1)ωq]s

× ⟨k + q∣ι(D)D (t)∣k + kD + q⟩ −
cqm
√cqm

× ∫

t

0
ds e−i[εk+kD−εk+kD+q+(δm0−δm1)ωq]s

× ⟨k∣ι(D)D (t)∣k + kD⟩}. (B4)

Using the last result, we write one of the terms that couple the equa-
tions at depths D and D + 1 [the third term on the RHS of Eq. (9)] as
follows:

− i∑
′

qm

√
(1 +Dqm)cqm ⟨k∣ι(D+1)

D+qm
(t)∣k + kD + q⟩

=∑
′

qm
(1 +Dqm)cqm∫

t

0
ds e−i[εk−εk+q+(δm0−δm1)ωq]s

× ⟨k + q∣ι(D)D (t)∣k + kD + q⟩

−∑
′

qm
(1 +Dqm)cqm∫

t

0
ds e−i[εk+kD−εk+kD+q+(δm0−δm1)ωq]s

× ⟨k∣ι(D)D (t)∣k + kD⟩. (B5)

The second term on the RHS of Eq. (9) can be written and analyzed
in an analogous manner.

To evaluate Eq. (B5), we have to know the detailed structure
of the vector D that characterizes the ADOs at the maximum depth
D. We also observe that the second term on the RHS of Eq. (B5)
depends only on the quantity ⟨k∣ι(D)D (t)∣k + kD⟩ whose differential
equation we are considering. On the other hand, the matrix elements
of ι(D)D entering the first term on the RHS of Eq. (B5) depend on
q. This term may be neglected by invoking a sort of random phase
approximation: the matrix elements ⟨k + q∣ι(D)D (t)∣k + kD + q⟩ are
typically oscillatory functions of q, and one may then argue that their
average over all momenta q is close to zero. A similar approximation
is also at the heart of the momentum-average approximation.44,45

In the remaining terms, we (i) exploit that for dispersionless optical
phonons (ωq ≡ ω0), cqm does not depend on q, (ii) neglect the contri-
butions containing Dqm, and (iii) evaluate the remaining integral in
Eq. (B5) by invoking the so-called adiabatic approximation, in which
the upper limit t of the integral is replaced by +∞. We furthermore
keep only the real part of the integral evaluated so that

∫

t

0
ds e−iΩs

≈ ∫

+∞

0
ds e−iΩs

≈ πδ(Ω). (B6)

This way, we introduce physically motivated damping of the ADOs
at the terminal level of the hierarchy. The damping effectively
replaces higher-order phonon-assisted processes that are not explic-
itly taken into account, while phonon-assisted processes involving
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at most D phonons are completely taken into account through the
HEOM. In the resulting expressions, we recognize the second-order
approximation for carrier scattering time out of the free-electron
state ∣k⟩,

1
τk
= 2π

g2

N∑
′

q
[(1 − e−βω0)

−1δ(εk − εk−q − ω0)

+ (eβω0 − 1)−1δ(εk − εk−q + ω0)], (B7)

for which an analytical expression in the limit of infinite N has been
derived in Refs. 42 and 26. Even though we perform HEOM compu-
tations on finite chains, in Eq. (13) we use the value of τk obtained in
the infinite-chain limit. We believe that such a procedure is appro-
priate because we invested great effort to perform computations with
a sufficiently large N.

Instead of neglecting the term containing Dqm in Eq. (B5),
we may have replaced Dqm by its average value D/[2(N − 1)] at
depth D [the sum ∑′qm Dqm, which is equal to D, contains 2(N − 1)
terms]. Such a replacement would lead to larger damping factors
at depth D, which may have already been overestimated by using
the value of τk in the infinite-chain limit. Since the substitution
Dqm → D/[2(N − 1)] does not improve the stability of the hierarchy
at low temperatures, for strong interactions, and for fast phonons,
we decided not to use it in our computations.

APPENDIX C: SUM RULES

The zeroth-moment sum rule states that

M0 = ∫

+∞

−∞

dω
2π

C jj(ω) = ⟨ j 2
⟩. (C1)

Since j is a purely electronic operator, the evaluation of M0

necessitates only the operator ι(0)0 (t = 0),

M0 = −2J∑
k

sin (k)⟨k∣ι(0)0 (t = 0)∣k⟩ ≡ C jj(t = 0). (C2)

On the other hand, to evaluate Mn for n ≥ 1, we need all ADOs
ι(n)n (t = 0) at depths starting from 0 and concluding with n. The first-
moment sum rule is

M1 = ∫

+∞

−∞

dω
2π

ω C jj(ω) = ⟨[ j, H] j⟩. (C3)

It can be shown that

[ j, H] = [ j, He−ph] = −2J∑
q≠0,p
[sin (p + q) − sin (p)]∣p + q⟩⟨p∣Bq.

(C4)
Therefore,

M1 = −2J∑
q≠0,p
[sin(p + q) − sin(p)]

× ⟨p∣Trph{Bq j
e−βH

Z
}∣p + q⟩. (C5)

The second-moment sum rule is somewhat more cumbersome to
evaluate

M2 = ∫

+∞

−∞

dω
2π

ω2 C jj(ω) = ⟨[[ j, H], H] j⟩. (C6)

We separately evaluate the three contributions to the double
commutator

[[ j, H], H] = [[ j, H], He]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

K1

+ [[ j, H], Hph]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
K2

+ [[ j, H], He−ph]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
K3

, (C7)

starting from the result for [j, H] embodied in Eq. (C4). We obtain

K1 = −2J∑
q≠0,p
[sin(p + q) − sin(p)](εp − εp+q)∣p + q⟩⟨p∣Bq, (C8)

K2 = −2J∑
q≠0,p
[sin(p + q) − sin(p)]ωq

g
√

N

× (∣p + q⟩⟨p∣bq − ∣p + q⟩⟨p∣b†
−q), (C9)

K3 = −2J∑
q1≠0
q2≠0

∑
p
∣p + q1 + q2⟩⟨p∣Bq2 Bq1

× [sin (p + q1 + q2) − sin (p + q1) − sin (p + q2) + sin (p)].
(C10)

In addition to the single-phonon-assisted ADO Trph{Bq j e−βH

Z },
the evaluation of ⟨K1j⟩, ⟨K2j⟩, and ⟨K3j⟩ necessitates their contri-
butions describing phonon absorption and emission, which stem
from the definition Bq =

g
√

N
(bq + b†

−q), as well as the two-phonon-

assisted ADO Trph{Bq2 Bq1 j e−βH

Z }. In the following, we compute
these (electronic) operators using the ideas developed in Refs. 130
and 131.

Denoting e−βH

Z = ρeq
T , we can write

jρeq
T = T exp

⎡
⎢
⎢
⎢
⎢
⎣

−∫

β

0
dτ∑

′

q

CVq(τ)
CBq(τ)

⎤
⎥
⎥
⎥
⎥
⎦

× j
e−βHe

Ze

e−βH′ph

Z′ph
. (C11)

To evaluate phonon-assisted contributions, we introduce auxiliary
fields fq(τ) and consider their functional

jρeq
T, f = T exp

⎡
⎢
⎢
⎢
⎢
⎣

−∫

β

0
dτ∑

′

q

C
[Vq(τ) + fq(τ)]

CBq(τ)
⎤
⎥
⎥
⎥
⎥
⎦

× j
e−βHe

Ze

e−βH′ph

Z′ph
. (C12)

Defining

jρeq
f = jTrphρeq

T, f , (C13)

one can show that
⎡
⎢
⎢
⎢
⎢
⎣

j
δρeq

f

δ fq(β)

⎤
⎥
⎥
⎥
⎥
⎦ f=0

= −Trph{Bq jρeq
T }, (C14)

⎡
⎢
⎢
⎢
⎢
⎣

j
δ2ρeq

f

δ fq2(β)δ fq1(β)

⎤
⎥
⎥
⎥
⎥
⎦ f=0

= Trph{Bq2 Bq1 jρeq
T }. (C15)
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On the other hand,

ρeq
f = T e−Φ2, f (β) e−βHe

Ze
, (C16)

where the influence phase Φ2, f (β) is a functional of auxiliary fields
fq(τ) [cf. Eq. (A6)],

Φ2, f (β) = −∫
β

0
dτ2∫

τ2

0
dτ1∑

′

qm

C
[V−q(τ1) + f−q(τ1)]

× eiμqm(τ2−τ1)cqm
C
[Vq(τ2) + fq(τ2)]. (C17)

It then follows that

δρeq
f

δ fq1(β)
= T {−

δΦ2, f (β)
δ fq1(β)

e−Φ2, f (β)}
e−βHe

Ze
, (C18)

δ2ρeq
f

δ fq2(β)δ fq1(β)

= T {[−
δ2Φ2, f (β)

δ fq2(β)δ fq1(β)
+

δΦ2, f (β)
δ fq2(β)

δΦ2, f (β)
δ fq1(β)

]e−Φ2, f (β)}

×
e−βHe

Ze
, (C19)

The explicit evaluation of the functional derivatives produces

δΦ2, f (β)
δ fq1(β)

= −∫

β

0
dτ∑

m
cq1m eiμq1m(β−τ)C

[V−q1(τ) + f−q1(τ)],

(C20)

δ2Φ f (β)
δ fq2(β)δ fq1(β)

= −δq2 ,−q1∑
m

cq1m. (C21)

Using the definition of ADOs ι(n)n at t = 0 [Eq. (A8)] and rescaling
factors f (n) [Eq. (A9)], we finally obtain

Trph{Bq jρeq
T } = −∑

m

1
f (0+qm)

ι(1)0+qm
(t = 0), (C22)

Trph{Bq2 Bq1 ρeq
T } = δq2 ,−q1(∑

m
cq1m)ι(0)0 (t = 0) + ∑

m2m1

×
1

f (0++(q1m1),(q2m2)
)

ι(2)0++(q1m1),(q2m2)
(t = 0). (C23)

The contributions that differentiate between absorption and emis-
sion of a single phonon are most straightforwardly obtained by
explicitly setting up an equation of motion for such processes and
comparing the kinetic term in the equation thus obtained with the
kinetic term in Eq. (9). This procedure yields

g
√

N
Trph{bq jρeq

T } = −
1

f (0+q0)
ι(1)0+q0
(t = 0), (C24)

g
√

N
Trph{b†

−q jρeq
T } = −

1
f (0+q1)

ι(1)0+q1
(t = 0). (C25)

The final result for the first-moment sum rule reads as

M1 = 2J∑
q≠0,p
∑

m

sin (p + q) − sin (p)
f (0+qm)

× ⟨p∣ι(1)0+qm
(t = 0)∣p + q⟩. (C26)

The final result for the second-moment sum rule reads as

M2 = ⟨K1j⟩ + ⟨K2j⟩ + ⟨K3j⟩, (C27)

where

⟨K1 j⟩ = 2J∑
q≠0,p
∑

m

sin (p + q) − sin (p)
f (0+qm)

(εp − εp+q)

× ⟨p∣ι(1)0+qm
(t = 0)∣p + q⟩, (C28)

⟨K2 j⟩ = 2J∑
q≠0,p
∑

m
(−1)m sin (p + q) − sin (p)

f (0+qm)
ωq

× ⟨p∣ι(1)0+qm
(t = 0)∣p + q⟩, (C29)

and

⟨K3 j⟩ = −2J∑
q≠0,p
∑

m
4 sin (p)sin2

(q/2)cqm⟨p∣ι(0)0 (t = 0)∣p⟩

− 2J ∑
q2 ,q1≠0

p

∑
m2m1

⟨p∣ι(2)0++(q1m1),(q2m2)
(t = 0)∣p + q1 + q2⟩

f (0++(q1m1),(q2m2)
)

× [sin (p + q1 + q2) − sin (p + q1) − sin (p + q2) + sin (p)].
(C30)

APPENDIX D: OPTICAL SUM RULE AND FINITE-SIZE
EFFECTS

We find that the relative accuracy with which the OSR is sat-
isfied increases with increasing N, see Sec. III C. This observation
suggests that the OSR formulated in Eq. (16) is strictly valid only
in the long-chain limit, while on finite chains there are finite-size
corrections that vanish as N → +∞. In the following, we provide a
derivation of the OSR for finite N, identify the finite-size corrections,
and demonstrate that they vanish in the long-chain limit.

Let us start by noting that the current operator on an N-site
chain, defined in Eq. (3), may be expressed in the site basis as

j = iJ
N−1

∑
m=0
(∣m⟩⟨m⊕ 1∣ − ∣m⊕ 1⟩⟨m∣). (D1)

The cyclic addition ⊕ [a⊕ b = (a + b) mod N] takes into account
that sites 0 and N − 1 are first neighbors because of the periodic
boundary conditions. Our derivation of the OSR makes use of the
continuity equation

j̃ =
dP
dt
= −i[P, H], (D2)
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where the polarization operator (in the site basis) is given as

P = −
N−1

∑
m=0

m∣m⟩⟨m∣. (D3)

While the current operators j̃ and j are identical in the infinite-chain
limit, their difference on a finite chain reads as

j̃ − j = −iJP̂N−1,0, (D4)

where

P̂N−1,0 = N(∣N − 1⟩⟨0∣ − ∣0⟩⟨N − 1∣). (D5)

Our derivation starts from the integral I = ∫
+∞

−∞
dωReμac(ω),

whose integrand is expressed using the first equality in Eq. (4). Sub-
stituting Cjj(ω) in terms of Cjj(t), writing the resulting expression in
the eigenbasis {∣α⟩} of the full Hamiltonian H (H∣α⟩ = Eα∣α⟩), and
performing the integrations over time and frequency, we obtain

I = π∑
α′ α

⟨α′∣ j∣α⟩⟨α∣ j∣α′⟩
Eα − Eα′

e−βEα′ − e−βEα

Z
. (D6)

We can eliminate the energy difference Eα − Eα′ in the denomina-
tor of each term by expressing one of the current operators using
the continuity equation [Eq. (D2)]. We should, however, take into
account the finite-size correction entering Eq. (D4). We then obtain

I = −iπ∑
α′α
⟨α′∣P∣α⟩⟨α∣ j∣α′⟩

e−βEα′ − e−βEα

Z

+ iπJ∑
α′α

⟨α′∣P̂N−1,0∣α⟩⟨α∣ j∣α′⟩
Eα − Eα′

e−βEα′ − e−βEα

Z

= I1 + I2. (D7)

The term I1 can then be written as

I1 = −iπ Tr{[P, j]
e−βH

Z
}. (D8)

The commutator [P, j], where both operators are defined on a finite
chain, is equal to

[P, j] = −iHe − iJP̂N−1,0, (D9)

so that

I1 = −πTre

⎧⎪⎪
⎨
⎪⎪⎩

He
σ(0)0 (β)

Ze

⎫⎪⎪
⎬
⎪⎪⎭

− πJTre

⎧⎪⎪
⎨
⎪⎪⎩

P̂N−1,0
σ(0)0 (β)

Ze

⎫⎪⎪
⎬
⎪⎪⎭

= I1,1 + I1,2. (D10)

While the term I1,1 alone gives the desired result for the OSR
(I = −π⟨He⟩), the terms I1,2 and I2 are finite-size corrections. The

term I2 can be transformed by applying the steps that led to Eq. (D6)
in the reverse order, which gives

I2 = ∫

+∞

−∞
dω

1 − e−βω

2ω ∫

+∞

−∞
dt eiωt

× Tr{eiHtP̂N−1,0e−iHt j
e−βH

Z
}

= ∫

+∞

−∞
dω

1 − e−βω

2ω ∫

+∞

−∞
dt eiωtTre{P̂N−1,0ι(t)}. (D11)

Both I1,2 and I2 reduce to expectation values of the purely electronic
operator P̂N−1,0 with respect to the reduced (purely electronic) den-
sity matrix σ(0)0 (β)/Ze (for I1,2) or ι(t) (for I2) that is diagonal in the
momentum representation. For example,

Tre{P̂N−1,0ι(t)} = −2i∑
k
⟨k∣ι(t)∣k⟩⟩ sin(2πnk

N − 1
N
), (D12)

where the sum is over N allowed values of the wave number
k = 2πnk/N, with nk being N consecutive integers. As N → +∞,
(N − 1)/N → 1, and each term entering Eq. (D12) tends to zero.
In other words, the finite-size correction I2 vanishes in the infinite-
chain limit. The same reasoning may be applied to show that I1,2
vanishes in the infinite-chain limit.
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