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1. Introduction

There is a strong interest to understand the effects of electron-phonon interaction on electrical
transport properties of semiconductors since it is the interaction mechanism that is present in every
material being in most cases the dominant mechanism that limits the charge carrier mobility. In the
case of semiconductors with wide bands and weak electron-phonon interaction (such as for example
conventional inorganic semiconductors GaAs or Si), charge carrier mobility can be described using
Bloch-Boltzmann theory [ 1-3] and it can be evaluated from electron-phonon scattering time and the
effective mass of the carrier. Significant research efforts are currently devoted towards developing ab-
initio methods for calculation of mobility in this regime [4-10] which is a non-trivial task due to the
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necessity of taking a large number of points in the Brillouin zone to obtain accurate values of scattering
times [11,12] and due to the difficulties of including long-range interaction with polar optical phonons
within such approach [13,14]. In the opposite limit of narrow bands and strong electron-phonon
interaction (which can be valid in some organic semiconductors based on small molecules) charge
carrier transport is typically modeled using hopping theories [15], with hopping rates between the
molecules evaluated using Marcus formula [ 16,17] or its generalizations [ 18-20], which consider only
local electron-phonon interaction.

It is of significant importance to develop methods that can be used to evaluate charge car-
rier mobility beyond these two limiting regimes [21-24]. Due to difficulties in treating electron-
phonon interaction of intermediate strength, the efforts to develop such methods are more scarce.
These methods are usually based on a unitary transformation of the model Hamiltonian [25,26]
and in practice these are applied to Hamiltonians with local electron-phonon interaction (Holstein
model) [26,25] or short-range non-local interaction [27-29] (Peierls model). More recently, Quantum
Monte Carlo techniques were also applied to evaluate the mobility in the Holstein and the Peierls
model [30,31].

The main aim of this work is to develop a method for evaluating the mobility in systems with long-
range electron-phonon interaction for a wide range of interaction strengths and temperatures. We
consider a lattice model with long-range electron-phonon interaction of Frohlich type and evaluate
the mobility using an approach that combines unitary transformation of the Hamiltonian, Matsubara
Green's function technique for evaluation of relevant spectral functions and Kubo’s formula for
calculation of mobility. The manuscript is organized as follows. In Section 2 we introduce the model
Hamiltonian that is the subject of this work. In Section 3 we present the unitary transformation that
is used to transform the Hamiltonian to the form where the remaining interaction can be treated
using perturbative techniques, we derive the equations for optimal parameters of the unitary trans-
formation and present numerical results for bandwidth renormalization. Equations for self-energies
obtained using Matsubara Green'’s function technique are presented in Section 4 along with the
numerical results for polaronic spectral functions. In Section 5 we present the derivation of mobility
based on Kubo's linear response theory and numerical results for a wide range of temperatures and
electron-phonon coupling strengths. Concluding remarks are given in Section 6.

2. Model Hamiltonian

We consider the following Hamiltonian that describes a periodic system of electrons and phonons
that interact via long-range interaction:

H=— Z tm-_nCCn + Z hwob! by —
m.,n n

- Z thfm—nC;Cn(bIn + bm)
m,n

(1)

In Eq. (1) the vectors m and n label the sites of an infinite lattice, cp, C,T,,, bm, and b;rn are respectively
annihilation and creation operators for electrons and phonons, ty,_p, is the electronic transfer integral
that quantifies the electronic coupling between sites m and n, hwy is the energy of a phonon, while
fm_n are dimensionless electron-phonon coupling parameters.

The Hamiltonian H considers a single electronic state per period of the system and a single
dispersionless phonon band. While accurate modeling of real materials would certainly require a more
elaborate Hamiltonian, we believe that it is essential first to address the properties of this relatively
simple Hamiltonian. In the case when coupling parameters f_, are zero except for m = n the
Hamiltonian reduces to a widely studied Holstein Hamiltonian [32]. In this work, we address a rather
different scenario when fi,_p is long-ranged.

Long-ranged electron-phonon interaction occurs as a consequence of interaction of electrons with
a polarization field created from optical phonons in a polar material. To be more specific, an optical
phonon at site m creates a dipole moment py, = Pmem, Where pp, is its intensity and e, the unit
vector in the direction of the dipole. Classical electrical potential at site n created by this dipole
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&—"zow. Since the dipole moment is proportional to phonon mode displacement

Pm & &m, we obtain Vy ;m wsm In the representation of second quantization this potential

yields the term in the Hamiltonian of the form —) WC;CH (b + b ) and consequently

mn |p_m

is Vam =

fm_n X e'l':lL"‘) In the case of one dimensional model that will be the focus of our numerlcal study,

the vectors e, and n — m are collinear and the last expression reduces to fj,_n X —— —

Previous derivation of the electron-phonon interaction parameter fy,_p is meanmg#ul form # n.
To include local electron-phonon interaction, one has to introduce an additional parameter describing
its strength. Thus, the final form of the interaction coefficients that will be used in our study is:

2
fm-n —alsmn'f‘%(l _Sm,n)a (2)
where C is the lattice constant, while «; and «, are dimensionless electron-phonon coupling
constants arising respectively from local and long-range non-local electron-phonon interaction.

It is useful to redefine the couplings to have one coupling constant that determines overall inter-
action strength and the other that describes the relative strength of interaction with the central atom
and all the other atoms, i.e. the electron-phonon interaction range. It can be done in multiple ways,
but here the procedure which was used in Ref. [33] for a different 1D lattice Frohlich Hamiltonian will
be loosely followed. As a measure of the interaction strength, the binding energy of the polaron in the
strong—coupling limit is used. This binding energy is given as

ha)o = me = af + ka3, (3)

where x = 2200 1= ﬁ . We then redefine the coupling constants as 011 = acosy and o =

fa sin . The bmdmg energy in the strong-coupling limit then becomes £ g = ¢ 2 and therefore the
parameter « is a measure of electron-phonon interaction strength. On the other hand, the parameter
Y is a measure of electron-phonon interaction range. The case of v = 0 corresponds to the purely
local Holstein Hamiltonian, while in the opposite extreme, ¥ = 7, the interaction with the central
molecule is nonexistent. However, it is not expected that interaction of an electron with a phonon on
the neighboring site could be stronger than its interaction with the phonon on the same site. Therefore,
the upper limit on the sensible values of v is 1 ~ % when the coefficients fo and f; become equal.

3. Unitary transformation of the Hamiltonian

Our general strategy used to address the carrier transport properties in the model studied is based
on unitary transformation of the Hamiltonian to the form where it consists of noninteracting polaron
part, noninteracting phonon part and the part describing residual polaron-phonon interaction.
Parameters of the transformation will be chosen to make the residual polaron-phonon interaction
as small as possible, so that it can be treated using perturbative techniques.

In the case of strong coupling when electron-phonon interaction is much stronger than the
electronic coupling, the Hamiltonian can be exactly diagonalized using the Lang-Firsov [34] trans-
formation

H = e SHé (4)
with
1
=— Y fmnCica(bly = bm). (5)
\/N m,n

On the other hand, in the case of weak coupling, no unitary transformation is needed since the per-
turbation techniques are directly applicable. To include this fact in a single transformation that aims
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to describe polarons in various coupling regimes, we make Lang-Firsov transformation dependent on
a set of variational parameters (Dp,_p), SO that it takes the form:

1
S= NG mZan,,,cflcn(bfn — ). (6)

We will further assume for simplicity that the system exhibits inversion symmetry. In addition, since
we are interested to obtain the mobility in the limit of low carrier concentration we will project
the transformed Hamiltonian to the part of Hilbert space spanned by single particle excitations. The
transformed Hamiltonian then takes the form

H (D) = Ho (D) + Vi (D) + V, (D), (7)
where its noninteracting part Hy is given as

Hy = Z C;CI(EI( + Z ha)ob;‘lbq (8)

Kk q

with

Ex=— ) Jr(D)coskR+ Y " hao(Dg — 2fqDy) 9)

R+ q

and

Jr(D) = 2tge” g D3(1—cos qR)(2n0+1)’ (10)

while interacting parts V; and V, read

Vi ==Y hoolfy — Dg)oh_qcu(b] + b_q) (11)
k.q

and

1
o= 3 o
m,n

kq.k;
1.K2 (12)

i(kym—kyn) | .t
X e Ci, Tl -

In Egs. (8)-(12) the summations over k and q wave vectors are performed over the first Brillouin zone.
The operators ¢, and bq and the numbers fq and Dq denote respectively Fourier transforms of ¢, by,
fa and Dy, defined as

1 ,
= —=Y cpe, (13)
k \/N Xn: n

and similarly for b, fq and Dq. N is the number of lattice sites, while the symbol ) . in Eq. (9) denotes
the summation over one half of the crystal lattice vectors (the other half are space-inversion images of

the selected ones). The mean number of phonons in equilibrium at a temperature T in phonon mode
hwg -1

of energy hwyg is denoted as ng = (e"TT — 1) . The operators 6y, are defined as

O = eXaPalby—b-q)e ™™ (14)

and (0;,«9,,)0 denotes the average over the noninteracting phonon part of the Hamiltonian which reads

2
e—% >qD3 ‘e’q“fe”'l"'| (2ng+1)
0= .

83 = (615 6n) (15)
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To find the optimal variational parameters D, we exploit Bogoliubov inequality [35] for free
energy F

F(f)=- % InTr (e#7)

; (16)
<— 3 InTr (e7#H0) + (H — Ho),.
where (.. .)n, denotes averaging with respect to the Hamiltonian Hp and 8 = ﬁ Since in our case
thermodynamical averages over phononic degrees of freedom yield (V; + V), = 0, Eq. (16) reduces
to

F (H) < —% InTr (e~H0) . (17)

Evaluation of the expression on the right hand side of Eq. (17) is straightforward because Hy is
diagonal. To obtain the optimal unitary transformation, we minimize the value of this expression
with respect to variational parameters Dq. When this expression is minimized, upper bound on free
energy of the system is closest to true free energy. It is therefore expected that at the same time, the
effect of nondiagonal terms V; 4+ V, will be smallest so that these can be treated using perturbative
techniques.

To minimize the expression on the right hand side of Eq. (17), phononic part of the trace will be
omitted since it does not depend on variational coefficients. The expression for polaronic part is:

FD) = —% ane’ﬂEk, (18)

Parameters of the optlmal umtary transformation are obtained by solving the system of equations
obtained from the condition < BF L. =0.

Dg . . L
This system of equations can be reduced to a single nonlinear equation in the case of three
dimensional cubic lattice with nearest neighbor coupling. Namely, by exploiting the cubic symmetry
one obtains

Je,(D) = J¢, (D) = Jc,(D) = Je(D), (19)
where G, C, and C; are lattice vectors of three nearest neighbors in positive directions of x, y and z
axes, respectively. The equations for variational parameters then read
fa

1(BIcD) Il ,
1+ Itaico) §w0 @no+1)3._,,,(1—cosqC)

where I, denotes modified Bessel function of the first kind of order n. After performing a substitution
of the expression (20) into the expression (10) that reads in this case

Dq =

(20)

Je(D) = 2tce” ZqDa(l—coqu)(2n0+l)’ 21)

we obtain the nonlinear equation with a single unknown variable J¢(D). In the case of an one
dimensional model, the expressions (20) and (21) still hold, with a difference that the sum Zi:x.y,z
in Eq. (20) should be replaced by ) ,_,. It was checked that the solution of Egs. (20)-(21) exhibits
expected behavior for weak and strong coupling. Namely, for weak interaction when fg — 0, we
obtain Dq — 0, so that the unitary transformation is close to unity. For strong interaction, J¢(D) — O,
implying Dq — fq, which corresponds to usual Lang-Firsov transformation.

Next, we discuss the features of the numerical solution of Eqs. (20)-(21). The dependence of band
narrowing factor k on coupling strength and temperature for several values of transfer integral and
for two dlfferent vaiues of electron-phonon interaction range is presented in Fig. 1. Depending on the
values of < hwo and ¢ two distinct cases emerge when we solve Eqs. (20)-(21). In the first case, a single
solution exists for all values of temperature and coupling constant. Then, the values of renormalized
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bandwidth vary smoothly in the whole parameter range, see for example parts (d)-(f) of Fig. 1. In the
second case there are two solutions of Egs. (20)-(21). One of these solution exists only for relatively
weak interaction strength and the other for relatively strong, while there is a range of interaction
strengths where these solutions coexist. In this case, we choose the solution with lower free energy.
As a consequence of presence of multiple solutions, calculated renormalized bandwidth does not vary
smoothly with the change of coupling strength and temperature. It exhibits a sharp transition at some
point, see for example parts (a)-(c) of Fig. 1. We find generally that the first case occurs for h%o <1

regardless of interaction range. The second case exists often when h%o > 1 but the sharpness and
existence of the transition depend on the temperature and nature of the Hamiltonian. For short-range
interaction (¥ = 0) the transition is sharp, while for larger i the transition becomes less sharp and
even vanishes for lower temperatures. It must be emphasized that the apparent sharp transition is
the consequence of the method used, since the free energy functional is only the upper bound to the
real free energy of the system. It has been rigorously proven that free energy is a smooth function of
coupling constant for a wide class of Hamiltonians with electron-phonon interaction [36-38].

From Fig. 1 we also see that short-range interaction is more efficient in narrowing the band. This
effect was previously reported in Quantum Monte Carlo calculations for a different one dimensional
lattice polaron Hamiltonian class [39]. In our case, it can be understood from Eq. (21). For stronger
interaction Dy — fg and the bandwidth is determined by the factor in the exponent quqz( 1-—
cos qC)(2ng + 1). This factor is smaller for long-range interaction because of the different momentum
dependence of interaction coefficients fy. This dependence is shown in Fig. 2 for several values of
interaction range . Longer range interaction is the strongest for small momenta, however, the factor
1— cos qC suppresses its effect for small momenta. As a consequence, momentum independent short-
range interaction becomes more effective. We also note that in addition to the maximum at ¢ = 0 the
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Fig. 2. Momentum dependence of the square of interaction coefficients f; for @« = 1 and several values of electron-phonon
interaction range v in the case of an one dimensional model.

function f; 2 exhibits another less pronounced maximum at qC = =4 for ¢ = /3. This maximum
is even more pronounced when i > /3 and occurs due to the fact that interaction with first
neighbor is comparable or stronger than local interaction. Since such a situation is not physical, we
have restricted our analysis to the cases when ¥ < /3.

We note that qualitatively the same behavior of variational parameters and bandwidth narrowing
factor would be obtained also in higher dimensional models.

4. Spectral properties

In this section we present the results of the calculation of relevant Green’s functions, self-energies
and corresponding spectral functions which will be needed for evaluation of mobility. In Hamiltonian
H we treat the term V = V; 4+ V, as a perturbation. We employ the Matsubara Green’s function
technique [40] and expand the Green’s function up to terms of second order in interaction V. After
obtaining the analytical expressions for Matsubara Green’s functions on imaginary frequency axis,
we perform analytical continuation to real frequency axis and obtain the expressions that relate the
retarded Green'’s function and corresponding retarded self-energy. We also employ the self-consistent
Born approximation [40,41] by replacing the bare Green’s functions with a dressed one in these
expressions. The expressions for retarded self-energy then read:

SRw) = ZV(w) + =2M(0) + =P (), (22)
where
S (w) =) f(fg — D)’ [ (no + 1)Gk_q (@ — o) +

(23)
+ TloGﬁ_q(a) + a)o)] ,
S (w) = — Zwo fa — Dq) Dgx
x [(n0 + 1) Gi_q (@ — ) — noGy_q( + wo)] X (24)

x Zt 00 ikX _ —i(k— q)X) (1 _ e—in) .

i .
EP(w) = 7 3 / dr e Dg%) (OGR_q(0). (25)
q —00
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The quantities that appearin Egs. (23)-(25) have the following meaning. The retarded Green’s function
in the time domain is defined as

G(t) = —iO(t) (b)) + crenlt)), (26)

where ©(t) denotes the Heaviside step function and (...) denotes the grand canonical ensemble
average with respect to H, while ci(t) are electron annihilation operators in Heisenberg picture.
Green'’s function in frequency domam is related to Green’s function in time domain via GR( ) =
J°2, dt e GR(t). The function Dk, k,, J(t) reads

2 . PR I el
Diior () = =i D txtytigogel KX kY-
X.Y.Z (27)
x [Oxy.z(t) — 1],

where

Ox.v.z(t) = exp {— ZDi [(no + 1)e~"ot 4 noei"’ot] X
g

(28)
(1 _ e—in) (1 _ equ) eiql} .
Egs. (22)-(25) and the Dyson equation
GRO)
Gitw) = — L (29)
1- Z{w)G, " (w)
where Gﬁ(o (w) = l|m5_>0+ EklEF o is the Green’s function of noninteracting system (where Ef is
the chemical potential), form the system of equations that is solved self- con51stently to obtain the
retarded Green’s function and the corresponding spectral function Agx(w) = —2 - Im[G (w)].

Numerical calculations were performed for an one dimensional model with N = 100 lattice sites.
It has been found that increasing the number of sites changes the mobility negligibly. The number
of points used for discretization in time, or equivalently, frequency domain was 2> = 8192. The
range of frequencies was tuned such that all the relevant energies are included in calculation. This
range is determined by the phononic factor D> which is needed for self-energy and thus Green’s
function calculation. This factor contains Fourier components in multiples of fiwy. The strongest
Fourier component scales with interaction strength and temperature as a?ng. The frequencies four
times higher than that of the main Fourier component of D>? were included in the calculation. It
turns out that it is most challenging to perform the calculation for very weak coupling when spectral
lines are narrow. Fortunately, in these cases one can use analytical results for the weak coupling case.
Numerical results are shown only for parameters sets where spectral widths are wide enough that
the spectral functions can be reliably represented.

Spectral functions obtained from our calculations when vy = 7 and = 0.4 for two different

values of S are presented in Figs. 3 and 4. In the htc = 0.2 case, the spectral function varies smoothly
and band narrowmg is gradual, as could have been expected also from the results for band narrowing
factor in Section 3. For large interaction strength the band becomes almost flat. Upon closer inspection,
one can also notice the appearance of one or more bands separated by multiples of wg from the main
band. The bands are consequences of single-phonon and multi-phonon scatterings and as such their
spectral weight and number increases with increase of coupling strength.

In the case when bandwidth is significantly larger than the phonon energy, a richer behavior is
observed, see Fig. 4 for the case h = 3. The first feature that arises is the band splitting at wp
above the band minimum. With i 1ncreasmg the coupling strength, additional splittings arise and thus a
sequence of bands each at the distance wg forms, with the lowest one being more and more prominent.
These results complement a simplified picture that one might acquire from the interpretation of
results of Section 3, in which a single band of almost unrenormalized bandwidth exists until the

kBT
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Fig. 3. Polaronic spectral function for different coupling strengths and h[TCu =02,y = 7 and ’gﬁ; =0.4.

sharp transition after which one very narrow band arises. The change of spectrum in fact arises in
a smoother way — by splitting the initial band into a number of narrower ones which are at the end
each strongly narrowed. A similar picture was obtained in previous calculations of spectra for the
Holstein model [42].

In Fig. 4 one additional interesting feature may be seen. At coupling strengths close to the strength
at which the band strongly narrows, the band minimum appears at momentum different from zero.
Such a feature has been previously observed in the case of Peierls Hamiltonian with short-range non-
local electron-phonon interaction treated using self-consistent Born approximation and more exact
treatments [41]. As pointed out in Ref. [41], such an effect is expected to happen when non-locality
of electron-phonon interaction increases. We confirm such a behavior as we notice that the effect is
more prominent for larger .

5. Carrier mobility

To evaluate DC charge carrier mobility in the limit of low electric fields and low carrier concentra-
tion we apply the Kubo’s linear response formula in the form [40,25]
ﬂ o0

= INeey ) de (€ )ix(0)) - (30)

Mxx
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In Eq. (30) i« denotes the xx-component of the mobility tensor, N, is total number of charge carriers
in the system, eq is the absolute value of electron charge, while jy is the x-component of the operator

. 6o

i== (M — N)tm_nC}Cn- (31)

! m,n
The subscript H is introduced to denote both that (. . .)y denotes averaging with respect to H and that
Jjx(t) is the operator in Heisenberg picture with respect to Hamiltonian H.
To evaluate the expression (30), it is more convenient to transform it to the form which involves the

Hamiltonian H and then perform the perturbative expansion. We therefore exploit the identity [27]

GaleDo(@ = (j (0 (32)
where j = e~Sje’ and reads
j = Z JkC;Cq/QlI_qu_q/, (33)
k.q.q'

with

_© ikR
Je= - XR: R tre (34)
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and
1 .
=5 > re™®. (35)
R

The mobility then reads:

o T Y [ et

kq K q k// " (36)

X (Gl ()cq (0] _1o (0h—q ()l CqOF_10a-q1 )i

We have resorted to calculation of 1y, component of mobility tensor since this is the only component
in the case of one-dimensional system, while the mobility tensor is reduced to a scalar in principal
directions basis in the case of three dimensional cubic lattice. Next, we evaluate the first non-zero term
in the perturbative expansion of . where Hy is the noninteracting Hamiltonian and H—Hy = Vi +V,
the interaction. It turns out that the zeroth term in the expansion gives a nontrivial contribution to
Ixx- This term is obtained by replacing H with Hy in Eq. (36). It is evaluated by performing the average
over the terms involving products of phononic operators using the identity

(BO8a(0)61) = O a0 6m-ni-iam-i(0) (37)
0
and exploiting the fact that
<cli,(t)cq/(t)c]1,,cqu> =
Ho

(38)
— T T
= ‘Sk’,q”‘SQ'sI‘H<Ck/(t)cq”>Ho <Cq/(t)ck”>H ’

0

where the term involving the square of the number of carriers was excluded in the last equation since
we are considering the case of low carrier concentration. Finally we obtain the following expression
for the mobility:

(i'Ol3 1 Z/m dt r* (t)
=— — X
Mxx 2Nch2 N o k.q

X <C;£(t)ck>HO<Cq(t)Cg)H0’

(39)

where

¥ o Z tx by X, Yy e X TRYHRZ—aZ) o
X\Y.Z (40)

x 09696x v (1),

while <c;( )ck>

q

and <cq( )cﬂ;> are related to the spectral function as

Ho
it Ax(®)
<Ck(t Ck - 7/ e f] _:eﬂﬁw (41)
and
1 [ .
(cq(t)cjl)H0 = dow e Aq(w). (42)

In Eqs. (41)-(42) we have replaced the bare spectral function with a dressed one in the same spirit of
self-consistent approximation used to evaluate the Green’s functions.
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Fig. 5. Temperature dependence of mobility for electron-phonon interaction range y = 7% and different values of electron-

phonon coupling parameter « in the cases when the transfer integral is: (a) htTCo =1;(b) hi—fu =0.2;(c) ﬂ%o =3.
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Numerical results obtained by evaluating the mobility using Egs. (39)-(42) are presented in Fig. 5.
To gain better understanding of these results, we have also derived analytical or semianalytical
results for mobility in the limiting cases of weak and strong electron-phonon interaction for an one
dimensional model. These derivations are presented in Appendices A and B. In the case of weak
interaction, the mobility can be calculated using Eqgs. (A.5) and (A.7), while in the case of strong
interaction it is given by Egs. (B.15) and (B.8). The results in these limiting cases are also presented in
Fig. 5. As can be seen from Fig. 5(a), for intermediate adiabaticity ratio h%o = 1, the results for smaller
values of o (say @« < 1) converge towards the weak coupling limit for small temperatures, while
the results for larger values of « converge towards the strong coupling limit at high temperatures.
For small adiabaticity ratio h%o = 0.2, Egs. (A.5) and (A.7) would yield infinite mobility because
bandwidth is narrower than the phonon energy and therefore we do not present the results for weak
coupling limit in Fig. 5(b). The high temperature limit results exhibit a reasonably good agreement
with numerical results. Slight discrepancy between them originates from the fact that the spectral
function contains small peaks at energies hwy below and above the main peak. Consequently, the
assumption of a single peaked spectral function given by Eq. (B.1) is not fully justified in this case. On
the other hand, for large adiabaticity ratio h%o = 3, we do not present the results for strong coupling

limit and high temperatures in Fig. 5(c) because the assumption ImZ"%%) < % that was used in
the derivation of Egs. (B.15) and (B.8) is not satisfied then. Numerical results for small temperatures
converge nicely towards the weak coupling limit in this case.

In Fig. 6, we present the time dependence of the quantity C(t) proportional to the real part of
current-current correlation function (j,(t )jx(0)) for various coupling strengths and temperatures. The

shape of this function is also a signature of the transport regime. In the case of weak coupling, C(t)

exhibits a relatively slow exponential decay with decay time related to inverse of —ImEl’f (% ,
see Fig. 6(a), and the carriers are in the band transport regime. When the temperature or coupling
strength increase, phononic peaks originating from the I'}¥ q(t) term start to appear. The appearance
of these peaks can already be seen in Fig. 6(a) and (c), while they entirely determine the C(t) graph
in Fig. 6(b), (d) and (f) where the carrier exhibits hopping transport. In these figures, the envelope
of the peaks exhibits an exponential decay with decay time related to inverse of imaginary part of
self-energy. At highest coupling strengths this decay is fast enough to lead to the presence of a single
peak in the graph.

We continue the analysis of mobility results with its temperature dependence. The results shown
in Fig. 5 demonstrate that the mobility exhibits a monotonous decrease with increasing temperatuﬁre.

At low temperature this dependence is exponential because it is entirely determined by the % ~ eksT
term [as can be seen from the weak coupling limit result given in Eqgs. (A.5) and (A.7)]. The decrease
of mobility becomes more gradual at high temperatures and is approximately described by a power
law Tia with exponent § between 1 and 2. The transition between the two regions of temperature
dependence is smooth for most values of model parameters. The calculated temperature dependence
is slightly discontinuous only in the case of large ﬁ%o ratio and large «, see for example the results for
o € (2.5 — 4) in Fig. 5(c). This occurs in the region where calculated renormalized bandwidth exhibits
a sharp transition discussed in Section 3, which can be seen in Fig. 1(b). Slight discontinuity observed
in numerical results is therefore most likely a consequence of the fact that the unitary transformation
is less successful in this region of parameters.

The dependence of mobility on the value of transfer integral and on electron-phonon coupling
strength is in line with expectations — it decreases with increasing the coupling strength and increases
with increasing the transfer integral. The details of these dependences can be understood better based
on the results for the limiting cases.

It can be seen in Fig. 5 that at low temperatures the dependence of mobility on electron-phonon
coupling strength « is more pronounced for smaller h%o ratio. Namely, the curves at low temperature

for different o are separated between each other more for h%o = 0.2 [Fig. 5(b)] than for htTCo =1
[Fig.5(a)] and h%o = 3 [Fig. 5(c)]. For larger h%o the dependence of mobility on « in the weak coupling
limit is of the aiz form [as can be seen from Egs. (A.5) and (A.7)]. However, for =< < 0.5, the energy

he,

conservation laws imposed by the delta functions in Eq. (A.6) cannot be satisfied because bandwidth is
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smaller than the phonon energy. One would therefore need to evaluate higher terms to obtain nonzero
values of self-energy. These terms give ai‘l rather than aiz dependence of the mobility. Consequently,
the low temperature dependence of mobility on « is more pronounced for ;7‘0 < 0.5. Concerning the
dependence on transfer integral, this dependence is roughly of the tg form in strong coupling region,
as expected from Eq. (B.15), while in the weak coupling region it is closer to the tc dependence, as can
be shown from Eq. (A.5).

Next, we discuss the effect of electron-phonon interaction range on mobility. In Fig. 7 we present
the temperature dependence of the mobility for different values of electron-phonon interaction range
Y. The results indicate that mobility for the long-range electron-phonon interaction is significantly
higher than for a short range one. This result is in-line with the results for renormalized bandwidth
that indicate that for the same interaction strength «, short range interaction is more effective in
localizing the carrier. The results show that the mobility between the Holstein case (1 = 0) and long-
range case (¥ = % or ¥y = %) can vary even by an order of magnitude. This difference originates
from the fact that the low momentum electron-phonon coupling contribution is suppressed in the
expression for activation energy, E, = %thZqul(l — cos qC). Since long-range models have the
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highest interaction contribution from the low momenta in sharp contrast with the Holstein model
which shows no momentum dependence of the coupling coefficients, the mobility is significantly
higher in the case of long-range models.

Interestingly, we do not observe thermally activated behavior in any range of investigated param-
eters. Such behavior also originates from the fact that activation energy E, is relatively small due to
suppression of highest interaction contributions from low momenta by the (1 — cos qC) factor. We
note that the expression for strong coupling limit [Eq. (B.15)] leads to thermally activated behavior
in a certain temperature range, as can be seen in Fig. 5(a) and (b). However, this limit does not
match the full solution until high temperatures where kgT is larger than E, and activation behavior
is not observed in the full calculation. As a consequence, in the model with long-range electron-
phonon interaction we obtain qualitatively different behavior than in the case of Holstein model
where thermally activated behavior sets in for strong electron-phonon coupling and intermediate
temperatures, as shown for example in Refs. [30,25].

6. Conclusion

In conclusion, we presented the method for calculation of mobility within lattice models with long-
range electron-phonon interaction of Frohlich type. Numerical results for a wide range of electron-
phonon coupling strengths and temperatures were presented, as well as analytical results for limiting
cases of weak and strong interaction. Our results indicate that mobility decreases with increasing
temperature both in the band transport regime and in the hopping regime, while thermally activated
behavior is not observed for any of the model parameters. These results suggest that one cannot make
conclusions about charge transport regime based solely on temperature dependence of mobility. We
also find that charge carrier mobility increases when the range of electron-phonon interaction is
increased.

The results of our study are relevant for qualitative understanding of the mobility in strongly polar
inorganic semiconductors where Frohlich interaction cannot be considered as a perturbation. In the
field of organic semiconductors, our model could be of interest in systems containing polar molecules
and can possibly be more relevant for description of the system than models with local electron-
phonon interaction that are usually applied. Our work opens the way for future studies that would
include atomistic details of the material structure and provide a quantitative description of mobility
in the materials mentioned.
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Appendix A. Analytical result in the case of weak electron-phonon coupling

In this Appendix, we derive the analytical result for the mobility in the case of weak electron-
phonon interaction for an one dimensional model. To obtain Iy q(t), we exploit the fact that in this
limit Dg — 0 and consequently 6x y z(t) — 1. By replacing 6x y z(t) = 1 in Eq. (40) and using the
identities & Y~,e/® 9% = § ¢ and Jc = 2tc6¢ we obtain

. JEC?N
Fkyq(t) =-=5 (1 —cos 2qC)dk q. (A1)

In the limit of weak electron-phonon interaction, self-energy is small and consequently the spectral
function given as:

Ag(w — g) =
—2-Im[Zf(ew — )] (A2)

Ex R Ep 2 R Ep z
(a) — B 4 Rexfi(w — 7)) + <lm2k(a) - F))

takes the form of a delta function

E E
Ao — 5y 5 2708 (w— %), (A.3)
h h
while its square takes the form
2
E -2 E
Ak(a) - l) S B (a) - —") . (A4)
h Imzll(? (Ek;EF) h
After replacing Eqgs. (A.1), (41) and (42) into Eq. (39) we obtain
eoC2BJ¢
Moxx

= ——"C ) " (1—cos2KkC) e P x
an* Y, e P Zk:
(A5)
-1
X —.
Im[ 23]
In the limit of weak coupling Dq and fg are proportional to coupling constant «.. By exploiting this fact
and keeping the lowest order terms (which are quadratic in ) in expression for self-energy, we obtain
that the imaginary part of the self-energy reads

Im [z{j (E";EF)] = n Y hadfix
q

x [(no + 1)8 (Ex — Ex—q — hawo) +
+ngé (Ek — Ek,q + fla)o)] .

(A.6)
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After transformation of the sums in Eq. (A.6) into integrals and evaluation of these integrals we obtain

Im[w(“ﬁ%

no+1
e ha \/ 12 — Uc cos kC + hap 2 (A7)

Np
+f2 :
% \/]c (Je cos KC — hay 2

where q1 =k¥F¢ ! arccos (cos kC + h“’o and q2 =k¥F¢ ! arccos (cos kC — hjﬂ . The first term in

Eq. (A.7) should be included only when Ex > Emin + haw, whlle the second should be included when
Ex < Emax — hwo, where Epj, and Ej,,x are respectively the minimum and maximum renormalized
band energy.

Appendix B. Semi-analytical result in the case of strong electron-phonon coupling

In the case of strong electron-phonon interaction, the band is strongly flattened and therefore
the relevant Green'’s functions, self-energies and spectral function do not depend on the wave vector.
Therefore the Green'’s function takes the form

E 1
o (w_ j) - — (B.1)
where E is the energy at which the spectral function has a maximum. We also assume that the width
of spectral function is rather small in this limit and therefore the value of self-energy at energy E is
used in Eq. (B.1). In the time domain Eq. (B.1) reads

Imx (7) [e,,E;EFt.

GR(t) = —iO (t) e (B.2)

Since fg — Dgq in the limit of strong coupling, the self-energy terms El((o)(a)) and Eﬁ])(w) in Eq. (22)
that contain the fg — Dq term vanish and the self-energy is determined by the 2,((2)((0) term defined
in Eq. (25). From Egs. (25) and (27) and the identity %qu’q(zf") = 8z.x we obtain

E 1 [ (o E
Z‘R<w—%>:?/ dt el ff)tcR(r)x

X Z bty KXY =2 T D1 —cosaX)2no 1) o

XY

D2 1)e—iwot fwgt || 1_elaX _piqY 4 oiq(X+Y)
(ezq q[(n0+ e +nge ][ e eldY 4¢f ]_1 .

(B.3)

X

Since Dq is large in this limit, the exponential term will determine the value of the term in the last
line of Eq. (B.3). The terms with X = —Y in Eq. (B.3) make a much larger contribution than the ones
having X = Y because of a larger factor in the exponent in the last line of Eq. (B.3). By keeping only
the terms with X = —Y we find

E 22 [ (ot
= (“"9:?5/ ar ¢ ) ererge), (B.4)
where

. Eu —iwgt _ iwgt
g(t)=e A [2n0+1 —(ng+1)e™'0" —nge'”0 ]’ (B5)
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with

1 2
= heo Xq: D (1 cosqQ) . (B.6)

Eq. (B.4) can be further simplified by taking into account that the function g(t) is periodic and that in
the strong coupling limit it peaks prominently at t = mTy (where m is integer and Ty = i—’; ), reaching

its maximum value of 1. In comparison to this, the retarded Green’s function decays as em="t This
decay is slow because self-energy is not large since the unitary transformation nearly diagonalizes the
Hamiltonian. Consequently, the Green’s function varies slowly on the timescales on which g varies, so
it can be approximated by its value in points t = mT, for the application of the mean value theorem.
By exploiting this fact, as well as periodicity of the function g, one obtains:

Er 2t2
o —- =) ==5{nG6k0

(B.7)
+12 Z e mTOGR( To):|
To To
where y; = foz dt g(t)and y, = 270 dt g(t). By replacing w = % in Eq. (B.7) we obtain
2
R T
E—Er 22 em= (55 )10
ms® (2 ) = =2 [Reyy + R —] B8
m ( h ) n? RARNC _ elmER(E EF)TO 58

1
Eq. (B.8) contains a single unknown Im XR (E Ep ) Although it must be solved numerically, the value

of ImXR (E i ) can be found very accurately.
To obtain the mobility, we substitute the expression for the spectral function

B 2. lmER(E EF)
o)

" (me (1))

into Eqs. (41)-(42). In Eq. (41) we replace the Fermi-Dirac term 1 + e#"~Fr) with its value at @

since it varies much slower than the spectral function when the condition Im¥R(:5%) «
satisfied. After performing the integration in Egs. (41)-(42) we obtain

2<lmZ‘R(E EF) Itl
(cf(t)c)- (ccl(e) = e '
1+ efE—EF)

where the momentum indices have been dropped because the momentum dependence is lost in this

limit.

Using the identity
1 iq-(X—2) k-
5 Z o0 (X=2) pik-(Y+2) _ Sxz - dy.z (B.11)
k.q

and taking into account that from previous definition of g(t) the following identity holds when
X=-Y=1Z:

g(t) = 63690x v 2(t) (B.12)
we find

1
v D (1) = =262 CPg(1). (B.13)

(B.9)

E
h

1 -
= 1
B S

, (B.10)
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From Egs. (39), (B.11), (B.13) one obtains the mobility

tgc* [ imR(EEE).
[l = %[ dt g(t) 2™ () (B.14)

Using the same mean value approximation as for the self-energy in (B.7), we finally obtain:

copic st (1)1
= — 1 + 2 .
Mxx 2 Y2 L 62<lm2R(khEi)'To

Expressions (B.15) and (B.8) completely determine the mobility in the strong coupling approximation.

We note that well known Marcus formula is obtained by exploiting the short-time approxima-
tion [19] e*0" = 1 & iwgt — Jwjt? and high temperature approximation ksT >> hwp, i.e. ng = r’:BTTO
Using the short-time approximation for g(t) in Eq. (B.14) and taking into account that for short times
the exponential term in that equation is 1, one obtains

eothz T _kEL
= ———— | —e kT, B.16
Mxx 2ﬁ(k3T)3/2 E, ( )
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