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In this paper, we present a theoretical model for studying the interaction between linearly polarized laser
light and near-degenerated Zeeman sublevels for a multiple V-type atomic system of 2S1/2Fg=2→ 2P3/2Fe

=3 transition in 87Rb. We have calculated the laser absorption in a Hanle configuration, as well as the
amplitudes and the widths of electromagnetically induced absorption �EIA� in the range of laser intensities
from 0.01 to 40 mW/cm2. Our results, showing nonvanishing EIA amplitude, a nonmonotonic increase of the
EIA width for the increase of laser intensity, and pronounced shape differences of the Hanle EIA curves at
different laser intensities, are in good agreement with recent experimental results. We have found that the EIA
behaves differently than the electromagnetically induced transparency �EIT� as a function of the laser intensity.
Both the amplitude and width of the EIA have narrow maximums at 1 to 2 mW/cm2. We have shown the
strong influence of Doppler broadening of atomic transition on Hanle resonances and have suggested the
explanation of it.
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I. INTRODUCTION

Electromagnetically induced transparency �EIT� �1� and
absorption �EIA� �2� are two opposite effects of optical
pumping and coherence: in the EIT, the medium is charac-
terized by sub-Doppler transmission and normal dispersion,
while in the EIA it is characterized by narrow absorption
gain and abnormal dispersion. Both EIT and EIA can be
induced between either hyperfine levels or Zeeman sublev-
els, but atomic schemes required for them are different.
�-atomic schemes, and Fg�Fe, are necessary for the EIT,
while V-atomic schemes, and 0�Fg�Fe, are required for
EIA �3,4�. Depending on the choice of quantization axes,
both EIT and EIA can be explained either by optical pump-
ing or by coherence �5–8�. While coherences in the EIT are
formed between lower �long-lived� levels, coherences in the
EIA are induced between upper levels of the V-scheme,
subsequently transferred via spontaneous emission to
lower hyperfine levels �8�. Both EIA and EIT were
studied by using two-photon resonance in either of two
configurations—bichromatic probe-pump or Hanle, where
the laser transmission and the fluorescence were measured
and calculated. In the latter, a single laser excites a two-level
atom while the external magnetic field varies around zero.

The EIT has been known long before and investigated
much more than the EIA. The interest for the EIT exists
because of interesting applications in magnetometers �9� and
miniature atomic clocks �10�. Lately, there is new interest in
both the EIT and EIA because the steepness of the dispersion
at the resonance �11,12� allows both fascinating changes and
the control of the group velocities of light propagating
through the medium with both normal �EIT� and abnormal
�EIA� dispersion �13–18�. The control of light pulses by
means of resonant laser-atom interaction creates a fundamen-
tally new area of laser applications in information process-

ing, communications, spectroscopy, and material science.
Studying the dependence of resonance shapes, widths, and
amplitudes on experimental parameters is of great interest.

In this work, we present the theoretical results of the EIA
behavior as a function of the laser intensity. The effects aris-
ing from the influence of laser intensity on EIT widths were
investigated in several papers. Javan et al. �19� gave an ana-
lytical expression for the widths as a function of the laser
intensity. The dependence of the EIT resonance width on the
laser pump intensity, observed in an �-system between hy-
perfine levels, was recently studied experimentally �20�.
More references on the experiments with the EIT width can
be found in �20�. There are only a few papers dealing with
the effects of laser intensity influence on the EIA, in either
pump-probe or Hanle configuration. Akulshin et al. �2�, in a
two-level weakly degenerated atomic system, showed depen-
dence of the probe transmission resonance on the pump laser
intensity for closed transitions in the D2 line in both 85 and
87 Rb isotopes. They showed linear dependence of the
probe linewidth at lower pump laser intensities �below
1 mW/cm2�, and slower intensity dependence as laser inten-
sity increases. Lipsich et al. �21� showed the absorption
properties of the probe laser in a degenerated two-level sys-
tem, driven by the pump laser, with different pump laser
Rabi frequencies, for different atomic systems, including the
case Fg=Fe−1 for which the EIA can be observed. Mollela
et al. �22� have measured the widths of the pump laser for
the Cs D2 line of closed hyperfine transition, and have
shown a nearly linear increase from �10 to 50 kHz as a
function of two-photon detuning, for the power range of the
probe laser between 20 �W and 2 mW. The theoretical work
of the Hanle EIA dependence on the laser intensity was done
by Renzoni et al. �23�. For linearly polarized light, for closed
Fg=3→Fe=4 in 85Rb and Fg=2→Fe=3 in 87Rb transitions,
they observed, by analytically and numerically solving the
optical Bloch equations, that EIA vanished at laser intensities
around a few mW/cm2. They did not include the Doppler
broadening of atomic transitions.*jelenad@phy.bg.ac.yu
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Experimentally, both EIT and EIA were studied in
Doppler-broadened media, in vacuum cells, or in cells with
buffer gases. Doppler broadening is an important effect in
lasers interactions with gaseous media, and many important
phenomena, like hole burning �24� and Lamb dip �25� are
related to it. Doppler broadening also affects EIT and EIA
line profiles. It was found �19� that the EIT width in the
Doppler-broadened medium is smaller than in the medium
with homogenous broadening, due to the reduced power
broadening for the off-resonant atoms. As for the effects of
the Doppler broadening on the EIA, narrowing, i.e., reducing
of the EIA width by increasing the Doppler width, was indi-
cated by Brazhnikov et al. �26� for Hanle configuration. Tak-
ing into account the Doppler effect, it was possible to suc-
cessfully model the experimental results of the dependence
of the Hanle EIA amplitude and width on the laser light
polarization �27�.

Recent experimental results �28� have shown that the
width and the amplitude of the Hanle EIA have different
dependences on the laser intensity, compared to the width
and the amplitude of the EIT. The theoretical model pre-
sented in �28� did not take into account the Doppler broad-
ening and was not able to simulate experimental results very
well. We have had strong motivation to improve the model
and to explain such specific behavior of the EIA. In the
present paper, we give the theoretical explanation of results
in Ref. �28�. We have calculated the density matrix elements
for the full system of optical Bloch equations for the transi-
tion Fg=2→Fe=3 in 87Rb, and then have averaged the re-
sults assuming the Maxwell-Boltzmann velocity distribution
at room temperature. Our results show the strong effect of
Doppler broadening on the shapes, amplitudes, and widths of
the Hanle EIA, as well as on the atomic population on dif-
ferent laser intensities. We are not aware of previous theoret-
ical results studying the behavior of the Hanle EIA width and
amplitude as a function of laser intensity in a Doppler-
broadened media.

II. THEORETICAL MODEL

In this section we present the model used to calculate the
EIA, i.e., the absorption of a laser beam, resonant to the
closed Fg=2→Fe=3 transition of 87Rb �see Fig. 1� as a
function of applied magnetic field Bscan. Zeeman sublevels
are coupled by the linearly polarized laser field propagating
along the z axis, which is the direction of the Bscan. The
incident laser beam is linearly polarized along the x axis:

E� �r�0,t� = e�x cos���1�t�E�1�0x =
u�−1 − u�+1

2�2
e−i��1�tE�1�0x. �1�

Here ��1� is the laser frequency, E�1�0x is the amplitude of the
laser electric field, and u�±1 are unit vectors of a rotation

coordinate system �u�−1=
e�x−ie�y

�2
, u�+1=−

e�x+ie�y
�2

�. We have solved
optical Bloch equations for density matrix elements �i,j for
the system of all magnetic sublevels of the ground Fg=2 and
the excited Fe=3 states. Studying the full �real� system re-
veals optical pumping and multiple coherences, which do not
exist in a simpler atomic scheme. The optical Bloch equa-
tions for the closed system, and including the ground state
relaxation, have the form
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where g and e refer to the ground and the excited state hy-
perfine levels, respectively. Fast oscillations at laser fre-
quency ��1� in Eq. �2� were eliminated by the usual substi-
tution

�eigj
= �̃eigj

e−i��1�t. �3�

In Eq. �2�, �a,b,q=e�a �u�qr� �b�, where the symbols a and b
indicate any ground or excited Zeeman sublevel given by the

-3 -2 -1 0 1 2 3

-2 -1 0 1 2

m =e

m =g

F =3e

F =2g

FIG. 1. Level diagram for the Fg=2→Fe=3 transition of 87Rb.
Full lines stand for transitions induced by linearly polarized laser
light, while both full and dashed lines describe spontaneous
emission.

DIMITRIJEVIĆ, ARSENOVIĆ, AND JELENKOVIĆ PHYSICAL REVIEW A 76, 013836 �2007�

013836-2



quantum number mg�e�. G1 is the constant proportional to the
reduced matrix element of the dipole operator between the
ground and the excited states

G1 � �neLer�ngLg� . �4�

The value of the reduced matrix element is taken from �29�.
The expression for � then becomes

�me,mg,q = G1�− 1�me� 2 1 3

mg q − me
	 , �5�

where q=0, ±1. The amplitude of the laser electric field en-
ters Eq. �2� via

G2x =
E�1�0x

2�2

. �6�

The light Rabi frequency of the individual transition is

�Rme,mg,q
= G2x�me,mg,q

=
E�1�0x

2�2

G1�− 1�−me� 2 1 3

mg q − me
	

=
1

2�2

� 2I

c�0
G1�− 1�−me� 2 1 3

mg q − me
	 , �7�

where I is the laser intensity. Through this equation we were
able to present the theoretical results at specific laser inten-
sity and to directly compare them with the results from the
experiment �28�.

In Eq. �2�, energies describing the Zeeman splitting of the
ground and the excited levels with quantum numbers mg�e�,
Eg�e�=�g�e�
, due to applied magnetic field Bscan, were cal-
culated using

Eg�e� = �BgFg�e�
mg�e�Bscan. �8�

Here �B is the Bohr magneton and gFg�e�
is the Lande gyro-

magnetic factor for two hyperfine levels �1/2 for the ground
and 2/3 for the excited state�. Laser detuning, which is the

FIG. 2. Calculated functions
�a� R�v� and �b� NR�v�.

FIG. 3. Hanle EIA for the laser intensity of I=0.1 mW/cm2 for atomic velocities of �a� 0, �b� 1, �c� 2, �d� 3, �e� 100, and �f� 700 m/s.
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difference between laser frequency and the frequency of the
D2 line is given by D=��1�− ��e0

−�g0
�.

In Eq. �2�2
7�L�G1�2=�, where �=2��6.07 MHz is the

total spontaneous emission rate of any excited sublevel. The
ground state relaxation rate is given by �. In the absence of
relaxation mechanisms in the vacuum Rb cell at room tem-
perature Rb vapor �the atom’s mean free path is much longer
then the cell dimensions�, � is determined by the atom transit
time through the laser beam. It describes the rate at which
atoms enter and leave the laser beam. Under these assump-
tions, we have calculated � from �=vmp /r �30�, where vmp

=�2kBT /M is the most probable velocity of the atoms �equal
to �240 m/s for Rb atoms at room temperature� and r is the
radius of the laser beam. We take the value for r=1.25 mm,
which is the radius of the laser beam in �28�.

The system of equations given in Eq. �2� was solved as-
suming a steady state of the atomic system. The steady-state
solution can be compared to the experimental results of �28�
because the estimated atom transit time through the laser
beam is longer than the calculated time which atoms require
to reach a steady-state when suddenly illuminated by light
tuned to a closed transition �31�. Since all atoms in the ex-
cited state decay at the same rate, the light absorption coef-
ficient in optically thin media is proportional to the total
excited state population �32�

�e = 
 �eiei
. �9�

The dependence of this quantity on Bscan around zero is the
Hanle absorption curve and we denote it by A.

The Doppler effect was taken into account in calculations
of the total light absorption by averaging absorption curves,
calculated for a single atomic velocity, over velocities in the
range −700 to 700 m/s according to

A = 
 A�vi�w�vi� , �10�

where w�vi� are the weights of the Maxwell-Boltzmann dis-
tribution f�v�. We calculated them as

w�vi� = �
�vi−1+vi�/2

�vi+vi+1�/2

f�v�dv . �11�

A�vi� is the absorption curve for the range of the scanning
field Bscan from −0.85 to 0.85 G, for a particular atomic ve-
locity vi, i.e., for the laser frequency detuning D �1.28 MHz
per atomic velocity of 1 m/s�.

How does one partition the Maxwell-Boltzmann distribu-
tion in order to considerably reduce the computation time
and the errors of numerical integration? One can get an an-

swer to this question from the behavior of the curves
A�vi� for atomic velocities throughout MB distribution
�for vi� �−700,700� m/s�, and more so with a help of the
following functions:

R�vi� = max
Bscan

�A�vi+1� − A�vi�� , �12�

NR�vi� = max
Bscan

�A�vi+1�f�vi+1� − A�vi�f�vi�� . �13�

In Figs. 2�a� and 2�b�, we show the dependence of R�v�
and NR�v� on the atomic velocity assuming uniform partition
of the Maxwell-Boltzmann distribution function by 1 m/s.
In approximating Doppler averaging �A�v�w�v�dv with Eq.
�10�, the error is less than 
vi

NR�vi�vi. Greater values of
NR�vi� require denser partition vi in order to keep the error
at low levels. It follows from these results that partition of
the Maxwell-Boltzman distribution need not be uniform. In-
stead, partition should be most dense around zero velocity.
We can demonstrate the same findings by showing how the
shape of the resonance �for a single atom velocity� changes
as atomic velocity increases. In Figs. 3�a�–3�d� we show that
the EIA shape changes rapidly for small changes in atomic
velocity, when these velocities are small. Figures 3�e� and

FIG. 4. Calculated Hanle EIA for �a�
I=0.1 mW/cm2, �b� I=1 mW/cm2, and �c�
I=10 mW/cm2. Laser light is resonant to the
Fg=2→Fe=3 transition in 87Rb.

FIG. 5. Populations of excited state’s sublevels as a function of
the external magnetic field, for three laser intensities: �a� I
=0.1 mW/cm2, �b� I=1 mW/cm2, and �c� I=10 mW/cm2; solid
curves: �me�=3, dashed curves: �me�=2, dotted curves: �me�=1, and
dash-dot curves: me=0.

DIMITRIJEVIĆ, ARSENOVIĆ, AND JELENKOVIĆ PHYSICAL REVIEW A 76, 013836 �2007�

013836-4



3�f� show, on the other hand, for large atomic velocities, how
little the EIA has changed in a very large range of velocities.

III. RESULTS

Figure 4 presents the calculated EIA for the laser resonant
to the Fg=2→Fe=3 transition in 87Rb, as a function of the
axial magnetic field at three laser intensities. The averaging
over Doppler detunings was done using Eqs. �10� and �11�.
The spectra in Fig. 4 are similar to the experimental Hanle
EIA and to the EIA in probe-pump configuration �22,28�.
There is a difference, mainly in the adjacent region around
the EIA, between the EIA shapes given by this model and the
analytical model, which takes the Doppler effect into ac-
count, but is solved for the simpler Fg=1→Fe=2 transition
�26�. The EIA resonances from Fig. 4 are also different from
Hanle EIA shapes, calculated for zero velocity atoms or for
atoms that move at well-defined velocity �please compare
with the results in Fig. 3 calculated for the same laser inten-
sity as for the data in Fig. 4�a�, but without the Doppler
averaging�. The Doppler integration alters the EIA amplitude
and the shape of the adjacent spectral region. Moreover, it
reproduces experimental results more accurately.

In Figs. 5�a�–5�c�, we show the density matrix elements
�eiei

�which correspond to populations of different excited
state’s sublevels� as a function of the applied magnetic field
Bscan. The results are given for the same laser intensities as
for the total light absorption �Figs. 4�a�–4�c��. The results
show different behavior of edge sublevels, �me�=3 �solid
curves�, compared to inner sublevels ��me�=2: dashed curves,
�me�=1: dotted curves, and me=0: dash-dot curves�. Also,
they show that relative contributions of the edge and inner
Zeeman sublevels to the total absorption �Fig. 4� varies with
the laser intensity. The effect of optical pumping to the edge
sublevels is more pronounced at higher laser intensities �Fig.

4�c�� and therefore the overall shape of the Hanle curves
�Fig. 3�c�� is more affected by the populations of edge sub-
levels.

The results for the EIA amplitudes and widths are given in
Fig. 6. The EIA amplitude is the height of the resonance i.e.,
difference between �e at Bscan=0 and the minimum of �e.
The width of the EIA is full width at half of the amplitude.
They were calculated from Hanle curves, like the curves
given in Figs. 4. The remarkable result of the data in Fig.
6�b� is the resonance narrowing, i.e., that the EIA width, for
a narrow range of laser intensities, can decrease with the
laser intensity. This is different from how the EIT widths
change with the laser intensity. For lower pump intensity, the
square-root dependence on the pump intensity was found for
the EIT in �19,20�, and explained by the optical pumping and
the Doppler broadening �20�. The experimental Hanle EIT
width, also presented in �20�, show lower values of EIT
width and a slower increase of the widths with the laser
intensity, then for the probe-pump configuration.

Observed and calculated behavior of Hanle EIA ampli-
tudes and widths is due to the contributions to the EIA from
atoms within the large range of velocities. In order to clarify
that these contributions are due to the Doppler effect, i.e.,
different laser detunings, we presented in Fig. 7 how the EIA
amplitudes and widths behave for different but single atom
velocity as laser intensity increases.

The curves given in Fig. 7 show that intensities, at which
amplitudes and widths have maximums, shift towards higher
values as the atomic velocity increases. They also show that
the EIA for small atomic velocities vanishes as the laser in-
tensity increases. At smaller intensities there are contribu-
tions from atoms at all velocities, while at higher intensities
only atoms with high atomic velocities contribute to the EIA.
The second reason for the observed maximum at
1 to 2 mW/cm2 is that small velocities of several m/s are

FIG. 6. Calculated EIA �a� am-
plitudes and �b� widths as a func-
tion of the laser intensity. Ampli-
tudes and widths were determined
from resonances of �e vs Bscan.

FIG. 7. Variations of EIA �a�
amplitudes and �b� widths with la-
ser intensity for different atom ve-
locities vi=2–10 �in steps of
1 m/s� and 15–45 �in steps of
5 m/s�. Smaller velocities corre-
spond to the curves with maxi-
mums at smaller intensities and
vice versa.
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most weighed by the Maxwell-Boltzmann distribution. It is
apparent from curves in Fig. 7 that the experiment with cold
atoms or with an atomic beam will show that the EIA van-
ishes at higher laser intensity, and that laser detuning from
the resonance will shift maximums of amplitude and width
towards the high laser intensity.

Next, we compare the theoretical results of the amplitudes
and widths of the EIA with experiment �28�. We presented
these comparisons in Fig. 8. To compare the amplitudes we
had to normalize the calculated amplitudes with input power
�intensity�. This number is still not the exact absorption co-
efficient because it depends on many other experimental pa-
rameters �concentration of Rb gas, temperature, diameter,
and cell’s length�. Our theoretical results were scaled with a
constant number in order to present them together with the
experimental results. Our theoretical model gives widths di-
rectly in units of Bscan and therefore no normalization is
needed to compare these results to the measurements. Calcu-
lated and measured EIA widths agree very well with the
experimental data �28�, while calculated EIA amplitudes
show a similar narrow maximum at 1 to 2 mW/cm2 as
shown in the experiment. Therefore our model simulates the
experimental observation of narrowing of the EIA as a func-
tion of the laser intensity.

IV. CONCLUSION

We have presented a theoretical framework for the analy-
ses of EIA induced through interaction of the laser with two
near-degenerate atomic systems with multiple Zeeman sub-

levels in the external magnetic field. The model calculates
the laser absorption in the Hanle configuration for the tran-
sition Fg=2→Fe=3 in 87Rb. The model takes into account
the Doppler effect by averaging the Hanle absorption curves
over atomic velocities within the Maxwell-Boltzmann distri-
bution for Rb atoms at room temperature. Changes in the
EIA Hanle curve throughout the Maxwell-Boltzmann distri-
bution are most drastic for small velocities, whereas for
higher velocities they are negligible. Therefore we parti-
tioned the Maxwell-Boltzmann distribution at velocity bins
whose widths are increasing with atomic velocities. Our re-
sults for the resonance line shapes, and the EIA amplitudes
and widths, show qualitative and quantitative agreement with
the experiment. We have theoretically confirmed that the EIA
width behaves differently then the EIT with the laser inten-
sity. We explained observed maximum of the EIA width at
1 to 2 mW/cm2 by the facts that �a� the EIA varies differ-
ently with the laser intensity depending on the atomic veloc-
ity and �b� small atomic velocities are most weighted by the
Maxwell-Boltzmann distribution. Without the Doppler effect
included in theoretical model, we could not explain all of the
above. Therefore we believe the Doppler effect makes a
great contribution to the observed behavior of the EIA.
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