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The intraband optical properties of quantum dots comprising one electron and up to two Mn ions, subjected
to an axial magnetic field, have been investigated theoretically using the configuration-interaction method. We
have shown that the electron-Mn and the Mn-Mn exchange interaction mechanisms induce splitting of the
energy levels for zero magnetic field, and lead to ground-state transitions and anticrossing of the states for
finite magnetic fields. This results in the presence of interesting effects in the intraband absorption spectrum,
such as the appearance of new absorption lines and anticrossing features, absent in the single-particle spectrum.
Our analysis predicts that both the electron–Mn ion and the Mn-Mn exchange interactions may be probed by
means of intraband magneto-optical spectroscopy.
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I. INTRODUCTION

Self-assembled quantum dots based on II-VI semiconduc-
tor materials, doped with a single or few magnetic atoms,
have been attracting increasing research attention in the
last few years. They offer unique opportunities to study fun-
damental quantum-mechanical interactions among spins,
charges, and photons.

It is currently experimentally possible to introduce a
single Mn atom in a CdTe /ZnTe quantum dot,1 as well as to
control the number of carriers in the dot.2 Splitting of the
exciton line in a single-dot photoluminescence spectrum is a
beautiful signature of the interaction between the quantum
dot charge and the Mn spin.1,3–6

Theoretical studies suggest that the strength and type of
magnetic order in such dots can be tailored by the number of
carriers,7–10 quantum dot geometry,11,12 the positions and the
number of Mn ions,13 or by embedding the dot in a
microcavity.14 It is anticipated that the dots could act as
voltage-tunable spin filters15,16 and nanomagnets.17 Predic-
tions have also been made that it is possible to optically
manipulate the state of a Mn ion in the quantum dot.5,18 All
these properties make quantum dots doped with magnetic
atoms excellent candidates for applications in the areas of
both spintronics and quantum information processing.

On the road toward these exciting applications, for
further understanding of the behavior of magnetic quantum
dots, new tools for their characterization are certainly desir-
able. As far as optical techniques are concerned, only the
interband optical properties of these dots have been
investigated.1,3,19 It is shown here that intraband magneto-
optical spectroscopy is also a powerful tool for probing the
interactions in this type of quantum dots. To date, far-
infrared magneto-optical spectroscopy has been successfully
applied to study the intraband spectrum of single- and few-
particle states in electrostatic quantum dots,20,21 as well as
self-assembled InAs /GaAs quantum dots.22 It has also been
used to probe the interaction among electrons and phonons in
self-assembled quantum dots,23,24 and more recently it has
been proposed as a technique to investigate spin-orbit effects
in parabolic quantum dots.25,26 In these two cases, interesting
features in the intraband absorption spectrum arise due to
coupling of the orbital degree of freedom to another degree

of freedom �phonons in the first case, spin in the second
case�. In magnetic quantum dots, coupling occurs between
the orbital degree of freedom of electrons and the spin degree
of freedom of magnetic ions. Therefore, one expects to see
features in the spectrum, as a signature of their mutual inter-
action. It should be mentioned that these features can be
clearly visible in a single-quantum-dot spectrum only. These
will be washed out in the spectra involving ensembles of
quantum dots, due to nonuniformities in quantum dot size
and random positions of Mn atoms in different dots. How-
ever, the feasibility of single-dot photoluminescence spec-
troscopy, and particularly single-dot interband absorption
spectroscopy, 27–29 give hope that intraband absorption spec-
troscopy on a single-dot level will be feasible in the near
future.

We present here a theoretical study of intraband magneto-
optical properties of quantum dots containing one electron
and a few magnetic ions. In Sec. II we briefly describe a
theoretical approach based on the configuration-interaction
method, used to calculate the energies and absorption of the
system considered. In particular, we specify selection rules
for the interaction with in-plane and z-polarized electromag-
netic fields. Sections III and IV present a detailed investiga-
tion of the influence of the electron–Mn ion and the Mn-Mn
exchange interactions on the electronic and optical properties
of quantum dots doped with one and two Mn ions, respec-
tively. The conclusions of our analysis are summarized in
Sec. V.

II. THEORETICAL CONSIDERATIONS

We consider a quantum dot containing one electron and m
Mn ions, subjected to an external magnetic field. The Hamil-
tonian of the system reads10,16
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where n is the number of lowest single-particle states of the
dot accounted for. The first term corresponds to the Hamil-
tonian of noninteracting electrons, where Ei,� is the energy of
the ith electron state of the spin �, and ĉi,�

† �ĉi,�� represent
creation �annihilation� operators of the electron. The Zeeman
energies of an electron and the Mn ions in a magnetic field
are given by the second and the third term, respectively,
where �B is the Bohr magneton, ge �gMn� is the electron �Mn
ion� g factor, B is the magnetic field along the z axis, and

Ŝz=�i=1
n ���ĉi,�

† ĉi,� �M̂iz� is the operator of the z component
of spin of the electron �the ith Mn ion�. The fourth term
accounts for the exchange interaction between electrons and
Mn ions. Its first term describes electron and Mn ion spin-
conserving scattering processes, while the other two terms
account for simultaneous flipping of electrons and Mn spins,
which conserves the total spin. The raising and lowering op-

erators of the spin of the ith Mn ion are denoted as M̂i
+ and

M̂i
−. The electron-Mn exchange interaction coupling terms

are represented as Jij
e �Rl�=Jc�i

*�Rl�� j�Rl�, where �i�Rl� is
the wave function of the electron state i at the position Rl of
the lth Mn ion, and Jc is the electron-Mn exchange interac-
tion strength. The last term describes the Mn-Mn exchange
interaction. The Mn-Mn exchange interaction coupling terms
between Mn ions i and j are given by Jij

m��Ri−R j � �
=J0 exp�−���Ri−R j � /a0−1��, where J0 is the nearest-
neighbor interaction strength, and a0 is the lattice constant.
The parameter � determines the strength of the exchange
coupling between a Mn ion and its next-nearest neighbor. In
the calculation, we used the following values of the afore-
mentioned parameters: ge=−1.67, gMn=2.02, Jc=15 eV Å3,
J0=0.5 meV, �=5.1 �all from Refs. 10 and 16�, and a0
=0.65 nm �from Ref. 30�.

The main interest in this paper will be in changes in the
intraband magneto-optical spectrum of self-assembled
CdTe /ZnTe quantum dots due to the presence of Mn ions.
For that purpose, a model for electronic single-particle states
that captures the main features of the intraband optical spec-
trum is necessary. Self-assembled quantum dots typically
have much larger dimensions in the lateral direction than in
the growth direction. As a consequence, experimental31–35

and theoretical35–40 studies suggest that in-plane-polarized
radiation causes non-negligible transitions from the ground
state only to the pair of first excited states, while z-polarized
radiation causes the transitions to higher excited states,
which arise due to confinement predominantly in the growth
direction. A model that fully reproduces these features is the
model of in-plane parabolic confinement potential and quan-
tum well confinement potential in the z direction and it will
be therefore used in this work. The confinement potential
then may be given as

V�r� =
1

2
m*�0

2r2 + V�z� , �2�

where m* is the effective mass, �0 is the angular frequency
of the two-dimensional harmonic confinement, and V�z� rep-
resents the potential profile of the quantum well structure. In
the case of a magnetic field applied parallel to the z axis, the

in-plane motion is decoupled from the motion in the z direc-
tion, and the eigenfunctions read

�nznl�r� = �nz
�z��nl�r,	� . �3�

Here, �nz
�z� are the eigenfunctions of the confinement poten-

tial along the z axis, and �nl�r ,	� are the eigenfunctions of
the in-plane confinement potential �so called Fock-Darwin
states�, whose energies are given as

Enl = �2n + �l� + 1�
� −
1

2
l
�c, �4�

where n=0,1 ,2 , . . . and l=0, ±1, . . . are the principal and
azimuthal quantum numbers, respectively, �2=�0

2+ 1
4�c

2, and
�c=eB /m* is the cyclotron frequency. The corresponding
wave functions take the following form:
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where a2=
 / �m*�� and Ln
�l��x� is a generalized Laguerre

polynomial.
For numerical analysis, we consider a CdTe /ZnTe quan-

tum dot. The effective masses of CdTe and ZnTe of 0.106m0
�Ref. 9� and 0.13m0 �Ref. 41�, where m0 is the free-electron
mass, were used in the electronic structure calculation. For
the confinement potential in the z direction, the value of the
conduction band offset of 0.6 eV was extracted from Ref. 30,
as well as the parameters for the strain potential. The angular
frequency of the in-plane confinement was taken to be 
�0
=51.2 meV. When absorption of in-plane polarization is in-
vestigated, a dot with the quantum well width of 2 nm,
which can accommodate one quantum well bound state only,
is analyzed. A 4.5-nm-wide quantum well which confines
two bound states and therefore allows absorption of
z-polarized light on transitions between them will also be
investigated.

The many-body Hilbert space may be constructed using
the basis states represented as ���= �i1 , i2 , . . . ,
iN↑

, j1 , j2 , . . . , jN↓
� �M1z ,M2z , . . . ,Mmz�, where �i1 , i2 , . . . ,

iN↑
, j1 , j2 , . . . , jN↓

�= ĉi1,↑
† ĉi2,↑

†
¯ ĉiN↑

,↑
† ĉj1,↓

† ĉj2,↓
†

¯ ĉjN↓
,↓

† �0�, �0� is

the vacuum, and N↑�N↓� is the number of spin-up �spin-
down� electrons, N↑+N↓=N �here N=1�.10 The z component
of the spin of a Mn ion may take values Miz= ±1 /2, ±3 /2,
±5 /2, i=1, . . . ,m. The total number of the configurations is
given by 6m� 2n

N
�. In the absence of a magnetic field, the total

spin �F̂= Ŝ+M̂� is a good quantum number ��F̂ , Ĥ�=0� as

well as its z component ��F̂z , Ĥ�=0��. With a magnetic field
applied along the z axis, only the z component of the total
spin is conserved. As a consequence, the Hamiltonian is
block diagonal with blocks corresponding to the basis states
with a given value of Fz. The diagonalization can therefore
be performed in each block separately. In the spirit of the
configuration-interaction approach, the many-body states are
expressed as superpositions of the basis states described
above ����=�c ����. The diagonalization of the Hamil-

tonian matrix with the elements �� � Ĥ ���� gives the eigen-

IVANA SAVIĆ AND NENAD VUKMIROVIĆ PHYSICAL REVIEW B 76, 245307 �2007�

245307-2



vectors that represent expansion coefficients c, and the ei-
genvalues that correspond to the energies of the interacting
system.

The Hamiltonian of the electron-light interaction Ĥ� in the
dipole approximation is proportional to the momentum �or
coordinate� operators � j,k=1

n p jkĉj
†ĉk �� j,k=1

n r jkĉj
†ĉk�, where p jk

and r jk represent momentum and coordinate matrix elements
on transitions between single-particle states j and k, respec-
tively. The Hamiltonian does not involve the Mn ion or spin
degrees of freedom. Therefore, for zero magnetic field, both
the total spin and its z component remain conserved in the

presence of an optical field in the system ��F̂ , Ĥ+ Ĥ��
=0, �F̂z , Ĥ+ Ĥ��=0�. The same conclusion accounts for the z

component of the total spin if a magnetic field parallel to the
z direction is applied. These conservation laws in fact deter-
mine selection rules for optical transitions in the interacting
system at zero ��F=0 and �Fz=0� and finite magnetic fields
��Fz=0�.

In first-order perturbation theory �Fermi’s golden rule�,
the intensity of absorption on the transition between an initial
state i and a final state f is proportional to the momentum
�or coordinate� matrix element �f �� j,k=1

n p jkĉj
†ĉk � i�

��f �� j,k=1
n r jkĉj

†ĉk � i��. The single-particle matrix elements of
raising and lowering momentum operators for circularly po-
larized optical field pij

± = �i � p± � j�= �nzi ,ni , li � p± �nzj ,nj , lj� are
represented as42

pij
+ =

i


a
�nzi,nzj

�li,lj+1�+ ��1 + ac��nj�ni,nj−1 + �1 − ac��nj + lj + 1�ni,nj
� , lj � 0,

− ��1 + ac��nj − lj�ni,nj
+ �1 − ac��nj + 1�ni,nj+1� , lj � 0,

�6�
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i


a
�nzi,nzj

�li,lj−1�− ��1 + ac��nj + 1�ni,nj+1 + �1 − ac��nj + lj�ni,nj
� , lj � 0,

+ ��1 + ac��nj − lj + 1�ni,nj
+ �1 − ac��nj�ni,nj−1� , lj � 0,

�7�

where ac=�c / �2��. The absorption of in-plane-polarized
light on transitions between an initial state i and a final state
f is then given as43

Aif �
1

2
�Ni − Nf����f � �

j,k=1

n

pjk
+ ĉj

†ĉk�i��2

+ ��f � �
j,k=1

n

pjk
− ĉj

†ĉk�i��2	 , �8�

where Ni is the population of the ith many-body state in
thermal equilibrium. When considering z-polarized light, it is
more convenient to use the matrix elements of the z coordi-
nate between single-particle states,

zij = �i�z�j� = �nzi,ni,li�z�nzj,nj,lj�

= �ni,nj
�li,lj� dz �nzi

�z�z�nzj�z�. �9�

The absorption of z-polarized light on the transition from an
initial state i to a final state f then reads

Aif � �Ni − Nf���f � �
j,k=1

n

zjkĉj
†ĉk�i��2

. �10�

III. DOTS WITH ONE Mn ION

A. Zero magnetic field

Two possible values of the total spin of the system con-
taining one electron and one Mn ion, whose spins are 1 /2

and 5 /2, respectively, are 5 /2+1 /2=3 and 5 /2−1 /2=2. If
the single-particle electronic spectrum is nondegenerate, all
energy levels corresponding to the total spin 3 �2� have
seven- �five-�fold degeneracy and, hence, the 12-fold degen-
eracy of the noninteracting system is partially removed.2,44

However, in a parabolic quantum dot, where additional de-
generacies exist due to the specific form of the potential, this
accounts only for the states with the dominant contribution
of the configurations whose electronic part corresponds to
the nondegenerate s orbital. In this case, the weight of the
configurations related to other shells is extremely small, due
to a relatively weak electron-Mn exchange interaction be-
tween them and the s shell configurations. Accordingly, the
energies of those sevenfold and fivefold degenerate states
obtained from the full calculation are very similar to those
obtained analytically from the limited Hilbert space of
the s shell configurations �E�0,0�−5 /4Jss�R1� and E�0,0�
+7 /4Jss�R1�, respectively�. As far as energetically higher
shells are concerned, each of the 12n-fold degenerate ener-
gies �n=2,3 , . . . � splits into three energies only, with seven-
fold, �12n−12�-fold, and fivefold degeneracy, respectively,
due to additional degeneracies of the parabolic quantum dot
confinement potential.

In the quantum dots considered �
�0=51.2 meV, d=2 or
4.5 nm�, the ground and the first excited states, determined
by the s shell configurations, are well separated from other
states. We are interested in absorption at zero or relatively
low temperatures, when transitions from these states only
make a significant contribution to the spectrum. The selec-
tion rules for both in-plane and z polarization of an incident
optical field impose the conservation of the total spin and its
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z component on transitions between many-particle states. On
the other hand, in the single-particle picture, optical transi-
tions for in-plane polarization are allowed if the azimuthal
quantum number changes by 1, and other quantum numbers
are conserved. Therefore, transitions from the ground �F
=3,Fz=0, ±1, ±2, ±3� and the first excited states �F=2,Fz

=0, ±1, ±2� may occur only into the states belonging to the
same state space �F ,Fz� with dominant configurations related
to the two degenerate p shell single-particle states. Conse-
quently, for zero temperature, two lines may be observed in
the optical spectrum, while for low temperatures when only
the ground and the first excited states are populated, up to
four lines may appear. In contrast, in the single-particle de-
scription, a z-polarized electromagnetic field can induce tran-
sitions only between the states with the quantum numbers nz
of opposite parity, and identical principal and azimuthal
quantum numbers. Hence, transitions from the ground and
the first excited states with the most-weighted configurations
associated with the s shell and nz=1 into the states with the
dominant configurations related to the s shell and nz=2 may
contribute to the absorption spectrum. For any value of nz,
the s-like states split into two new ones, with total spins of 3
and 2, and, as a consequence, only one absorption line is
present for zero temperature, while another line arises for
finite, relatively low, temperatures.

B. Finite magnetic field

The electron-Mn exchange interaction coupling terms
Jij

e �Rl� may be tailored by varying the position of the Mn
ions. As discussed earlier, we focus on quantum dots with
d=2 and 4.5 nm. In the former case, for a reason that will be
explained later, the radial coordinate of a Mn ion is chosen to
be 4.5 nm, and the z coordinate is zero �the center of the
quantum well�. In the latter case, we consider a Mn ion
whose radial coordinate is zero, and the z coordinate is taken
to be 1.3 nm.

The energy levels of the quantum dot with d=2 nm for all
possible values of the z component of the total spin �Fz

=0, ±1, ±2, ±3�, as they depend on the magnetic field, are
shown in Fig. 1�a�. The degeneracies present at zero mag-
netic field are removed upon application of a finite magnetic
field, as F is no longer a good quantum number. Since in the
system considered Fz is a conserved quantity, the states of
different Fz do not interact, and crossing between some of
them occurs for certain magnetic fields. On the contrary, the
states with the same value of Fz are coupled via the
electron-Mn exchange interaction, which leads to their anti-
crossing if they become almost degenerate for some mag-
netic fields. A close inspection of the spectrum for several
lowest energies for small magnetic fields �see Fig. 1�b�� re-
veals the ground-state transition from Fz=3 to 2 in an in-
creasing magnetic field. For magnetic fields less than 0.75 T,
the ground state is determined by the lowest of the states
with the z component of the total spin of Fz=3, with the
dominant configuration �s , ↑ ,5 /2�. The lowest of the states
with Fz=2, whose main components are the configurations
�s , ↓ ,5 /2� and �s , ↑ ,3 /2�, becomes energetically more favor-
able for larger magnetic fields. Competing physical mecha-

nisms underlying the ground-state transition are the Zeeman
splitting and the electron-Mn exchange interaction, the latter
being dominant for small magnetic fields before the transi-
tion occurs.

The energy spectra in a magnetic field of the quantum dot
with d=2 nm for Fz=3 and 2 are given in Figs. 1�c� and
1�d�, respectively. In the case of Fz=3, the lowest state,
with the dominant configuration �s , ↑ ,5 /2�, is followed
by states with the dominant configurations �i , ↑ ,5 /2�
�i= p1 , p2 ,d1 ,d2 ,d3 , . . . �, and mixing between some of them
is prominent only in the vicinity of their crossing point. For
example, an increasing magnetic field induces a transforma-
tion of nearly pure states �p2 , ↑ ,5 /2� and �d1 , ↑ ,5 /2� to
highly mixed states in the basis of these configurations as
their energy difference decreases, which is manifested as an
anticrossing of these states in the energy spectrum. Analysis
of the coefficients in the configuration-interaction expansion
reveals that the energy states with Fz=2 mainly comprise
pairs of the configurations �i , ↓ ,5 /2� and �i , ↑ ,3 /2�
�i= p1 , p2 ,d1 ,d2 ,d3 , . . . � unless some of them become ener-
getically close for certain magnetic fields. Mixing of the con-
figurations �i , ↓ ,5 /2� and �i , ↑ ,3 /2� in a relevant state is
more prominent for small magnetic fields, when the Zeeman
splitting is comparable to the electron-Mn exchange interac-
tion. However, the Zeeman splitting becomes more important
for larger magnetic fields, which results in a weaker coupling
of these configurations and one of them becomes prevalent,
e.g., the dominant fraction in the lowest state with Fz=2 is
that of the configuration �s , ↓ ,5 /2�. Again, mixing of states
with a dominant influence of configurations associated with
different electronic shells is considerable for magnetic fields
close to their intersection point.

The optical absorption spectrum of in-plane-polarized
light for the quantum dot with d=2 nm at zero temperature is
given in Fig. 2�a�, with a focus on magnetic fields for which
an anticrossing of states occurs and small magnetic fields,
shown in Figs. 2�b� and 2�c�, respectively. In these, and all
the figures that follow, the size of the points is logarithmi-
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FIG. 1. Energy spectra of one electron and one Mn ion confined
in a CdTe quantum dot with d=2 nm. �a� States with all values of
the z component of the total spin Fz. �b� Several lowest states
shown in �a�. �c� States with Fz=3. �d� States with Fz=2.
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cally �with base 2� proportional to the absorption intensity.
At zero temperature, only transitions from the ground state
are observable. For B�0.75 T, when the ground state is
�s , ↑ ,5 /2� and optical transitions are restricted to Fz=3, the
absorption spectrum consists of two branches, which corre-
spond to transitions from �s , ↑ ,5 /2� to �p1 , ↑ ,5 /2� and
�p2 , ↑ ,5 /2�. For B�0.75 T, it comprises four lines, due to
the fact that the participating energy levels are mixtures of
the states �i , ↓ ,5 /2� and �i , ↑ ,3 /2�, where i=s , p1 , p2. The
appearance of additional absorption lines represents a direct
manifestation of the role of the electron-Mn exchange inter-
action and a fingerprint of the ground-state transition driven
by the magnetic field. However, for larger magnetic fields,
more influential Zeeman splitting leads to decreasing contri-
butions of one of the configurations �i , ↓ ,5 /2� and �i , ↑ ,3 /2�
in each mixed state. As a consequence, the ground state is
mainly determined by the configuration �s , ↓ ,5 /2�, from
which optical transitions are allowed only to the states with a
dominant influence of the configurations �p1 , ↓ ,5 /2� and
�p2 , ↓ ,5 /2�. Therefore, the intensities of two absorption
branches which correspond to transitions from the ground
state �s , ↓ ,5 /2� to the states determined by the configura-
tions �p1 , ↑ ,3 /2� and �p2 , ↑ ,3 /2� become very weak, leading
to their imperceptibility in the absorption spectrum. Further-
more, in the range of magnetic fields between 30 and 40 T,
the optical spectrum shows two anticrossing features. This
effect originates from mixing of the configurations
�p2 , ↓ ,5 /2� and �d1 , ↓ ,5 /2� ��p2 , ↓ ,5 /2� and �d1 , ↑ ,3 /2�� in
the states that intersect for magnetic fields around 33 �39� T.
Since the selection rules allow transitions from the configu-
ration �s , ↓ ,5 /2� to �p2 , ↓ ,5 /2�, whose weight in each pair
of the intersecting states is considerable, transitions from the
ground state to all of these states are observable. The anti-
crossing splitting energies are �0.12 and �0.1 meV for
magnetic fields of 33 and 39 T, respectively, and are very
similar to the values 5 /2Jp2d1

�R1� and �5Jp2d1
�R1�, ob-

tained analytically from the restricted spaces of states
�p2 , ↓ ,5 /2� , �d1 , ↓ ,5 /2�� and �p2 , ↓ ,5 /2� , �d1 , ↑ ,3 /2��, re-
spectively. In fact, the position of the Mn ion was chosen to
maximize the electron–Mn ion exchange interaction cou-
pling term Jp2d1

�R1�, and hence maximize the anticrossing
energies. These results suggest that intraband magneto-
optical spectroscopy of quantum dots with one electron and
one Mn ion could offer a route for probing the electron-Mn
exchange interaction strength.

Next we examine the influence of temperature on the ab-
sorption spectrum of in-plane-polarized light. The energy
spectrum for the states with Fz=−3 is qualitatively similar to
the one for the states of Fz=3 and for each of them, the
dominant component is one of the configurations �i , ↓ ,
−5 /2� �i=s , p1 , p2 ,d1 ,d2 ,d3 , . . . �. Analogously, the number
of energy levels with Fz=−2,−1,0 ,1 is the same as for Fz
=2 and their dependences on the magnetic field show a simi-
lar trend. Under the assumption that the temperature is small
enough so that the only states populated are the states of each
Fz with the dominant contribution of the s-shell-related con-
figurations, two absorption lines might appear due to transi-
tions between the states with Fz=3 or −3, while, for each of
the values Fz=0, ±1, ±2, eight lines may become observ-
able: 44 lines in total.

Figures 3�a� and 3�b� show the magneto-optical spectra of
in-plane-polarized radiation for the quantum dot with d
=2 nm at the temperature of T=10 K in the range of mag-
netic fields for which the second anticrossing occurs and
small magnetic fields, respectively. In the latter case, the
Zeeman splitting of the s-shell-related states is not so pro-
nounced, resulting in a larger number of lines. Due to the
fact that a certain fraction of the total population does not
reside on the ground state, the two weaker absorption modes
from the ground state present at zero temperature have
smaller intensities for finite temperatures �compare Figs. 2�c�
and 3�b��. Instead of the two strong intensity lines character-
istic for zero temperature, now there are additional weaker
intensity modes in their vicinity throughout the range of
magnetic fields considered. We observe that the signature of
optical transitions from the ground state with Fz=2 to the
two states that anticross at a magnetic field of 39 T persists
in the absorption spectrum for the temperature of 10 K. Fur-
thermore, the line assigned to transitions from the lowest
state with Fz=3 to the state with the dominant configuration
�p2 , ↑ ,5 /2� is clearly visible �see Fig. 3�a��, since the latter
does not experience anticrossing with any of the states with
Fz=3 �see Fig. 1�c��. On the contrary, for a magnetic field of
33 T, this line is not present, due to the repulsion of the
states �p2 , ↑ ,5 /2� and �d1 , ↑ ,5 /2�, resulting in an anticross-
ing feature in the absorption spectrum which simply adds to
the one for the states with Fz=2.

In the following, we turn our attention to absorption in the
case of z-polarized incident light. We consider a quantum dot
with d=4.5 nm which can also accommodate bound states
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FIG. 2. �a� Absorption spectrum of one electron and one Mn ion
confined in a CdTe quantum dot with d=2 nm for zero temperature.
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confined in a CdTe quantum dot with d=2 nm for a temperature of
10 K. �a� An anticrossing feature. �b� Additional absorption lines
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with nz=2. An applied magnetic field induces the same
ground-state transition as discussed in the case of the quan-
tum dot with d=2 nm �from Fz=3 to 2�. Figure 4 shows the
magnetic field dependence of the energy levels with the z
component of the total spin of Fz=2. For zero magnetic field,
the states related to the configurations �2,s , ↓ ,5 /2� and
�2,s , ↑ ,3 /2� are located between the states associated with
the pairs of the configurations �1,gi , ↓ ,5 /2� , �1,gi , ↑ ,3 /2��,
1� i�5, and �1,hi , ↓ ,5 /2� , �1,hi , ↑ ,3 /2��, 1� i�6. The
energy spectrum of the states with Fz=3 exhibits the main
characteristics of the corresponding spectrum for the quan-
tum dot with d=2 nm. Additionally, it includes higher energy
levels, with prominent contributions of the configurations re-
lated to the single-particle states with nz=2.

For B�1.5 T, when the state �1,s , ↑ ,5 /2� represents the
ground state of the system, only one line emerges in the
absorption spectrum, shown in Fig. 5�b�, and it is related to
transitions from the ground state into the state �2,s , ↑ ,5 /2�.
The presence of two absorption lines for zero temperature
and small magnetic fields after the ground-state transition
�see Fig. 5�b�� originates from the fact that the configurations
�2,s , ↓ ,5 /2� and �2,s , ↑ ,3 /2� represent the largest compo-
nents of the state into which optical transitions from the
ground state, determined by the configurations �1,s , ↓ ,5 /2�
and �1,s , ↑ ,3 /2�, may occur. As described in the case of
in-plane polarization, one of the two configurations in each
of these states becomes of minor importance in an increasing
magnetic field and, hence, one of the absorption lines almost
disappears from the optical spectrum. Despite a significant
number of intersections of the states comprising �2,s , ↓ ,5 /2�

and �2,s , ↑ ,3 /2� with the states associated with the single-
particle states with the quantum number nz=1, only two an-
ticrossing structures are visible in the absorption spectrum
��0.18 meV for B�43 T and �0.21 meV for B�52 T�;
see Fig. 5�a�. The origin of this effect is the choice of the
position of the Mn ion �zero radial coordinate�, with a pur-
pose of increasing the electron–Mn ion exchange coupling
between the single-particle states �2,s� and �1,g3�. Conse-
quently, the electron-Mn exchange matrix elements between
the configurations related to �2,s� and �1, i�, i�g3, are zero,
and hence there is no interaction between the states whose
main ingredients are these configurations. For relatively low
temperatures, one �four� lines may appear in the absorption
spectrum in transitions between the states with one of the
values Fz= ±3 �Fz=0, ±1, ±2�, resulting in the total number
of lines of 22.

IV. DOTS WITH TWO Mn IONS

A. Zero magnetic field

The total spin of the system with one electron and two Mn
ions can take the following values: 1 /2, 3 /2, 5 /2, 7 /2, and
9 /2; 1 /2, 3 /2, 5 /2, 7 /2, 9 /2, and 11 /2, and the correspond-
ing energy levels have two-, four-, six-, eight-, and tenfold;
two-, four-, six-, eight-, ten-, and 12-fold degeneracy, respec-
tively. More degeneracies emerge in a quantum dot with
distant, nearly noninteracting Mn ions, because of the degen-
erate single-particle spectrum. However, this situation is
changed if the distance between the Mn ions is sufficiently
small so that a considerable Mn-Mn exchange interaction
lifts some of those degeneracies. In either case, the single-
particle ground state splits into 11 energy levels, with the
most-weighted configurations associated with the s shell. At
zero temperature only two modes exist in the absorption
spectrum of in-plane-polarized light, due to transitions from
the s-shell-like degenerate ground state to the states related
to the p shell configurations of the same total spin and its z
component. For the same reason, at a finite temperature fa-
cilitating occupation of those 11 lowest energy levels only,
the maximum number of 22 modes could be detected. At
zero temperature, the optical spectrum of z-polarized light
includes one line associated with transitions from the ground
state to the state with the dominant configuration related to
the s shell and nz=2 with the same F and Fz, and the number
of lines amounts to 11 as the temperature increases.

B. Finite magnetic field

1. Noninteracting Mn ions

A quantum dot with d=2 nm, one electron, and two di-
ametrally opposite Mn ions, with the radial coordinate of
4.5 nm and zero z coordinate, is of interest in the following.
The energy spectrum of the system with one electron and
two Mn ions exhibits a richer structure than the one with
only one Mn ion. It includes 72 states stemming from each
single-particle state; in comparison, the system with only one
Mn ion comprises 12 such states. The system undergoes
the ground-state transition at a magnetic field of 1.5 T,
from the state �s , ↑ ,5 /2,5 /2� with Fz=11 /2 to the state with
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FIG. 4. Energy spectrum of one electron and one Mn ion con-
fined in a CdTe quantum dot with d=4.5 nm for states with the z
component of the total spin Fz=2.
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small magnetic fields.

IVANA SAVIĆ AND NENAD VUKMIROVIĆ PHYSICAL REVIEW B 76, 245307 �2007�

245307-6



Fz=9 /2 consisting mainly of the configurations
�s , ↓ ,5 /2,5 /2�, �s , ↑ ,5 /2,3 /2�, and �s , ↑ ,3 /2,5 /2�. Apart
from a different Zeeman shift due to the presence of another
Mn ion and different anticrossing splittings, the electronic
structure of the parabolic quantum dot with two noninteract-
ing Mn ions for Fz=11 /2 shows a close resemblance to the
one with one Mn ion for Fz=3 �see Fig. 1�c��. However, the
dependences of the energies of the states with Fz=9 /2 on the
magnetic field, depicted in Fig. 6�a�, are not analogous to
those of one Mn ion for Fz=2. The contribution of the con-
figuration �s , ↓ ,5 /2,5 /2� to the lowest state with Fz=9 /2
becomes dominant in an increasing magnetic field. The sub-
sequent two energy levels, comprising the configurations
�s , ↑ ,5 /2,3 /2� and �s , ↑ ,3 /2,5 /2�, are nearly degenerate for
larger magnetic fields �marked in Fig. 6�a��, due to an incon-
siderable Mn-Mn exchange interaction between the sym-
metrically positioned Mn ions. For smaller magnetic fields
�B�3 T�, these degeneracies are lifted, as a result of a rela-
tively strong electron–Mn ion exchange interaction among
the configurations �s , ↓ ,5 /2,5 /2�, �s , ↑ ,5 /2,3 /2�, and
�s , ↑ ,3 /2,5 /2�. A similar situation occurs for states involv-
ing configurations related to the other orbitals. Consequently,
no additional anticrossing of states is manifested in the spec-
trum in comparison to the case of one Mn ion.

The absorption spectrum at zero temperature and for the
system of one electron and two noninteracting Mn ions is
almost equivalent to the one for one electron and only one
Mn ion with two times stronger electron-Mn exchange inter-
action strength Jc, for both in-plane- and z-polarized optical
field. In the case of in-plane polarization �see Figs. 6�b� and
6�c��, the optical spectrum shows evidence of the excitation
of electrons from the state �s , ↑ ,5 /2,5 /2� to the states
�p1 , ↑ ,5 /2,5 /2� and �p2 , ↑ ,5 /2,5 /2� up to B=1.5 T.
Subsequently, only electrons from the ground state of
Fz=9 /2, whose major constituents are �s , ↓ ,5 /2,5 /2�,
�s , ↑ ,5 /2,3 /2�, and �s , ↑ ,3 /2,5 /2�, may be optically acti-
vated. This translates into the appearance of two extra lines
of a larger intensity than in the case of one Mn ion, which are
observable for a wider range of magnetic fields, due to
larger mixing of relevant configurations ��i , ↓ ,5 /2,5 /2�,
�i , ↑ ,5 /2,3 /2�, and �i , ↑ ,3 /2,5 /2�, for each i=s , p1 , p2�.
Two times larger anticrossing energies for magnetic fields of

33 and 39 T are reflected in the absorption spectra addition-
ally via larger intensities of the lines corresponding to the
transitions which would be forbidden in the absence of the
electron–Mn ion interaction. The magneto-optical spectrum
for finite temperatures includes new, energetically close,
modes.

2. Strongly interacting Mn ions

Next we analyze a quantum dot with d=2 nm, one elec-
tron, and two Mn ions with the same polar and z coordinates
�z=0�, and the radial coordinates of 4.5 and 5.15 nm �Mn
ions are separated by one lattice constant�. A strong interac-
tion between Mn ions changes the ordering of the states as-
sociated with a particular shell at zero magnetic field in com-
parison to the noninteracting case. As a result, the ground
state of the system for small magnetic fields is that of Fz=
−1 /2 as opposed to Fz=11 /2 for noninteracting Mn ions.
Figure 7 illustrates that the ground state experiences multiple
transitions from Fz=−1 /2, via Fz=1 /2, 3 /2, 5 /2, and 7 /2,
to Fz=9 /2 for increasing magnetic fields, as a consequence
of the interplay of the Zeeman splitting and the electron-Mn
and the Mn-Mn exchange interactions. Figures 8�a� and 8�b�
represent the energy levels versus magnetic field depen-
dences for Fz=−1 /2 and 9 /2, respectively. Clearly, the
Mn-Mn exchange interaction removes previously discussed
degeneracies of states present in the system with two nonin-
teracting Mn ions with the same radial coordinate, shown in
Fig. 6�a�. Also, the choice of the nonidentical radial coordi-
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nates for the Mn ions leads to lifting of these degeneracies,
but to a much smaller extent than the Mn-Mn exchange in-
teraction.

For large magnetic fields when no crossing of the
single-particle states occurs �the electron–Mn ion interaction
is insignificant�, the states of the system are direct products
of the single-particle states with the eigenstates of

the operator −�BgMn�M̂1z+M̂2z�B+J12
m ��R1−R2 � �M̂1 ·M̂2.

For instance, the s-orbital-related states with Fz=9 /2
can be represented approximately as �s , ↓ ,5 /2,5 /2�,
1 /�2 �s , ↑ ,3 /2,5 /2�−1 /�2 �s , ↑ ,5 /2,3 /2�, and 1 /�2 �s , ↑ ,
3 /2,5 /2�+1 /�2 �s , ↑ ,5 /2,3 /2�. In the situations when the
electron-Mn exchange interaction is more competitive �for
small magnetic fields or in the vicinity of the crossing points
of single-particle states�, the states may be approximated by
linear combinations of appropriate direct products described
above. Another novelty in the electronic structure which
arises as a consequence of the Mn-Mn exchange interaction
is the anticrossing of the states governed by the configura-
tions related to different single-particle states of the same
shell �e.g., p1 and p2� �see the inset of Fig. 9�a��. In fact, the
Mn-Mn exchange interaction can couple only configurations
associated with the same single-particle state, and the actual
coupling between the states ascribed to different single-
particle states when they become nearly degenerate origi-
nates from the electron–Mn ion exchange interaction. How-
ever, the Mn-Mn exchange interaction is responsible for the
splitting of these many-particle states for zero magnetic field,
which leads to their intersection and coupling via the
electron–Mn ion exchange interaction for finite magnetic
fields.

The magneto-optical spectra of in-plane-polarized optical
fields for the quantum dot containing two strongly correlated
Mn ions for the temperatures of 0 and 10 K are given in
Figs. 9�a� and 9�b�, respectively. For almost the entire range
of the magnetic fields considered �0–50 T�, only two modes
related to optical excitations from the ground state into the
p1- or p2-like states are visible for zero temperature. This is a
result of the fact that transitions between states that are direct
products between the single-particle states and the

eigenstates of the operator −�BgMn�M̂1z+M̂2z�B+J12
m ��R1

−R2 � �M̂1 ·M̂2 are allowed if the latter are identical, as
well as if the selection rules for the single-particle states are
satisfied. To illustrate this, for Fz=9 /2, electrons from the
ground state �s , ↓ ,5 /2,5 /2� can be optically excited
into �p1,2 , ↓ ,5 /2,5 /2�, while the transitions into the

states 1 /�2 � p1,2 , ↑ ,3 /2,5 /2�−1 /�2 � p1,2 , ↑ ,5 /2,3 /2� and
1 /�2 � p1,2 , ↑ ,3 /2,5 /2�+1 /�2 � p1,2 , ↑ ,5 /2,3 /2� are forbid-
den. A careful inspection of the energy states for Fz=9 /2
might lead to an expectation that three anticrossing features
will arise in the absorption spectrum for magnetic fields be-
tween 30 and 40 T. However, only two of them are actually
observable. The opposite signs of the coefficients of the state
1 /�2 �d1 , ↑ ,3 /2,5 /2�−1 /�2 �d1 , ↑ ,5 /2,3 /2� almost cancel
the contribution of the electron-Mn exchange interaction
with the state �p2 , ↓ ,5 /2,5 /2� at a magnetic field of 36 T
and, therefore, no new anticrossing can be detected.

In the range of small magnetic fields when the ground
state is the one with Fz=−1 /2, the absorption spectrum
shows signatures of the anticrossing of the states related to
configurations with the single-particle states p1 and p2, in-
duced by the Mn-Mn exchange interaction, given in Fig.
9�a�. For our choice of the Mn ions’ positions, the
electron-Mn exchange matrix elements between the orbitals
p1 and p2 are even larger than those between the orbitals p2
and d1. Nevertheless, the influence of the electron–Mn ion
exchange interaction on the intersecting states associated
with the p shell states is counteracted by a strong Mn-Mn
exchange interaction. Therefore, despite a significant number
of such states, not all of them are coupled sufficiently in the
proximity of their crossing points and only two anticrossing
characteristics are apparent in the absorption spectrum. Fur-
thermore, the anticrossing energies in this case are an order
of magnitude smaller than for magnetic fields between 30
and 40 T ��0.013 meV for B=0.44 T, and �0.021 meV for
B=0.6 T�. For each of the lowest states belonging to one of
the spaces of states with Fz=1 /2, 3 /2, 5 /2, and 7 /2, the
anticrossings of the states associated with p orbitals do not
occur within the range of magnetic fields for which that state
represents the ground state of the system, and hence are not
detectable in the absorption spectrum for zero temperature.
However, a finite temperature gives rise to weak signatures
of some of them, e.g., for magnetic fields of �1.4 and
�2.4 T �see Fig. 9�b��. Thermal activation of electrons de-
creases the population of the ground state with Fz=−1 /2,
resulting in less distinct anticrossing structures in compari-
son to those in the absorption spectra for zero temperature
�see Figs. 9�a� and 9�b��. Since the single-particle electronic
structure is characterized by one s orbital only, the optical
spectrum for z polarization does not exhibit extra anticross-
ing features attributed to the Mn-Mn exchange interaction.
Therefore, its dependence of the magnetic field is very simi-
lar to the one with two noninteracting Mn ions.
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FIG. 9. Absorption spectra of
one electron and two strongly in-
teracting Mn ions confined in a
CdTe quantum dot with d=2 nm.
�a� Zero temperature. Inset: States
with the z component of the total
spin Fz=−1 /2 related to the p
shell as a function of the magnetic
field. �b� A temperature of 10 K.
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3. Weakly interacting Mn ions

Finally, we explore magneto-optical properties of a quan-
tum dot with d=2 nm confining one electron and two Mn
ions with the same polar and zero z coordinates, and radial
coordinates of 4.5 and 5.5 nm. Although the Mn-Mn ex-
change interaction is not so prominent as in the case previ-
ously considered, the ground-state transitions from Fz=
−1 /2 to 9 /2 can still be identified in the energy spectrum,
shown in Fig. 10. However, the ranges of magnetic fields for
which each of these states represents the ground state are
significantly smaller compared to the case of the strong in-
teraction �see Fig. 7�. The energy states include contributions
of all configurations with a particular value of Fz, and not
only of those that are coupled by the Mn-Mn exchange in-
teraction. The splitting of the states with a dominant influ-
ence of the configurations associated with different states of
the same shell is much smaller in comparison to the system
with strongly interacting Mn ions and the corresponding an-
ticrossing characteristics are hardly observable for very small
magnetic fields.

The optical spectra for in-plane polarization versus mag-
netic field dependence for small magnetic fields at the tem-
peratures of 0 and 10 K are illustrated in Figs. 11�a� and
11�b�, respectively. A weak Mn-Mn exchange interaction

gives rise to new absorption lines at zero temperature in
comparison to the system with one electron and two strongly
interacting Mn ions. The origin of this effect is a larger cou-
pling of relevant configurations via the electron–Mn ion in-
teraction in the states participating in the optical transitions.
Discontinuities between optical modes represent an evidence
of the multitude of the ground-state transitions. For magnetic
fields larger than 2 T, when the ground state is the lowest
state of Fz=9 /2, the absorption spectrum becomes very simi-
lar to the one of the two noninteracting Mn ions �see Fig.
6�c��. In the case of z-polarized optical field, the magneto-
optical spectrum is the same as for the system with both
strongly interacting and noninteracting Mn ions.

V. CONCLUSION

In summary, we studied the electronic structure and intra-
band absorption of II-VI quantum dots in a magnetic field,
with one electron and one or two Mn ions. Lifting of the
degeneracy of the energy levels for zero magnetic field, as
well as anticrossing of the states and ground-state transitions
in an axial magnetic field, are attributed to the electron-Mn
and the Mn-Mn exchange interactions, which may be tai-
lored by an appropriate positioning of the Mn ions. These
effects are also reflected in the absorption spectrum via new
absorption modes and anticrossing characteristics. This indi-
cates that far-infrared magneto-optical spectroscopy could be
employed to examine the role of the electron–Mn ion and the
Mn-Mn exchange interaction in quantum dots doped with
few Mn ions.
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