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Kinetics of spherical particle deposition on a patterned substrates is studied.
Patterns consist of square cells centered at the vertices of a square lattice.
Cell size α and cell–cell separation β have a striking influence on the kinetics.
When β + α/2 < 1, asymptotic approach of the coverage to the jamming limit is algebraic.
Spatial distribution of particles inside the cell at the jammed state is studied.
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a b s t r a c t
The random sequential adsorption (RSA) approach is used to analyze adsorption of spherical particles of fixed diameter d0 on nonuniform surfaces covered by square cells arranged
in a square lattice pattern. To characterize such pattern two dimensionless parameters
are used: the cell size α and the cell–cell separation β , measured in terms of the particle
diameter d0 . Adsorption is assumed to occur if the particle (projected) center lies within
a cell area. We focus on the kinetics of deposition process√
in the case when no more than
a single disk can be placed onto any square cell (α < 1/ 2 ≈ 0.707). We find that the
asymptotic approach of the coverage fraction θ (t) to the jamming limit θJ is algebraic if
the parameters α and β satisfy the simple condition, β + α/2 < 1. If this condition is
not satisfied, the late time kinetics of deposition process is not consistent with the power
law behavior. However, if the geometry of the pattern approaches towards ‘‘noninteracting
conditions’’ (β > 1), when adsorption on each cell can be decoupled, approach of the
coverage fraction θ (t) to θJ becomes closer to the exponential law. Consequently, changing
the pattern parameters in the present model allows to interpolate the deposition kinetics
between the continuum limit and the lattice-like behavior. Structural properties of the
jammed-state coverings are studied in terms of the radial distribution function g(r) and
spatial distribution of particles inside the cell. Various, non-trivial spatial distributions are
observed depending on the geometry of the pattern.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
The adsorption of particles on a flat substrate is a common phenomenon which has a great scientific and industrial
importance as it has been linked to a wide range of applications in biology [1–4], nanotechnology [5,6], device physics [7–9],
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physical chemistry [10,11], and materials science [12]. Depending on the application in question, the depositing objects could
be colloidal particles, polymer chains, globular proteins, nanotubes, DNA segments, or general geometrical shapes, such as
disks, polygons, etc. Due to its wide range of applications, there has been continuing effort to enrich our understanding of
deposition processes and experimentally observed structural properties of the adsorbed phase [13–15].
The kinetics of adsorption has been mainly studied through the formulation of different models, aiming to capture the
essential features of the deposition process. Random Sequential Adsorption (RSA) is the simplest model that can still provide
the generic features of the adsorption phenomenon for the case of very strong interaction between particles and the substrate
(for a review on RSA models see [13]). In the RSA model, adsorption process is considered as sequential addition of particles
on the substrate such that at each time step only one particle is added on the substrate at a randomly selected position.
During the process of addition, newly adding particles are forbidden from overlapping with the already adsorbed particles
and any attempt of adsorption resulting in an overlap is rejected. The adsorbed particles are permanently fixed at their
spatial positions so that they affect the geometry of all later placements. Under these conditions, the system evolves rapidly
toward nonequilibrium conditions and the kinetics becomes essentially dominated by geometrical exclusion effects between
particles. The most common parameter to characterize the kinetic properties of a deposition process is the coverage θ (t),
defined as the fraction of the substrate area covered by the adsorbed particles at time t. Due to the blocking of the substrate
area by the already randomly adsorbed particles, at large times the coverage θ (t) approaches the jammed-state value θJ ,
where only gaps too small to fit new particles are left in the monolayer.
Although RSA model formulated under those conditions may accurately reproduce many experimental situations, its
extension to more complex surfaces having an intrinsic structure is by no means trivial. For example, the supporting surface
may be prepatterned with preferential sites for specific particle attachment, which may alter the kinetics of the process and
the structure of the adsorbed layer. With the use of photolithographic techniques, high-power lasers, chemical treatments,
etc., such surface modifications are routinely realized on the microscale, or even on the nanoscale [16–19].
It must be stressed that the classical RSA approach can be used for modeling the kinetics of an idealized process only,
consisting in the creation of particles at a given distance from the interface with a constant rate and in a consecutive
manner. For particles of a submicrometer size range, in addition to hydrodynamic and electrostatic forces, Brownian motion
significantly affects their trajectories and transport to boundary surfaces. It is not possible, within the framework of the RSA
model, to find a unique relationship between the kinetics of this idealized process and the kinetics of the particle adsorption
process governed by various transport mechanisms. One has, therefore, to rely on approximate models being useful for
specific transport mechanisms of particles [20].
There is a well-developed literature on irreversible adsorption on various types of two-dimensional (2D) patterned
surfaces [21–29]. Specifically, pre-patterned substrates have been studied in a model of irreversible deposition on a random
site surface (RSS), where the sites are represented by randomly distributed points [21,23]. Adamczyk et al. [24] have extended
the RSS model to the situation where the size of the landing sites, in the shape of circular disks, is finite and comparable with
the size of adsorbing spheres. Araújo et al. [28] and Marques et al. [29] have investigated the adsorption of disk-shaped
particles on a patterned substrate consisted of equal square cells centered at the vertices of a square lattice. They studied the
effect of the presence of a regular substrate pattern and particle polydispersity on the deposit morphology and density, as
well as on the in-cell particle population. In addition, Araújo [30] has discussed the influence of the pattern on the adsorption
kinetics. He has pointed out that time evolution towards the jammed state can be consistent with exponential or power-law
behavior, depending on the geometry of the pattern.
Recently, motivated by nano-patterning, we have analyzed irreversible deposition of spherical particles of a fixed radius
on nonuniform flat surfaces covered by non-overlapping rectangular cells that are randomly placed and fixed on the substrate
surface [31]. The basic assumption of our model is that a particle can only be adsorbed if the center of its disk-shaped
projection lies within one of the landing cells. We have studied structural properties of the jammed-state coverings in terms
of the radial distribution function g(r) and distribution of the Delaunay ‘free’ volumes P(v ). Pore distribution P(v ) has been
widely used to characterize the organization of grains at the local level in disordered granular packings and to quantify the
structural changes of the packing during the compaction process [32–36]. The convenient definition of a pore is based on the
Delaunay triangulation. Delaunay decomposition is a natural way to subdivide a planar structure of disks into a system of
minimal triangles with vertices on the centers of neighboring disks chosen in such a way that no other disks in the structure
have centers within the circumcircle of each Delaunay triangle. One of the advantages of such decomposition is that it does
not require the introduction of any threshold. Pore (Delaunay ‘‘free’’ volume) is defined as a part of the Delaunay triangle
not occupied by the disks [34,35]. It was shown that the porosity (pore volumes) of deposited monolayer can be controlled
by the size and shape of landing cells, and by anisotropy of the cell deposition procedure [31]. Furthermore, we have shown
(cell)
that in the case of low densities of landing cells θ0
≈ 0.1 the plot of the first derivative of coverage fraction θ (t) with
respect to time t at the very late times of the deposition process is not linear on a double logarithmic scale, indicating that
the approach to the jamming limit is not consistent with the power law behavior given by the time dependence:

θJ − θ (t) ∼ t −1/d .

(1)

For irreversible deposition of spherically symmetric particles on continuum substrate, the above relation (1) was numerically
and analytically confirmed valid by many investigators [3,37–40]. Parameter d is interpreted as substrate dimension [37] in
the case of spherical particles adsorption or, more generally, as a number of degrees of freedom [41]. In addition, our results
have suggested that in the case of single particle per-cell adsorption and low densities of landing cells the approach to the
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jamming limit can be exponential, as in lattice RSA models [42–45]. For discrete substrates the approach of the coverage
fraction θ (t) to its jamming limit θJ is given by the time dependence:

θJ − θ (t) ∼ exp(−t /σ ),

(2)

where parameter σ depends on the orientational freedom of depositing objects, and on the dimensionality of the substrate [44,45].
The difference between deposition on finite-size landing cells and lattice RSA is in the particle positions, which can be
uncertain within the order of the size of the cell in the former case. Very recently Privman and Yan [46] have analyzed
both numerically and analytically extended model of one-dimensional deposition of segments of length a, on a lattice of
spacing ℓ between its sites, which instead of just being lattice points are symmetrically broadened (about the lattice points)
into segments of width w in which the centers of the depositing objects can land. They reported that even an arbitrarily
small imprecision in the lattice-site localization (w ≳ 0) changes the convergence to jamming from fast, exponential (2), to
slow, power-law (1). The present study in similar spirit investigates the rapidity of the approach to the jamming state in the
case of two-dimensional (2D) prepatterned substrate. Unlike the models studied in our previous work [31], here we analyze
deposition on the substrates patterned with a square grid of square-shaped cells onto which the particle can adhere. We
consider the process of the irreversible random sequential adsorption (RSA) of fixed size disks. The present work is focused
on the effect of the presence of a regular substrate pattern on the temporal evolution of the coverage fraction θ (t). Our aim
is to quantify changes in time coverage behavior θ (t) at densities near jamming limit θJ , associated with different cell size
and density.
The rest of the article is organized as follows. In Section 2 we introduce the model and give some details of our simulations.
We present the simulation results and discussions in Section 3. Finally, Section 4 contains some additional comments and
final remarks.
2. Model and numerical simulation
We study irreversible monolayer deposition of identical disks onto a prepared flat nonuniform substrate, where
the interparticle interaction is limited to hard-core exclusion. The substrate heterogeneities consist of non-overlapping
(identical) square cells that are fixed on the substrate surface. The landing cells are arranged to form a regular pattern,
i.e. squares are centered at the vertices of a square lattice and their edges are oriented parallel to the lattice principal axes. A
disk is irreversibly adsorbed at random position on the substrate if it does not overlap any of previously adsorbed particles
and if the center of disk lies inside one of the cells. Adsorbed disks are permanently fixed to their spatial positions.
The geometry of the pattern is controlled by the two dimensionless parameters, α and β , measured in terms of the particle
diameter d0 = 2r0 . Parameter α is the cell size, and parameter β is the shortest distance between the parallel sides of
the nearest neighboring cells. The Monte-Carlo simulations are performed on a planar substrate with typically 256 × 256
landing cells. In order to estimate coverages with higher precision, the number of cells is increased to 1024 × 1024 for some
landing-cell configurations (their specifications are provided later in the text). Periodic boundary conditions are used in all
directions.
In numerical calculations, the time t is gradually increased by an increment 1t, given by 1t = π r02 /L2 , each time an
attempt is made to deposit a disk of radius r0 = d0 /2 on a square surface (collector) of area L2 . Consequently, we define
dimensionless adsorption time t = Natt π r02 /L2 , where Natt is the overall number of attempts to place disk particles. By
plotting coverage θ (t) versus the adsorption time t, defined above, one can simulate the kinetics of particle adsorption.
However, in order to optimize the computing time, deposition is attempted only inside the cells. We chose a random cell
and attempt to deposit a particle at random position within that cell. This optimization affects time scaling, so that the
time increment can be calculated as 1t =

π r02 (α+β )2
.
L2
α2

In some cases, we wanted to reach very large times which required

further optimizations of our calculations. When cells are small enough and can be occupied by one particle at most, we try to
achieve the deposition events only at free cells. Then, the time t is increased after every deposition attempt by an increment

1t =

π r02 (α+β )2
,
α2

Nfree

where Nfree is the number of free cells.

√

Depending on the cell size α , one can place one or more disk centers inside each cell. For α < 1/ 2 ≈ 0.707, at most
a single disk can be adsorbed
√ at any given square cell. We denote this case as single particle per-cell adsorption (SPCA).
For squares with α ≥ 1/ 2, more than a single disk can be placed in the square cell, and we denote this as multiparticle
per-cell adsorption (MPCA). For distances between neighboring cells β < 1, a disk attempting adsorption on a given cell
can overlap with a previously adsorbed one belonging to a neighboring cell, resulting in a failed adsorption attempt. This
excluded volume ‘‘interaction’’ between particles during adsorption at different cells affects the overall structure of the
adsorbed layer and causes slower asymptotic approach of the coverage fraction θ (t) to its jamming limit [28,31]. Such
regime is denoted interacting cell–cell adsorption (ICCA). For β ⩾ 1, disks attempting adsorption cannot overlap other disks in
neighboring cells, yielding the noninteracting cell–cell adsorption regime (NICCA). Deposition kinetics in the regime of NICCA
is completely determined by the kinetics of adsorption of particles on finite size substrate (a single cell) with appropriate
boundary conditions [28,31].
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Fig. 1. Shown here is dependence of the time evolution of the coverage fraction θ (t) on the gap size β between landing cells (in units of the disk diameter
d0 ), for the three values of cell size, α = 0.3 (a), 0.5 (b), and 0.7 (c). For each α , the gap β between cells is varied in the range [0, 1], with the step of 0.02.

3. Results and discussion
3.1. Effect of varying β on the long-time adsorption kinetics
In this work we focus on the interacting cell–cell adsorption (ICCA) regime in the case of single particle per-cell adsorption
(SPCA). Kinetics of the irreversible deposition of disks is illustrated in Fig. 1(a)–(c) where the plots of time coverage behavior
θ (t) are given for the three values of cell size, α = 0.3, 0.5, and 0.7. Here, the plots of such time-dependence are shown for
various values of the gap β between the cells, in the range from β = 0 (continuous substrate and ICCA regime) to β = 1
(upper limit of the parameter β , above which the NICCA occurs). These 2D plots enable us to analyze how the time evolution
of the coverage θ (t) in the case of SPCA depends on the gap size β between the landing cells. It can be seen that for a fixed
size of landing cells α , coverage θ (t) in the early stage of the deposition process increases faster when the gaps between the
cells are smaller. Indeed, at very early times of the process, when the coverage fraction θ (t) is small, deposited object do
not ‘‘feel’’ the presence of the other ones, and the coverage grows rapidly in time. Then, adsorption process has overall rate
proportional to the surface density of landing cells onto which the particles can adhere. Since the flux of incoming particles
is fixed, the overall rate at which the coverage θ (t) increases is progressively reduced with increasing of the gap between
the landing cells.
At late enough time, when the coverage fraction is sufficiently high to make ‘‘excluded volumes’’ for deposited objects
begin to overlap, there is a strong dependence of the adsorption rate on the parameter β . Reduction of the rate of adsorption
events that occurs, with decreasing of the gap size β , corresponds to increasing of the impact the cell–cell excluded volume
interaction on the late stage of the deposition process.
It is interesting to emphasize that the dependence of the jamming coverage θJ is a nonmonotonic function of the gap size
β (see Fig. 1). It goes from jamming coverage for continuum θJcont = 0.5472 ± 0.0002 [47] (β = 0), reaches some local
minima (0 < β < 1), and tend to a definite value which corresponds to the coverings when each cell is occupied by a single
particle. Corresponding explanations of such variations of the jamming coverage θ with parameter β are provided later in
the text.
In order to gain a better insight into the complex kinetics of SPCA in the ICCA regime, it is useful to analyze in particular the
temporal evolution of the first derivative of coverage θ (t) with respect to time t. The time derivatives of θ (t) are calculated
numerically from the simulation data. Representative examples of double logarithmic plots of the time derivative dθ/dt are
shown in Fig. 2(a)–(c), for the three values of cell size, α = 0.3 (a), 0.5 (b), 0.7 (c). For each α , results are presented for various
values of the gap β between the cells in the range 0.60 ⩽ β ⩽ 0.98. In the case of the algebraic behavior of the coverage
fraction θ (t) (see Eq. (1)), a double logarithmic plot of the first time derivative dθ/dt ∝ t −(1+d)/d is a straight line. As seen
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Fig. 2. Test for the presence of the algebraic law (1) in the approach of the coverage θ (t) to the jamming limit θJ for different values of cell size, α = 0.3 (a),
0.5 (b), and 0.7 (c). The curves in each graph correspond to various values of the gap β between the cells, as indicated in the legend. Straight line sections
of the curves show where the law holds. The solid straight lines have the slope −3/2 and are guides for the eye. The dashed straight line has slope −5/2
indicating the late time RSA behavior of the system for the critical values of the parameter β : (a) βc = 0.85, (b) 0.75, (c) 0.65 (see Eq. (4)).

from Fig. 2, if the values of parameter β for cells of size α = 0.3, 0.5, 0.7 do not exceed, respectively, ≈ 0.84, 0.74 and
0.64, the late time kinetics of deposition process is similar to the one observed for disks with equal size, adsorbing on a clean
substrate. Additionally, thin straight lines with the slope −3/2 are shown in Fig. 2, indicating the late time RSA behavior for
clean continuous substrates [3,37–40].
However, the same is not valid for large values of the parameter β , regardless of the
√
cell size α (obviously, α < 1/ 2 ≈ 0.707 in the case of SPCA). As it can be seen, at the late times of the deposition process
the plots of dθ /dt vs. t are not linear on a double logarithmic scale for sufficiently large values of the gap β . The deviation
from the power law (1) is particularly pronounced for low densities of landing cells, i.e. when β ≲ 1.
Theoretical arguments supporting Feder’s law (1) have been presented by Swendsen [37] and Pomeau [38]. Their analysis
is based on the exclusion of the area of radius d0 around each disk of radius d0 /2 for selecting the center of the newly arriving
disk. After a certain time, characterizing the beginning of the asymptotic regime, the area that is available to the center of a
new disk consist of small disconnected areas that can be occupied by only one additional disk. When power law (1) holds, a
vanishing-small area that is available for the insertion of a new particle can be created with non-zero probability during the
deposition process. Arbitrarily small areas are reached with very small probability for a uniform flux of the arriving disks that
attempt deposition. In the case of ICCA-SPCA, since only one particle can fit per-cell, the existence of minimum finite area
is related with particles previously adsorbed on neighboring cells. As seen from Fig. 3(a), particles adsorbed on neighboring
cells can completely overlap the cell when the gap β and cell size α satisfy the relation [30]:

β + α/2 < 1.

(3)

Hence, below the critical value of the parameter β ,

βc = 1 − α/2,

(4)

there is no minimum finite area available to accommodate one particle. However, above the critical value βc particles
adsorbed on neighboring cells cannot prevent adsorption inside the cell. Then, there exist finite regions where the center of a
disk can land without overlapping a previously adsorbed particle (see Fig. 3(b)). For the critical value of the gap βc approach
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Fig. 3. Illustration of how a particles adsorbed in a neighboring cells can prevent adsorption on the central cell: (a) the overlap of the shadowed regions of
the four neighboring particles completely overlap the central cell; (b) particles adsorbed on neighboring cells cannot prevent adsorption inside the cell.

to the jamming coverage θJ with time is still algebraic (1), with the exponent that approximately equals to −5/2 which does
not depend on the cell size α .
Our numerical results suggest that for βc < β < 1, the asymptotic approach of the coverage fraction θ (t) to its jamming
limit θJ is neither algebraic nor exponential. Semilogarithmic plots of the time derivative dθ/dt are shown in Fig. 4(a)–(c), for
three values of the cell size, α = 0.3 (a), 0.5 (b), 0.7 (c). For each α , results are displayed for various values of the parameter
β above the corresponding critical values (see Eq. (4)), βc = 0.85 (a), 0.75 (b), 0.65 (c). One clearly observes that for the fixed
value of cell size α , the time derivatives of θ (t) decays at the very late times of the deposition process more quickly for the
larger values of the gap β between the cells. Interestingly, in the limit of β → 1 approach of coverage θ (t) to the jamming
limit θJ is exponential of the form (2). The characteristic timescale σ is found to decrease with the cell size α according to
power-law, σ ∝ α −2.04±0.02 . In other words, the relaxation time σ in Eq. (2) is inversely proportional to the cell area. It must
be stressed that the appearance of even a slight cell–cell excluded volume interaction violates the exponential asymptotic
approach (2).
3.2. Influence of the pattern on the jamming density θJ
Let us go back to the analysis of the nonmonotonic behavior of the jamming density θJ as a function of the gap size β
between the landing cells observed in Fig. 1. Dependences of the jamming coverage θJ on the separation distance α + β
between cell centers are presented in Fig. 5 for the three values of cell size, α = 0.3, 0.5 and 0.7. For the case of SPCA,
jamming coverage θJ can be exactly calculated for β larger than the critical value βc (Eq. (4)) [28]. Indeed, since each cell at
late enough time contains the center of a single deposited particle, the jamming coverage is simply

θJc =

r02 π
(α + β ) 2

.

(5)

The solid black line in Fig. 5 indicates values of the jamming coverages calculated from Eq. (5). The jammed-state value
θJcont = 0.5472 ± 0.0002 [47] of the coverage in the case of the irreversible disks deposition on continuum substrate is
marked on the same figure by horizontal dashed line. When gap between the cells β starts to increase, cell–cell excluded
volume interaction is still strong, but substrate area that is available for the insertion of a new particle is reduced, which
leads to decrease of the jamming coverage below the value for continuum θJcont . As a gap size β increases further, the
cell–cell excluded volume interaction weakens, but one expects a higher impact of patterning of the surface on the local
particle arrangements. An increase in the pattern-induced tendency for semiordering of the coverings leads to the formation
of jammed-state deposits of higher density. Then, for sufficiently large values of parameter β , jamming coverage exceeds
the jamming limit θJcont for continuum substrate and continues to grow with β . In this case, the theoretical value of the
highest possible coverage fraction is equal to π/4 ≈ 0.7854. This value corresponds to the local configurations of quadratic
symmetry when the disk centers are located at the vertices of a square with a side of α + β = 1 [48]. However, in the present
model this maximum of the jamming coverage θJ is not reached at α + β = 1. In Fig. 5 we observe the appearance of three
pronounced maxima of θJ on shifted positions, approximately at α + β = 1.04, 1.12 and 1.10, for α = 0.7, 0.5 and 0.3,
respectively. These maxima are not positioned at α + β = 1 due to the uncertainty in the position of the particle within
the cell. Actually, for β ≳ 1 − α excluded volume interaction with disks belonging to neighboring cells still substantially
lowers the average number of adsorbed disks per-cell. As the parameter β > 1 − α is increased further to the critical value
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Fig. 4. Plots of the time derivative of coverage dθ/dt for the three values of cell size, α = 0.3 (a), 0.5 (b), 0.7 (c). As indicated in the legend, the results are
reported for values of the gap β above the corresponding critical values (Eq. (4)), βc = 0.85 (a), 0.75 (b), 0.65 (c) . Additionally, the slanted straight line is
shown, indicating the exponential approach to the jamming limit (Eq. (2)), where σ = 8.80 (a), 3.15 (b), and 1.56 (c).

Fig. 5. Jamming coverage θJ as a function of separation distance α + β (in units of the disk diameter d0 ) for various values of the cell size α , as indicated in
the legend. The solid black line indicates values of the jamming coverages θJc calculated from Eq. (5).

βc (Eq. (4)), the average cell population rises, and the jamming coverage θJ increases until the appearance of large void space
between the cells, when it falls to the value given by Eq. (5).
We also study the influence of varying α on the jamming coverage θJ and on the late time kinetics of deposition process.
We carried out a series of simulations at fixed α + β = 1.0, 1.1, and varied cell size α . Numerical results regarding the
jamming coverages θJ for various α are shown in Fig. 6. For α + β = 1.1, the criteria (3) cannot be satisfied if α < 0.2.
Therefore, for α < 0.2 each cell host exactly one particle in the jamming state so that jamming coverage has the constant
value θJ = 0.6491 given by Eq. (5). As α > 0.2 increases, the cell–cell exclusion leads to a further reduction of the average
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Fig. 6. Jamming coverage θJ as a function of cell size α (in units of the disk diameter d0 ) for two values of separation distance α + β , as indicated in the
legend.

Fig. 7. Test for the presence of the algebraic law (1) in the approach of the coverage θ (t) to the jamming limit θJ for different values of parameters α and
β that satisfy the condition α + β = 1 (see legend). Straight line sections of the curves show where the law holds. The solid straight lines have the slope
−3/2 and are guides for the eye.

cell population, thereby making the jamming coverage lower. However, in the case of α + β = 1 the jamming coverage
θJ (α ) increases first and reaches the wide maximum
at α ≈ 0.5, after that the curve θJ (α ) is lowered to the jamming value
√
for continuum substrate θJcont . For α < 1 − 2/2 ≈ 0.3, a cell can only be blocked by disks deposited at the nearest lateral
neighbor cells.
√ In that case, for more cell–cell exclusion effects, it is needed a smaller cell size. But, when cells are larger
than 1 − 2/2, a cell can also be blocked by disks deposited at the nearest diagonal neighbor cells, which enhances the
cell–cell excluded volume interaction. These two opposite effects that exist when cells increase lead to the formation of the
maximum of θJ (α ) around α ≈ 0.5. Furthermore, when α + β = 1 there is discontinuity of the function θJ (α ) at α = 0, since
θJ (0) = π /4 ≈ 0.7854, but limα→0+ θJ (α ) < θJcont ≈ 0.5472.
3.3. Effects of varying α on the long-time adsorption kinetics
It is interesting that in the case when α + β = 1, the approach to the jamming coverage θJ is always algebraic, regardless
of the size α of the landing cells. As can be seen from the Fig. 7, we find that for α ⩾ 0.02 the coverage θ reaches a power-law
time-behavior (1) within the length of the simulation. If a cell size α decreases, the value β + α/2 increases and gets closer
to unity when the condition (3) ceases to be valid. For very small cells (α ≳ 0), the coverage growth is slowed down by
the creation of smaller fraction of the layer that is available for the insertion of a new particle. Consequently, when cell size
α decreases the onset of long-time power-law behavior (1) shifts to later times (Fig. 7). Generally, this effect occurs when
the geometry of the pattern is close to the condition (4). In this case, it was necessary to increase the size of the substrate
(typically 1024 × 1024 cells) in order to gain a convincing confirmation of power-law approach of the coverage fraction
θ (t) to the jamming limit θJ at the very late times of the deposition process.
When α + β = 1.1, although there is no change of jamming coverage θJ for α < 0.2 (Fig. 6), changes in the dynamics
of deposition are obvious (see Fig. 8). The criteria (3) is satisfied for α > 0.2 and then the approach to the jamming limit is
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Fig. 8. Plots of the time derivative of coverage dθ/dt for different values of parameters α and β that satisfy the condition α + β = 1.1 (see legends): (a)
results are shown on a double logarithmic scale. Solid straight lines have the slope −3/2 and are guides for the eye. Dashed straight line has slope −5/2
indicating the late time RSA behavior of the system for the critical value of parameter β , βc = 0.20 (see Eq. (4)); (b) results for α ⩽ 0.22 are shown on a
semilogarithmic scale. Slanted straight line is shown, indicating the exponential approach to the jamming limit (Eq. (2)), where σ = 78.8.

consistent with the power law behavior given by Eq. (1). As seen from Fig. 8(a), at the late times of the deposition process
the plots of dθ /dt vs. t are linear on a double logarithmic scale with the slope of −3/2 for all α > 0.2. However, the slope of
dθ/dt abruptly changes to ≈ − 5/2 when the cell size α reaches the critical value of α = 0.2 (see Eq. (4)). By reducing the
size of cells below the critical value α = 0.2, algebraic approach disappears. Under conditions when the cell size α decreases
towards noninteracting condition (α → 0.10+ , β → 1.0− ), asymptotic approach of the coverage fraction θ (t) to its jamming
limit θJ becomes closer to the exponential law (2) (see Fig. 8(b)).
3.4. Spatial distribution of particles inside the cell
In order to gain additional insight into the late time kinetics of deposition process onto a nonuniform substrate it is
useful to analyze in particular the spatial distribution of particles inside the cells. In Figs. 9, 10, and 11 we show the spatial
distribution of particles inside the cell at the jammed state, for α = 0.3, 0.5 and 0.7, respectively, and for the twelve different
values of parameter β ∈ [0.02 0.98]. To calculate these probability distributions, we divided cell space in mesh with 40 × 40
bins and counted the number of particles falling into bins. The data are averaged over 100 independent runs for each of
the investigated substrate patterns with 256 × 256 landing cells. Spatial distribution of particles shown in Figs. 9–11 are
accompanied by corresponding radial distribution functions g(r) (or pair-correlation functions) defined as
g(r) =

S
N2

⟨

⟩
N
N
∑
∑
[
]
δ ⃗r − (⃗rj − ⃗ri ) ,

(6)

i=1 j=1

where ⃗r is the position vector of a point over the adsorption plane (measured from the center of an adsorbed particle),
δ is the Dirac delta function, ⃗ri and ⃗rj are the position vectors of the particles i and j, respectively, and angle brackets
mean the ensemble average. Here, S is the surface area, and N is the total number of particles adsorbed over this area.
Radial distribution g(r) gives information about the long-range interparticle correlations and their organization [13,49].
This function can be interpreted as an averaged probability of finding a particle at the distance r from another particle, with
the center located at r = 0. For sake of convenience, the distance r is usually normalized by using the particle radius d0 /2
as a scaling variable. In the absence of external forces, when the system can be considered as isotropic, the vector ⃗r can be
replaced with the radial coordinate r and the pair correlation function may be calculated more directly by converting Eq. (6)
to the form
g(r) =

S N a (r)
N 2π r 1r

,

(7)

where N a is the averaged number of particles within the annulus of the radius r and the thickness 1r.
To discuss the effect of the parameter β on the spatial distribution of particles inside the cell at the jammed state, let us
first consider the fixed value α = 0.3, with varying β = 0.02 − 0.98, as shown in Fig. 9. In the case of ICCA regime, the
temporal evolution of the coverage θ (t) towards its jamming state value θJ is a two-stage process. At very early times of
the process, when the coverage fraction is small, the coverage grows rapidly in time. Particles adsorbed during this stage are
homogeneously distributed in the cells. At late enough time, when the coverage fraction is sufficient to make the geometry of
the unoccupied substrate complex, the growth of the coverage fraction θ (t) requires the filling of holes that are large enough
for the insertion of an additional particle. Consequently, the structure of the spatial distribution of particles inside the cell
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(a) β = 0.02.

(b) β = 0.06.

(c) β = 0.22.

(d) β = 0.20.

(e) β = 0.54.

(f) β = 0.70.

(g) β = 0.72.

(h) β = 0.76.

(i) β = 0.80.

(j) β = 0.86.

(k) β = 0.92.

(l) β = 0.98.

Fig. 9. Spatial distribution of particles inside the cell and radial distribution function g(r) at the jammed state, for the fixed value of cell size α = 0.3 and
different values of parameter β .

is determined by the late stage of the deposition process. For β ⩽ 0.02, particles are distributed uniformly throughout the
whole substrate and the shape of radial distribution g(r) is the same as in the case of RSA of disks on a continuous substrate.
Since the cell–cell excluded volume interaction is changing with β , the spatial distribution of particles inside the cell reveals
various preferential regions. From the probability distribution plots in Fig. 9, we can identify various regions such as corners
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(a) β = 0.02.

(b) β = 0.06.

(c) β = 0.18.

(d) β = 0.28.

(e) β = 0.40.

(f) β = 0.48.

(g) β = 0.54.

(h) β = 0.60.

(i) β = 0.66.

(j) β = 0.72.

(k) β = 0.82.

(l) β = 0.96.

Fig. 10. Spatial distribution of particles inside the cell and radial distribution function g(r) at the jammed state, for the fixed value of cell size α = 0.5 and
different values of parameter β .

(f), sides (g), interior ring (h), central square (i), central peak (j), etc., that are predominantly populated with particles. For
β below the critical value βc (Eq. (4)) particles adsorb preferentially at the cell edges. Approaching the critical value of
βc = 0.85 (α = 0.30), the probability of deposition in the center of cell increases. Close to the critical value, we observe the
appearance of pronounced peak of probability distribution in the center of the cell. In addition, as parameter β is increased,
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(a) β = 0.06.

(b) β = 0.12.

(c) β = 0.18.

(d) β = 0.24.

(e) β = 0.28.

(f) β = 0.34.

(g) β = 0.38.

(h) β = 0.42.

(i) β = 0.52.

(j) β = 0.60.

(k) β = 0.74.

(l) β = 0.90.

Fig. 11. Spatial distribution of particles inside the cell and radial distribution function g(r) at the jammed state, for the fixed value of cell size α = 0.7 and
different values of parameter β .

one observes that the radial distribution functions g(r) becomes more detailed with peaks becoming sharper. There is also
peak splitting, related to a weaker excluded volume interaction between particles deposited into different cells. For the large
β = 0.98, since adsorption on an empty cell is weakly constrained by particles previously adsorbed on a neighboring one,
adsorption can occur, with almost equal probability all over the cell (Fig. 9(l)). The radial distribution function now shows a
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series of well developed peaks which correspond to the various cell-defined distances in the square lattice matrix. Finally,
in the NICCA regime (β > 1), the adsorption inside cells is entirely uniform and the shape of the radial distribution function
g(r) is no longer changing (not shown here).
Numerical simulations for the other cell sizes, α = 0.5, 0.7, produce qualitatively similar results for the spatial
distribution of particles inside the cell leading to qualitatively same phenomenology (see Figs. 10 and 11). However,
increasing the value of α in the NICCA-SPCA regime increases the uncertainty in the position of the particle within the
cell, i.e., it leads to peak broadening of the radial distribution function g(r).
4. Concluding remarks
We have investigated numerically RSA of disk-shaped particles on nonuniform planar substrates, with focus on the
kinetics of deposition process in the interacting cell–cell adsorption (ICCA) regime. We have considered as a pattern the
equal-size cells with square shape, positioned in a square-lattice matrix. An efficient numerical algorithm was implemented
to simulate the disk deposition in the case of single particle per-cell adsorption (SPCA).
It was demonstrated that the two geometrical parameters, the cell size α and the cell–cell separation β , have a striking
influence on the kinetic properties of a deposition process, as well as on the in-cell particle population. By studying the
temporal evolution of the first derivative of coverage θ (t) we have found that the asymptotic approach of the coverage
fraction θ (t) to its jamming limit θJ is algebraic if the parameters α and β satisfy the simple condition (3). If the relation (3) is
valid, particles adsorbed on neighboring cells can block adsorption inside the central cell, so that there is no minimum finite
area available for adsorption. A vanishing-small area can be created with non-zero probability and power law (1) holds in
the late stage of the deposition process.
If the geometry of the pattern does not satisfy the criteria (3), the approach of the coverage fraction θ (t) to the jamming
limit is not consistent with the power law behavior. The existence of the minimum finite area where the center of a disk can
land without overlapping a previously adsorbed particle is a sufficient condition for deviation from the algebraic asymptotic
approach (1). When the geometry of the pattern approaches towards noninteracting condition (β → 1.0− ), the asymptotic
approach of the coverage fraction θ (t) to its jamming limit θJ becomes closer to the exponential law (2). It must be stressed
that the appearance of even a slight cell–cell excluded volume interaction violates the exponential asymptotic approach.
Consequently, changing the pattern in our numerical model allows to interpolate the deposition kinetics between the
continuum limit and the lattice-like behavior.
To examine the short scale structure in the jammed-state coverings, we evaluated the spatial distribution of particles
inside the cell and radial distribution function g(r). Interesting, non-trivial spatial distributions are observed, with local
order resulting not only from the constraint of the pattern, but also due to steric effects that make certain insertions of
particles impossible owing to an effective high local density. Close to the critical values of parameters α and β determined
with Eq. (4), we observe the appearance of the pronounced peak of probability distribution in the center of the cell. Hence,
by tuning the pattern parameters on the critical values (Eq. (4)), it is possible to obtain jammed-state covering with high
ordered structure.
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