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Spin paramagnetism ind-wave superconductors
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The Ginzburg-Landau equations are derived from the microscopic theory for clean layered superconductors
with dx22y2 pairing symmetry, including the Pauli paramagnetism effect. The upper critical fieldHc2 parallel
to thec axis is calculated. A comparison with the experimental data for YBa2Cu3O72d suggests that, relative
to the orbital effect, the Pauli paramagnetism contribution toHc2 is significant. The reversible magnetizationM
in high magnetic fields is also calculated, showing strong temperature dependence of the slopedM/dH, as a
consequence of the spin paramagnetism. A simple expression for the high-temperature spin susceptibility is
derived, in good agreement with the Knight-shift measurements on YBa2Cu4O8.
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I. INTRODUCTION

Among the most important properties of the cuprate
perconductors are their magnetic properties, reflecting
highly anisotropic layered structure and unconventional p
ing mechanism and symmetry.1 Nowadays,d-wave pairing
symmetry in hole-doped cuprates,2 and quasi-two-
dimensional~2D! nature of superconductivity,3 are well es-
tablished. Although the pairing mechanism is not known,
weak coupling BCS model for 2Dd-wave super-
conductivity,4 and the corresponding Ginzburg-Landau~GL!
approximation,5–8 are remarkably successful.

The existence of a superconducting phase in the very h
magnetic fields and layered structure of high-Tc cuprates
makes the paramagnetic effect in the superconducting s
much more important than in conventional sup
conductors.9,10 The purpose of this paper is to derive G
equations for layeredd-wave superconductors including th
Pauli paramagnetism effect, giving simple analytical expr
sions for the upper critical field, magnetization, and spin s
ceptibility, suitable for comparison with experiments.

The GL equations for conventional~isotropic 3Ds-wave!
superconductors were first derived from BCS theory
Gor’kov.11 For 2D clean superconductors withd-wave pair-
ing, GL equations are derived by Renet al.,5 and extended
by Won and Maki,7 and Shiraishiet al.,8 to include the
higher-order derivative terms. However, in the above re
ences, the magnetic-field influence on the electron spins
been neglected. In their classical papers, Maki and Tsu
studied the effect of the Pauli paramagnetism in conventio
superconductors.12,13 Their results mainly refer to the dirty
limit.

In many underdoped and overdoped cuprates, where
upper critical fieldsHc2 and transition temperaturesTc are
relatively low, the upward, positive curvature in the tempe
ture dependence has been observed,14,15 unlike the
Werthamer-Helfand-Hohenberg theory prediction for t
conventional superconductors.16 A number of theoretical
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models for this unusual behavior have been proposed,
volving, for example, the influence of the scattering by ma
netic impurities and of inhomogeneities,17 the presence of
dxy pairing symmetry,18 and the higher Landau level
effect.19

In the optimally doped cuprates, the temperature dep
dence ofHc2 parallel to thec axis appears to be qualitativel
the same as in the conventional superconductors. Howe
high values ofHc2 and the irreversibility effects pose a
obstacle to the study of the field-induced transition to
normal state.20 The magnetization measurements ofHc2 on
high-quality single crystals of YBa2Cu3O72d ~YBCO! are
performed by Welpet al.21 in a temperature interval of abou
8 K below Tc . Recently, Nakagawaet al.22,23 for field par-
allel and O’Brienet al.24 for field perpendicular to thec axis,
reported data from GHz transport measurements up to 15
of H-T phase diagram for YBCO thin films in the whol
temperature range.

Yang and Sondhi,9 and Wonet al.10 studied, theoretically,
the paramagnetic state ofdx22y2 superconductors, neglectin
the coupling of the magnetic field to the orbital motion
electrons in the superconducting planes. For perpendic
field, measurements support their theory, strongly sugges
that Hc2 is limited by the spin paramagnetism below a ce
tain characteristic temperatureT* ;0.85 Tc .24 For parallel
field the role of the spin paramagnetism should be clarifi
with regard to the orbital effect.

Magnetization measurements on YBa2Cu4O8 in interme-
diate fields of Soket al.25 are in a good agreement with th
GL-like Hao and Clem model.26 In higher fields, where the
magnetic phase diagram contains a vortex fluid,20 one can
presume that the diamagnetism of the vortex fluid resem
closely that of an ideal Abrikosov mixed state at tempe
tures not too close toTc .27 In this regime, the measuremen
of cuprates should have the same slope in different fie
with strong temperature dependence due to the spin p
magnetism.

Electronic-spin-susceptibility measurements provide e
138 ©2000 The American Physical Society
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dence about the pairing state.28 Recent electron spin reso
nance~ESR! Knight-shift measurements of Ja´nossyet al.29

clearly show the temperature dependence characteristic
2D d-wave superconductivity, different from the BCS theo
prediction for 3Ds-wave superconductors.30

II. GINZBURG-LANDAU EQUATIONS

We have derived the GL equations for clean 2Ddx22y2

superconductors,31 extending the procedure used by R
et al.5,6,32 to include the effect of the spin paramagnetis
analogously to the Maki and Tsuneto12 approach fors-wave
superconductors.

For a stack of identical 2D conducting planes in the m
netic field parallel to thec axis, the obtained GL equation
are

ac1bucu2c1
1

2m
P* 2c1hH2c50, ~2.1!

j s52
ie\

m S c
]c*

]r
2c*

]c

]r D
2

4e2

mc
Aucu222ch curl~Hucu2!, ~2.2!

whereP52 i\]/]r22eA/c, and

a5
16p2kB

2Tc
2

7z~3!mvF
2

T2Tc

Tc
, ~2.3!

b5
48p2kB

2Tc
2

7z~3!N* ~0!m2vF
4

, ~2.4!

h5
4

mvF
2

mB
2 . ~2.5!

Here,mB is the Bohr magneton, andN* (0)5N(0)/d, d be-
ing the average spacing between the conducting planes.3

In this model, the GL equations for ad-wave, clean and
layered superconductor are of the same form as in the
tropic and clean 3Ds-wave case. However, there is a fact
2/3 in parametersa, b, h, and the quantitiesm,vF ,N(0)
5m/(2p\2) refer to the effective mass, Fermi velocity an
density of states in 2D conductingab planes. Therefore, the
coherence length isjab5(\2/2muau)1/2, the penetration
depthlab5(mc2b/16pe2uau)1/2, and the GL parameter

k5
A6ckBTc

e\vF
2 A p

7z~3!N* ~0!
. ~2.6!

The free-energy density corresponding to Eqs.~2.1! and~2.2!
is

F5Fn1aucu21
b

2
ucu41

1

2m
uP* cu21

H2

8p
1hH2ucu2.

~2.7!
for

,

-

o-

III. UPPER CRITICAL FIELD

Near the second-order phase transition to the nor
phase, from the linearized Eq.~2.1!, we obtain for the upper
critical magnetic field parallel to thec axis

Hc25
e\vF

2

8cmB
2 FA11

256p2c2mB
2kB

2Tc
2

7z~3!e2\2vF
4 S 12

T

Tc
D21G .

~3.1!

The slope atTc is

dHc2

dT
uTc

52
16p2ckBTc

7z~3!e\vF
2

, ~3.2!

and the GL expression without the Pauli paramagnetism
rection is simplyHc2

0 5udHc2 /dTuTc(Tc2T).
We illustrate our results using the experimental data

YBCO.21,22 Samples are in the clean limit, and for field
above 1 T, the spin-orbit scattering can be neglected.9 Taking
the slopedHc2 /dTuTc521.9 T/K from the magnetization
measurements on optimally doped YBCO (Tc592 K! of
Welpet al.,21 we find that atT50.7Tc the spin pair breaking
lowers the critical field by 10%, Fig. 1~a!. However, it is
evident that a larger slope corresponds to the data of Na
gawa et al.22 We obtain with Eq.~3.1! a good fit of the
experimental data forT*0.5 Tc , taking the slope
dHc2 /dTuTc522.6 T/K andTc584.3 K, Fig. 1~b!. In this
case the paramagnetic correction is215% atT50.7 Tc .

At low temperatures, where GL theory is not applicab
Hc2(T) becomes saturated. From the data of Nakaga
et al.,22 Hc2(0)'110 T. The Won and Maki expressio
Hc2(0)520.63 TcdHc2 /dTuTc ,7 relevant for 2D d-wave
superconductors, forTc584.3 K and the slope22.6 T/K
gives Hc2(0)5138 T. Therefore, the spin paramagnetis
not taken into account in Ref. 7, but relevant in this ca
because the Clogston limit is 155 T, should lowerHc2(0) by
20%.

Note that the Fermi velocity corresponding
dHc2 /dTuTc522.6 T/K, Tc584.3 K isvF58.33106 cm/s,
in agreement withvF5(7.660.9)3106 cm/s, obtained from
independently measured Fermi energy and the effec
mass.3

IV. REVERSIBLE MAGNETIZATION

Following the Abrikosov approach,33 in the vicinity of the
upper critical field parallel to thec axis of the layered super
conductor, we find that as in the 3Ds-wave case,12 the effect
of the Pauli paramagnetism on the inductionB is included
simply by the scaling ofk→k8,

B5He2~Hc22He!
1

~2k8221!b
. ~4.1!

Here, He is the external magnetic field, andk8
5k/A114k2g, with g5(32p/3)N* (0)mB

2(12T/Tc). The
vortex lattice is again an equilateral triangular lattice w
b51.16. The temperature dependence ofk8 leads to the
characteristic variation of the magnetization with tempe
ture. Fork@1, the slope
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dM

dHe
5

dM

dHe
U

Tc
F11

256p2c2mB
2kB

2Tc
2

7z~3!e2\2vF
4 S 12

T

Tc
D G ~4.2!

is linearly decreasing with temperature, instead of
temperature-independent slope in the GL approach with
paramagnetic correction. Due to higherTc and smallervF ,
this effect is not negligible in high-Tc cuprates, in contrast to
the conventional superconductors. For example, a str
temperature variation (dM/dHe)/(dM/dHe)uTc5112.6(1
2T/Tc) corresponds todHc2 /dTuTc522.6 T/K.

In high-Tc superconductors, the influence of the vort
lattice melting and the strong fluctuation effects in the vic
ity of Tc also affect dM/dHe temperature dependence.20

However, because of the strong paramagnetic effect, we
pect that the characteristic increase ofdM/dHe with decreas-

FIG. 1. Temperature dependence of the parallel upper crit
field of YBCO. Solid curve: GL result with the paramagnetic co
rection, Eq. ~3.1!. The microscopic-theory result~dotted curve!
~Ref. 7! and the corresponding GL result~dashed line!, without the
paramagnetic correction are shown for comparison. Solid cir
representHc2 measurements of Welpet al. ~Ref. 21! ~a!, and Na-
kagawaet al. ~Ref. 22! ~b!.
e
ut

g

-

x-

ing temperature, predicted by Eq.~4.2!, should persist as a
dominant effect forH*0.5 Hc2, and 0.5&T/Tc&0.9.

V. SPIN SUSCEPTIBILITY

The current density due to the spin paramagnetism is

j s
spin~r !5c curl@M s

spin~r !2Mn~r !#, ~5.1!

whereM s
spin(r ) and Mn(r )52N* (0)mB

2H are the magneti-
zation due to the spin polarization in the superconduct
and in the normal state.13 From Eq.~5.1! and the last term in
Eq. ~2.2!,

Ms
spin5Mn2

8mB
2

mvF
2

Hucu2. ~5.2!

In the weak magnetic fielducu252a/b, and the spin
susceptibilityxs5Ms

spin/H is

xs5xnF12
4

3 S 12
T

Tc
D G . ~5.3!

This simple GL expression for the spin susceptibility of t
layeredd-wave superconductor is in very good agreem
with the microscopic theory result of Won and Maki,4 in a
large temperature rangeT*0.6 Tc . Analogously, the sus-
ceptibility in the GL approach for an isotropic 3Ds-wave, as
well as for 2D s-wave, superconductor isxs /xn5122(1
2T/Tc), in the agreement with the Yosida result from BC
theory.30 Therefore,d-wave ands-wave symmetries of the
order parameter lead to different slopes of the sp
susceptibility curve in the high-temperature regime.

This is illustrated in Fig. 2, in comparison with the ES
Knight-shift data for YBa2Cu4O8 of Jánossyet al.29 Small
discrepancy of the experimental data and the theoretical
dictions at high temperatures could be the consequenc

al

s

FIG. 2. Temperature dependence of the normalized spin sus
tibility. Solid lines show the GL approximation. Dotted curve
show the weak coupling microscopic theory calculations~Refs. 4
and 30!. Top curves correspond to the 2Dd-wave case, and bottom
curves to the 3Ds-wave case. Solid circles show the data of Ja´nossy
et al. ~Ref. 29! for YBa2Cu4O8 .
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the strong coupling effects,29 or of the presence of a sma
s-wave component of the order parameter, which is poss
in Y-based superconductors.7

VI. CONCLUDING REMARKS

The GL equations for layeredd-wave clean superconduc
ors are derived including the Pauli paramagnetism eff
The parallel upper critical field and the reversible magn
zation in the Abrikosov approximation are calculated. T
results are of the same form as obtained by Maki and T
neto in the isotropic 3Ds-wave case, with changedk andg.
The expression forHc2 gives a useful correction to the sta
dard GL result, providing the correct determination
S

.
vi

e

le

t.
i-
e
u-

f

dHc2 /dTuTc for high-Tc superconductors from the fit of ex
perimental data in the relatively large range of temperatu
below Tc . From the comparison with the experimental da
for YBa2Cu3O72d thin films,22 we obtain dHc2 /dTuTc
522.6 T/K, and conclude that the effect of Pauli parama
netism onHc2 parallel to thec axis is significant in compari-
son to the orbital effect,215% atT50.7 Tc . At zero tem-
perature, this effect should be greater, about220%. The
strong temperature dependence of the magnetization s
dM/dHe due to the spin paramagnetism influence, should
experimentally detectable in high-field measurements.
have also derived the GL expression for the Knight sh
reflecting the pairing symmetry in accordance with the e
perimental data.
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