JOURNAL OF CHEMICAL PHYSICS

VOLUME 110 NUMBER 5

1 FEBRUARY 1999

Third-orde r transpor t coefficient s for charge d particl e swarms

Slobodan B. Vrhovac and Zoran Lj. Petrovic

Institute of Physics University of Belgrade P. O. Box 57, 1100L Belgrade Yugoslavia

Larry A. Viehland® and Thalanayar S. Santhanam

Sairt Louis University, St Louis, Missoui 63156-0907

(Receive 24 Augug 1998 acceptd 28 Octobe 1998

Momentum-transfetheoly has been useal to obtain arelationshp betweea the nth orde tensorial
transpot coefficiens in a swam experimentthe (n— 1)th derivative of the mobility, ard the nth
derivative of the reactio rate coefficient Elastig inelastig and reactie collisions for gas mixtures
hawe been taken into considerationNumerica comparisos show tha the resuls obtainel from this
relationshp are in goad agreemenwith those obtainal by solution of the Boltzmam equation.
Finally, we hawe analyzel the structue of the third-orde tensori& transpot coefficiert by applying
momentum-transfetheory and group theory, both approache shav tha in generathere are three
independen componerg of this rank-thre tensor. © 199 American Institute of Physics.
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I. INTRODUCTION

Highe orde transpot coefficiens generaly hawe been
ignordl in the analyss of electron ard ion swam data For
electrons only one experimente claims to hawe observe a
smal effed from ahighe orde than diffusion! A separate
experimerft was aimeal at obtainirg reliable dat for drift
velocities diffusion coefficients and skewnessbut failed®
becaus well-definal arrivd time specta of the electrons
could nat be obtained The theory developé to analyz the
dat from tha experimen and the correspondig Monte
Carlo simulationé reman as the only publishe dag on
skewnes of electra swarms The primary reasa for the
lack of accura¢ experimenthdai for highe orde transport
coefficiens is tha mog experiment are designe to obtain
very accurag lower orde coefficiens and thus operaé under
conditiors where the effect of highe orde coefficient are
negligible®

A wealh of da now exist$~° abou ion transpot coef-
ficients Thes data can be accesse on the Internet® at new-
ton.slu.ed once the usernare and passwod are obtained
from viehland@ions.slu.edThe databas also includes hun-
dreds of ses of transpot coefficiens that hawe been calcu-
lated from accuraé modek of the ion—neutrd interaction
potentiab using Monte Carlo simulation$'*2 and numerical
solutiong? to the Boltzmam equation Neverthelesglittl e is
known abou ion transpor coefficiens of highe orde than
diffusion excep for sone speculatios in a figure captiort*
abou the smal difference betwea the shaps of the experi-
mentd dat and analytic forms of the arrivd time spectra.

The transpot coefficiert that is one orde highe than the
diffusion coefficiert is the one mod likely to be measurd in
the nea future Numericd solutiors of the Boltzmam equa-
tion will be necessarto compae sudh measuremestwith
predictiors basel on information abou the ion—neutra col-
lision cross sectiors and interaction potentials However it is
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importart to hawe analytica formulas availabk in orde to
get a better physica insight to analyz the structue of the
transpot coefficiert tensos on the bass of symmety con-
siderationsand to guide both the experimenthdevelopments
ard the analyss of the data Providing sudh formulas and
testirg them numericaly are two of the purposs of this pa-
per. The third purpo® is to understad the differene be-
tween the resuls of Koutselos who found'® tha there are
only two independencomponerg in the transpot coefficient
tensa@ one ordea highe than the diffusion coefficient and
tho of earlig analyse¥"'” tha predictel three independent
terms.

Il. THEORETICAL EVALUATION OF HIGHER ORDER
TRANSPORT COEFFICIENTS

A. Background

Momentun transfe theoy (MTT) has been developed,
mostly through the efforts of Robsm and co-workers:®°to
provide a simple methal for obtainirg analyticd formulas
with reasonald numericd accuracy The theoly has been
applied to study ion transpot in pure gase and mixtures®%-2:
electra transpot with conservativé and nonconservative
collisions®1%23ard even to descrite muaon transpor* One
of the particula advantageof MTT istha it provides away
to develp generalizd Einsten relatiors (GER9 tha are
analytic relatiors betwee diffusion coefficiens and mobil-
ity.

Recently two of the preseih authos have developéd (in
a papef® hereafte designatd as 1) an extendd versiam of
MTT that includes all of the elemens required to describe
the transpot of electrors or ions in mixtures of gase with
nonconservati processesThis MTT may be regardé as a
technique to simplify the calculation of the particle energy
distribution function and consequenyl of transpot ard rate
coefficients The analytc forms tha are obtainel are more
generathan the approximatios involved in representig the
collisiond frequencis and may be usel with more accu-
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rately calculatel or measurd collision rates and othe trans-
port data Thus we claim tha the® forms including the
GERs hawe agenerdmeaning tha extend beyord the MTT
as atechnique for calculation.

Pape | allows us to conside high-orde gradiens of the
numbe density and high-orde transpot coefficients There
is adegres of confusio in labeling the transpot coefficient
tha is one orde highe than the diffusion coefficient It has
been called the “third-order diffusion” coefficiert in recent
literature®® but this tem is confusirg becaus it implies that
it isthe coefficiert two ordess beyord diffusion. We shal use
the term third-orde transpot coefficiert becaus it is aten-
sa of rark three ard becaus it is the coefficiert of the third
gradien of the numbe densiy in the extensia of the diffu-
sion equatim to high orders (The drift velocity is the coef-
ficient of the first gradient ard the diffusion tense of rank
two is the coefficiert of the seconl gradient)

Confusion aleo arises abou the meanirg of the term
skewnessHere we shal use this term to refer exclusivey to
one of the componerg of the third-orde transpot coeffi-
cient This meanim is completey differert from that used in
the ion transpot literaturé? ard the previousy mentioned
databasé?® where skewnes describs the asymmetr distor-
tion of the ion distribution function that occus at high elec-
tric field strengtls but in the absene of ion densiy gradients.

The analogus of the GERs derived in this pape should
not be confusel with some apparenyf similar rela-
tions'112%-28 gbtainel by expandiy the transpot coeffi-
cients in powes of the squae of the electrc field strength.
Our relatiors conside only Fickian higher-orde transport
coefficients but the electrostati field E may be arbitrarily
large ard the mobility K and all componerg of the higher-
orde transpot tensos may depem strongl on E.

B. Basic equations

Conside a swam of particles of charge e amd mas m
moving throuch a I-componeh gas mixture of numbe den-
sity ny unde the influene of E. The collision processs of
interes are limited to elastig inelastic and reactive (which
include attachmet and ionization collisions of individual
swam particles with neutrd gas molecules As in |, it is
assumd that the stage of evolution of the swam is the hy-
drodyname limit (HDL). In the HDL, the spae (r) ard time
(t) dependene of all properties is carried by the number
density n(r,t), of the chargel particles and the swam can
be characterizd by time-independentranspot coefficients.

The startirg point of the hydrodynamg descriptia is the
continuity equation,

d J : ~
En(r,t)JrE-[n(r,t)(v) 1=—n(r,t)v*, (D)

which describs the chang in n(r,t) due to the nonreactive
particle flux, n(r,t)(v)™¥, and the reactio describe by

—n(r,t)7*. Theassumptia is macke that both of thes quan-
tities can be expressd as powe series in the gradien opera-
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The quantities®™ are tensori4 transpor coefficiens of or-
der k, ard © indicates a k-fold scala product By truncating
Eqg (2) at k=3, we obtain

£+Wmix' i_ 6mix. ii+émix — — —|[n(r,t)
at ar ar or ar ar or '
=—p*n(r,t), (3

where we identify p*=— & as the reaction ratg W™~
= &) as the drift velocity, D™= &?) as the diffusion ten-
sa ard Q™*=@®) as the third-orde transpor coefficient
tensor.

The momentun balane equation in HDL with a gas
mixture is Eq. 1-(43),

_ _ kg ~
<V>m|x:wmlx(E_ ngIX_G), (4)

whete the quantily in brace is the argumen of the function
o™, The enery balane equatia for chargel particles col-
liding with molecules of type a is Eq. 1{44),

, a=1,.], (5)

[e3

<<6a>>mix= Egix< E— %-’I\-mix_ G

whetre the quantiy in braces is the argumen of the function.
In thee equatiors kg is Boltzmam constaih and

G(r,t)=

J

TS 2 nr.b, (6)
is the (Ioga[ithmio numbe densiy gradient The tempera-
ture tenso T™* appearig on the right side of Eqs (4) and
(5) is defina by

ke ™= m( (v (v)™) (v (v)™)) ™, )

One shoutl note tha the temperatug tense is assumd to be
symmetrc with componerg T{™ in an arbitray orthonormal
bass (e;,e,,e;3) of a three-dimensiorlaEuclidea space.
Moreover functions w™* and ™™ areg respectively the av-
erage velocity and energ (in the center-of-mas frame with
respet to speciesa) under spatially uniform conditions;
thes quantities are found by solving the system of nonlinear
equations Egs 1-(41) and I-(42), for a given value of the
electrt field. Since the reaction ratev* depend only upon
the se of energiese™, a=1,..], it also is a function oE

a

— (kg /€) T™. G; it is given by Eq, I-(45),
kg~ .
;*:CY*<E—gBTm'X~G>. (8)

Furthe information abou thes bast equatioss is available
in pape I.

C. Higher order transpor t coefficients

Our first aim is to derive relationshifs betwea experi-

tor d/(ar) with coefficients that are constant, except for amentaly measurd quantities In particular the aim is to ob-

possibe dependeneupa E that is left implicit for the mo-
ment Equatian (1) may then be expresse as”®

tain semiquantitatie relatiors betwee the third- ard the
lower-orde transpot coefficiens in HDL, where G is small.
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Therefore we expanl functions @™ and «* in a Taylor
series and ke only the terms in secoml and third orde in
G, respectively Substitutirg these expansios into the equa-
tion of continuity, Eq. (1), leads after sone mathematics
given in the Appendix to the extendd diffusion equation,
Eq. (3), and to specift expressioa for the drift velocity,
diffusion tensor ard third-orde transpot coefficiert tensor.
The componerg of the drift velocity become

2 Tmlx

W™(E) = ™ (E)— 1" 7E,

a*(E). 9

Similarly, the componerg of the diffusion tensa@ become

_ k
D{}W(E)— E T.’E‘*aE "™ (E) - ( °
xz Tm'XE Tl S at®), (0

JE, JEy

which may be expresseé in ternms of the drift velocity as

m|x mix__7 yp/mix 1(kg 2
Dy (E)= 2 S Zl T, Zw (E)+5| o
3 J J
XE Tmlx_ [ ( rl"nx *(E))
TP e )} ap

Finally, the componerd of the third-orde transpot coeffi-
ciert tenso become

3
J r?
mIX mIX mIX

Q{‘,—‘LX(E>=

m|x2 Tm|x2 Tmlx

12

which may be expresseé in terms of the drift velocity as

o3[ 3 S e
Xél a(l; E(Tﬂi‘x&én WE))
_ Tﬁx%%aén a*(E)}. (13

It shoul also be noted tha the net avera@ reactio rate is
evaluaté from
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=a* (E)=7*(e[™(E),...¢"™(E))
:~(A)(6m|x( ) m|x(E))
—TO(EME),...6™(E)), (14

where?™® and7(") denoe the totd rates for attachmeh(A)
ard ionization (1) [see Eqs I-(5) and I-(14)].

Equation (11) is ageneralizd Einsten relation appropri-
ate to reactirg particle swarmswhile Eq. (13) plays the same
role for the third-orde transport coefficiert tha the GERs
play for diffusion. Equatio (13) establishs the form of the
relationshp betwe& Q™*, W™ and«*; it is also possible to
give a similar equatia for the relationshp of the third-order
transpot coefficiert to the diffusion tensa and reaction
rates Relatiors (11) ard (13) are mog usefd in an empirical
context From measuremestof the drift velocity W™* and
the reaction rate o as a function of reduced electric field
E/ng, it is possibe to predid the diffusion coefficiens and
skewnessas long as the temperatue tensa T™ can be
evaluatel from highe orde momert equationsThe reactive
ter can be simplified further, both for D™ arg Q”"X if we
assune tha T s independenof E; then Eq. (11) becomes
identicd to Eq. (5.24) of Robson'®

Using a similar procedue as above the following rela-
tion for the tensori transpot coefficiert of the orde k>1
can be obtained:

1 [(kg\k 1S
(k) — B mix
o™, (E)—(k_l)! ( e) > oTm

i ) i
1tk ;=1 '1h

3
% E -|—m|><_

WmIX( E)

B G S U ET

k 3

B mix , . mix
TR ( jlzl Ty ikgzl L
3

J J
X k .. Tmlx *(E))
k=1 anl (?Ejk—l( 'kk(?E
J J
mix . o C e
leJké’E (9E (E):| lq, Wk 1,2'3_
(15

This resut leads to the genera conclusio tha kth order
transpot coefficiert tenso (k=2) depend upan the (k
—1)th derivative of the drift velocity and the kth derivative
of the reactin rate coefficiert with respet to the electric
field.

In the derivatin of Egs (4) and (5) in pape |, it was
assumd that the hed flux in the enery balane equatin can
be neglected Since this assumptia is decreasingl valid as
the swam particles hawe large mass one may exped that
Egs (11, (13), ard (15) are nat corred in cass where the
mas of the swam particle is comparala with the mas of
the gas atoms Using MTT, Robsori® has establishd tha Eq.
(11) is inadequad for an accura¢ descriptimm of the ion
transpot in suc casesHe showal tha an additiona factor
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involving the hed flux mug appeain the GER for diffusion.
By similar argumentsa correctin for Eq. (13) may be de-
veloped but this will not be attempte here.

Ill. CALCULATION S FOR ELECTRONS IN RARE
GASES

The componer of the third-orde transpot coefficient
tensas Q™* can be evaluate from knowlede of the drift
velocity, diffusion coefficients and reactio rate coefficients
using Eq. (13). The only data for Q™ availabk in the litera-
ture are the calculatiors for electrors in He, Ne, ard Ar
performel by Penetrare and Bardsley* Therefore in this
sectian we will preseh calculation of the third-orde trans-
port coefficiens for electrors in the® pure gase in which
reactiors do not occur.

We conside values of E/ng for which the mean electron
energis are well below the first inelastt threshold In this
case the distribution of electrm velocities is nearl isotro-
pic. This observatia allows us to greaty simplify Eq. (13)
by droppirg the reference to mixtures ard setting

2¢e
Tij=T5ij*3—kB5n, (16)
where e~ (m/2)(v?). This simplifies Eq. (13) to
o _1(kBT)2 d d W an
2\ e | oE; 9E; ¢

If the electri field E is aligned with the positive e; axis then
the ion drift velocity is directed along the negatie e; axis
ard the longitudind componen of the third-orde transport
coefficiert (the skewneskis obtaina from Eq. (17) as

1(kgT\?3*°W
Qu=Qa=~3 ?) “EZ (18
Finally, combinirg Egs (16) ard (18) yields
2€? P*W
L= T 9e? GET 19

In the first, mog straightforward application of the re-
sults in this section we conside light swam particles in a
cold gas neglet inelastt and reactive processesand assume
(the hard-sphex mode) a constam elastt cross section,
o(®)= ¢4, Following the procedure in Sec. Il of paper |
for finding transpot coefficients the drift velocity can be
written in the analyticd form:

We s m+m0 1/4 E 1/2 -
- m no(T ’ ( )

Differentiating Eq. (20) with respet to the electric field E
and insertirg the resut in Eq. (19) gives

el/ZmS m+m0 5/4 E 1/2

72 mn€<a°>2) (n_o) '
This formula, obtainel by a differert techniqueis explicitly
given in Ref. 5. Thus we may concluce tha the GER for

skewnes unde the standad assumptioa produce the well-
establishd formula for the constam collision cross section.

ngQ.= (22)
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FIG. 1. Comparisa of the skewnes coefficiens calculatel by solving the
Boltzmam equatio (points and by using Eq. (19) (lines).

As the secoml exampé we calculae the skewnes Q, as
afunction of E/ng for electrors in He, Ne, ard Ar, usirg the
cross sectiors for rare gase from the recommendatiog of
the JILA (Joirt Institute for Laboratoy Astrophysis of the
Universiy of Coloradg Bouldep Data Center’! Results
basel on Eq. (19) are compare with thos obtained from
solutiors of the Boltzmam equatim in Fig. 1. In generalthe
agreemenis good especialf since the preseh resuls are
obtaine@ by numericaly differentiatirg two times the drift
velocities The generhsha of the E/ny dependeneis pre-
serval but one may concluck that the accurag of the MTT-
derived relationshp for skewnes is lower than the accuracy
of the GERs for the diffusion coefficients mostly due to the
doubk differentiatian problem In addition we were nat able
to ge the exad tabulatian of the cross sectiors usel by Pen-
etrant and Bardsley but hawe attempte to selec the closest
match better agreemenis obtainel when we digitize the
dat in the figures for the drift velocities in their paper? In
the ca® of argan the agreemenbecome almog exact but in
the ca® of nem avisible discontinuiy in the graph for the
drift velocity produca alarge difference in skewness.

It is interestig to note tha the bes agreemen is
achievel for argon which has a cros sectim tha varies
significantyy with energy In the cag of neon the cross sec-
tion has sone variation with energy and the skewnesiis still
significart ard in goad agreemenwith the MTT. The poor-
eg agreemenis achievel for helium where the skewnes is
very smal ard the resuls are strongly dependenon the nu-
mericd procedure employed In ary event thes resuls in-
dicat tha the skewnesis especialy dependeton the struc-
ture in the cross sectiors and may be avaluabk addition to
the list of transpot coefficiens useal to obtain cross sections
by comparisa of calculatel and measurd values In particu-
lar, the effed of inelastt cross sectiors cloe to their thresh-
olds may help resole sone of the ongoirg controversie®
ard may prove asufficiert incentive for the developmenof
the experimenthapparats needé to measue the skewness
for electron swarms.

As afinal note abou thes calculations experimental
data ard theoreticé data obtainal by Monte Carlo calcula-
tions or by solution of the Boltzmam equatiam are in prin-
ciple, more accurag¢ than the MTT-basel drift velocities we
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hawe used Therefore if they are usal as an input into Eq.
(19), much bette resuls shoutl be obtained.

IV. THE STRUCTURE OF THE TENSOR FOR THE
THIRD-ORDER TRANSPORT COEFFICIENT

A. MTT theory of the tensoria | transpor t coefficients
of order k=3

_ Earlier studies® found tha the 27-componen tensor
Q™* has only three independencomponentsThe procedure
followed by Koutselos!® on the othe hand leads to only two
independencomponentsin this secti; we investigae this
situatian by applying Eq. (13) to obtain the componerg of
the third-orde transpot coefficient The procedue tha we
useis similar to the procedue used by Robsor®*°to analyze
the diffusion tensor The analyss is made assumig that
there is no magnett field and tha the reaction rate is zero.
Inclusion of thes effects would increag the complexiy of
the skewnes tensor not redue it.

If E is aligned with the e; axis of the coordinaé system,
the temperatue tense has the diagona structuré®

Tmlx_ [Tpmel)r(;{ 5i 1t 5|2 gg)r(a‘SIS] 5|] (22)
If we write W™ =K™XE, where the mobility, K™, is im-
plicitly a function of the magnituc of the field, then

J mix i i EkEJ
07?Wj (E)=5kJKm'X+(Km'X)'— (23
k

and

EEE,

WmIX( E) 6kJ(KmIX)! E

+ mixy
JE,| 9E, (K™

(8WE;j+ 8,;E) E*— E4E|E,
[ '

+(KmiX)/

(24)

Assumirg the diagon& form of Eq. (22) for the temperature
tensor we find tha Eqs (13), (23), and (24) lead to the

following form for the componerg of the third-orde trans-

port tensor:

K 0 0 -I-perp-rparal< "]
Q.",“k*—— - ) o o o0 (k=1),
perp par4< 0 0 J
(25
[0 0 0 ]
2
mix _ kB 0 0 =
Qijk=5 o ToerpTpardK” | (k=2),
O TperprareK, 0 i
(26)
[ T2,.K' 0 0
mix_ kB 2 perd( 2 '
Q|]k e 0 Tper;K 0
0 0 Thd2K'+EK")
(k=3). (27)

Here the superscrip“mix’ ' has been omitted for brevity.
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Thes equatiors shov tha Q™* has at mog three inde-
pendeih components Fewa componerg are possible de-
pendirg upan the transvere and/a longitudind components
of the temperatue tense ard on the first and/a secom de-
rivatives of the mobility. Equatiors (25)—(27) can be reduced
to the equatiors of Koutsels provided tha we assune that
the temperatua tenso is effectively isotropig i.e., Tm"‘

=T4;;

B. Symmetr y considerations

The analyss in this section is more generé than the
previols analyss and makes no assumption tha depem on
the mas ratio of the swam particles The transpot of trace
amouns of chargel particles moving throuch adilute neutral
gas unde the influence of a homogeneosielectrostat field
is characterizé by a steag drift velocity, W, and a super-
posel diffusiond motion The ion flux, J, may then be writ-
ten as

J=n(r,t)W(E)—D(E)- %n(r,t)

J d
Q(E) — —n(r,t)+-- (28

ar or
ard the transpot coefficiens extractel from acompariso of
the experimenth ion flux with Eqg. (28). Whealton and
Masort® found that Q shoubl haw three independencom-
ponents wherea Koutselos® found tha there are only two.
Koutsels basa his calculatiors and theoretich arguments
on the following definition3*

- 11
QK=§ ?<5nr5nr5nr>n, t—oo, (29
Here the the brackes represehan averag definal as
1
<¢(r))n:NJ dry(r)n(r,t), (30)
with
N=f drn(r,t), (3D
and
Sar=r—(r)y. (32)

This microscopt definition is certainy appealing basel on
its close analoy to a similar definition of D. However the
following analyss shows tha Qy does not hawe the same
symmety properties as Q and hene tha the two canna be
equatedeven though the microscopt and macroscopi defi-
nition of D are equivalent.

Sinee Q amd Qg are tensos of rark three in a three-
dimensionh space they hawe 27 componerg labeled by
three indices From the work of Coope Snider and
McCourt?® this mears that eah of them can be represented
in terms of seven independent irreducibke tensos con-
structe from its componentsone mug be of weight 0O, three
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of weight 1, two of weight 2, ard one of weight 3. Thus,
there are at mog seven independencomponers for Q and
Qk -

The weight 0 irreducibke tensos mug be proportiond to
€, the completey antisymmeti third-rark unit tensor How-
ever Qg is completey symmetric so the proportionality
constan betwea it and e mug be 0. Moreover J is related
to Q by Eq. (28), where the orde of differentiation of n is
irrelevant This mears tha Q;j= Q. However, €;jy is
equd to the negatie of €. Since Q and € hawe different
symmetriesthe proportionaliy constah betwea them must
be 0. We hawe thus shown that neithe Q nor Q is propor-
tiond to a weight O irreducible tensor ard hene tha there
are at mog six independencomponert for thes tensors.

The sare type of reasonig as in the previous paragraph
shows after consideraly more mathematiceargumentthat
neithe Q nor Qx can be proportioné to any weight 2 irre-
ducible tensor This reduce the maximum numbe of inde-
pendeh componerg to four for ead tensor.

The weight 3 irreducibke tensag is formed from arank
three tenseo in a three-dimensiorlaspae by symmetrizing
ard makirg the resut tracelesslt is given for an arbitrary
tenso by Eq. (39) of Ref. 35. Since nore of the symmetry
properties of Q or Qx contradics the properties of sut a
weight 3 irreducibk tensor we hawe accountd for one inde-
pendeh componehof ead tensor.

Onre weight 1 irreducibk tensa is given by Eq. (28) of
Ref. 35, and the othe two follow by replacirg the subscript
1 by 2 ard 3. Sinee Qi is completey symmetrig the coeffi-
ciens relating this tenso to the three weight 1 irreducible
tensos mug be exacty the same leavirg us with only two
independen componentsone relating Qx to the weight 3
irreducible tense ard the othe relatirg it to thes weight 1
irreducibk tensors.

To analyz Q further, we can agan make use of the
independeneof the orde of differentiatian in Eq. (28). The
weight 1 irreducible tensos that involve the secoml ard third
indices in Q mug be identical but ther is no necessary
relationshp betwea thes two and the weight 1 irreducible
tensa involving the first index Consequentlywe hawe ac-
countal for three independencomponerg of Q, one relating
it to the weight 3 irreducible tensor a secom relating it to
the weight 1 irreducibk tenso alorg the field direction and a
third relating it to the weight 1 irreducibk tensa perpendicu-
lar to the field.

In this section we hawe given a more abstrat prod of
the argumers usel by Whealts and Masort® to claim that
there are three independencomponert of Q. The sane ar-
gumens showv tha Qg has only two independencompo-
nents since it is more symmetrc than Q. Hence the micro-
scopic third-order diffusion coefficient analyzed by
Koutselos® is not identicd with the macroscopi third-order
diffusion coefficiert analyzel by Whealts ard Masort® and
usal in the othe pars of this article.

The equatios usal in pape | in formulating the MTT
ard usa as the foundatian for the analyss in this sectia are
consisten with the following definition of the third-order
transpot coefficiert [see Eq. (9d) of Ref. 29];

Vrhovac et al.

-~ 1d

Qzaawﬂr&nr&nr)n. (33

Although this equation appeas at first glane to become
identicd to Eq. (29) at long times the symmetrie of the two

equatiors are different Thereis no difference betwea divid-

ing by time in direction of the field and perpendiculato it

but the first derivatives may differ in the two directions Such
a differene in the theoretich expressia for the third-order
transpot coefficiert is generaly necessarysince different
transpot coefficiens in the two directiors ordinarily will be

exploited in matchirg Eq. (28) to arrivd time spectrumNote

that in the absene of an anisotropt temperatug (which was
coveral in the precedimy section or an anisotrop¢ derivative
(as in Ref 29), our symmety argumei would lead to the

two weight-1 irreducibk tensos being identicd and there-
fore, (as found by Koutselo$ there would be only two inde-

pendeih componerd of third-orde transpot coefficient.

V. CONCLUSION

Application of the momentun transfe theoy (MTT) in
a quite generd ca® of elastic inelastic and reactive colli-
siors (including mixtures of gase as well) allowed us to
derive a generalize form of the relationshp betwea the
componerd of the third-orde diffusion tens@ and the com-
ponens of the temperatue tensa and mobility. A general
conclusia is tha the GER for the kth orde transpot coef-
ficient will depem on the (k— 1)th derivative of the mobility
ard the kth derivative of the reaction rate coefficient The
formulas were for simplicity, derived for the ca® of light
swam particles but may be generalizd to an arbitray mass
ratio by using the sane procedue as tha developd by
Robsor®!®for the diffusion tensor.

Application of the theol to electran skewnes in rare
gase reveas that the skewnes is very sensitive to the shape
of the cross section The beg resuls were obtainel for argon.
For helium the value of the skewnes is vety smal and,
therefore it is strongly affectel by the inadequacig in the
data usd for differentiation.

Comparisoa with the values calculatel by Penetrante
and Bardsley indicates areasonatel qualitative agreement
with the predictiors of the MTT-derived formulas The com-
parism is nat dired sine we could nat make sure tha the
identicd cross sectiors were usal (in this ca® detaik of
tabulatioh and interpolation becone importan) ard it is hard
to defire sudh comparisos for tabulatel cross-sectio sets.
The beg dired comparisa would involve applicatian of the
theol to analytc ses of cross sections then ead technique
could defire abeg suited numerica procedue tha would
give the required accuracy.

In any case MTT-derived formulas can be usa with
eithe calculatel or experimenthdata to give qualitative and
semiquantitatie information abou the skewnes and other
componerg of the third-orde transpot coefficient Such
analyss may be usefd in the developmetof experimental
techniqus for accuratel measurig the higher-orde trans-
port coefficients.

Our analyss of the componerd of the third-orde trans-
port coefficiert gives explicit analytc resuls and indicates

Copyright ©2001. All Rights Reserved.
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tha in generathere are three independenand seven nonzero
componentsThe conclusior® tha there are only two inde-

pendeh componerg was base& on the use of a third-order
transpot coefficient tha was definel microscopically* in

terms of the mean displacemenof the swam particles Such
tensorid transpot coefficien canna be the sane as the
third-orde transpot coefficiens definel macroscopicajl in

terms of the extendd diffusion equatia or the equatim for

the ion flux. Our analysis therefore confirms the necessity
for the three independen componerg of the third-order
transpot coefficiert unless for a limited range of low E/ng

values the temperatue tensa reduce to a scalar.
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APPENDIX

When we expan the functions @™, Eq. (4), and o*,
Eqg. (5), in a Taylor series in the vicinity of E to secom and
third orde in G, respectively we obtan the following equa-
tions:

mix_ _mix I(BAmix
s (E_;T o

mlx 2 (Tmlx ) m|X(E)+ 1 kB 2
i )i JE; e
3 3 9 P
mix mix, ). mix
xg 2 (TM%.G),(T G)JaE 7E © (E)

port of Dr. R. E. Robson and the mary usefu discussions (A1)
we hawe had with him. Z.Lj.P. and S.B.V. wish to acknowl-
edce partid suppot from the MNTRS projed 01E03. and
|
3 23 3
~ kg ~ ] 1/kg d 9
* _ % _ _PTmix, =a* _ mix . * - B mix mix | %
a(E = ) (E) Z(T IaEia(E) z(e)EE(T (T G),aEiﬂEJa(E)
1(kg)? : : T mix T mix Tmix g 9 9 a*
—5(;) 2, 2 2 (TMGuT™ ) (T™ G)e 2o 7p o (B). (A2)
|
Substitutiny thes expansiosinto equatia of continuity, Eq. 23
(1), we obr?ain P ! g k AN P > > T
: o 2n(rile) &= ar
% i—m|x 07_n ii miX(E) _ kg :
P o, 9 ,aEJw 6n%(r,t)\ e
—n(r,t)+k;—k,+ks=—n(r,t)a* (E), (A3) 3 3
ot XZ E E (-’I\—mix 9 )(Tmm.ﬁ_n) (Amlx 9 )
i=1i=1k=1 ar ar ar K
where i T *(E) (A6)
JE; JE; JE, '
Equation (A4) can be rearrangd to give
. Kg < ( ) J
k — ., MIX E - TmIX _0[* E , [?
(& e ;1 ar ) JE; (& ky=WMX(E). SN, (A7)
(A4)
whete the drift velocity is given by Eq. (9).
In orde to simplify Eq. (A5), we assune that the tem-
peratue tensa is spatialy homogeneosiand that
kg o an
k2=——-2 ( mix _) m|X(E)
e Jr =1 ar |, JE; 1 onon 9 4
, 3 n(r,t)ﬁymf\‘?&—r]n(r t) (A8)
el BT
2n(r,t)l e) =1 /= ar /), Using thes assumptionswe can rearrang Eq. (9) to give
| Fmix, 21 0 ot (E (A5) %< J
o) oE 78, ¢ (B -2, 3 o )RWHU 0, (A9)
i=1]j= i
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whete the diffusion tensa is given by Eq. (10).
Similar to Eq. (A8) is the approximation

1 4n dn dn d a4 9 ¢ AL0
N0 ar o v o o Y- (A10)
With this approximation Eq. (10) becomes
=33 S e L L ey, aw
e =1 k=1 1k aryaryar,

whetre the third-orde transpot coefficiert is given by Eq.
(12.

It is obviows from Eqgs (3) and (A2) tha the net average
reaction rate p* is given by Eq.(14).
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