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Reversible random sequential adsorption of objects of various shapes on a two-dimensional triangular lattice
is studied numerically by means of Monte Carlo simulations. The growth of the coverage ��t� above the
jamming limit to its steady-state value �� is described by a pattern ��t�=��−��E��−�t /����, where E� denotes
the Mittag-Leffler function of order �� �0,1�. The parameter � is found to decay with the desorption prob-
ability P− according to a power law �=AP−

−�. The exponent � is the same for all shapes, �=1.29±0.01, but the
parameter A depends only on the order of symmetry axis of the shape. Finally, we present the possible
relevance of the model to the compaction of granular objects of various shapes.
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I. INTRODUCTION

A large variety of physical, chemical, and biological pro-
cesses can be modeled by random sequential adsorption
�RSA� on a lattice �1�. In this process particles are adsorbed,
one at a time, at randomly chosen sites of a d-dimensional
lattice, subject to constraints imposed by interaction with
previously deposited particles. The adsorbed particles are
permanently fixed at their spatial positions. The deposition
process ceases when all unoccupied spaces are smaller than
the size of an adsorbed particle. The system is then jammed
in a nonequilibrium disordered state. For lattice models, the
asymptotic approach of the density ��t� to its jamming limit
� jam is known to be given by the exponential time depen-
dence

��t� � � jam − �� exp�− t/�� , �1�

where �� and � are parameters that depend on the shape and
orientational freedom of depositing objects �1�.

The deposition of proteins and colloids from solution onto
solid surfaces often involves alternating adsorption and de-
sorption steps. The kinetics of reversible RSA is governed by
the ratio of adsorption to desorption rate, K=k+ /k−. For large
values of K, there is a rapid approach to the density �
�� jam, followed by a slow relaxation to a larger steady-state
value ��.

In this paper we present the results of Monte Carlo simu-
lations for the reversible RSA of extended objects on a tri-
angular lattice. Simulations are performed for objects of vari-
ous shapes. These shapes are made by self-avoiding walks on
the triangular lattice. Such walks are shown in Table I. We
concentrate here on the influence of shape on the kinetics of
the adsorption-desorption processes. On a triangular lattice
objects with a symmetry axis of first, second, third, and sixth
order can be formed and we analyze the impact of the order
of symmetry on the kinetics of the process.

Understanding the kinetics of irreversible and reversible
RSA of shapes other than line segments on a planar lattice
lacks rigorous results by analytical methods due to their in-
tractability. Numerical simulations, as one of the primary
tools for investigating these problems, suggest that the shape
of the object does play a significant role in the processes of
irreversible deposition. Numerical analyses for RSA on a tri-
angular lattice �2� establish that the coverage ��t� follows the
exponential law �1� at large times for all the shapes in Table
I with the rate � dependent mostly on the order of symmetry
of the shape.

Recently Khandkar et al. �3� have studied RSA of zero-
area symmetric angled objects on a continuum substrate for
the full range �0°–180°� of values of the arm angle 	. The
asymptotic approach to the jamming limit � jam was shown to
follow the expected algebraic behavior, � jam−��t�� t
. The
value of the exponent 
 exhibits a crossover near 	=0° or
180°, and is significantly lower in the case of the angled
objects than in the case of needles. This confirms the crucial
role of the geometrical character of the objects in RSA dy-
namics.

In some numerical studies of RSA a power-law depen-
dence is observed even on a discrete lattice. Wang and Pan-
dey �4� have studied the kinetics and jamming coverage in
RSA of self-avoiding walk chains on a square lattice. They
reported that the growth of the coverage ��t� to its jamming
limit can be described by a power law ��t��� jam−c / t� with
an effective exponent � that depends on the chain length �.
Lee and Hong �5� obtained qualitatively the same long-time
behavior of the coverage density in a lattice model of RSA of
k-mers with diffusional relaxation. However, the exponent �
of the power law depends on the diffusion length and on the
length of the line segments. To the best of our knowledge,
there are no reports on the reversible RSA of extended ob-
jects of shapes other than line segments �6,7� on a triangular
lattice.
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Recently, there has been a renewed interest in the revers-
ible RSA because of its successful application to compaction
of granular materials. An adsorption-desorption model can
reproduce qualitatively the slow density relaxation �8�,
memory effects �9,10�, and other features of weakly vibrated

granular materials. This model can be regarded as a simple
picture of a horizontal slice or layer of a real granular mate-
rial, perpendicular to the tapping force. We associate an ad-
sorption event with the filling of a void within the layer of
granular material, whereas a desorption event is associated
with creation of a void. The ratio of desorption to adsorption
rate �1/K=k− /k+� plays in the model a role similar to the
intensity of vibration � in real experiments. In that sense our
two-dimensional lattice-based model could be viewed as a
model for the compaction of granular objects of various
shapes. However, there is a lack of systematic experimental
investigations on the compaction of nonspherical granular
materials under vibrations. Only a few papers discuss the
problem of anisotropic particles �11–15�.

The paper is organized as follows. Section II describes the
details of the simulations. We give the simulation results and
discussions in Sec. III. Finally, Sec. IV contains some addi-
tional comments and final remarks.

II. DEFINITION OF THE MODEL AND THE SIMULATION
METHOD

The depositing objects are formed by self-avoiding ran-
dom walks which are generated on the trails of nonreversal
random walks with self-avoiding constraints. For a small
number of steps it is easy to find all the shapes that may
show different behavior, which enables a systematic ap-
proach to this problem. We performed numerical simulations
for all such shapes of length �=1, 2, and 3, covering two,
three, and four lattice sites, respectively. On a triangular lat-
tice shapes with a symmetry axis of first, second, third, and
sixth order can be formed. The simulations are also per-
formed for a few more objects of greater lengths, including
one more object with a symmetry axis of third order and two
objects with symmetry axis of sixth order. All these objects
are shown in Table I.

The Monte Carlo simulations are performed on a triangu-
lar lattice of size L=120. Periodic boundary conditions are
used in all directions and objects are not allowed to overlap.

In the simulations of adsorption-desorption processes the
time is usually rescaled to the adsorption process, because
the number of adsorption attempts per unit of time is the
quantity controlled in the experiments. The kinetics of the
process is governed by the ratio of desorption to adsorption
rate, which in our model corresponds to the ratio of desorp-
tion to adsorption probability. At each Monte Carlo step ad-
sorption is attempted with probability P+ and desorption with
probability P−. In order to save computer time it is conve-
nient to take the adsorption probability to be P+=1, i.e., to
try an adsorption at each Monte Carlo step. For each of these
processes a lattice site is selected at random. In the case of
adsorption, we try to place the object with the beginning at
the selected site, i.e., we search whether all relevant sites are
unoccupied. If so, the object is placed and the corresponding
sites are denoted as occupied. On the other hand, if the at-
tempted process is desorption and if the selected site is al-
ready occupied by a previously adsorbed object, the object is
removed from the layer.

The time t is counted by the number of adsorption at-
tempts and scaled by the total number of lattice sites L2. The

TABLE I. �Color online� Parameters � and � determined using
Eq. �2� for various shapes on a triangular lattice and for two differ-
ent values of P−. The colors �online only� are associated with dif-
ferent orders ns of the symmetry axis.
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data are averaged over 100 independent runs for each shape
and each desorption probability.

III. RESULTS AND DISCUSSION

The time behavior of the density ��t� for various objects
in Table I is illustrated in Fig. 1, where a relatively low value
of P− has been used �P−=0.0005�. We have observed that the
relaxation of the system toward its equilibrium density �� is
a two-stage process: at very early times of the process, when
the coverage is small, the adsorption process is dominant and
the coverage grows rapidly in time; for large enough densi-
ties ���� jam� the compaction mechanism requires the rear-
rangement of the increasing number of particles �6,7� in or-
der to open a hole large enough for the insertion of an
additional particle, and the role of desorption is crucial.

Below we try to characterize the glassylike relaxation dy-
namics in our model quantitatively and make some quantita-
tive predictions. We have tried to fit different functional
forms to the simulation data in Fig. 1, looking in particular at
the relaxation functions proposed in the experimental and
numerical studies of disordered systems �16�. We have found
that the commonly claimed stretched exponential relaxation
does not hold for many objects, especially for those with
symmetry axis of higher order �ns
3�. Instead, the most
suitable functional form for our data is a Mittag-Leffler func-
tion which is a natural generalization of the exponential
function. The fitting function that we have used is

��t� = �� − �� E�„− �t/���
…, �� = �� − �0, �2�

where �� ,�0 ,�, and � are the fitting parameters. E� denotes
the Mittag-Leffler function of order �. It is defined through
the inverse Laplace transform:

E�„− �t/���
… = L��u + �−�u1−��−1� , �3�

from which the series expansion

E�„− �t/���
… = �

n=0

�
�− �t/����n

��1 + �n�
�4�

can be deduced; in particular, E1�−t /��=exp�−t /��. The
Mittag-Leffler function interpolates between the initial
stretched exponential form

E�„− �t/���
… � exp�−

1

��1 + ��
�t/���	, t � � , �5�

and the long-time power-law behavior

E�„− �t/���
… �

1

��1 − ��
�t/��−�, t � � . �6�

From Eqs. �2�, �5�, and �6�, one obtains

��t� � 
�� − �� exp�−
1

��1 + ��
�t/���	 , t � � , �7�

�� − ��
1

��1 − ��
�t/��−�, t � � . �8�

The solid lines through the data in Fig. 1 are fits to Eq.
�2�. All fits have been performed for ��t��� jam. As can be
seen, the intermediate- to long-time behavior can be accu-
rately fitted by the Mittag-Leffler function �2�. The fitting
parameters � and � are given in Table I for two values of
desorption probability: P−=0.0005 and 0.001. The parameter
�� is the equilibrium value of ��t� when t→�, and �0

�� jam. Accurate estimates for the jamming coverages � jam
can be found in �2�.

According to �, all shapes from Table I can be divided
into four groups. In particular, when P−=0.0005 we distin-
guish �i� shapes with a symmetry axis of first order, ns=1,
with ��764; �ii� shapes with a symmetry axis of second
order, ns=2, with �� �807–1198�; �iii� shapes with a sym-
metry axis of third order, ns=3, with �� �833–1500�; and
�iv� shapes with a symmetry axis of sixth order, ns=6, with
�
1550. We notice that the time � physically signals the
crossover from a stretched exponential scaling �7� to a
power-law behavior �8�. If only ��1, the relaxation has an
algebraic decay. The shapes of higher order of symmetry ns
have higher values of �. This means that the dynamics gets
drastically slower when ns increases. The crossover time � is
also sensitive to variations of desorption probability P− and
decreases with increasing P− for the same type of shape. The
data for k-mers �objects 1, 2, 5, 14, 15, and 19 in Table I�
suggest that the parameter � is almost independent of the size
of the shape. However, the fitting parameter � depends both
on the symmetry order and on the size of the object. The
parameter � decreases with increasing size of the shape,
which means that the evolution toward the steady-state den-
sity �� takes place on a wider time scale.

In order to gain a better understanding of the symmetry
effects, we investigated the dependence of the fitting param-
eters � and � on desorption probability P−, in detail. The data
for � and � vs P− for various objects are plotted in Fig. 2.
The increase of � with P− is more pronounced for objects
with higher order of symmetry axis. For large values
of P−, the parameter � reaches a value close to 1. Since

FIG. 1. �Color online� Temporal behavior of the density ��t� for
desorption probability P−=0.0005 for various shapes from Table I:
4 ���, 9 ���, 17 ���, 18 ���, and 19 ���. The continuous curves
are the Mittag-Leffler fits of Eq. �2�, with the parameters given in
Table I.
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E� (−�t /���)→exp�−t /�� when �→1, the multistage relax-
ation feature disappears in the regime of strong desorption. It
is remarkable that the parameter �, for a given symmetry
order, seems to be a simple power law of the desorption
probability P−:

� = A�P−�−�, �9�

with the same exponent �=1.29±0.01 for all shapes.
The dependence of the fitting parameters � and � on the

desorption probability P− is shown in Fig. 3 for the revers-
ible deposition of k-mers �k=2−5�. The first observation is
the collapse of the � vs P− curves. This means that the pa-
rameter A of the power law �9� can be considered as almost
independent of the size of k-mers. As seen in Figs. 2 and 3,
the parameter A depends only on the order of symmetry axis

of the shape. We have obtained that A=0.038, 0.058, 0.076,
0.083 for ns=1, 2, 3, 6, respectively.

It is now useful to explore the possible reason for slowing
down of the deposition dynamics with increasing order of
symmetry of the shape. When a value of � jam is reached, the
rare desorption events are generally followed by immediate
readsorption. The total number of particles is not changed by
these single-particle events. However, when one badly sited
object desorbs and two particles adsorb in the opened good
locations, then the number of particles is increased by one.
Likewise, if two well-sited objects desorb and a single object
adsorbs in their stead, the number of particles is decreased by
one. These collective events are responsible for the density
growth above � jam. The symmetry properties of the shapes
have a significant influence on the filling of small isolated
targets on the lattice. Indeed, there is only a restricted num-
ber of possible orientations in which an object can reach a
previously opened location, provided the location is small
enough. For a shape with symmetry axis of higher order
there is a greater number of possible orientations for deposi-
tion into an isolated location and an enhanced probability for
readsorption. Hence, the increase of the order of symmetry
of the shape enhances the rate of single-particle readsorption.
This extends the mean waiting time between consecutive
two-particle events and causes a slowing down of the densi-
fication.

One striking feature of Fig. 3 is the fact that the fitting
parameter � remarkably depends on the desorption probabil-
ity P− and on the object size. For small P− and large objects
the coverage fraction does not significantly change near the
jamming limit � jam and evolution takes place on a much
wider time scale. This dynamical behavior is characterized
by the small values of the fitting parameter � and can be
associated with the competition of single- and two-particle
events. Indeed, the single-particle events would drive the
system to the jamming limit � jam in a given time t. If t were
small enough compared to the two-particle transition rate,
the system would stay at ��t��� jam until the two-particle
events contributed to the dynamics. This results in the pla-
teau in the time evolution of the coverage fraction. The
length of this plateau is controlled by the desorption prob-
ability P− and the object size, as these quantities determine
the transition rates for two well-placed particles to one not
well-placed particle and one not well-placed particle to two
well-placed particles. This relaxation feature disappears in
the regime of strong desorption when the fitting parameter
�→1.

IV. CONCLUSION AND PERSPECTIVES

We have performed extensive simulations of reversible
RSA using objects of different sizes and rotational symme-
tries on a triangular lattice. A systematic approach is made by
examining a wide variety of object shapes. The large number
of examined objects represents a good basis for testing vari-
ous fitting functions and finding a universal functional type
that describes the time coverage behavior ��t� in the best
way. We have fitted the time dependences of the coverage
fraction above the jamming limit � jam with the Mittag-Leffler

FIG. 2. �Color online� Parameters � �empty symbols� and � �full
symbols� of fit �2� vs desorption probability P− for several shapes
from Table I. Triangles, squares, circles, and diamonds correspond
to shapes 1, 3, 4, and 20 in Table I, respectively.

FIG. 3. Parameters � �lines� and � �symbols� of fit �2� vs de-
sorption probability P− for k-mers �k=2, 3, 4, 5� on the triangular
lattice. Triangles, squares, circles, and diamonds �or solid, dashed,
dotted, and dot-dashed lines� correspond to k=2, 3, 4, 5,
respectively.
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function �2�. The simulation shows that the coverage kinetics
strongly depends on the symmetry properties of the shapes.
It was shown that the dynamical behavior is severely slowed
down with the increase of the order of symmetry of the
shape. We have also pointed out the importance of collective
events for governing the time coverage behavior of shapes
with different rotational symmetry.

Various experimental studies have underlined the fact that
the dynamics of granular compaction is a complex problem.
The first experiments �17� have shown that the density com-
paction under tapping follows an inverse logarithmic law
with the tapping number ����−��t��1/ ln�t�. More recently,
Bideau and co-workers �15,18� showed that the compaction
dynamics is consistent with the stretched exponential law

��t� = �� − ��� − �0�exp�− �t/���� . �10�

Here �0 is the initial packing fraction and �� is the mean
value of the packing fraction at the stationary state.

A number of different models have been proposed in or-
der to identify the physical principles underlying granular
compaction �19–22� without reaching a unique conclusion
concerning the temporal behavior of the density change.
However, when analyzing the previous experimental results
�15,17,18�, we found that the Mittag-Leffler behavior �Eq.
�2�� describes excellently well the compaction dynamics in
the whole temporal range. Our motivation arises from the
fact that the Mittag-Leffler function is one of the most fre-
quently used phenomenological fitting functions for non-
Debye relaxation processes in many complex disordered sys-
tems such as metallic glasses, spin glass alloys, ferroelectric
crystals, and dielectrics �23�.

In Ref. �15�, the authors analyzed the effect of the grain
anisotropy on granular compaction under vertical tapping
and reduced lateral confinement. They observed that the
main relaxation features of granular compaction do not
qualitatively depend on the grain shape. We produced a good
fit of data from Ref. �15�. Our fits are shown in Fig. 4 for two
tapping intensities �, and the fitting parameters are reported
in Table II. It should be noted that Mittag-Leffler fit �2� of
data from Ref. �15� gives very high correlation coefficients
��0.99�. Our simulation results for deposition of extended
objects on a triangular lattice might indicate that the compac-
tion law �2� is universal in the sense that it holds for any
shape of granular object. Therefore, it needs to be clarified
whether the Mittag-Leffler law is just a good fit to the ex-
perimental data or has a deeper meaning.

Let us conclude with two points that open possibilities for
future work.

It is interesting to note that the fitting function �2� is a
solution of the fractional kinetic equation �24�

d

dt
���t� = − �−�

0Dt
1−����t�, 0 � � � 1, �11�

where ���t�=��−��t�. The operator 0Dt
1−� is the Riemann-

Liouville �RL� operator of fractional integration:

0Dt
1−����t� =

1

��� − 1��0

t

�t − t���−2���t��dt�. �12�

The RL operator introduces a convolution integral into Eq.
�11� with the power-law kernel M�t�� t�−2. Therefore, the
fractional kinetic equation �11� involves a slowly decaying
memory, so the present density ��t� of the system depends

FIG. 4. �Color online� Experimental data from Ribière et al.
�15� on temporal evolution of the mean volume fraction ��t� of �a�
basmati rice �long grains� and �b� round rice �short grains� for dif-
ferent tapping intensities �=2.4 and 6.0. The continuous superim-
posed lines are fits according to Eq. �2�. The parameters of the fit
are reported in Table II.

TABLE II. Fitting parameters from Eq. �2� for the experimental
data of Ribière et al. �15� on volume fraction relaxation ��t� pre-
sented in Fig. 4. The anisotropic grains used are of two different
shapes: long grains �basmati rice� and short grains �round rice�.

� �� �0 � �

�Basmati rice� 2.4 0.702 0.548 1004.0 0.440

�Round rice� 2.4 0.640 0.564 181.0 0.665

�Basmati rice� 6.0 0.633 0.552 15.0 0.750

�Round rice� 6.0 0.629 0.560 10.5 0.838
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strongly on its history ��t�� , t�� t. This is in accordance
with the fact that granular materials are intrinsically nonlo-
cal. More detailed studies of this point are planned for the
future in order to develop a fractional model of granular
compaction that captures this relaxation dynamics.

As an open possibility for the future, we think that the
two-dimensional model presented in this work can be gener-
alized to mixtures of several kinds of objects �2�. This would

allow us to study the compaction process in polydisperse
granular systems under tapping �25�.
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