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The Aim of the Research

Characterizing regions of criticality that define
(Quantum and Thermal) Phase Transitions

How?

Studying the fidelity between two ground/equilibrium states
corresponding to two slightly different values of the parameters



Quantum Phase Transitions

Defined by the Regions of Criticality:

- Non-analyticity of the ground state energy density
- Exastence of Gapless Excitations

- Diverging Correlation Lengths

- Extremal Behavior of Entanglement Measures

- Non-vanishing Geometric (Berry) Phases

-  Exiustence of the Order Parameter



Quantum State Distinguishability

Fidelity Function:

Pure states:

Ground States:

F(p1,p2) = Tey/ v/p1pav/br



The XY Spin Chain

 Hamiltonian: H(v. \)

* Diagonalized: H(v,\) =

M
k=

Car Ak(blby — 1),

o Excitations: A, = \/ 4+ ~2 sin?

* Regions of Criticality:
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Scaling Behavior
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Asymptotic Behavior
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Orthogonality Catastrophe

Two mechanisms of “orthogonalization

o Infinite number of sub-systems (Anderson)

 different structure of ground states (in vicinity of QPT)



[.oschmidt Echo

L(0) = l{pg (O el

Density of States:  D(w;q,§) = (9(§)|6(w — H(q))|9(q))

—(g(@)Ng(@)F =1— [g D(w)dw

| [T D(w)e™“tdw|? = L(q, t).
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Related Results

* Fermi Systems and Graphs
* Bose-Hubbard model

* Orders beyond Landau-Ginzburg-Wilson
theory (topologically ordered QPT, MPS
and Kosterlitz-Thouless)

« XXZ Heisenberg model
* QPTs and the renormalization group flaws
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LGW Symmetry Breaking QPTs

Hamiltonian: H(q) = Hy — h(¢)S
Fidelity:
FXq.q+dq) = [{g(a)lg(q+dg)) " = [(gl(lg) + |9g)dq + 5157g)dq")[
— 1+ (90l(9) gl — DIog)dg? = 1- a2 3 LIS
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Differential Geometry and Berry Phases

Quantum Geometric Tensor:

Quv = (9(0)|9v9(q)) — (9ug(q)lg(q))(9(q)|09(q))

y (910, H(9)|9(2)){9(q)|0, H(q)|9(q))
[E?L(Q) o Eﬂ(f])]z

1 ()

Reimmannian Metric Tensor:

QH;_; == RE[QH_;_;] “hel‘e dSE = Z;ux g,ti-r.f{qu dqy — 2(1 o F({L {q _I_ dq))

Berry Curvature 2 - Form: F,, =Im[Q,,] =08,4, — 8, A,

Berry Adiabatic Connection: Ay = lgl8.0)
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Thermal Phase Transitions

Thermal States (7> 0):  p(q,T) = l ~BH(q) (¢, T) generalized parameter

F(py, p2) = Ten/Vprpavor <3 \/PL(?

A)pa(i|A) = F.({pa (i

A)F {p2(i]A) 1)

o Z(H .
F(py,po) = ——22 Ly (H,S] =0
\/ Z(H —AhS)Z(H+ARS)
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where (0) = 3(5?) 1s the thermodynamic susceptibility.

The Uhlmann geometric phase given by # — £ where:

H(p1, p2) =T [ Vi1 vp2]
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Stoner-Hubbard Model
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With the self-consistent symmetry breaking field U ((7y) — (n,))
coupled to S. = 5 (fy — i)
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BCS Superconductivity
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With the self-consistent symmetry breaking fields A, and AE coupled to the Nambu operators
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Uhlmann geometric phase




One Impurity 1n a Superconducting Lattice

—  — N . _i_i- 1+ y — 1-i- N
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The one-site reduced density matrix 1s given by the
correlation functions:

(L-n)d-n)) (del) 0 0
. ooy (nqn ) 0 0
A 0 0 (np (1 —mny)) (e cr)
0 0 <{I+(IJ,> (1 —nq)ny)
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Conclusions

» The fidelity can be a good indicator of phase transitions:

* Proven for broad classes of systems (LGW. Free
Fermions....):

« Valid for other types of phase transitions (topological.
matrix product states. Kosterlitz-Thouless. ...):

* Induces metrics — connection with Berry and Uhlmann
gcometric phases:

» The partial state fidelity can also indicate QPTs:
* The fidelity as an order parameter.
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Dicke Model

+ Hamiltonian:  H(\) =wol. +wi'a+ 2z (il +a) (J4+J-).
A< A normal phase

e (ritical Point: Ae = (wwp)/2

A > A,

e Normal Phase (TD Limit):

super-radiant phase
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H"(X) = wobb + wila + A (a7 + ) (b1 +B) — juwo,
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Ground State

. 1 o |
g(’;l?j y) = (i)i e—l/_}{:RH._lR}
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v = (1/2) arctan[b\ﬁwng(wg + wﬁ)]

Fundamental Excitations

el =3 (;ug + wi £ /(w2 — wi)? + 16,\2w2w§) .
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(A — A.)

Fidelity

(gl3)|=2!
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detA detA)4 % (et A]4

e I Y 4 Tk
det (A+A)]2 [det A]4 [det(1+A-1A)]2

oA >0 det A=c_c_ — 0

e

det A > det A, =¢5¢°¢ >0

det(1+ A 1A) > 0
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