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Overview 

 Basic theory of Faraday patterns

 First theoretical prediction of Faraday patterns in 
Bose-condensed gases
 Full 3D simulations
 Modeling based on Mathieu equation
 Multiple scale analysis

 Observation of Faraday patterns in Bose-condensed 
gases

 Faraday patterns in low-density condensates
 The non-polynomial Schrödinger equation
 Analytical solution based on Mathieu equation
 Full 3D simulations
 Fast Fourier Transforms – measuring the periodicity of these 

patterns

 Faraday patterns in high-density condensates

 Conclusions



Faraday patterns, fundamentals

 Naturally, the first work is due to Faraday. The Appendix of his much-
celebrated paper is now a classic: When the upper surface of a plate
vibrating so as to produce sound is covered with a layer of water, the
water usually presents a beautifully crispated appearance…the
crispations being produced more readily and beautifully when there is a
certain quantity than when there is less. For small crispations, the water
should flow upon the surface freely. Large crispations require more
water than small ones. Too much water sometimes interferences with
the beauty of the appearance, but the crispation is not incompatible with
much fluid, for the depth may amount to eight, ten, or twelve inches,
and is probably unlimited. (crispation=1. (A) curled condition; curliness;
(an) undulation. Now rare. SOED)

 Faraday patterns became a standard topic in nonlinear physics due to
experiments with liquids in the 80s

 Faraday patterns were unknown to the BEC community until the seminal
paper of Staliunas et al. (PRL 89, 210406) in 2002. Their main point
was that by periodically modulating the scattering length of a
magnetically trapped 3D one excites a series of patterns similar to
those in fluid mechanics.



 The group formed around Staliunas published two main papers, one in
2002 (PRL 89, 210406) and one in 2004 (PRA 70, 011601).

 The one in 2002 uses full 3D simulations to show the patterns in the
density profile of the condensate but no systematic computations are
performed. They use the Mathieu equations only to show that there is
an instability.

 The one in 2004 addresses cigar-shaped and pancake-like condensates,
i.e., quasi one-dimensional and quasi two-dimensional setups. They
show the formation of the waves through direct integration of the GP
and give analytical arguments based on multiple scale analysis. It is
very important to notice that in this paper the modulation is on the
trapping potential not on the scattering length.

 As far as the proof of concept goes Staliunas et al. have paternity of
these ideas in the BEC community.
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Faraday patterns, experimental results



Faraday patterns in low-density condensates
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•Since this is really a one-
dimensional equation the FFT is
one-dimensional as well.

•Due to the inhomogeneity of the
condensate imposed by the
magnetic trapping the peaks of the
FFT are rather broad indicating
the period of the Faraday patterns
is not that “well defined.”

•While there is good quantitative
agreement between the observed
and theoretically computed periods
there is a rather large discrepancy
when it comes to the time after
which the Faraday waves become
visible. This is due to the fact we
“freeze” the radial dynamics; the
full 3D numerics do not show this
discrepancy.

Faraday patterns in low-density condensates



Analytical calculations

Let us now look at the 
perturbed solution and 
determine the leading order 
equation of the deviation.



To determine the most unstable 
mode we have to solve the 
equation a(k,ω)=1.

•Of course, the above results are
obtained using a Gaussian radial
ansatz, while the experiments of
Engels et al. are really in the TF
regime, but still they give good
quantitative results.

Analytical calculations



Full 3D numerics



•Please notice that due to the two-
dimensional nature of the simulation the
FFT is two-dimensional. Therefore to
get the spacing one has to integrate the
radial direction.

•The lower plot show the final FFT of a
density profile plus a five percent
noise.

• The ensuing period of the pattern is
never completely well defined and one
should in principle attach an
“theoretical error bar”.

•The agreement between the full 3D
numerics and the experimental results
is better than the NPSE, but these
simulations are very time consuming.
They require large grids and special
care with respect to the observed
instabilities because in addition to the
one generating the Faraday pattern
there is also an intrinsic numerical one.

Full 3D numerics



High-density condensates



One-dimensional condensates

Low density

High density



Conclusions

 We have obtained fully analytical results for low- and
high-density condensates using the non-polynomial
Schrodinger equations and the theory of the Mathieu
equations

 We have performed extensive quasi one-dimensional
and fully three-dimensional numerical computations

 Overall, we obtain good quantitative results, the main
difference between the quasi 1D and the full 3D
simulation is that in the former case the Faraday
patterns sets in rather slowly because of the ansatz in
the radial direction (which is too restrictive)



Thank you for your 
attention!


