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Abstract

This master's thesis presents ab initio calculations of temperature-dependent

electron and hole mobilities in wurtzite ZnO. The electronic structure was ob-

tained using DFT including spin-orbit coupling, while the phonon dispersions, high-

frequency relative dielectric tensor, and Born e�ective charges were calculated us-

ing DFPT. Electron-phonon coupling matrix elements were evaluated at arbitrary

k- and q-points by Wannier-Fourier interpolation, including the long-range Fröh-

lich contribution. Carrier momentum relaxation times and mobilities were then

calculated within the momentum-relaxation-time approximation to the Boltzmann

transport equation. The calculations employed a grid-free method based on random

(Monte Carlo) sampling of charge-carrier states and phonon-wave-vector directions.

By avoiding prede�ned dense grids, this method substantially reduces the compu-

tational cost. The energy and temperature dependence of the relaxation times was

analysed to identify the dominant scattering mechanisms and their role in limit-

ing mobility. Calculated quantities were compared with reliable experimental data

where available.
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1 Introduction

First-principles calculations of materials properties inevitably involve approximations.
Some are essential to make the calculations feasible, whereas others primarily reduce the
computational cost. Although greater e�ciency can come at the expense of accuracy, a
successful approximation may also provide physical insight by identifying the ingredients
needed to reproduce a phenomenon. Developing accurate and e�cient computational
methods is therefore important both for understanding the microscopic mechanisms that
determine materials properties and for identifying materials with desirable characteristics.

At su�ciently high temperatures, phonon scattering is the principal mechanism limit-
ing carrier transport in su�ciently pure semiconductors; electron-phonon interactions also
govern many optical and thermal properties. Although these properties can be measured
directly, their accurate prediction from �rst principles remains challenging. Within the
relaxation-time approximation, the Boltzmann transport equation provides a framework
for calculating carrier momentum relaxation times and mobilities. The required inputs
are the electronic structure, phonon dispersions, and electron-phonon coupling matrix
elements of the material [1][2][3]. Electron-phonon interactions are generally treated per-
turbatively, which is appropriate when they are weak relative to, for example, electron-
electron interactions. In 2007, a method based on Wannier-Fourier interpolation was de-
veloped to obtain electron-phonon coupling matrix elements on dense k- and q-point grids
from calculations on coarse grids in non-polar semiconductors [1]. In polar semiconduc-
tors, however, long-wavelength longitudinal optical (LO) phonons generate macroscopic
electric �elds and give rise to the Fröhlich interaction, which can dominate the electron-
phonon coupling [3]. Verdi and Giustino extended the interpolation scheme in 2015 to
treat this long-range contribution correctly [2]. Even with this advance, evaluating carrier
momentum relaxation times and mobilities remained computationally demanding [3]. A
grid-free approach introduced in 2025 substantially reduces the computational cost by
avoiding prede�ned dense grids and sampling only the relevant k- and q-points [4]. This
is the method used here to calculate the momentum relaxation times and mobilities of
conduction-band electrons and valence-band holes.

These transport calculations require the electronic structure and phonon dispersions
as input. Density functional theory (DFT) is the most widely used framework for
electronic-structure calculations and is implemented in numerous software packages [5].
Since its development in 1964�1965, advances in numerical methods and software have
made accurate calculations for crystalline materials increasingly e�cient. Phonon disper-
sions are most commonly obtained using density functional perturbation theory (DFPT)
[6]. Both methods are used here, and their results provide the input for calculating
the electron-phonon coupling matrix elements and, ultimately, the carrier momentum
relaxation times and mobilities in wurtzite ZnO.

This thesis aims to determine the temperature-dependent momentum relaxation times
and mobilities of electrons and holes in the polar semiconductor ZnO using ab initio

calculations. The theoretical foundations are outlined �rst, followed by the computational
methods and input data. The principal results are then presented and interpreted. The
thesis concludes with a summary of the main �ndings and suggestions for improving the
calculations and extending the study of transport in ZnO.
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2 Theoretical Background

This section reviews the theoretical framework underlying the ab initio calculations used
in this work. It begins with density functional theory and the approximations commonly
employed in plane-wave electronic-structure calculations, followed by the transformation
to a basis ofWannier functions. Spin-orbit coupling and the e�ective-mass approximation
are then discussed. The treatment of lattice vibrations introduces phonon dispersions and
density functional perturbation theory. The section next describes the Wannier-Fourier

interpolation of electron-phonon coupling matrix elements from coarse k- and q-point grids
to arbitrary k- and q-points, with particular attention to the long-range Fröhlich interac-
tion in polar semiconductors such as ZnO. Finally, the expressions for carrier momentum
relaxation times and mobilities within the relaxation-time approximation are presented.

2.1 Electronic Structure of Crystals

A crystal is a many-particle system of nuclei and electrons. Neglecting relativistic e�ects,
its stationary states satisfy the time-independent many-particle Schrödinger equation:

ĤΨ(r1, ..., rN ,R1, ...,RM) = EtotΨ(r1, ..., rN ,R1, ...,RM),

where Ψ(r1, ..., rN ,R1, ...,RM) is the wave function of a system consisting of N electrons
at positions r1, ..., rN and M nuclei at positions R1, ...,RM , while Etot is the total energy
of the system. In Hartree atomic units, the Hamiltonian Ĥ is de�ned as

Ĥ = −1

2

M∑
k=1

1

Mk

∇2
k −

1

2

N∑
i=1

∇2
i +

1

2

∑
k ̸=m

ZkZm
Rkm

+
1

2

∑
i ̸=j

1

rij
−

N∑
i=1

M∑
k=1

Zk
rik
, (2.1.1)

Here Mk denotes a nuclear mass, ∇2
k and ∇2

i are Laplacians with respect to nuclear and
electronic coordinates, respectively, Zk is the atomic number of the kth nucleus, rij is the
distance between the ith and jth electrons, Rkm is the distance between the kth and mth
nuclei, and rik is the distance between the ith electron and the kth nucleus. Relativistic
e�ects have been neglected [7].

To simplify the Hamiltonian in Eq. 2.1.1, the Born-Oppenheimer approximation is
introduced, in which the nuclei are nearly stationary relative to the electrons. This ap-
proximation is justi�ed because nuclear masses are much greater than the electron mass
and nuclear velocities are therefore much smaller than electronic velocities. The nuclear
kinetic energy may consequently be neglected, whereas the nucleus-nucleus interaction
energy can be treated as a constant. The Born-Oppenheimer approximation thus allows
Ĥ to be written as

ĤBO = −1

2

N∑
i=1

∇2
i +

N∑
i=1

Vn(ri) +
1

2

∑
i ̸=j

1

rij
+

1

2

∑
k ̸=m

ZkZm
Rkm

, (2.1.2)

where

Vn(r) = −
M∑
k=1

Zk
|Rk − r| , (2.1.3)

is the electrostatic potential of the nuclei. The time-independent Schrödinger equation
for electrons in the nuclear potential Vn(r), with total wave function Ψ = Ψ(r1, ..., rN),
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can then be written as

ĤBOΨ = (E +
1

2

∑
k ̸=m

ZkZm
Rkm

)Ψ ≡ EtotΨ, (2.1.4)

where the Hamiltonian ĤBO of the electrons and �xed nuclei in the Born-Oppenheimer
approximation, as well as the electronic wave function Ψ, depend parametrically on the
�xed nuclear positions R1, ...,RM [8]. Although the original problem has been greatly
simpli�ed, solving Eq. 2.1.4 remains highly challenging. Density functional theory (DFT)
provides one approach for determining the electronic structure from Eqs. 2.1.2�2.1.4.

2.1.1 Density Functional Theory (DFT)

In 1964, Hohenberg and Kohn proved the existence of a universal functional of the electron
density, F [n], unique for the external nuclear potential Vn(r) experienced by the electrons,
whose minimising density n0(r) is the ground-state electron density of the system [9]. In
the same work, they proposed writing this universal functional as

F [n] =

∫
Vn(r)n(r)dr+

1

2

∫
VH(r)n(r)dr+ G[n], (2.1.5)

where VH(r) =
∫ n(r′)

|r−r′|dr
′ is the Hartree potential and G[n] is another universal functional.

In the following year, Kohn and Sham proposed the decomposition

G[n] = Ts[n] + Exc[n], (2.1.6)

where Ts[n] is the kinetic energy of a non-interacting electron system with density n(r),
and Exc[n] is the exchange-correlation energy of the interacting system with the same
density [10]. When n(r) varies slowly in space, the exchange-correlation energy can be
expressed as

Exc[n] =

∫
n(r)ϵxc(n(r))dr+

∫
(∇n(r))2ϵ(2)xc (n(r))dr+ ..., (2.1.7)

where ϵxc(n(r)) is the exchange-correlation energy per electron of a homogeneous electron
gas with density n(r), while ϵ(2)xc (n(r)) describes the exchange-correlation contribution as-
sociated with the second term in the density expansion of the total energy [10]. Retaining
the �rst term in this expansion leads to the Kohn-Sham equations:(

−1

2
∇2 + Vn(r) + VH(r) + Vxc(r)

)
ψi(r) = ϵiψi(r), (2.1.8)

n(r) = 2
N∑
i=1

|ψi(r)|2 , (2.1.9)

where Vxc(r) =
d(nϵxc(n))

dn
|n(r) and the factor of 2 arises from spin degeneracy. These equa-

tions are solved self-consistently to obtain the ground-state electron density n(r), from
which the ground-state energy follows through Eqs. 2.1.5 and 2.1.6. The original many-
particle system of interacting electrons is thereby mapped onto a system of non-interacting
electrons with the same density and the corresponding Kohn-Sham Hamiltonian

ĤKS = −1

2
∇2 + Vn(r) + VH(r) + Vxc(r). (2.1.10)
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Thus, provided that the exchange-correlation functional Exc[n] is known, the density of
the interacting electron system can be obtained by solving the one-particle Schrödinger
equation in Eq. 2.1.8 self-consistently [5]. The Kohn-Sham eigenvalues ϵi are not, in
general, the energies of one-particle states of the interacting system; rather, they are
derivatives of the total energy with respect to the occupation of the corresponding state
[11]. Nevertheless, in atomic and molecular electronic-structure calculations, the highest
occupied Kohn-Sham eigenvalue is closely related to the ionisation energy [12]. Strictly
speaking, therefore, the band structure obtained by solving the Kohn-Sham equations
is not the electronic band structure of the interacting crystal. In practice, however, the
Kohn-Sham bands often approximate the valence-band structure well. Semiconductor
band gaps, by contrast, are generally underestimated [13].

Despite its limitations, DFT provides a powerful framework for quantitative and qual-
itative studies of the electronic structure of real materials. E�cient numerical solution of
the Kohn-Sham equations is therefore essential.

As the number of electrons in the unit cell increases, ground-state electronic-structure
calculations become progressively more demanding. Additional approximations are there-
fore introduced to reduce the cost of solving the Kohn-Sham equations [5]. Several ap-
proximations commonly used in electronic-structure software are described below.

2.1.2 Exchange-Correlation Functional

Electrons are fermions and therefore obey the Pauli exclusion principle. A many-electron
wave function must be antisymmetric under exchange of any two electrons. This anti-
symmetry gives rise to the exchange contribution, which lowers the ground-state energy
relative to that of distinguishable particles in the same potential. Exchange is treated ex-
actly within the Hartree-Fock approximation, although the computational cost increases
with system size [8]. Correlation e�ects beyond Hartree-Fock, however, cannot generally
be treated exactly in practical calculations. The di�erence between the exact energy of
the interacting electron system and the Hartree-Fock energy is called the correlation en-
ergy. The exchange-correlation energy therefore contains the part of the electron-electron
interaction energy not included in the classical electrostatic repulsion.

In their 1965 paper [10], Kohn and Sham proposed the local-density approxima-
tion (LDA) for the exchange-correlation functional. LDA assumes that the exchange-
correlation energy per electron at a point r, ϵxc(r), depends only on the local electron den-
sity n(r) and equals that of a homogeneous electron gas at the same density. Contributions
arising from density variations around r are therefore neglected. Exchange-correlation en-
ergies for �nite homogeneous systems of approximately 100 electrons at di�erent densities
were calculated using Monte Carlo simulations and subsequently parameterised [14][15].
In 1997, Perdew, Burke, and Ernzerhof extended LDA by introducing a dependence on
the local density gradient [16]. This approach is known as the generalised gradient approx-
imation (GGA). For a homogeneous electron system, the PBE-GGA functional reduces to
the corresponding LDA limit. PBE-GGA is a non-empirical functional and remains one
of the most widely used approximations in electronic-structure calculations for crystals.

2.1.3 Periodic Supercells

Bulk three-dimensional crystals are periodic along three non-coplanar directions and
therefore contain, formally, in�nitely many electrons and ions. Without exploiting this
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periodicity, the Kohn-Sham problem would involve an in�nite system of equations. More-
over, because the Kohn-Sham wave functions generally extend throughout space, their
plane-wave expansions formally contain in�nitely many terms. Crystal periodicity and
Bloch's theorem [7] allow the electronic wave functions to be written as

ψik(r) = eikr
∑
G

cGike
iGr, (2.1.11)

where the sum runs over all reciprocal-lattice vectors G, cGik are coe�cients in the Fourier
expansion of the periodic part of the Bloch wave function, and i is the band index.

For su�ciently small ∆k, ψik(r) ≈ ψik+∆k(r). The ground-state energy can therefore
be evaluated by sampling the Bloch wave functions at a �nite set of crystal momenta k
[5]. Monkhorst and Pack developed a scheme for selecting these k-points from the �rst
Brillouin zone e�ciently and accurately [17]. Their sampling scheme selects three integers
q1, q2, and q3, de�nes the sets {uri : uri = 2ri−qi−1

2qi
, ri ∈ {1, ..., qi − 1, qi}}, and constructs

the k-points as all linear combinations

k =
3∑
i=1

uribi,

where bi are primitive reciprocal-lattice vectors.

In the plane-wave expansion of the periodic part
∑

G c
G
ike

iGr of the Bloch wave function
ψik(r), the coe�cients cGik decrease as the magnitude of G increases. It is therefore
reasonable to introduce the approximation

ψik(r) = eikr
∑

G∈Sik
G

cGike
iGr, (2.1.12)

where SikG = {G : |G| <
∣∣Gk

max

∣∣} and
∣∣Gk

max + k
∣∣2 /2 < Ecut. The plane-wave kinetic-

energy cuto� Ecut is generally chosen as the smallest value that satis�es the convergence
criterion of the calculation. In this truncated plane-wave basis, Eq. 2.1.8 takes the form∑

G′∈Sik
G

Hk
GG′cG

′

ik = ϵikc
G
ik, (2.1.13)

where

Hk
GG′ =

|G+ k|2
2

δGG′ + V G−G′

H + V G−G′

xc . (2.1.14)

Here V G−G′

H and V G−G′
xc are coe�cients in the plane-wave Fourier expansions of the

potentials VH(r) =
∑

G V
G
H e

iGr and Vxc(r) =
∑

G V
G
xc e

iGr. Solving Eq. 2.1.13 reduces
to diagonalising the matrices in Eq. 2.1.14. The matrix dimension is set by Ecut, or
equivalently by the cardinality of SikG . Without further approximations, an accurate
ground-state energy and electron density require a large Ecut and hence the diagonali-
sation of very large matrices. The pseudopotential approximation reduces this cost: a
modi�ed form of Eq. 2.1.13 is solved only for the valence electrons and in the region
su�ciently far from the nuclei, where the Kohn-Sham wave functions vary much more
slowly. The ground-state energy then converges at a substantially lower value of Ecut [5].
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2.1.4 Pseudopotentials

Many physical properties of solids depend far more strongly on the valence electrons than
on the core electrons. Moreover, treating core-electron orbitals in a crystal as identical to
the atomic orbitals of isolated atoms gives good quantitative results in practice. These
observations justify the pseudopotential approximation, in which the potential of the
nuclei and core electrons is replaced by a new function called a pseudopotential. Outside
a core region bounded by a sphere of radius rc, the core radius, this pseudopotential
coincides with the nuclear potential plus the averaged potential of the core electrons.
Inside the core region, it di�ers from the true potential and remains �nite at the nuclear
position. The pseudopotential and its �rst spatial derivative are also required to be
continuous. It is constructed so that the valence pseudo-wave functions outside the core
region equal the valence wave functions obtained by solving the all-electron Kohn-Sham

equations 2.1.8. Inside the core region, however, the pseudo-wave functions are nodeless
and vary slowly in space. The true valence wave functions vary rapidly near the nuclei
and possess several nodes because they must be orthogonal to all core-electron wave
functions. The smoother pseudo-wave functions can therefore be represented accurately
by a plane-wave set S ′ik

G whose cardinality is much smaller than that of SikG . In other words,
the ground-state energy and electron density outside the core regions can be calculated
accurately with a substantially lower Ecut.

One may additionally require that the integrals of the probability density over the
entire core region be equal for an all-electron state and its corresponding pseudo-state. A
pseudopotential satisfying this condition is said to be norm-conserving [5].

2.1.5 Maximally Localised Wannier Functions

The Bloch wave functions in Eq. 2.1.11 represent eigenstates of the electronic Hamiltonian
in a plane-wave basis and are localised in reciprocal space. The same eigenstates can also
be represented in a direct-lattice basis formed by Wannier functions, which are localised
in real space and de�ned as

wnR(r) =
1

Nk

∑
k

e−ikRψnk(r). (2.1.15)

Strictly speaking, Nk is the number of unit cells in the crystal. In calculations it is replaced
by the number of points in the DFT k-point grid, which is mathematically equivalent to
considering a crystal containing that number of unit cells and imposing Born-von Karman

periodic boundary conditions. These functions satisfy

wnR(r) = wnR+R′(r+R′). (2.1.16)

and are therefore functions of the di�erence r−R. Multiplying the Bloch functions by a
phase factor eiθ(k), where θ(k) is an arbitrary continuous function of crystal momentum,
leaves the transformed states as eigenstates. The gauge-transformed Bloch states are
physically equivalent to the original states, but the transformation can substantially alter
the properties of the associated Wannier functions [18].

Marzari and Vanderbilt derived a general expression for constructing J Wannier

functions from J · Nk Bloch functions. The selected states, with band indices n ∈
{m,m + 1, ...,m + J}, may cross or become degenerate with one another and are then
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described as entangled, but they must remain separated from all other Bloch states with
n′ /∈ {m,m+ 1, ...,m+ J}. Generalised Wannier functions can then be constructed as

wjR(r) =
1

Nk

∑
k

e−ikR
m+J∑
n=m

Uk,njψnk(r). (2.1.17)

Here Uk are J × J unitary matrices describing the generalised multiband gauge free-
dom in choosing the Bloch basis for the Hamiltonian subspace spanned by bands n ∈
{m,m + 1, ...,m + J} [19]. These are called unitary mixing matrices. The same work
introduced maximally localised Wannier functions (MLWFs), obtained through unitary
transformations Uk of the Bloch functions that minimise the quadratic spread, or locali-
sation functional, of the corresponding Wannier functions:

Ω =
J∑
j=1

(∣∣⟨0j| r2 |0j⟩∣∣− |⟨0j| r |0j⟩|2
)
, (2.1.18)

where |0j⟩ corresponds to the Wannier function wj0(r). This functional and its gradient
with respect to in�nitesimal gauge transformations can be represented and evaluated in a
plane-wave basis. The MLWF construction implemented in Wannier90 is based on this
principle. The resulting MLWFs can be used to recover the Bloch states as

ψnk(r) =
∑
R

eikR
J∑
j=1

U †
k,jnwjR(r), (2.1.19)

at arbitrary crystal momenta k outside the original coarse DFT k-point grid, at far
lower computational cost than direct diagonalisation of the electronic Hamiltonian in the
plane-wave representation. The electronic Hamiltonian in the Wannier representation
has dimension J × J , whereas the Bloch representation typically requires a much larger
plane-wave basis. Further theoretical and implementation details of MLWF construction
are given in Ref. [18].

2.2 In�uence of Spin-Orbit Coupling on the Electronic Structure

The preceding treatment neglects spin-dependent relativistic e�ects. In a crystal, an
electron experiences a term proportional to the scalar product of its spin magnetic moment
and the cross product of its velocity with the electric �eld. This term gives rise to spin-
orbit coupling (SOC), which can lift band degeneracies, particularly at high-symmetry
points of the �rst Brillouin zone. The strength of SOC generally increases with atomic
number; it may therefore be negligible in some crystals but substantially modify the
electronic structure of others [7]. When SOC is included in a band-structure calculation,
each band from a calculation without SOC corresponds to a time-reversal-related pair
known as a Kramers pair [20].

2.3 E�ective-Mass Approximation

In the semiclassical description of charge carriers, the inverse e�ective-mass tensor near a
band minimum for electrons or a band maximum for holes is de�ned as

[m−1(k)]ij = ±∂2ϵ(k)

∂ki∂kj
= ± ∂vi

∂kj
, (2.3.1)
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where the right-hand side is taken with the + sign for electrons and the − sign for holes,
so that the e�ective mass is positive by de�nition for all carriers [7]. This approximation
describes semiconductor e�ective masses well when the dispersion near a conduction-band
minimum or valence-band maximum can be represented accurately by [21]

ϵ(k) = ϵ0 ±
1

2

∑
ij

[m−1(k)]ijkikj. (2.3.2)

In the semiclassical description of a crystal, the equation of motion is [7]

a = ±m−1(k)k̇. (2.3.3)

For a diagonal inverse e�ective-mass tensor, the inverse of each diagonal element is the
carrier e�ective massm∗ along the corresponding direction. Bands with a diagonal inverse
e�ective-mass tensor are referred to as parabolic, while those associated with a non-
diagonal tensor are described as ellipsoidal [21]. Transforming to a basis in which the
tensor is diagonal yields its principal axes. Equation 2.3.3 shows that, for carrier motion
along a principal axis, the acceleration and applied force are parallel; this is generally not
true along other directions.

2.4 Lattice Dynamics, Phonon Dispersions, and DFPT

The Born-Oppenheimer approximation reduces the many-particle Schrödinger equation
for the electrons and nuclei of a crystal to the purely electronic Eq. 2.1.4. DFT provides
an approximate solution for electrons in the �eld of stationary nuclei. In real systems,
however, the nuclei move even at T = 0. Because nuclei are much heavier than elec-
trons, it is reasonable to treat their motion classically. For many materials, at least near
room temperature, the nuclear displacements from equilibrium may also be assumed small
relative to the dimensions of the primitive unit cell.

For nuclei in the e�ective potential of the electrons and all other nuclei, let Rµs denote
the equilibrium positions and uµs their displacements, where µ ∈ {1, ..., Nuc} labels unit
cells and s ∈ {1, ..., Nn} labels nuclei within a unit cell. In the harmonic approximation,
the classical nuclear Hamiltonian can be expanded in the displacements as

H(R+ u) =
∑
µsα

P 2
µsα

2Ms

+
1

2

∑
µsα

∑
νs′β

∂2Etot
∂uµsα∂uνs′β

∣∣∣
u=0

uµsαuνs′β. (2.4.1)

Here R + u ≡ {Rµs + uµs : µ ∈ {1, ..., Nuc}, s ∈ {1, ..., Nn}}, Pµsα are the generalised
nuclear momenta, and Etot is the total energy of the electrons and nuclei, with the elec-
tronic subsystem in its ground state for the speci�ed nuclear con�guration. The indices
α and β label Cartesian components of uµs, with α, β ∈ {1, 2, 3} for a three-dimensional
crystal. Equation 2.4.1 yields the nuclear equations of motion

Msüµsα = −
∑
νs′β

∂2Etot
∂uµsα∂uνs′β

∣∣∣
u=0

uνs′β. (2.4.2)

Solutions are sought in the form

uµsα(t) =
1√
Ms

usα(q)e
i(qRµ−ωqt), (2.4.3)
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where q is the phonon wave vector in the �rst Brillouin zone. The dynamical matrix is
de�ned as

Dsαs′β(q) ≡
1√

MsMs′

1

Nuc

∑
µν

∂2Etot
∂uµsα∂uνs′β

∣∣∣
u=0

eiq(Rν−Rµ). (2.4.4)

Diagonalising this matrix yields the phonon dispersions ων(q):∑
s′β

Dsαs′β(q)u
ν
s′β(q) = ω2

ν(q)u
ν
sα(q). (2.4.5)

The index ν ∈ {1, ..., 3Nn − 1, 3Nn} labels the linearly independent eigenvectors of the
dynamical matrix and is referred to as the phonon-branch index. Determining the phonon
dispersions therefore requires the dynamical matrix. The Hellmann-Feynman theorem
gives

∂Etot(R+ u)

∂uµsα
= ⟨ΨR+u| ∂HBO

∂uµsα
|ΨR+u⟩ , (2.4.6)

which makes it possible to determine the dynamical matrix from the ground-state electron
density at the equilibrium nuclear positions and its �rst derivatives with respect to nuclear
displacements:

∂2Etot(R+ u)

∂uµsα∂uνs′β
=

∫
dr
∂n(r)

∂uµsα

∂Vn(r)

∂uνs′β
+

∫
drn(r)

∂2Vn(r)

∂uµsα∂uνs′β
. (2.4.7)

For crystals with time-reversal symmetry, applying �rst-order perturbation theory and
reducing the integrals over all space in the preceding expressions to unit-cell integrals
leads, after a non-trivial derivation, to

(
e−i(k+q)rHKSe

i(k+q)r − ϵik
)
P k+q
c

(
e−iqr

∂
∑

G c
G
ike

iGr

∂usα(q)

)
=

= −P k+q
c

(
e−iqr

∂V (r)

∂usα(q)

∑
G

cGike
iGr

)
.

(2.4.8)

In this equation, Pc = 1 − Pv projects onto the subspace of conduction eigenstates of
HKS, whereas Pv projects onto the valence-state subspace. The operator P k

c is de�ned by
Pc =

∑
k e

ikrP k
c e

−ikr. The operator ∂
∂usα(q)

is de�ned as ∂
∂usα(q)

≡ 1√
Ms

∑
ν e

iqRν ∂
∂uνsα

∣∣
u=0

.
The derivative of the electron density with respect to collective displacements of nuclei s
along α, with propagation described by the phonon wave vector q, is

∂n(r)

∂usα(q)
= 2eiqr

∑
nk

∑
G

cGn−ke
iGrP k+q

c

(
e−iqr

∂
∑

G′ cG
′

nke
iG′r

∂usα(q)

)
. (2.4.9)

The factor of 2 arises from spin degeneracy. Self-consistent solution of Eqs. 2.4.7, 2.4.8,
and 2.4.9 yields the dynamical matrices as functions of phonon wave vector and hence
the corresponding phonon dispersions and eigenvectors. This requires the e�ective po-
tential experienced by the electrons and the electronic eigenstates of the unperturbed
Hamiltonian, both of which can be obtained using DFT. The procedure described above
for calculating the �electronic response� to a small perturbation of the potential is called
density functional perturbation theory (DFPT) [6].

DFPT can also describe the linear electronic response to a homogeneous electric �eld
by treating the �eld as a perturbation of the electrostatic potential experienced by the
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electrons [6]. The corresponding self-consistent equations yield, among other quantities,
the high-frequency relative dielectric tensor and the Born e�ective-charge tensors.

Phonon dispersions can be interpolated from a coarse q-point grid to an arbitrar-
ily dense grid using standard Fourier interpolation. In polar crystals, long-wavelength
longitudinal optical modes generate a long-range macroscopic electric �eld, producing a
non-analyticity of the dynamical matrix at the Γ point. The non-analytic part must there-
fore be subtracted from the full dynamical matrix, the analytic part Fourier -interpolated,
and the appropriately treated non-analytic term added back. This non-analytic correction
can be calculated from the Born e�ective-charge tensors and the high-frequency relative
dielectric tensor. Phonon dispersions obtained in this way exhibit LO-TO splitting, i.e.
the lifting of the degeneracy between longitudinal and transverse optical-mode energies.

2.5 Electron-Phonon Interaction and Wannier-Fourier Interpo-

lation

The electron-phonon interaction scatters an electron from a state ψnk(r) into a state
ψmk+q(r) through the change ∆νqV (r) in the Kohn-Sham potential induced by a phonon
with wave vector q and branch index ν. The electron-phonon coupling matrix element is
de�ned as

γmn,ν(k,q) =
1√

2ων(q)
⟨ψmk+q|∆νqV |ψnk⟩ . (2.5.1)

The total change in the potential experienced by the electrons is

∆νqV =
∑
µsα

1√
Ms

eiqRµuνsα
∂V (r;R+ u)

∂uµsα

∣∣
u=0

. (2.5.2)

The factor 1/
√

2ων(q) normalises the oscillation amplitude following quantisation of the
collective vibrations into phonons. The squared magnitude of the electron-phonon, or
hole-phonon, coupling matrix element is proportional to the probability of the corre-
sponding scattering event. Hole-phonon coupling is de�ned analogously because holes
correspond to unoccupied electron states below the Fermi level.

Above approximately 100K, phonon scattering is typically the dominant mechanism
limiting carrier mobility in su�ciently pure bulk semiconductors. Electron-phonon cou-
pling matrix elements vary rapidly with phonon wave vector q and electron crystal mo-
mentum k, particularly near Γ [3]. Accurate calculations of macroscopic properties that
depend on these matrix elements therefore require extremely dense k- and q-point grids,
much denser than those needed to converge typical DFT calculations. Direct DFPT cal-
culations on such grids would be prohibitively expensive. Wannier-Fourier interpolation
instead allows phonons and electron-phonon coupling matrix elements to be calculated
on relatively coarse grids and interpolated onto arbitrarily dense k- and q-point grids [1].

Lattice periodicity permits the electron-phonon coupling matrix element to be de�ned
in the Wannier basis as

γm′n′,sα(Re,Rµ) = ⟨m′0e|
∂V

∂uµsα
|n′Re⟩ . (2.5.3)

It can be calculated according to

γ(Re,Rµ) =
1

Nq

∑
k,q

e−i(kRe+qRµ)U †
k+qγ(k,q)Uk. (2.5.4)
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Inverse Fourier transformation at arbitrary k and q then gives the interpolated electron-
phonon coupling matrix element.

2.6 The Fröhlich Interaction

In polar crystals such as ZnO, longitudinal optical (LO) phonons generate a macroscopic
electric �eld. The interaction of electrons with this �eld is known as the Fröhlich inter-
action. It causes the electron-phonon coupling matrix element to diverge as 1/ |q| in the
long-wavelength limit and is not captured by standard Wannier-Fourier interpolation,
which relies on a short-ranged scattering potential [1][2]. In 2015, Verdi and Giustino

generalised the Fröhlich vertex [22] to anisotropic polar materials with multiple phonon
branches. Their long-range contribution γLmn,ν(k,q) is

γLmn,ν(k,q) ∝
∑

s,G ̸=−q

1√
2Msων(q)

(q+G)Ẑ∗
su

ν
s(q)

(q+G)ε̂∞(q+G)
⟨ψmk+q| ei(q+G)r |ψnk⟩ , (2.6.1)

where Ẑ∗
s is the Born e�ective-charge tensor of atom s, ε̂∞ is the high-frequency relative

dielectric tensor of the crystal, and uνs(q) is the vector with components uνsα(q) along the
corresponding directions α.

Subtracting this long-range term from the electron-phonon coupling matrix element in
Eq. 2.5.1 leaves a regular, short-ranged contribution that is amenable to Wannier-Fourier

interpolation. After interpolating this contribution to arbitrary k and q, the analytically
evaluated long-range term is added back at the same points.

2.7 Momentum Relaxation Time and Charge-Carrier Mobility

Within the momentum-relaxation-time approximation, the mobility of conduction-band
electrons or valence-band holes is the tensor

µij = −
∑

nk v
(i)
nkv

(j)
nkτnk

∂fnk

∂ϵnk∑
nk fnk

. (2.7.1)

Here n is the carrier band index, fnk ∝ e
− ϵnk

kBT is the Maxwell-Boltzmann occupation of
a state with energy ϵnk, v

(i)
nk = ∂ϵnk

∂ki
, kB is the Boltzmann constant, T is temperature,

and τnk is the momentum relaxation time of a carrier in state ψnk. The use of the
Maxwell-Boltzmann, rather than Fermi-Dirac, distribution is justi�ed by the assumption
of very low carrier concentrations, as in pure, undoped semiconductor samples [21]. In
the low-concentration limit, the carrier relaxation time is

1

τnk
=

2π

Nq′

∑
q,ν,m

∑
±

|γmn,ν(k,q)|2
(
nνq +

1

2
∓ 1

2

)
×

×δ (ϵnk ± ων(q)− ϵmk±q) (1− cosθk,k±q),

(2.7.2)

where nνq is the Bose-Einstein occupation of the phonon mode νq, and Nq′ is the number
of q-points in the dense interpolated grid. The �nal factor in the preceding expression is
given by

cosθk,k±q =
vnk · vmk±q

|vnk| · |vmk±q|
. (2.7.3)
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The delta function in Eq. 2.7.2 enforces energy conservation, while the sum over ±
includes phonon absorption (+) and emission (−).

Calculating a carrier momentum relaxation time from Eq. 2.7.2 requires the electron-
phonon or hole-phonon coupling matrix elements. Because they vary rapidly with car-
rier crystal momentum and phonon wave vector, many mobility studies evaluate them
on predetermined, extremely dense k- and q-point grids, ranging from approximately
453 to 6003, obtained by Wannier-Fourier interpolation from coarse grids of order 83

[23][24][25][26][27]. Interpolation onto grids of this size is computationally very demand-
ing [4]. A method was therefore developed that evaluates the momentum relaxation time
without using a predetermined dense q-point grid, substantially reducing the cost of car-
rier relaxation-time and mobility calculations [4]. The method converts the sum over
phonon wave vectors in Eq. 2.7.2 into an integral in spherical coordinates and rewrites
the delta function as

δ[g(qr, qφ, qθ)] =
∑
i

δ(3)(q− qi)

|∇g(qi)|
, (2.7.4)

where i labels the zeros of the function

g(qr, qφ, qθ) = ϵnk − ϵnk±q ± ων(q). (2.7.5)

The integration is carried out for NΩ phonon-wave-vector directions (qsφ, q
s
θ), s ∈

{1, ..., NΩ}, selected randomly by Monte Carlo sampling. For each direction, the delta
function reduces the integral to a sum over radial components qir(q

s
φ, q

s
θ) that are zeros of

g. Consequently, the electron-phonon coupling matrix elements need be interpolated from
the coarse grid only to the q-points with spherical coordinates (qir(q

s
φ, q

s
θ), q

s
φ, q

s
θ). The

average carrier momentum relaxation time along a selected phonon-wave-vector direction
can thus be approximated using far fewer Wannier-Fourier -interpolated coupling matrix
elements.
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3 Material Studied: Wurtzite ZnO

This section describes the crystal structure of ZnO, the semiconductor for which carrier
momentum relaxation times and mobilities were calculated.

Zinc oxide crystallises in the wurtzite structure with space group P63mc and point
group C6v [28] (Figure 3.1). Its crystal structure can be described as two interpenetrating
hexagonal close-packed (HCP) sublattices of equal dimensions, one formed by Zn2+ and
the other by O2−. The ions are tetrahedrally coordinated, and the two sublattices are
displaced relative to one another by a distance u along the z axis (Figure 3.2).

a

b

c

Figure 3.1: Projection of the wurtzite ZnO crystal structure onto the plane normal to the
primitive lattice vector c, i.e. the plane spanned by the primitive lattice vectors a and b.
Zn2+ ions are shown as grey spheres and O2− ions as red spheres.

c

b
a

Figure 3.2: Crystal structure of wurtzite ZnO.

The primitive unit cell is shown in Figs. 3.3 and 3.4. The conventional unit cell
contains two zinc atoms and two oxygen atoms. The in-plane primitive lattice vectors
forming the hexagonal structure are denoted by a and b. They have equal magnitudes
a and enclose an angle of 120◦, while the primitive vector c normal to their plane has
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magnitude c. The ZnO structure is close to ideal: c/a ≈ 1.6081(7) [28], compared with
c/a ≈ 1.63299 for an ideal wurtzite crystal. Zn and O atoms are aligned along c, giving
rise to spontaneous polarisation in this direction. Wurtzite ZnO lacks inversion symmetry.

c

b
a

Figure 3.3: Primitive unit cell of wurtzite ZnO.

a

b

c

Figure 3.4: Primitive unit cell of wurtzite ZnO projected onto the plane normal to c, i.e.
the plane containing the primitive lattice vectors a and b.

14



4 Method

This section describes the electronic-structure and phonon calculations, the construction
of Wannier functions, and the evaluation of electron-phonon coupling matrix elements
using Wannier-Fourier interpolation for polar semiconductors. It then presents the pro-
cedures used to calculate carrier momentum relaxation times and mobilities. The �nal
part of the methodology speci�es where and why spin-orbit coupling was included.

4.1 Electronic-Structure Calculations

The DFT electronic-structure calculations for wurtzite ZnO were performed using abinit
[29][30]. The Perdew-Burke-Ernzerhof (PBE) generalised gradient approximation to the
exchange-correlation functional was employed [16]. Standard-accuracy norm-conserving
pseudopotentials from the PseudoDojo project were used [31]: scalar-relativistic ON-
CVPSP v0.4.1 pseudopotentials for calculations without spin-orbit coupling (SOC), and
fully relativistic ONCVPSP v0.4 pseudopotentials for calculations with SOC. In these
pseudopotentials, the 1s, 2s, and 2p electrons of Zn are treated as core electrons, whereas
only the 1s electrons of O are treated as core states. Thus, the electronic structure is
calculated explicitly for 20 electrons per Zn atom and 6 per O atom. Because the primi-
tive wurtzite ZnO unit cell contains two atoms of each element, 52 valence electrons are
included. A calculation without SOC consequently contains 26 valence bands, since two
opposite-spin electrons may occupy each Kohn-Sham state ψnk(r). With SOC, the eigen-

states of the Kohn-Sham Hamiltonian are spinors ψnk(r) =
( ψ↑

nk(r)

ψ↓
nk(r)

)
, each accommodating

at most one electron. The number of valence bands is therefore doubled to 52.
Experimental lattice constants from the literature were used in all calculations [28],

while the atomic positions within the unit cell, expressed as Wycko� coordinates in the
primitive-lattice basis, were obtained from the Materials Project database [32]. The �rst
Brillouin zone was sampled using a 6×6×4 Γ-centred Monkhorst-Pack k-point grid [17].
The plane-wave kinetic-energy cuto� was 45Ha.
Details of the electronic-structure convergence tests are given in Appendix A. Following
the self-consistent calculation on the grid speci�ed above, non-self-consistent electronic-
structure calculations were performed by diagonalising the Kohn-Sham Hamiltonian in
the plane-wave basis. These calculations yielded eigenstates and eigenvalues at crystal
momenta k along a path connecting selected high-symmetry points in the �rst Brillouin
zone (Figure 4.1). The high-symmetry-point coordinates and labels were generated with
SeeK-path through Materials Cloud [33][34].

4.2 In�uence of Spin-Orbit Coupling on the Band Structure

The DFT calculations with and without SOC were used to plot the band structures in
Fig. 4.2 along the high-symmetry path in the �rst Brillouin zone shown in Fig. 4.1. The
bands most relevant to momentum-relaxation-time and mobility calculations are the up-
permost valence bands within several kBT of the Fermi level and the lowest conduction
bands within several kBT of the conduction-band minimum, particularly near Γ (Fig-
ure 4.3). Figures 4.2 and 4.3 show that, without SOC, the relevant bands are the three
uppermost valence bands and the lowest conduction band; with SOC, they are the cor-
responding Kramers pairs. To quantify the in�uence of SOC on these states, inverse
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Figure 4.1: First Brillouin zone of wurtzite ZnO. The blue line marks the path connecting
selected high-symmetry points used to plot the band structure. The reciprocal-lattice
vectors are denoted by b1, b2, and b3.
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Figure 4.2: Band structures obtained from DFT calculations without SOC (left) and with
SOC (right). In the SOC band structure, odd-indexed bands are shown as blue dotted
lines and even-indexed bands as red dashed lines.
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e�ective-mass tensors were calculated for the two uppermost valence bands and the low-
est conduction band obtained without SOC, as well as for their corresponding spin-split
pairs from the calculations with SOC.

Figure 4.3 also shows that including SOC lifts the twofold degeneracy of the Kohn-

Sham eigenvalues associated with the two uppermost valence bands at Γ, producing spin-
orbit splitting [20].

4.2.1 Charge-Carrier E�ective-Mass Calculations

DFT calculations were used to obtain the Kohn-Sham eigenvalues of the two uppermost
valence bands, n = 25 and n = 26, and the lowest conduction band, n = 27, along three
high-symmetry directions near Γ: Γ− K, equivalent to kx; Γ−M, equivalent to ky; and
Γ−A, equivalent to kz. The eigenvalues were calculated at equally spaced k-points along
each reciprocal-space coordinate axis, beginning at Γ. For every band, the Kohn-Sham

eigenvalue associated with ψKSnk was plotted against k2/2 separately along kx, ky, and kz.
The slopes of straight lines �tted to these points are the diagonal elements m−1

ii of the
inverse e�ective-mass tensor, where i labels the three reciprocal-space directions. One
such �t is shown in Fig. 4.4.

The o�-diagonal elements (m−1)ij were calculated similarly. The eigenvalues corre-
sponding to Kohn-Sham states ψnk, with k along ki + kj for i, j ∈ {x, y, z} and i ̸= j,
were plotted against k2i /2. Straight-line �ts yielded slopes cij, from which the o�-diagonal
elements were calculated as(

m−1
)
ij
=
cij − (m−1)ii − (m−1)jj

2
. (4.2.1)

The same procedure was applied to the Kramers pairs corresponding to the two uppermost
valence bands and the lowest conduction band in the calculations with SOC.

Because the wurtzite structure lacks spatial-inversion symmetry, bands belonging to
a Kramers pair with indices 2n and 2n+ 1 strictly satisfy

E2n(k) = E2n+1(−k). (4.2.2)

These individual bands need not possess k-space inversion symmetry near Γ. When
they do not, an e�ective mass de�ned through the curvature of a single band at Γ is
not physically meaningful because the curvature is not well de�ned there. New pairs of
functions of crystal momentum, Ena and Enb, are therefore constructed from the Kramers
pair 2n, 2n+ 1 according to

For E2n+1(k) ≥ E2n(k) :{
Ena(k) = E2n(k)

Enb(k) = E2n+1(k)

For E2n(k) > E2n+1(k) :{
Ena(k) = E2n+1(k)

Enb(k) = E2n(k)

For brevity, these constructed functions will hereafter be referred to as band pairs,
although they are not individual Kramers pairs in the strict sense. This convention does
not a�ect the calculated inverse e�ective-mass tensors because the crystal momenta used
in the calculation can be chosen such that k ∈ R3

≥0, as was done here.
For the two uppermost valence-band pairs in the calculations with SOC, the energy

ranges over which a straight line could be �tted while retaining stable inverse e�ective-
mass elements were substantially reduced. Here stability refers to the sensitivity of a
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Figure 4.3: Dispersion relations near Γ for the three uppermost valence bands (24, 25,
and 26) and the lowest conduction band (27), along Γ − K, equivalent to kx (left), and
Γ−A, equivalent to kz (right). Results without SOC are shown as solid grey lines. In the
calculations with SOC, the lower-energy member of each corresponding pair is shown by
a blue dotted line and the higher-energy member by a red dashed line. The upper panels
show all three valence bands, or three Kramers pairs with SOC, and the lowest conduction
band, or one Kramers pair with SOC. The lower panels are vertical enlargements of the
shaded valence-band regions in the upper panels.
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Figure 4.4: Kohn-Sham eigenvalues from DFT calculations without SOC for the state
ψnk in the lowest conduction band, n = 27, plotted against k2/2. The crystal momenta
lie along kx, equivalent to Γ−K. A straight line is �tted through the points; the electron
e�ective mass m∗ along x is the inverse of its slope.

�tted tensor element to the distance from Γ of the outermost point included in the �t.
An example is shown in Fig. 4.5.

Without SOC, the inverse e�ective-mass tensors of the two uppermost valence bands
and the lowest conduction band are diagonal to within numerical precision. Their diagonal
elements can therefore be inverted directly to obtain the carrier e�ective masses along the
corresponding directions. With SOC, some valence-band inverse e�ective-mass tensors
contain non-zero o�-diagonal elements that mix the direction parallel to the primitive
vector c with directions normal to it. Diagonalising these tensors showed that, although
the two in-plane principal axes rotate within the plane normal to c, one remains in that
plane and the other deviates from it by less than 5◦. Similarly, the third axis deviates
from c by less than 5◦. E�ective masses along the principal axes, obtained as the inverses
of the eigenvalues of the inverse e�ective-mass tensor, di�er by less than 10% from the
inverses of the corresponding diagonal tensor elements.

For a qualitative assessment of the in�uence of SOC on the carrier e�ective masses,
it is therefore su�cient to compare the inverses of the diagonal tensor elements obtained
without SOC directly with the corresponding values for the associated band pairs obtained
with SOC.

Because the e�ective-mass tensors of the two uppermost valence bands di�er sub-
stantially along some directions between calculations with and without SOC (Table 5.1,
Appendix B), and because SOC produces splitting at Γ, SOC was included in all subse-
quent calculations except those of the high-frequency relative dielectric tensor and Born

e�ective charges, as explained in Section 4.4.
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Figure 4.5: Kohn-Sham eigenvalues from calculations with SOC for states ψnk of band
n = 26a, plotted against k2x/2. The crystal momenta lie along kx. A straight line is �tted
through the points for which the slope remains stable, shown as orange diamonds.

4.3 Construction of Maximally Localised Wannier Functions

Maximally localised Wannier functions were constructed using Wannier90 [35], called
as a library from abinit. The construction included 24 Kramers pairs obtained from
the DFT calculations with SOC: the uppermost 16 valence-band pairs and the lowest
8 conduction-band pairs. The standard disentanglement procedure was used for en-
tangled bands [36]. The �frozen energy window� [35], i.e. the energy range in which
the original Kohn-Sham states are preserved when constructing the MLWF subspace, is
shown in Fig. 4.6. The window was chosen to maximise agreement between the Wannier-
interpolated and directly calculated DFT bands for the three uppermost valence-band
pairs and the lowest conduction-band pair.

4.4 High-Frequency Relative Dielectric Tensor and Born E�ec-

tive Charges

The high-frequency relative dielectric tensor ε̂∞ and the Born e�ective-charge tensors
Ẑ∗(Zn) and Ẑ∗(O) were calculated using abinit [37][38][39]. These calculations combine
a DFT electronic-structure calculation with a DFPT linear-response calculation. Con-
verging the elements of ε̂∞, Ẑ∗(Zn), and Ẑ∗(O) often requires a denser k-point grid than
is needed to converge the Kohn-Sham energies [6]. The computational cost therefore
increases rapidly with the number of k-points used to sample the �rst Brillouin zone
(Figure D.1). At a �xed number of bands, including SOC increases the cost by several-
fold.
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Figure 4.6: ZnO band structure obtained directly from DFT calculations with spin-orbit
coupling (solid blue lines) and by Wannier interpolation (dashed red lines). The shaded
region is the �frozen energy window� [35].

Before undertaking the convergence tests, the e�ect of SOC was assessed on a coarse
6 × 6 × 4 k-point grid. The high-frequency dielectric and Born e�ective-charge ten-
sors obtained with and without SOC di�ered only slightly (Table D.1); the subsequent
convergence tests were therefore performed without SOC (Figure A.3, Figure A.4, and
Figure A.5). The values used in the remaining calculations were obtained on a Γ-centred
18× 18× 12 Monkhorst-Pack grid.

4.5 Phonon Dispersions and Carrier�Phonon Coupling Matrix

Elements

Dynamical matrices and phonon frequencies were calculated with abinit on a coarse Γ-
centred 6×6×4Monkhorst-Pack q-point grid using DFPT [37][38]. Brillouin-zone symme-
tries were not used in the underlying DFT electronic-structure calculation. Convergence
of the phonon frequencies was tested at selected high-symmetry q-points (Tables A.1, A.2,
and A.3).

The resulting coarse-grid phonon dispersions were interpolated to arbitrary wave vec-
tors q in the �rst Brillouin zone while accounting for the non-analyticity of the dynamical
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matrix near Γ. The interpolation used code developed and adapted by Dr. Nenad Vuk-
mirovi¢ from the code collection available on Zenodo [40], together with the previously
calculated high-frequency dielectric and Born e�ective-charge tensors. The phonon dis-
persions were plotted along the same high-symmetry path as the electronic band structure
and compared with experiment (Figure 5.1).

Electron-phonon and hole-phonon coupling matrix elements were calculated with code
from the same collection [40], using the inputs employed for the phonon interpolation to-
gether with the unitary Bloch-function mixing matrices obtained from abinit and Wan-

nier90. The implemented procedure is based on Wannier-Fourier interpolation and
includes the long-range Fröhlich interaction [41][42]. The magnitude of the coupling be-
tween an electron at k = 0 in the lowest conduction band and an electron at k+q in the
same band was plotted as a function of the wave vector q for a phonon in branch ν. The
selected phonon wave vectors follow the same high-symmetry path used for the electronic
band structure and phonon dispersion (Figure 5.2 and Figure 5.3).

4.6 Charge-Carrier Momentum Relaxation Times

Carrier momentum relaxation times were calculated with code from the collection cited
above [40], using the method of Ref. [4], which does not rely on predetermined dense k-
and q-point grids. Calculations were performed for holes in the three uppermost valence-
band Kramers pairs and electrons in the lowest conduction-band Kramers pair. The
long-range Fröhlich interaction and carrier scattering mediated by all 12 phonon branches
were included. For electrons, the relaxation time was expressed as a function of the
excess energy above the conduction-band minimum, ϵnk − ϵm0, where m labels the lowest
conduction band. For holes, it was expressed as a function of the energy below the valence-
band maximum, ϵm′0−ϵnk, where m′ labels the uppermost valence band. Electrons in the
lowest conduction-band pair were allowed to scatter into states of that same pair, while
holes in the three uppermost valence-band pairs were allowed to scatter among states of
all three pairs.

For a carrier in band n with crystal momentum k scattering into a state in band m
with momentum k + q, the method �nds the zeros of the function g in Eq. 2.7.5 for NΩ

randomly selected directions (qθ, qφ), where (qr, qθ, qφ) are the spherical coordinates of q.
The value NΩ = 100 was used.

Solutions of g(qr(qφ, qθ)) = 0 were sought numerically on qr ∈ [qmin, qmax], where
qmax is the distance from Γ to the edge of the �rst Brillouin zone along the direction
(qθ, qϕ) and qmin = 10−4a−1

0 . The interval [qmin, qmax] was divided into N1 = 20 closed
subintervals with shared boundaries. Their boundaries form a geometric progression,
giving the highest subinterval density near Γ. Wherever g had opposite signs at the two
boundaries, its zero was located by N2 = 10 bisection iterations. At each resulting q-
point, the electron-phonon or hole-phonon coupling matrix elements were calculated as
described in the preceding subsection.

To plot the relaxation times as functions of excess carrier energy, crystal momenta were
selected along kx, ky, and kz, corresponding to Γ − K, Γ −M, and Γ − A, respectively.
The k-points were equally spaced along each direction. Relaxation-time calculations were
performed from 100K to 500K in steps of 50K.
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4.7 Temperature Dependence of Charge-Carrier Mobility

The temperature-dependent mobility calculations apply Eq. 2.7.1 to the momentum relax-
ation times obtained by the procedure above. For the relaxation-time-versus-energy plots,
the crystal momenta k were selected along predetermined directions, thereby �xing the
states ψnk to be evaluated. In the mobility calculations, by contrast, both k and the band
n within the selected scattering manifold were chosen randomly byMonte Carlo sampling,
with the k-point selection optimised for the state-occupation distribution at a reference
temperature Tref . Each individual valence- or conduction-band mobility calculation used
Nk = 100 pairs (k, n). For each band group, the calculation was repeated ten times with
di�erent random-number seeds (Figs. C.1 and C.2). The states sampled at Tref = 500K
were used to evaluate the mobility tensors from 100K to 500K in steps of 50K. Means
and standard deviations were determined at every temperature, and the diagonal tensor
elements were plotted as functions of temperature (Figs. 5.10 and 5.11). One additional
calculation with Nk = 1000 was performed for each of the two band groups. These re-
sults were compared with the corresponding averages of the ten Nk = 100 calculations to
provide an additional convergence check (Figs. C.3 and C.4).
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5 Results and Discussion

This section presents the principal results of the calculations, many of which are compared
with experiment. They include phonon dispersions, electron-phonon coupling matrix
elements, and charge-carrier momentum relaxation times and mobilities in ZnO. The
results are analysed in the context of the models and approximations employed, previous
theoretical results for polar semiconductor crystals, and reliable experimental data where
available.

5.1 DFT and DFPT Calculations

Table 5.1 lists the hole e�ective masses in the two uppermost valence bands, 25 and
26, and the electron e�ective mass in the lowest conduction band, 27, obtained from
DFT calculations without spin-orbit coupling. The o�-diagonal elements of the inverse
e�ective-mass tensors are at least three orders of magnitude smaller than their corre-
sponding diagonal elements and are therefore e�ectively zero (Table B.1). The tensors
are consequently almost diagonal, so the e�ective masses along the coordinate axes are the
inverses of the corresponding diagonal elements. Equal values are obtained along the two
mutually orthogonal directions normal to c; the e�ective masses are therefore isotropic in
that plane.

Table 5.1 also gives the inverses of the diagonal elements of the inverse e�ective-mass
tensors for the corresponding band pairs obtained with SOC: 25a, 25b, 26a, 26b, 27a, and
27b. The tensors for bands 25a, 25b, and 26a are not diagonal (Table B.1), so these inverse
diagonal elements are not, strictly speaking, the e�ective masses along the corresponding
directions. Diagonalisation shows, however, that two principal axes remain almost in the
plane normal to c, deviating by less than 5◦, although they rotate within that plane by
approximately 45◦. The inverses of the tensor eigenvalues di�er by less than 10% from
the inverses of the corresponding diagonal elements. Thus, for the two uppermost valence
bands, SOC transforms parabolic bands into ellipsoidal, anisotropic bands.

Table 5.1: Inverses of the diagonal elements of the inverse e�ective-mass tensors, in units of
the free-electron massm0, for the two uppermost valence bands and the lowest conduction
band. Results without SOC are compared with those for the corresponding lower-energy
(a) and higher-energy (b) band partners obtained with SOC. Directions normal and par-
allel to c are denoted by ⊥ and ∥, respectively.

Band (n) Direction Without SOC With SOC - a With SOC - b

25 (v)
⊥ 0.18 0.27 0.30
∥ 3.0 3.0 3.0

26 (v)
⊥ 2.5 0.31 0.41
∥ 3.0 2.4 2.4

27 (c) ⊥, ∥ 0.16 0.16 0.16

For bands 25 and 26, the in-plane e�ective masses di�er greatly between calculations
with and without SOC. Without SOC, the two uppermost valence bands are degenerate
at Γ, whereas SOC lifts this degeneracy (Fig. 4.3). Because SOC may therefore have a
substantial e�ect on carrier mobility, all calculations required to obtain the �nal mobility
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used DFT results with SOC, except for the high-frequency relative dielectric tensor and
Born e�ective charges. Table 5.1 also shows that the lowest conduction band is isotropic
and only negligibly a�ected by SOC.

Table 5.2 compares several quantities obtained from the DFT and DFPT calculations
with experiment [28]. It gives the gaps between the lowest conduction-band pair, 27,
and the three uppermost valence-band pairs, 26, 25, and 24, from DFT with SOC; the
conduction-electron e�ective mass m∗

e/m0, also obtained with SOC; and the components
of the high-frequency relative dielectric tensor ε̂∞ normal and parallel to c, ε⊥∞ and
ε
∥
∞, obtained from DFT and DFPT without SOC. The o�-diagonal tensor elements
are zero. The calculated band gaps are substantially underestimated relative to exper-
iment. This is a well-known limitation of DFT calculations employing LDA or GGA
exchange-correlation functionals and also leads to an underestimated electron e�ective
mass in the lowest conduction band. Electronic-structure calculations using the hybrid
Heyd-Scuseria-Ernzerhof (HSE06) functional [43] generally yield substantially improved
band gaps and carrier e�ective masses [44][3].

Table 5.2: Comparison of calculated and experimental values [28] for wurtzite ZnO: the
band gaps Eg between the lowest conduction band and the three uppermost valence bands
(26, 25, and 24), the conduction-electron e�ective mass m∗

e/m0, and the components of
the high-frequency relative dielectric tensor normal and parallel to c, ε⊥∞ and ε∥∞.

Quantity Theory (this work) Experiment

Eg (eV) 0.850, 0.882, 0.976 3.441, 3.443, 3.482
m∗
e/m0 0.16 0.28
ε⊥∞ 4.97 3.70
ε
∥
∞ 5.00 3.75

SOC was found to have a negligible in�uence on the high-frequency relative dielectric
and Born e�ective-charge tensors of ZnO. On the 6×6×4 Monkhorst-Pack grid, the rela-
tive di�erence between values calculated with and without SOC is below 1% (Table D.1).
The values obtained without SOC were therefore used subsequently because including
SOC substantially increases the computational cost without materially improving the
accuracy. Both tensors are diagonal and isotropic in the plane normal to c.

The calculated components ε⊥∞ and ε∥∞ are overestimated relative to experiment. The
high-frequency dielectric response is highly sensitive to the exchange-correlation approx-
imation used in the calculation [3].

Figure 5.1 shows the phonon dispersion along selected high-symmetry directions
obtained from DFT and DFPT calculations with SOC, together with experimental data
at high-symmetry points [45][46].

The calculated high-frequency relative dielectric and Born e�ective-charge tensors
were used to interpolate the phonon dispersion from the coarse q-point grid and to treat
the non-analyticity of the dynamical matrix near q = 0. Because the non-analytic part
is inversely proportional to the high-frequency relative permittivity [6], it is underesti-
mated in the present calculations. Despite this, the calculated phonon dispersions agree
reasonably well with experiment.
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Figure 5.1: Phonon dispersions calculated in this work (red lines), together with experi-
mental values at high-symmetry points obtained by inelastic neutron scattering [45] (blue
circles) and Raman spectroscopy [46] (green diamonds).

5.2 Electron-Phonon Coupling Matrix Elements

Figure 5.2 shows the calculated magnitudes of the coupling matrix elements between
an electron at k = 0 in the lowest conduction band and an electron at k + q in the
same band, mediated by phonons in the three acoustic branches, as functions of q. The
phonon wave vectors follow a path connecting selected high-symmetry points in the �rst
Brillouin zone.

Figure 5.3 shows the corresponding coupling magnitudes mediated by the three
highest-energy optical branches, 10, 11, and 12. The selected wave vectors again follow
the high-symmetry path, and the coupling magnitudes are plotted on a logarithmic
vertical scale.

These plots illustrate the general behaviour of the coupling for electrons with k ≈ 0
scattering by acoustic phonons and the three highest-energy optical branches. Scattering
by branch-12 phonons with q ≈ 0 is clearly the dominant channel. For phonon emission,
this channel opens when the electron energy exceeds the conduction-band minimum by
the energy of a branch-12 LO phonon near q = 0. Figure 5.3 also shows that the coupling
to these phonons varies extremely rapidly with wave vector near the centre of the �rst
Brillouin zone, where its magnitude is largest.

Couplings mediated by the six lower-energy optical branches are not shown because
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Figure 5.2: Calculated magnitudes of the electron-phonon coupling matrix elements be-
tween an electron in the lowest conduction band at Γ and an electron in the same band
with crystal momentum q, mediated by acoustic phonons with wave vector q along se-
lected high-symmetry directions.

they are much smaller than those for the three highest-energy branches. The coupling
for acoustic-phonon scattering is likewise much weaker than that for branch-12 optical
phonons.

Comparison with results for the II-VI semiconductors ZnSe, ZnTe, CdSe, and CdTe
[3] shows that, in wurtzite ZnO, the branch-12 LO-phonon coupling decreases much more
slowly with phonon wave-vector magnitude. Conduction-electron scattering by branch-
12 LO phonons at larger wave vectors is therefore more probable in ZnO than in those
materials. Electron momentum relaxation times are consequently expected to be shorter
when scattering by these phonons is the dominant relaxation mechanism.
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Figure 5.3: Calculated magnitudes of the electron-phonon coupling matrix elements be-
tween an electron in the lowest conduction band at Γ and an electron in the same band with
crystal momentum q, mediated by phonons in the three highest-energy optical branches
along selected high-symmetry directions.

5.3 Charge-Carrier Momentum Relaxation Times

Figure 5.4 shows the calculated electron momentum relaxation time at T = 300K as a
function of electron energy relative to the minimum of the lowest conduction band at
Γ. The electrons belong to the lowest conduction-band pair near Γ, and their crystal
momenta lie along Γ−K, Γ−M, or Γ− A.

Because only NΩ = 100 randomly selected phonon-wave-vector directions were used,
the plotted values are not fully converged, as expected [4]. More thoroughly converged
calculations would produce smoother relaxation-time curves while preserving the same
overall trend [4].

The overall energy dependence is the same along all three high-symmetry directions.
This is consistent with the isotropy of the lowest conduction-band pair near Γ (Table 5.1
and Table B.1) and the near-isotropy of the high-frequency relative dielectric tensor (Ta-
ble 5.2).
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Figure 5.4: Calculated electron momentum relaxation time versus energy relative to the
minimum of the lowest conduction band at T = 300K. The electrons belong to the lowest
conduction-band pair, with crystal momenta along Γ−A (black circles), Γ−K (turquoise
diamonds), or Γ − M (pink squares). The dashed vertical line marks the energy of the
branch-12 LO phonon at q = 0.

The overall energy dependence agrees with that obtained for ZnTe using the same
method [4], as well as with previous results for ZnSe, ZnTe, CdSe, and CdTe [3]. The
relaxation times calculated for ZnO are substantially shorter than those reported for these
materials.

Figure 5.5 shows the electron momentum relaxation time near Γ as a function of energy
relative to the conduction-band minimum at T = 100K, 300K, and 500K, combining
crystal momenta along all three high-symmetry directions.
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Figure 5.5: Calculated electron momentum relaxation time versus energy relative to the
lowest conduction-band minimum at T = 100K (red circles), 300K (grey squares), and
500K (blue diamonds). The electrons belong to the lowest conduction-band pair and have
crystal momenta along Γ−A, Γ−K, or Γ−M. The dashed vertical line marks the energy
of the branch-12 LO phonon at q = 0.

Between a fewmeV and the branch-12 LO-phonon energy, the relaxation time increases
with electron energy. As the electron momentum and energy increase, the phase space
of �nal states accessible through emission grows and additional channels open because
higher-energy phonon branches become available. In isolation, this e�ect would shorten
the relaxation time. At the same time, the electron speed increases, so scattering by
a given phonon produces a smaller relative change in the direction of vk = k/m∗(k)
than it does for a lower-momentum electron. In this sense, phonon scattering relaxes the
momentum of faster electrons less e�ectively.

When the electron reaches the branch-12 LO-phonon energy, a small further increase in
energy produces a sharp decrease in relaxation time. The branch-12 LO-phonon emission
channel has opened, and its coupling is several orders of magnitude stronger than that of
the other branches. The slight increase in relaxation time at still higher electron energies
can again be explained by the decreasing fractional change in velocity direction during
scattering.

The temperature dependence is strongest below the branch-12 LO-phonon energy: re-
laxation times are substantially longer at lower temperatures and rise more rapidly with
electron energy. Above the LO-phonon threshold, the temperature dependence remains
visible but is much weaker. These observations indicate that branch-12 LO-phonon emis-
sion dominates momentum relaxation above the threshold. For this process, the factor
entering the inverse relaxation time is n12

q (100K)+1 ≈ n12
q (300K)+1 ≈ n12

q (500K)+1 ≈ 1.
To investigate the low-energy behaviour more closely, the relaxation time at T =

300K was recalculated near Γ including only scattering by the six highest-energy phonon
branches (Figure 5.6).
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Figure 5.6: Calculated electron momentum relaxation time versus energy relative to the
conduction-band minimum at T = 300K, including scattering by only the six highest-
energy phonon branches (blue circles) or by all phonon branches (red diamonds). The
electrons belong to the lowest conduction-band pair and have crystal momenta along
Γ− A.

The results indicate that, below approximately 1meV, momentum relaxation is dom-
inated by absorption of optical phonons from the six highest-energy branches. Above
this threshold, scattering by the six lower-energy branches rapidly becomes dominant. A
numerical origin for the behaviour within the �rst few meV cannot be ruled out com-
pletely. Theoretical models predict that, for deformation-potential scattering by longitu-
dinal acoustic phonons, the squared coupling behaves as ∝ q as q → 0. Polar semicon-
ductors also exhibit piezoelectric scattering by acoustic phonons, for which the squared
coupling diverges as ∝ 1/q near q = 0 [47]. It is therefore not straightforward to pre-
dict which mechanism dominates acoustic-phonon momentum relaxation. The code used
here can resolve the individual contributions of these mechanisms [40]. For the mobility
calculation, however, relaxation of extremely low-energy electrons contributes negligibly
because their group velocities are very small. For electron energies above a few meV but
below the branch-12 LO-phonon energy, Fig. 5.6 indicates that acoustic-phonon scatter-
ing is the dominant mechanism. The occupation of branch-12 phonons remains extremely
small even at 500K, whereas acoustic-phonon occupations are appreciable at all three
temperatures. Relaxation times in this energy range consequently depend strongly on
temperature, just as the acoustic-phonon occupations do.

Figure 5.7 shows the hole momentum relaxation time at T = 300K as a function of
hole energy relative to the maximum of the uppermost valence band at Γ. The holes
belong to the three uppermost valence-band pairs near Γ, with crystal momenta along
Γ−K, Γ−M, or Γ− A.

31



0 100 200 300 400 500 600 700
E (meV)

0

5

10

15

20

25

30

35

40

45

τ
(f

s)

Hole momentum relaxation time along Γ-A
Hole momentum relaxation time along Γ-K
Hole momentum relaxation time along Γ-M
LO-phonon energy (ν = 12) at q = 0

Figure 5.7: Calculated hole momentum relaxation time versus energy relative to the
maximum of the uppermost valence band at T = 300K. The holes belong to the three
uppermost valence-band pairs, with crystal momenta along Γ − A (black circles), Γ − K
(turquoise diamonds), or Γ−M (pink squares). The dashed vertical line marks the energy
of the branch-12 LO phonon at q = 0.

Below the branch-12 LO-phonon energy, two groups of states exhibit relaxation times
that rise with hole energy. They originate from the two uppermost valence-band pairs.
For holes moving along Γ− A, parallel to c, the relaxation time does not fall sharply on
crossing the LO-phonon energy, whereas such a drop is observed for momenta normal to
c.

Figures 5.8 and 5.9 show the corresponding temperature dependence along Γ−A and
along Γ−M or Γ−K, respectively, at T = 100K, 300K, and 500K.

The temperature dependence of the hole momentum relaxation times is similar to that
found for electrons.

Comparison of Figs. 5.8 and 5.9 shows that the lighter in-plane holes undergo a sharp
decrease in relaxation time above the LO-phonon energy, whereas the heavier holes moving
parallel to c do not. The e�ect is clear at all three temperatures.

The in�uence of hole mass can be understood from the kinematics of scattering by
small-wave-vector branch-12 LO phonons, for which the coupling is strongest. Emission
of a phonon of energy ω12

q by a hole requires ϵ(k) − ϵ(k − q) = ω12
q . Linearisation gives

∇kϵ ·q = ω12
q , or v(k) ·q = ω12

q . Within the e�ective-mass approximation, v = m−1k; for
a parabolic band and momentum parallel to direction i, the kinematic condition becomes
m−1
ii kiq = ω12

q . A heavier hole must therefore have a larger momentum, and hence greater
kinetic energy, to emit an LO phonon with q ≈ 0. In the calculations, this condition is
met when the hole energy is approximately 50% greater than the branch-12 LO-phonon
energy.

A rough numerical estimate illustrates the e�ect. Suppose branch-12 LO-phonon emis-
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Figure 5.8: Calculated hole momentum relaxation time versus energy relative to the
uppermost valence-band maximum at T = 100K (red circles), 300K (grey squares), and
500K (blue diamonds). The holes belong to the three uppermost valence-band pairs and
have crystal momenta along Γ − A. The dashed vertical line marks the energy of the
branch-12 LO phonon at q = 0.

sion becomes dominant for hole energies ϵ(k1) ≈ 110meV ≈ 4mHa and above, and
approximate the uppermost valence-band dispersion along Γ − A as quadratic. With
m∗ ≈ 2.4m0, the initial hole momentum is k1 =

√
2m∗E ≈ 0.14a−1

0 . The �nal hole energy
after emission is ϵ(k2) = ϵ(k1)−ω12(q) = 1.43mHa, corresponding to k2 ≈ 0.083a−1

0 . The
kinematic condition therefore requires q > 0.057a−1

0 . At this limiting value, the direction
of momentum and velocity is unchanged, so the momentum has not yet been relaxed;
an actual change of velocity direction requires a still larger q. The estimated minimum
wave-vector magnitude is approximately 15% of the Γ�A distance. At wave vectors of this
order, the branch-12 hole-phonon coupling may become su�ciently strong for LO-phonon
emission to dominate hole momentum relaxation.

Applying the same analysis along Γ − K or Γ −M gives a minimum emitted-phonon
wave vector of q = 0.039a−1

0 for a hole whose energy is approximately equal to the branch-
12 LO-phonon energy. This is about 7% of the Γ�K distance. At this smaller wave vector,
the corresponding hole-phonon coupling is expected to be su�ciently large for LO-phonon
emission to become the dominant momentum-relaxation mechanism.
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Figure 5.9: Calculated hole momentum relaxation time versus energy relative to the
uppermost valence-band maximum at T = 100K (red circles), 300K (grey squares), and
500K (blue diamonds). The holes belong to the three uppermost valence-band pairs and
have crystal momenta along Γ−K or Γ−M. The dashed vertical line marks the energy
of the branch-12 LO phonon at q = 0.

5.4 Mobility

The mobility tensors were calculated using the method of Ref. [4], based on randomMonte

Carlo sampling of charge carriers and of the phonon-wave-vector directions involved in
their scattering. For each carrier type, Nk = 100 states and NΩ = 100 phonon-wave-
vector directions were sampled, with carrier sampling optimised for Tref = 500K. The
calculation was repeated ten times with di�erent random-number seeds. The reported
mobility-tensor components are the means of these ten calculations, with their standard
deviations also shown. The standard error of the mean electron mobility is su�ciently
small for the calculations to be regarded as converged.

Figure 5.10 shows the calculated temperature dependence of the mobility of electrons
in the lowest conduction-band pair along the coordinate axes on a logarithmic scale.
Experimental results for bulk [48] and thin-�lm [49] single-crystalline ZnO are included.

The two in-plane mobilities are identical, as expected from the in-plane isotropy of the
electron dispersion and high-frequency relative dielectric tensor. The mobility along c is
nearly the same; when the standard error is taken into account, the conduction-electron
mobility can be considered isotropic in three dimensions.

As expected, the mobility decreases with increasing temperature as phonon occu-
pations rise. The theoretical mobility is expected to be overestimated because the
conduction-electron e�ective mass is underestimated and the high-frequency relative
permittivity is overestimated. Comparison with the bulk-ZnO measurement [48] con-
�rms this expectation. Interestingly, the measured thin-�lm mobility [49] exceeds the
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Figure 5.10: Calculated temperature dependence of the mobility of electrons in the lowest
conduction-band pair along the coordinate axes, together with experimental values for
bulk wurtzite ZnO [48] and a ZnO thin �lm [49].

value calculated here. Figure 5.10 also shows that the experimental mobilities decrease
more rapidly with temperature than the theoretical prediction. Further investigation is
required to understand these di�erences.

The electron mobilities obtained for wurtzite ZnO are approximately one order of
magnitude lower than the calculated mobilities of ZnSe, ZnTe, CdSe, and CdTe [3]. Those
semiconductors have substantially longer electron momentum relaxation times, higher
high-frequency relative permittivities, and smaller conduction-electron e�ective masses
than ZnO.

Figure 5.11 shows the calculated temperature dependence of hole mobility in the three
uppermost valence-band pairs along the coordinate axes.

Although the calculated hole mobility is isotropic in the plane normal to c, it is not
isotropic in three dimensions. The in-plane mobility is signi�cantly greater than the
mobility along c, consistent with the much smaller in-plane hole e�ective masses. The
theoretical results were not compared with experiment because reliable p-type ZnO is
exceptionally di�cult to achieve. Whereas n-type conductivity occurs naturally in ZnO
containing impurities and defects, stable and reproducible p-type ZnO has not yet been
established. Although several studies report p-type samples [50][51][52][53], their hole
mobilities vary widely and appear to depend strongly on the individual sample. There
is consequently no reliable experimental reference against which the calculated ZnO hole
mobility can be compared meaningfully.
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Figure 5.11: Calculated temperature dependence of the mobility of holes in the three
uppermost valence-band pairs along the coordinate axes.

6 Conclusion

This work used ab initio calculations of the electronic structure, phonon dispersions, and
electron-phonon coupling matrix elements to investigate quantitatively the temperature
dependence of charge-carrier mobility in wurtzite ZnO. Momentum relaxation times as
functions of carrier energy at di�erent temperatures were analysed to identify the domi-
nant relaxation mechanisms that directly limit mobility.

Despite major methodological and software advances during the past two decades,
ab initio carrier-transport calculations in polar semiconductors remain computationally
intensive. The grid-free method of Ref. [4] substantially reduces the cost by evaluating
Wannier-Fourier -interpolated coupling matrix elements only at selected k- and q-points
rather than throughout predetermined dense grids. Previously demonstrated for cubic
ZnTe, the method was applied here to anisotropic wurtzite ZnO.

The PBE electronic structure underestimates the ZnO band gap by a factor of ap-
proximately four and the conduction-electron e�ective mass by more than 40%, which
should lead to overestimated electron mobilities (Table 5.2). By contrast, the calculated
phonon dispersions agree reasonably well with experiment, with deviations below 15%
(Figure 5.1).

The coupling matrix elements indicate that scattering by small-wave-vector LO
phonons in the highest-energy branch is the dominant channel. The energy-dependent
momentum relaxation times follow the trend reported for ZnSe, ZnTe, CdSe, and CdTe
[3], but the ZnO values are approximately 50% shorter. The Fröhlich interaction limits
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mobility once LO-phonon emission is kinematically allowed. LO-phonon absorption dom-
inates at extremely low carrier energies, whereas acoustic-phonon scattering dominates
between a few meV and the emission threshold.

The calculated electron mobilities are approximately an order of magnitude lower than
theoretical values for ZnSe, ZnTe, CdSe, and CdTe [3][4]. The underestimated electron ef-
fective mass and overestimated high-frequency relative permittivity should cause the ZnO
mobility to exceed experiment; nevertheless, measurements on a thin single-crystalline n-
type ZnO �lm yielded still higher mobilities (Figure 5.10).

The calculated hole mobilities are substantially lower than the electron mobilities,
consistent with the much larger hole e�ective masses.

Using the method of Ref. [4], well-converged relaxation-time and mobility calculations
for wurtzite ZnO can be completed in approximately one week on 64 Intel Xeon E5-2670
CPU cores. The required inputs are an electronic structure including SOC and phonon
data obtained on coarse 6× 6× 4 k- and q-point grids.

Future calculations could use electronic structures obtained with HSE06 or the GW
approximation, which generally yield more accurate e�ective masses, band gaps, and
high-frequency relative permittivities [54]. Because an e�cient method for evaluating
electron-phonon coupling directly from such band structures is not yet available, coupling
matrix elements obtained as in this work are usually rescaled. Comparing the resulting
mobilities with those reported here would clarify the in�uence of the exchange-correlation
approximation.
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A Convergence Tests
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Figure A.1: Convergence test of the DFT calculation with respect to the maximum plane-
wave kinetic energy (Ecut). The plotted quantity is the di�erence between the ground-state
total energies obtained in two calculations whose maximum plane-wave energies di�er by
5Ha, Etot(Ecut) − Etot(Ecut + 5Ha), as a function of the lower of the two cuto� energies
(Ecut). The convergence criterion was considered satis�ed when this di�erence was below
1mHa; the corresponding cuto� energy was 45Ha. A 6× 6× 4 Monkhorst�Pack k-point
grid was used.
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Figure A.2: Convergence test of the DFT calculation with respect to the k-point grid.
The plotted quantity is the di�erence between the ground-state total energies obtained
with two grids of di�erent linear density, shown as a function of the denser grid. The con-
vergence criterion was considered satis�ed when this energy di�erence was below 1mHa;
it was met by the 6 × 6 × 4 Monkhorst�Pack grid. A plane-wave cuto� of Ecut = 45Ha
was used. The tested grids were of the form n×n× 4 (2× 2× 4, 4× 4× 4, 6× 6× 4, . . . ,
14× 14× 4) and 6× 6× n (6× 6× 2, 6× 6× 4, . . . , 6× 6× 14).
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Figure A.3: Convergence test of the high-frequency relative dielectric tensor (ε̂∞) with
respect to the linear density of the k-point grid used in the DFT calculation. The diagonal
tensor components are plotted against the linear k-point density N1/3

k . Convergence was
taken to be reached at the rightmost point, corresponding to an 18× 18× 12 Monkhorst�

Pack grid. A plane-wave cuto� of Ecut = 45Ha was used. The tested grids were 6×6×4,
9× 9× 6, 12× 12× 8, 15× 15× 10, and 18× 18× 12.
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Figure A.4: Convergence test of the Born e�ective-charge tensors Z∗ of the O2− and Zn2+

ions in the plane normal to the c direction, with respect to the linear density of the k-point
grid used in the DFT calculation. The relevant diagonal tensor components are plotted
against N1/3

k . Convergence was taken to be reached at the rightmost point, corresponding
to an 18× 18× 12 Monkhorst�Pack grid. A plane-wave cuto� of Ecut = 45Ha was used.
The tested grids were 6× 6× 4, 9× 9× 6, 12× 12× 8, 15× 15× 10, and 18× 18× 12.
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Figure A.5: Convergence test of the Born e�ective-charge tensors Z∗ of the O2− and Zn2+

ions along the c direction, with respect to the linear density of the k-point grid used
in the DFT calculation. The relevant diagonal tensor components are plotted against
N

1/3
k . Convergence was taken to be reached at the rightmost point, corresponding to an

18 × 18 × 12 Monkhorst�Pack grid. A plane-wave cuto� of Ecut = 45Ha was used. The
tested grids were 6× 6× 4, 9× 9× 6, 12× 12× 8, 15× 15× 10, and 18× 18× 12.
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B E�ective-Mass Calculations

Table B.1: Components of the inverse e�ective-mass tensor m−1
ij (in units of m−1

0 ) for the
two uppermost valence bands and the lowest conduction band, obtained without spin-
orbit coupling (without SOC), and for the corresponding band pairs in the calculation with
SOC (with SOC-a and with SOC-b). Tensor symmetry was used, so only the independent
components are listed: m−1

xx , m
−1
yy , m

−1
zz , m

−1
xy , m

−1
xz , and m

−1
yz .

Band (n) Component without SOC with SOC-a with SOC-b

25 (v)

m−1
xx 5.5 3.7 3.3

m−1
yy 5.5 3.7 3.3

m−1
zz 0.33 0.34 0.34

m−1
xy 2 · 10−4 < 10−7 6 · 10−4

m−1
xz 0.06 0.22 0.16

m−1
yz 0.06 0.22 0.16

26 (v)

m−1
xx 0.39 3.3 2.4

m−1
yy 0.39 3.3 2.4

m−1
zz 0.34 0.41 0.41

m−1
xy 8 · 10−6 < 10−7 < 10−7

m−1
xz 6 · 10−4 0.13 7 · 10−3

m−1
yz 6 · 10−4 0.13 7 · 10−3

27 (c)

m−1
xx 6.3 6.4 6.4

m−1
yy 6.3 6.4 6.4

m−1
zz 6.3 6.4 6.4

m−1
xy < 10−7 < 10−7 < 10−7

m−1
xz 3 · 10−3 3 · 10−3 3 · 10−3

m−1
yz 3 · 10−3 3 · 10−3 3 · 10−3
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Figure B.1: Kohn-Sham eigenvalue E of band n = 25 without SOC as a function of k2x/2.
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Figure B.2: Kohn-Sham eigenvalue E of band n = 25 without SOC as a function of k2z/2.
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Figure B.3: Kohn-Sham eigenvalue E of band n = 25a with SOC as a function of k2x/2.
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Figure B.4: Kohn-Sham eigenvalue E of band n = 25a with SOC as a function of k2z/2.
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Figure B.5: Kohn-Sham eigenvalue E of band n = 25b with SOC as a function of k2x/2.
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Figure B.6: Kohn-Sham eigenvalue E of band n = 25b with SOC as a function of k2z/2.
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Figure B.7: Kohn-Sham eigenvalue E of band n = 26 without SOC as a function of k2x/2.
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Figure B.8: Kohn-Sham eigenvalue E of band n = 26 without SOC as a function of k2z/2.
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Figure B.9: Kohn-Sham eigenvalue E of band n = 26a with SOC as a function of k2x/2.
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Figure B.10: Kohn-Sham eigenvalue E of band n = 26a with SOC as a function of k2z/2.
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Figure B.11: Kohn-Sham eigenvalue E of band n = 26b with SOC as a function of k2x/2.
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Figure B.12: Kohn-Sham eigenvalue E of band n = 26b with SOC as a function of k2z/2.
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Figure B.13: Kohn-Sham eigenvalue E of band n = 27 without SOC as a function of
k2x/2.
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Figure B.14: Kohn-Sham eigenvalue E of band n = 27 without SOC as a function of
k2z/2.
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Figure B.15: Kohn-Sham eigenvalue E of band n = 25 without SOC as a function of k2x/2
along the xy direction.
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Figure B.16: Kohn-Sham eigenvalue E of band n = 25 without SOC as a function of k2x/2
along the xz direction.
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Figure B.17: Kohn-Sham eigenvalue E of band n = 25a with SOC as a function of k2x/2
along the xy direction.
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Figure B.18: Kohn-Sham eigenvalue E of band n = 25a with SOC as a function of k2x/2
along the xz direction.
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Figure B.19: Kohn-Sham eigenvalue E of band n = 25b with SOC as a function of k2x/2
along the xy direction.
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Figure B.20: Kohn-Sham eigenvalue E of band n = 25b with SOC as a function of k2x/2
along the xz direction.
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Figure B.21: Kohn-Sham eigenvalue E of band n = 26 without SOC as a function of k2x/2
along the xy direction.
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Figure B.22: Kohn-Sham eigenvalue E of band n = 26 without SOC as a function of k2x/2
along the xz direction.
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Figure B.23: Kohn-Sham eigenvalue E of band n = 26a with SOC as a function of k2x/2
along the xy direction.
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Figure B.24: Kohn-Sham eigenvalue E of band n = 26a with SOC as a function of k2x/2
along the xz direction.
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Figure B.25: Kohn-Sham eigenvalue E of band n = 26b with SOC as a function of k2x/2
along the xy direction.
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Figure B.26: Kohn-Sham eigenvalue E of band n = 26b with SOC as a function of k2x/2
along the xz direction.
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Figure B.27: Kohn-Sham eigenvalue E of band n = 27 without SOC as a function of k2x/2
along the xy direction.
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Figure B.28: Kohn-Sham eigenvalue E of band n = 27 without SOC as a function of k2x/2
along the xz direction.
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C Mobility Calculations
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Figure C.1: Calculated temperature dependence of the electron mobility for the lowest
conduction-band pair along the coordinate axes, for ten calculations (each with Nk = 100
and NΩ = 100) using di�erent random-number seeds, together with their mean.
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Figure C.2: Calculated temperature dependence of the hole mobility for the three up-
permost valence-band pairs along the coordinate axes, for ten calculations (each with
Nk = 100 and NΩ = 100) using di�erent random-number seeds, together with their mean.
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Figure C.3: Calculated temperature dependence of the electron mobility for the lowest
conduction-band pair along the coordinate axes, averaged over ten calculations (each with
Nk = 100 and NΩ = 100), together with the results of an independent calculation with
Nk = 1000 and NΩ = 100.
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Figure C.4: Calculated temperature dependence of the hole mobility for the three upper-
most valence-band pairs along the coordinate axes, averaged over ten calculations (each
with Nk = 100 and NΩ = 100), together with the results of an independent calculation
with Nk = 1000 and NΩ = 100.
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D Additional Data

Table D.1: Diagonal elements of the high-frequency dielectric tensor ε̂∞ and the Born
e�ective-charge tensors Ẑ∗ for Zn and O, calculated using DFPT on the basis of DFT
calculations with a 6× 6× 4 Monkhorst�Pack k-point grid, both without and with SOC.
The o�-diagonal elements of these tensors are zero. Components in the plane normal to
the c direction are denoted by ⊥, and components parallel to it by ∥.

Type ε⊥∞ ε
∥
∞ Z∗

⊥(Zn) Z∗
∥ (Zn) Z∗

⊥(O) Z∗
∥ (O)

Without

SOC

6.6896 6.2432 2.1770 2.1985 -2.2142 -2.2189

With SOC 6.7108 6.2564 2.1778 2.1990 -2.2150 -2.2194
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Figure D.1: Total execution time of the DFT and DFPT calculations of the high-frequency
relative dielectric tensor (ε∞) and Born e�ective charges (Z∗), as a function of the linear
k-point density in theMonkhorst�Pack grid used for the DFT calculation at Ecut = 45Ha.
The grids were 6 × 6 × 4, 9 × 9 × 6, 12 × 12 × 8, 15 × 15 × 10, and 18 × 18 × 12. Each
calculation was run in parallel on 16 CPU cores of an Intel® CoreTM i7-14700 processor.
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