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Abstract

Disks (Keplerian or otherwise, particulate or fluid) are often assumed to have densities that drop off vertically as
Gaussians. Recent millimeter-wave imaging of circumstellar debris disks contradicts this assumption, revealing
vertical profiles in dust that resemble Lorentzians. As part of the ARKS Atacama Large Millimeter/submillimeter
Array Large Program, we show how Lorentzians and Gaussians define an evolutionary sequence for disks of
gravitationally scattering (viscously stirring) particles. When orbits are crossing and eccentricities e ≫
inclinations i, each scattering can change a particle’s inclination by ±Δi ∝ i. A random walk with fixed steps in

/ =i i iln produces a thick, log-normal tail at large i that leads to Lorentzian tails in density. This result holds
independent of the origin of the large eccentricities, which may characterize either the stirrers or the objects being
stirred; what matters is that relative motions parallel to the disk midplane are faster than perpendicular motions,
and that vertical displacements during encounters are smaller than horizontal displacements. After enough
scatterings, i comes into equipartition with e, Δi stops exponentiating, and the vertical density relaxes to a
Gaussian. We identify four regimes of dispersion-dominated viscous stirring, three of which are out of
equipartition and where i is stirred faster than e. The stirrers for ARKS debris disks may range from Pluto to a few
times Mars in size, and be sufficiently few in number as to be collisionless. Or the stirrers may be even smaller,
and be so numerous and collide so frequently that they source the collisional cascades that produce
observable dust.

Unified Astronomy Thesaurus concepts: Debris disks (363); Circumstellar disks (235); Planetesimals (1259);
Planetary dynamics (2173); Stellar dynamics (1596); Galaxy dynamics (591); Asteroid dynamics (2210);
Celestial mechanics (211); Close encounters (255)

1. Introduction

Astrophysical disks, particulate or fluid, form from objects
that conserve their angular momentum and dissipate their
energy, specifically their vertical kinetic energy (the energy in
motions parallel to the angular momentum vector). A disk
whose vertical kinetic energy damps to zero would have zero

vertical thickness. In reality, disks have nonzero thicknesses
determined by processes that increase their vertical energy
(e.g., accretional/turbulent heating; irradiation; viscous stir-
ring) and decrease it (e.g., radiative loss; inelastic collisions
between particles; dynamical friction cooling).
Disks, Keplerian and otherwise, are commonly assumed to

have vertical density profiles that fall off as Gaussians with
height above the midplane. Gaussian profiles characterize
vertically isothermal gas disks (e.g., J. Frank et al. 2002), and
disks of solid particles whose mutual interactions (via
collisions or gravitational scatterings) establish energy equi-
partition between random (epicyclic) motions parallel and
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perpendicular to the midplane (e.g., S. Ida & J. Makino 1992).
Gaussians abound in nature, a consequence of the central limit
theorem and statistical equilibrium.

Surprisingly, B. Zawadzki et al. (2026, hereafter ARKS III)
found that many of the brightest and youngest (10–1000Myr
old) debris disks in the millimeter-wave continuum exhibit
vertical profiles with thick non-Gaussian tails. They made their
observations as part of the ALMA survey to Resolve
exoKuiper belt Substructures (ARKS; S. Marino et al. 2026,
hereafter ARKS I) in circumstellar debris disks composed of
optically thin dust. Debris disks are analogues of our solar
system’s Kuiper Belt, and ARKS is an Atacama Large
Millimeter Array (ALMA) Large Program designed to image
the brightest disks in the thermal continuum (0.8–1.4 mm
wavelength) and 12CO and 13CO (J = 3–2) at angular
resolutions fine enough to resolve their heights and widths.
When fitting the millimeter continuum visibilities of highly
inclined disks, ARKS III found that Lorentzian vertical
density profiles, and in one case a double Gaussian profile,
were preferred with high formal confidence over single
Gaussians in 10 out of 13 disks. They employed parameterized
three-dimensional disk models presumed capable of disentan-
gling vertical from radial structures. M. Ahmic et al. (2009),
L. Matrà et al. (2019), and Y. Han et al. (2026a) also reported
vertical profiles broader than single Gaussians for the beta
Pictoris debris disk.

The present paper, part of the ARKS series, seeks to
understand the physical origin of vertical profiles that taper off
more slowly than Gaussians. Non-Gaussian profiles were
obtained in prior theoretical work by A. A. Sefilian et al.
(2025), who examined secular vertical forcing/warping of a
radially extended disk by a planet, accounting for the secular
self-gravitational potential of the disk. Here, starting from first
principles, we consider the nonsecular and radially local
problem. We study how “small bodies” (the collisional
progenitors of the presumed millimeter-sized particles respon-
sible for the ALMA emission) are gravitationally stirred by
one or more “big bodies” on crossing orbits, stochastically on
close encounter (synodic) timescales. We will see how such
“viscous stirring” produces broad Lorentzian vertical profiles
within a narrow disk annulus, and how Lorentzians and
Gaussians bracket an evolutionary continuum. The dynamics
is simple, local, and does not require warping or varying disk
aspect ratios with radius.

Throughout this paper, “Lorentzian” really means “Lor-
entzian-like,” as vertical profiles must eventually deviate from
strict Lorentzians far above the midplane. Our work does not
rigorously prove a connection with Lorentzians; we only show
that, under certain physical conditions, Lorentzians offer
superior fits to numerically computed profiles, as compared
to Gaussians. The same is true for the ALMA observations—
for certain disks, the data prefer Lorentzians over Gaussians,
but do not rule out other functional forms. We will usually
drop the modifier “-like” for convenience.

1.1. Origin of Rayleigh Inclination Distribution and Gaussian
Vertical Distribution

To lay the groundwork for our analysis, recall how Gaussian
vertical profiles arise in a disk of particles that are
stochastically perturbed. Imparting random impulses to a
particle’s vertical velocity causes its angular momentum vector
to random walk. The unit angular momentum vector random

walks in 2D on the surface of the unit sphere; both the orbital
inclination i of the particle and its longitude of ascending node
Ω change randomly with every “kick” in vertical velocity.
Consider an ensemble of particles that start with zero

inclination, and have each particle take randomly directed
steps in the 2D space ( ) ( )=p q i i, cos , sin , with each step
(Δp, Δq) of fixed length ( ) ( )= +i p q2 2 . The
assumption of a strictly fixed length is made for simplicity
and is not necessary for deriving a Gaussian profile; |Δi| can
be drawn from any probability distribution, as long as it is of
finite variance and is independent of i. We will see later how
|Δi| is independent of i when the particle inclinations i and
eccentricities e are in equipartition, i.e., when i ≃ e/2
(e.g., S. Ida & J. Makino 1992, 1993).
Figure 1 shows the inclination distribution dN/di of 10,000

particles after they have taken S = 1000 random walk steps,
each of length |Δi| = 10−3 rad. The inclination distribution
conforms to a Rayleigh distribution [ ( )]/i iexp 2 i

2 2 with
S ii . The Rayleigh distribution is what the central

limit theorem predicts for a random walk on the surface of a
sphere: the Rayleigh distribution is the product of a Gaussian
and i (technically isin ), with the latter factor reflecting the
available phase-space area near the polar cap of the unit sphere
at small i.
Now convert each particle’s i to a height above the midplane

=z a i usin sin , assuming for simplicity zero eccentricity,
semimajor axis a = 1 (arbitrary units), and u (a particle’s angle
from the ascending node, a.k.a. the argument of latitude)
drawn randomly from a uniform variate [0, 2π). The resultant
vertical density profile dN/dz, computed by Monte Carlo
sampling, is shown in Figure 2. It is a Gaussian with σz ∼ aσi.
The same result is obtained analytically by L. Matrà et al.
(2019) by evaluating the sky-projection integral.

1.2. Plan of This Paper

In the remainder of this paper, we will see how the
dynamics of viscous stirring can lead to a Lorentzian vertical
profile as well as a Gaussian. The underlying idea is simple:
the random walk steps |Δi| are not necessarily of fixed length,
but can grow in proportion to i in certain out-of-equipartition
regimes where i ≪ e. This exponentiation of the step size leads

Figure 1. Fixed-length, randomly directed steps in ( ) ( )p q i i, cos , sin
space, starting from the origin i0 = 0, give rise to a Rayleigh distribution

[ ( )]/i iexp 2 i
2 2 . Here, 10,000 particles each take 1000 random walk steps

of fixed length ( ) ( )= + =i p q 102 2 3 rad (normalized data in blue,
best-fit Rayleigh distribution with σi = 0.022 in black).
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to broad non-Gaussian tails. Section 2 details our semi-analytic
(often order-of-magnitude) reasoning. Section 3 explores
viscous stirring numerically with an N-body integrator.
Section 4 applies our theory to Gaussian and Lorentzian disks
from ARKS III to estimate how much mass they contain in big
body stirrers. The results in Section 4 complement and are
informed by a parallel ARKS paper by M. R. Jankovic et al.
(2026, ARKS XII). Section 5 summarizes and provides an
outlook.

2. Theory of Vertical Stirring

We study how small bodies (test particles) are gravitation-
ally stirred by big bodies, focusing on their vertical dynamics.
We work in the dispersion-dominated (a.k.a. super-Hill)
regime where small and big bodies cross orbits, and consider
both equipartition conditions when eccentricities are compar-
able to inclinations (rms eccentricity = 2× rms inclination;
e.g., S. Ida & J. Makino 1992), and out-of-equipartition
(anisotropic) conditions when inclinations ≪ eccentricities.
Much of our reasoning in this section may be extended to the
noncrossing, a.k.a. shear-dominated or sub-Hill case, as
discussed in Appendix A. The shear-dominated case is less
important than the dispersion-dominated case for real-life
debris disks, whose present-day properties are inconsistent
with shear-dominated self-stirring (M. R. Jankovic et al. 2026).

Also, for simplicity in this section, we take big bodies to be
on circular orbits in the reference plane. Many of our findings
will still apply when big bodies are on eccentric orbits. What
matters are the relative motions between big and small bodies
in and out of the reference plane, i.e., horizontal versus vertical
relative velocities. Vertical relative velocities depend on
mutual inclinations i. Horizontal relative motions depend on
“mutual” eccentricities—horizontal velocities can be large
because small body eccentricities are large, or because big
body eccentricities are large, or both. Thus the eccentricity e
below, though formally referring to the small bodies, may be
reinterpreted to include the eccentricities of both big and small
bodies—roughly as their quadrature sum, assuming orbit
orientations are uncorrelated. We will relax the assumption of
zero big body eccentricity in the numerical simulations of
Section 3.

2.1. How Inclination Changes in an Encounter

After a small body undergoes a close encounter with a big
body, their mutual inclination, assuming it is not initially zero,
increases or decreases. The small body’s inclination i (relative
to a reference plane which we take to coincide with the big
body’s orbit plane) changes with time according to Gauss’s
perturbation equation (e.g., C. D. Murray & S. F. Dermott
1999, Equation 2.157):

( ) ( )=
+di

dt

rN fcos
1

where r is the radial distance of the small body from the central
mass m�, ω is the argument of periapse, f the true anomaly,

( )= Gm a e1 2 the specific angular momentum, a the
semimajor axis, e the eccentricity, G the gravitational constant,
and N the perturbing acceleration felt by the test particle
normal to its own orbit. As C. D. Murray & S. F. Dermott
(1999) state, ( )+rN fcos is the component of the perturbing
torque that rotates the angular momentum vector about the line
of nodes, thereby changing i.
We recast Equation (1) for our problem of a small body

encountering a big body. For present purposes of illustration,
we ignore ( )O e terms as small compared to unity, and ask how
much the inclination changes after the small body has been
accelerated for some time interval:

( )=
r r

i
a

Gm

Gm
f u dtcos 2N

b

b
2

where mb is the big body mass, ˆ ˆˆ= + +r xx y zzy and rb are
the respective position vectors of the small and big bodies, and
u ≡ ω + f is the angle between the small body and
the ascending node (also called the argument of latitude).
The factor −1� fN � 1 accounts for the component of the
gravitational acceleration normal to the small body’s orbit:

( ) · ˆ
( )r r

r r
f

l
3N

b

b

where ˆ ˆ ˆ ˆ= +x y zl i i isin sin sin cos cos is the unit
orbit normal, and Ω is the longitude of the ascending node.
Thus N = [Gmb/|rb − r|2] fN in Equation (2) is the vertical
acceleration for small i. The factor of ucos in Equation (2)
accounts for the fact that N is most effective at changing i
when it acts near the ascending or descending node (u ≈
0 or π); at these orbital phases, N can turn the velocity vector
to change the magnitude of its vertical component, vz. Put
another way, near either node, vz is at an extremum, and N can
do work (N · vz ≠ 0) to change vz (by contrast, vz = 0 at
u = ± π/2; here, N changes Ω but not i). Thus the integral in
Equation (2) yields the change Δvz, which, normalized by the
Keplerian velocity /=v Gm aK gives Δi = Δvz/vK.
The sign of Δi can be positive or negative. Figure 3

illustrates both cases, for encounters near the crossing of the
small body’s ascending node. In the left column, the small
body is pulled downward harder post-node than it is pulled
upward pre-node, and therefore Δi < 0. The right column
shows the opposite case when Δi > 0.
We may derive an order-of-magnitude version of

Equation (2) for Δi using the impulse approximation.
Figure 4 shows a small body with semimajor axis a

Figure 2. A Rayleigh distribution for dN/di leads to a Gaussian distribution
for the vertical density profile dN/dz. Here, the 10,000 i’s from Figure 1 are
converted to vertical height =z a i usin sin , where a = 1 and u is drawn
randomly as a uniform variate from 0 to 2π, to generate dN/dz (normalized
data in blue, best-fit Gaussian with σz = 0.022 in black).
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encountering a big body with an in-plane impact parameter
b ≪ a. We approximate Gmb/|rb − r|2 ∼ Gmb/b

2, ucos 1,
the encounter time Δt ∼ b/vrel, the relative encounter velocity

+v e i v evrel
2 2

K K (since i grows to at most e/2 in
equipartition; S. Ida & J. Makino 1992, 1993), and

( ) ( )/ /f z b ia bmin , 1 min , 1N . Thus Equation (2) sim-
plifies to

( )

±

±

i
v

Gm

b

b

ev

ia

b

m

m

a

be

ia

b

1
min , 1

min , 1 . 4

K

b
2

K

b

We see from Equation (4) that there are two possibilities: one
where ia < b and Δi ∝ ± i, and another when ia > b and Δi
is independent of i. In Section 2.4, we will find that the first
possibility ia < b subdivides further into two cases, which we
will call the “quasi-2D” and “2D-i/3D-e” regimes. The second
possibility ia > b also subdivides into its own two cases, the
“3D-anisotropic” and “equipartition” regimes. R. R. Rafikov &
Z. S. Slepian (2010; see also C. Petrovich et al. 2014) found
that inclinations amplify exponentially fast in the quasi-2D
regime. We will find the same, though unlike R. R. Rafikov &

Z. S. Slepian (2010), we do not assume that the inclination
distribution follows a Gaussian in the quasi-2D regime (it
does not).

2.2. Random Walking in Log Inclination

In this paper, we are most concerned with the case ia < b.
Here Equation (4) implies that repeated scatterings cause the
inclination to random walk, not with fixed steps of Δi, but with
fixed steps of / =i i iln .
We conduct a random walk experiment with such logarithmic

steps, analogous to the one we performed in Section 1 with
linear steps that led to a Rayleigh inclination distribution. The
random walk is in the 2D space ( ) ( )=p q i i, cos , sin
because random perturbations in vertical velocity change both
inclination i and nodal longitude Ω. We start with 10,000
particles with the same initial inclination i0 = 10−2 rad
and randomized nodes Ω0 ∈ [0, 2π). For each random walk
step, ( ) ( ( ) ( ))=p q i i, cos , sin , with

/ = =i i iln 0.05 and ΔΩ drawn as a uniform variate
between 0 and π (not 2π). Our ΔΩ prescription is such that the
nodal longitude Ω decreases with every step, mimicking how an
inclined particle nodally regresses when torqued by a perturber
in the reference plane.20 This prescription for the nodal
evolution is just for illustration; other choices that preserve
our assumed initial axisymmetry will give the same qualitative
outcome, as we have tested. What is important is that the
length of each step ( ) ( )= +i p q2 2 scales with the

length = +i p q2 2 , i.e., the inclination changes by a fixed
fractional (not absolute) amount per step.
Figure 5 shows the inclination distribution of our 10,000

particles after each has taken 1000 steps. Random walking in
log space results in a log-normal distribution, i.e., a Gaussian
in log space. This is just the central limit theorem at work in
log space. As with a random walk in linear space, here in log
space the width of the Gaussian (measured in dex) grows as
the square root of the number of steps. For this simple
experiment, the log-normal distribution remains centered on
the initial inclination i0; this initial condition is not forgotten.

Figure 3. How close encounters between a small body (small square) and a big
body (large circle) increase or decrease the small body’s orbital inclination.
The big body is assumed for simplicity to reside on a circular orbit (orange
line) in the reference plane, while the small body traces an eccentric orbit (blue
line) which crosses the big body’s orbit (crossing is visible for the left column
but not for the right), and whose ascending node is located on the x-axis at
y = z = 0. The unit of length is arbitrary. Top and middle rows show zoomed-
in face-on (x–y) and edge-on (z–y) views of the encounter at three times
(colored red, open, and purple, consecutively) with the open symbols marking
the moment when the small body crosses its node. The bottom panel shows
the inverse square distance (measure of gravitational attraction) between the
bodies as a function of the small body’s y-position. In the left column, the
bodies are closest around t3 (purple) after the small body ascends above the big
body—the net outcome is that the small body’s inclination will decrease,
because it is overall pulled downward by the big body (the change in i is not
shown). The opposite occurs in the right column, i.e., the small body
inclination increases, because the interaction is strongest before node crossing.

mbm✶

z

z ∼ ia

rb
i |r

− r b|r

b

arcsin
fN

x

y

m✶

mb

ea

a

Figure 4. A big body of mass mb (red circle) on a circular orbit in the x–y
reference plane encounters a small body (test particle, blue square) on a crossing
orbit of eccentricity e and inclination i. The bodies have similar semimajor axes
a, and the in-plane impact parameter is b ≪ a. While b eamax , there is
otherwise no relation between b and ea. At the moment of encounter
(conjunction), the small body feels a vertical gravitational acceleration which
is less than the full gravitational acceleration by a factor of |fN|, by definition. To
order of magnitude, (| | ) ( )/ /f z b ia bmin , 1 min , 1N .

20 From Gauss’s equation for /d dt N usin , the particle’s node changes
most for conjunctions with the perturber that occur when the particle attains
maximum height above or below the perturber reference plane (u = ± π/2).
At u = π/2 the particle is pulled down by an in-plane perturber (N < 0), and
at u = − π/2 the particle is pulled up (N > 0). Either way, dΩ/dt < 0.
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Unlike a Rayleigh distribution (Section 1), our log-normal
distribution does not reduce to i as i → 0. A more realistic
computation would account for a nonzero inclination disper-
sion for the big bodies. If ib ≠ 0, the actual inclination
distribution of the small bodies when i < ib (when the small
bodies are immersed in the sea of big bodies) would differ
from that computed here. In any case, it is the large i > ib
portion of the inclination distribution that matters for the wings
of the vertical density profile. Our expectation of a log-normal
shape to dN/di at large i will be confirmed in the N-body
experiments of Section 3.

2.3. Vertical Density Profile for a Log-normal Inclination
Distribution

A simple way to obtain the vertical density profile dN/dz
from the inclination distribution dN/di is to assume that every
particle has the same semimajor axis (a = 1 in arbitrary units)
and zero eccentricity. Then, for each of our 10,000 particles,
we compute =z a i usin sin , where u (the angular displace-
ment of a particle from its ascending node) is drawn randomly
from a uniform distribution between 0 and 2π. The assump-
tions of fixed semimajor axis and zero eccentricity are made
for simplicity; the numerical simulations in Section 3 will
relax them, with no change in our conclusions.

Figure 6 shows the vertical density profile dN/dz derived
from the log-normal dN/di of Figure 5, and fits dN/dz to both
a Lorentzian and a Gaussian. The Lorentzian with its broader
wings fits better. The broader wings in z follow from the log-
normal inclination distribution, whose large-i tail is thicker
than that of a linear Gaussian inclination distribution.

While we have so far only treated the case of big bodies on
circular orbits, the same results should hold when eb ≠ 0, as
long as the mutual inclination ( )i e emax ,b . We will
confirm this expectation with numerical integrations in
Section 3. The anisotropic regime is generally defined as

when the relative vertical (out-of-plane) motions are less than
the relative horizontal (in-plane) motions. The former is
controlled by the mutual inclination i, and the latter by a
“mutual” eccentricity, which we can approximate as the
quadrature sum of the small and big body eccentricities, or the
maximum of the two, for random orbit orientations.

2.4. Stirring Rates for Inclination and Eccentricity

We estimate the timescales over which small bodies have
their i’s and e’s amplified by a disk of big bodies. For
simplicity, big bodies are imagined to reside in the disk
midplane on circular orbits, but this is not a major limitation
since the small body stirring rates thus derived should carry
over with only order-unity modifications as big body random
velocities approach those of small bodies. In the absence of
damping, big bodies stir themselves as rapidly as they stir
small bodies.
In Sections 2.4.1–2.4.4 we work in natural units where

G = m� = a = 1, and to order-of-magnitude accuracy,
dropping all order-unity coefficients. Readers interested only
in our results may skip to Section 2.4.5, where we recap our
formulae with physical units restored and numerical coeffi-
cients drawn from the literature.
We identify four regimes for stirring, three applying out-of-

equipartition when i ≪ e, and a fourth equipartition regime
when i ∼ e. In all four regimes, relative velocities between
small and big bodies are vrel ∼ evK ∼ e. The big bodies have
individual masses mb = μbm� = μb and collective surface mass
density Σb.
Like S. Ida & J. Makino (1992, their Figure 6), R. R. Rafikov

& Z. S. Slepian (2010), and P. Goldreich et al. (2004, their
Section 4.4.2), we will find that when i ≪ e under dispersion-
dominated conditions, stirring rates for i are faster than for e.
We extend the above work to derive analytic stirring rates for i
and e separately, in each of four regimes. Our analytic stirring
rates will be confirmed quantitatively in the numerical
simulations of Section 3. Some of our analytic relations will
also be used in Section 4 to constrain the properties of big
bodies in real-life disks.

2.4.1. Quasi-2D: / /µ µ< < <i e e eb
2

b

Consider a small body encountering a big body with impact
parameter b. Repeating the derivation of Equation (4) but now
in dimensionless units, the small body’s inclination is changed
by

· ·

( )

µ

µ

i
b

b

v

ia

b
i

b e

min , 1

5

b
2

rel

b
2

where we have assumed ia < b. For i to double in a single
encounter, we require Δi be as large as i, which in turn
requires an impact parameter as small as

( )/µb e . 6i b

Since only in-plane forces change e,

· ( )µ µ
e

b

b

v be
7b

2
rel

b

Figure 5. The inclination distribution of 10,000 particles, initialized with
i0 = 10−2 and randomized nodes Ω0 ∈ [0, 2π), after each has taken 1000
randomly directed steps in ( ) ( )=p q i i, cos , sin space. Each step moves a
particle by ( ) ( ( ) ( ))=p q i i, cos , sin , with

/ = = =i i iln 0.05 0.021 dex and ΔΩ chosen randomly from a uniform
distribution between 0 and π (net regression; see main text). Data are shown as
a blue histogram (logarithmically binned and not normalized), and the best-fit
Gaussian in ilog is shown in red. The log-normal distribution is centered on i0
(initial conditions are not forgotten), and we have verified that its width in ilog
scales as the square root of the number of steps ( ×1000 0.021 dex ≃ 0.67
dex). Fixed ilog kicks arise when small bodies and big bodies cross orbits
and i ≪ e (Section 2), or when small bodies are radially separated from big
bodies and i ≪ |a − ab|/a (see Appendix A).
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from which it follows that the impact parameter needed to
double e in a single encounter is

( )/µb e . 8e b
2

We will show at the end of this subsection that multiple less-
than-doubling encounters are negligible.

Now be < bi since in the dispersion-dominated (super-Hill)
regime, /µ>e b

1 3. We further assume ia < be: the disk is so
vertically thin that encounters between small and big bodies
occur as rapidly as they would in a 2D plane, at rate

( )R
m

b v 92D
b

b
rel

where b is the in-plane impact parameter (encounter cross
sections in 2D have units of length). The defining condition of
this quasi-2D regime is ia < b (see also Equation (39) of
P. Goldreich et al. 2004). The quasi-2D regime is studied by R.
R. Rafikov & Z. S. Slepian (2010), and in the strictly 2D
simulations of S. Ida (1990).

Inserting b = bi into Equation (9) gives the doubling time
for inclination:

( )
/

/µ
=

Rt
i

di dt e

1
. 10i

b b
,quasi 2D 2D

1 b
1 2

bi

Inserting b = be into Equation (9) gives the eccentricity
doubling time

( )
/ =

Rt
e

de dt

e
, 11e

b b
,quasi 2D 2D

1

be

which is longer than the inclination doubling time by
/µ >e 13

b . Equation (10) implies that for as long as e is
constant, i grows exponentially with time. R. R. Rafikov &
Z. S. Slepian (2010) also found exponentially fast growth of i
in the quasi-2D regime. Based on the strictly 2D simulations of
S. Ida (1990), S. Ida & J. Makino (1992) cite an eccentricity

“relaxation” time that scales linearly with e, in agreement with
our Equation (11).
We have assumed in the above that single doubling

encounters dominate the rate of doubling, not multiple less-
than-doubling encounters with b > bi and b > be. This is
justified because the latter would double the inclination over a
diffusion time ∼( )/ Ri i b2

2D
1 3, and the eccentricity over an

analogous time ∼( )/ Re e b2
2D

1 . In both cases, the
doubling times are minimized for the smallest b, i.e., those
single encounters with b = bi and b = be, as considered above.

2.4.2. 2D-i/3D-e: / /µ µ< < <e i e eb
2

b

Now we assume be < ia < bi. Inclinations behave the same
way as they do in the quasi-2D regime:

( )
/

/

/µ
=

Rt
i

di dt e

1
12i i e

b b
,2D 3D 2D

1 b
1 2

bi

but the impact parameter be needed to double e now fits
comfortably inside the disk, so that e-doubling encounters
occur at the 3D rate

( )/
R

m

ia
b v 133D

b b 2
rel

where the first factor on the right-hand side is the effective
density (number per unit volume) of big bodies. Inserting b =
be into Equation (13) gives

( )
/

/
µ=

Rt
e

de dt

e i
, 14e i e

b b
,2D 3D 3D

1
3

b b
e

which is longer than the inclination doubling time by
( ) · ( )/ // /µ µie e2

b
3 2

b
1 2 (both factors are >1).

Compared to the quasi-2D case, while single doubling
encounters still dominate the rate of i-doubling, the rate of
e-doubling is enhanced by multiple less-than-doubling
encounters by a Coulomb logarithm.21 The eccentricity
diffusion timescale ∼( )/ Re e 2

3D
1 is independent of b, which

implies that encounters with various impact parameters
(including be) contribute equally to doubling e. Thus,
Equation (14) should be divided by a logarithmic factor,
expected to be not much larger than unity.

2.4.3. 3D Anisotropic: / /µ µ< < <e e i eb
2

b

Now i > bi > be so that e- and i-doubling encounters occur
with random impact angles inside an effectively 3D disk, at
rates given by Equation (13). Returning to Equation (5) for Δi,
doubling encounters now occur with ( )/f ia bmin , 1 1N :

·

( )

µ

µ

i
b

b

v

be
15

b
2

rel

b

(see also Equation (40) of P. Goldreich et al. 2004 and note
that they use b ∼ μb/e

2). For inclinations to double in a single
encounter (setting Δi equal to i in Equation (15)) now requires

Figure 6. The log-normal /dN d ilog distribution of Figure 5 yields a vertical
density profile dN / dz (blue histogram, normalized) with broad wings. In
computing dN / dz, we assume for simplicity that all particles have the same
semimajor axis (a = 1 in arbitrary units) and zero eccentricity; every particle
in this narrow ring has a vertical position =z a i usin sin , with u ∈ [0, 2π).
The best-fit Lorentzian (red) does better than the best-fit Gaussian (black) in
fitting the vertical density profile. Side note: our bin sizes in z are small enough
to resolve the central peak; the required bin size scales with the seed
inclination i0.

21 It is called a Coulomb log because the same kind of logarithm appears
when calculating bremsstrahlung emission from electron-proton scatterings in
a plasma (e.g., G. B. Rybicki & A. P. Lightman 1986). The commonalities are
a force law that depends on the inverse square of the distance, and a 3D
encounter rate.
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an impact parameter

( )µ
b

ei
, 16i,3D

b

which inserted into Equation (13) yields

( )
/ µ=

Rt
i

di dt

i e
. 17i

b b
,3D ani 3D

1
3

b b
i,3D

The inclination doubling time is shorter than the eccentricity
doubling time (which remains the same as in the 2D-i/3D-e
regime)

( )
/ µ=

Rt
e

de dt

e i
18e

b b
,3D ani 3D

1
3

b b
e

by a factor of (i/e)2 ≪ 1. Equation (17) implies that for as long
as e is constant, i ∝ t1/3.

Following the reasoning at the end of Section 2.4.3,
Equations (17) and (18) should be divided by Coulomb
logarithms to account for more frequent but less-than-doubling
encounters.

2.4.4. Equipartition i ∼ e

The case where e ∼ i (technically e ≃ 2i) is the usual one
assumed in the literature. The only difference between
equipartition stirring and the 3D-anisotropic case considered
above is in the rate Equation (13), where under equipartition
we allow i to cancel with e to write

( )R
m

b 19equi
b

b

2

from which it follows that

( )
µ µ

t t
e i

20i e,equi ,equi

4

b b

4

b b

and i ∝ e ∝ t1/4. Equation (20) is missing a number of order-
unity factors, including Coulomb logarithms that shorten the
stirring times.

2.4.5. Summary of Stirring Timescales

We recapitulate the above results restoring physical units
and attempting to calibrate numerical coefficients using the
literature.

Equipartition. When / /µ µe eb
2

b (dispersion-domi-
nated) and i = e/2 (equipartition), then i and e double over
the same timescale:

( ) ( )
µ µ

t t
e m

a n

i m

a n40

2

40
21i e,equi ,equi

4

b
2

b

4

b
2

b

where n is the Keplerian orbital frequency and the factor of 40
is taken from the N-body simulations of S. Ida & J. Makino
(1993) (their Equation (4.2) with Ce ≃ 40). In principle, the
factor of 40 includes a Coulomb logarithm among other
quantities. Both e and i grow together as t1/4.

3D anisotropic. When / / /µ µ <e e i e 2b
2

b , the
inclination doubles over the timescale

( ) ( )
µ

t
i em

a n

2

40
, 22ai,3D ani

3

b
2

b

which is shorter than the eccentricity doubling time

( ) ( )
µ

t
e i m

a n

2

40
22be,3D ani

3

b
2

b

where the numerical coefficients are chosen to ensure
continuity with Equation (21). Here i ∝ t1/3 if e can be
approximated as constant.

2D-i/3D-e. When / / /µ µ <e i e e 2b
2

b ,

( )/

/µ
t

e

m

a n

8

40
, 23ai e i,3D 2D

b
1 2

b
2

which is shorter than

( ) ( )/
µ

t
e i m

a n

2

40
. 23be e i,3D 2D

3

b
2

b

The inclination grows exponentially with time if e is
approximately constant. While the numerical coefficient of
8/40 in Equation (23a) is chosen to ensure continuity with
Equation (22a) in the 3D-anisotropic regime, it is under-
estimated (i.e., the inclination stirring time should be longer)
because in the 2D-i regime there is no Coulomb log to enhance
the vertical stirring rate.

Quasi-2D. Finally when / / /µ µ< <i e e e 2b
2

b ,

( )
/µ

t
e

m

a n

8

40
, 24ai,quasi 2D

b
1 2

b
2

which is shorter than

( )t
em

a n

2

40
. 24be,quasi 2D

b
2

The inclination grows exponentially fast if e is approxi-
mately constant (in agreement with R. R. Rafikov &
Z. S. Slepian 2010). As with Equation (23a), the numerical
coefficients in Equation (24a) are underestimated (the doubling
times should actually be longer) because they should not
include the Coulomb logs inherited by our insistence on
continuity with the equipartition relation (Equation (21)).

3. Numerical Experiments

To test our analytic ideas, we conduct numerical experi-
ments with the N-body code REBOUND (H. Rein &
S.-F. Liu 2012), outfitted with the hybrid-symplectic MER-
CURIUS integrator that can treat close encounters (H. Rein
et al. 2019; D. Tamayo et al. 2020). We simulate how one or
two big bodies gravitationally stir a narrow annulus of small
bodies (test particles), with the aim of finding out-of-
equipartition situations where in-plane relative velocities
greatly exceed out-of-plane velocities. Under such circum-
stances, according to the theory of Section 2, test particles
should be stirred into vertical Lorentzians, or at least into
profiles with broader wings than Gaussians. Such non-
Gaussian profiles are also expected to morph into Gaussians,
as particles eventually relax into equipartition.
The simulation parameters (orbital radii, perturber masses,

run times), though reminiscent of those in real-life debris
disks, are chosen more for computational convenience, as
our goal for this section is not to model observations, but to
test theory.
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3.1. Numerical Setup

The big bodies, numbering one or two in a given simulation,
each have mass mb = μbm⊙ = 1.5 × 10−8m⊙ (about 2×
Pluto’s mass), and orbit the central m� = m⊙ star with
semimajor axis ab ≃ 30 au (similar to Neptune’s orbit). The
big bodies stir N = 10,000 nearby test particles, initialized
with small nonzero inclinations relative to big bodies to seed
the vertical stirring. Simulations are run for 20Myr, compar-
able to the ages of the ARKS III debris disks studied in this
paper (Section 4).

Table 1 compiles input parameters. Run names take a single
letter for simulations with only one big body, and two letters
for two big bodies. Between runs, the main parameters we
focus on varying are the initial eccentricities, either of the big
bodies (eb) or the small bodies (einit). For a given run, eb and
einit, and the inclinations ib and iinit (relative to a reference
plane coinciding with a big body orbit plane), are set to
constants listed in Table 1—in a given run, the test particle
orbits are all initialized with the same einit and iinit, and differ
only in their nodal and periapse longitudes, and mean
anomalies. Large initial eccentricities and small inclinations
set the stage for anisotropic, out-of-equipartition dynamics.

In line with the rest of this paper, we simulate dispersion-
dominated, i.e., orbit-crossing conditions. We focus on the
orbital evolution of small bodies as they scatter off big bodies,
whose own orbits are constructed to not change much, keeping
the experiments as controlled as possible. In runs with
only one big body (whose orbit cannot change), the test
particle semimajor axes are all initialized with the same
ainit = ab + 3RH, where ( )/ /µ=R a3H b

1 3
b is the big body Hill

radius. These test particle semimajor axes lie just within
the big body’s chaotic zone (whose half width is about

R R2 3 3.5H H; B. Gladman 1993; J. E. Chambers et al.
1996; T. D. Pearce et al. 2024; cf. J. Wisdom 1980), which

leads to strong scatterings and orbit crossings even when orbits
are not initially crossing. In some runs, the bodies start on
eccentric and crossing orbits. When two (identical) big bodies
are present with circular orbits, they are initialized with
semimajor axes that are 6 mutual Hill radii apart (6 × 21/3RH),
with all test particles initialized with the same semimajor axis
exactly midway. While the test particles scatter chaotically
onto crossing orbits, the big bodies are far enough apart that
they do not perturb one another much. For runs with two big
bodies on eccentric crossing orbits, the initial eccentricities
eb = 0.1 are large enough that eccentricity doubling times
exceed the duration of the simulation.

3.2. Results of Numerical Simulations for Inclination and
Vertical Density Distributions

We mostly review the runs with two big bodies, as their
results are simpler to analyze. The results for runs with just
one big body reinforce the results with two big bodies, but
have some extra (mostly distracting) features, in retrospect
stemming from our simplifying assumption of a single big
body. We shunt these single big body technicalities to
Appendix B.
Table 1 summarizes run outcomes. For runs with two big

bodies, we find that eb = 0.1 or einit = 0.1 (Runs AA, AA-
low, BB, CC) yield dN/dz profiles after 20Myr that are
better fitted to Lorentzians than Gaussians. By comparison,
when eb and einit are �0.02 (Runs DD, EE), the vertical profiles
are more Gaussian at 20Myr. When examining the vertical
profiles, we omit particles with i < 10 iinit, as these have
inclinations too close to their assumed initial value and are
considered “unstirred”. Our goal with these numerical
experiments is to discover what vertical profiles result from
viscous stirring (again, not to model observations), and to that
end we need to sample only stirred (scattered) particles. For

Table 1
Stirring Simulations

Run μb ab ainit eb einit ib iinit L or G (emed/imed) L or G (emed/imed)
(10−8) (au) (au) (rad) (rad) @ t = 1 Myr @ t = 20 Myr

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

A 1.5 30 30.154 0.1 0 0 10−5 L (0.009/0.001) L (0.037/0.004)
A-low 1.5 30 30.154 0.1 0 0 10−6 L (0.010/0.0001) L (0.040/0.004)
B 1.5 30 30.154 0.1 0.1 0 10−5 L (0.100/0.001) L (0.101/0.005)
C 1.5 30 30.154 0 0.1 0 10−5 L (0.100/0.001) L (0.101/0.005)
D 1.5 30 30.154 0 0.02 0 10−5 L (0.024/0.002) G (0.021/0.010)
E 1.5 30 30.154 0 0 0 10−5 ⋯ L (0.011/0.0002)

AA 1.5, 1.5 30, 30 30.154 0.1, 0.1 0 0, 10−4 10−5 L (0.004/0.001) L (0.015/0.004)
AA-low 1.5, 1.5 30, 30 30.154 0.1, 0.1 0 0, 10−5 10−5 L (0.009/0.001) L (0.020/0.004)
BB 1.5, 1.5 30, 30 30.154 0.1, 0.1 0.1 0, 10−4 10−5 L (0.100/0.001) L (0.101/0.004)
CC 1.5, 1.5 29.959, 30.349 30.154 0, 0 0.1 0, 0 10−5 L (0.100/0.001) L (0.101/0.006)
DD 1.5, 1.5 29.959, 30.349 30.154 0, 0 0.02 0, 0 10−5 L (0.024/0.003) G (0.022/0.009)
EE 1.5, 1.5 29.959, 30.349 30.154 0, 0 0 0, 0 10−5 L (0.011/0.003) G (0.016/0.008)

Note. Columns: (1) Run name. Column (2): ratio of big body mass to central mass (for reference, the mass of Pluto relative to the Sun is 6.6 × 10−9). In the case of
two big bodies, there are two entries. Column (3): initial big body semimajor axis or axes. Column (4): initial semimajor axis of test particles, typically 3 big body
Hill radii away from the big body. Initial mean anomalies of test particles are drawn from a uniform variate [0, 2π). Column (5): initial big body eccentricity. In the
case of two big bodies, both initial particle longitudes and initial periapse longitudes are 180� apart. Column (6): initial eccentricity of test particles. Initial periapse
longitudes of test particles are drawn from a uniform variate [0, 2π). Column (7): initial big body inclination. Column (8): initial inclination of test particles. Initial
nodal longitudes of test particles are drawn from a uniform variate [0, 2π). Column (9): whether the vertical distribution of test particles dN / dz resembles more a
Lorentzian (L) or a Gaussian (G), at simulation time t = 1 Myr. For Run E, test particle inclinations at t = 1 Myr remain mostly unchanged from their initial values
and therefore the vertical density profile at this time is not usefully obtained. Also listed in parentheses are the median eccentricity emed and median inclination imed

of test particles at t = 1 Myr, computed for i > 10 iinit to minimize contamination from initial conditions. Column (10): same as column (9) but for t = 20 Myr.
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the simulations showcased in this section (Runs BB and DD),
and most of the simulations in Table 1, the unstirred particles
constitute less than a few percent of all particles at t = 1 Myr,
and much less than a percent at t = 20 Myr (precise
percentages are given in figure captions).

Notably, in all runs, including those where the outcomes are
ultimately Gaussian, the vertical profiles sampled at an earlier
time t = 1 Myr are Lorentzian. For all our initial conditions,
test particle random motions start out of equipartition
(e ≫ 2i → Lorentzian dN/dz). Particles then evolve toward
equipartition (e = 2i → Gaussian dN/dz), with runs starting
closer to equipartition achieving it by their ends.

Table 1 lists median eccentricities emed and median
inclinations imed of test particles at t = 1 and 20Myr. We
elect to tabulate the medians and not the rms (root-mean-
squared) values, as the former are less sensitive to outlier
events (ejections). Nevertheless, we have also tabulated rms
values (data not shown); they are larger than the medians,
especially for inclination, but tell the same story as the median
values: when e ≃ 2i, we find vertical Gaussian profiles, and
where e ≫ 2i, we find vertical Lorentzians.

Figures 7–9 describe Run BB where equipartition is never
reached. The vertical density profiles at t = 1 and 20Myr are
approximately Lorentzian, with the profile at the later time just
starting to relax toward a Gaussian (Figure 7). The inclination
distribution at 20Myr is intermediate between that of a log-
normal and a Rayleigh distribution (Figure 8), with the log-
normal better describing those large i particles that dominate
the thick tails of the vertical density profile. Eccentricities at
20Myr remain considerably larger than inclinations (Figure 9).

Figures 10 and 11 describe Run DD where a Lorentzian
holds at t = 1 Myr, but not at t = 20 Myr when test particles
have relaxed into equipartition (e ≃ 2i) and the vertical density
profile is Gaussian.

Similar results are obtained for the single big body
experiments: compare the all-Lorentzian runs initialized with
eb, einit = 0.1 for which eb, e > 2i (Runs A, A-low, B, C),
against the early-Lorentzian, late-Gaussian Run D initialized
with eb = 0 and einit = 0.02 for which e > 2i at t = 1 Myr, and
e ≃ 2i at t = 20 Myr. Run A-low is initialized with a smaller
iinit than Run A, but the results at t = 20 Myr are practically
indistinguishable. Additional technical details about Runs A,
B, C, and D are relegated to Appendix B.
Runs E and EE initialize both small and big bodies with

zero eccentricity, and consequently e’s and i’s take longer than
in other runs to grow. At t = 1 Myr in Run E, test particle
inclinations remain largely at their initial values and a
measurement of the vertical density profile at this time is not
meaningful. At t = 1 Myr in Run EE, and t = 20 Myr in Run
E, the e’s and i’s have grown, with e ≫ 2i and the vertical
density profiles exhibiting Lorentzians (Table 1). From these
results we infer that when eccentricities are initially zero and
inclinations are nonzero but small, the eccentricities at first
grow faster than and leapfrog over the inclinations; this is
consistent with how viscous stirring under shear-dominated
(sub-Hill) conditions excites eccentricities more than inclina-
tions (S. Ida & J. Makino 1992, their Figure 6; P. Goldreich
et al. 2004). Eventually though, as the particles become
dispersion-dominated (super-Hill), the inclinations catch up,
as demonstrated by Run EE at t = 20 Myr (see also
Sections 2.4 and 3.3).

3.3. Numerically Simulated Stirring Rates Compared with
Analytics

Figure 12 shows how the median eccentricities and
inclinations of our test particles evolve with time, for the
same runs featured in previous figures. As noted above, while
both medians and rms values yield qualitatively similar
outcomes, we found the medians to be less sensitive to
ejections and to better represent the majority of particles
making up the bulk of the vertical profile. As anticipated from
Section 2.4, inclinations (either median or rms) grow faster
than eccentricities. In Run DD, which exhibits a vertical
Gaussian at late times, i catches up to e to within a factor of 2,
eventually growing as t1/4 as expected in equipartition. As the
energies in motions parallel and perpendicular to the midplane
are exchanged, inclinations grow at the expense of eccentri-
cities—the decrease in e is most visible in Run DD at late times
when i is largest. In Run BB, which features vertical
Lorentzians at all times, inclinations also grow but remain
smaller than eccentricities by more than a factor of 2.
We can compare the analytic estimates of stirring timescales

made in Section 2.4 to those in Figure 12. For Run BB, we
have μb = 1.5 × 10−8 and e ≃ 0.1, and estimate
Σb ∼ 2 × mb/(2πa × 2ea) ∼ 2 × 10−4 g cm−2; it follows
that / /µ µ× < ×e e1.5 10 4 10b

2 6
b

4. At the ear-

liest times in Run BB, /µ×i e4 10 4
b ; thus the

system starts on the border between the 2D-i/3D-e and 3D-
anisotropic regimes. From Equations (22a)–(23b),

( )/t t 10 yr 25ai i e i,2D 3D ,3D ani
5

( )/t t 10 yr . 25be i e e,2D 3D ,3D ani
9

The estimated inclination doubling time is shorter than that
shown in Figure 12, but only by a factor of several (i doubles
from t = 105 to 7 × 105 yr). At least part of the discrepancy
can be attributed to our implicit inclusion of a Coulomb log in
the 2D-i regime when there should be none (see discussion
following Equation (23a)). The estimated eccentricity dou-
bling time is consistent with Figure 12 (e does not change).
At the end of Run BB, at t = 2 × 107 yr,

/µ < × <e i e4 10b
3 ; now the system is squarely in

the 3D-anisotropic regime, and

( )t 10 yr 26ai,3D ani
8

( )t 10 yr 26be,3D ani
10

both consistent with Figure 12. We also see in Figure 12 how
i ∝ t1/3 as predicted for the 3D-anisotropic regime.
Similarly good agreement between analytics and numerics

is obtained for Run DD, which features a smaller e ≃ 0.02
and therefore faster stirring timescales overall. Here te,equi ∼
6 × 107 yr from Equation (21), within a factor of 3 of the
numerical time to reach equipartition, t ≃ 2 × 107 yr.
In Run BB, the system ends at t = 20 Myr in the 3D-

anisotropic regime where individual inclination kicks Δi do
not scale with i (Equation (15)). The vertical density profile
has dropped at this time from a pure Lorentzian, but still
retains broad non-Gaussian wings (Figure 7). The persistence
of non-Gaussian wings in the 3D-anisotropic regime helps to
justify our assumption in Section 4 that real-life debris disks
are in this regime.
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4. Application to Real-life Disks

We apply the stirring theory of Section 2 to estimate the
individual and collective masses of big bodies within
ARKS III debris disks, as observed in the mm continuum.

4.1. Sample

We restrict consideration to radially narrow disks having
annular widths ΔR less than 0.5× their mean orbital radius R,
since their dynamics should be local and simpler to interpret (see
also Section 5.2). Table 2 lists those disks with measured aspect
ratios hHWHM from ARKS III, and R and ΔR = ΔRFWHM from
ARKS I. The latter derive from parametric fits to dust surface
densities assumed to be radially Gaussian. While more
complicated radial structures were considered by Y. Han
et al. 2026b, hereafter ARKS II) and ARKS III, all fitting
methods agree that the sources listed in Table 2 can be described
as radially narrow rings. The two neighboring rings detected in
HD 15115 have been merged into one for simplicity (ARKS I);
our conclusions about this system do not change qualitatively
were we to keep the rings separate.

Figure 7. Vertical density profiles of test particles (a.k.a. small bodies)
simulated with REBOUND in Run BB, sampled at t = 1 Myr (left column) and
20 Myr (right). Log and linear scalings are shown on top and bottom rows,
respectively; a linear scaling is more fairly compared to the ALMA
observations for which measured disk surface brightness contrasts do not
exceed a factor of ∼10 (see their Figure 1). Run BB features small bodies (test
particles) and two big bodies, all with initial eccentricities = 0.1, much larger
than their mutual inclinations of 10−5–10−4 rad; accordingly, in-plane relative
velocities between big and small bodies well exceed out-of-plane relative
velocities most of the time. Under such circumstances, big bodies force small
bodies to take inclination steps Δi ∝ ± i (Section 2), and small body vertical
distributions (blue histograms) should resemble Lorentzians (red curves) more
than Gaussians (black curves). By t = 20 Myr, the test particles have begun to
transition from a Lorentzian to a Gaussian. Test particles having
i < 10 iinit = 10−4 (constituting 4.9% of all test particles at t = 1 Myr, and
0.06% at 20 Myr) have been omitted as these reflect too strongly our assumed
initial inclinations. The horizontal axis changes scale by a factor of 5 between
left and right columns as the disk thickens vertically with time.

Figure 8. Inclination distribution of test particles for Run BB (two big bodies
with eb = {0.1, 0.1}, and test particles on initially eccentric einit = 0.1 orbits
with small seed mutual inclinations of 10−5–10−4 rad relative to big bodies) at
t = 20 Myr (blue histogram). Overlaid are a best-fit log-normal distribution
(red curve) and a Rayleigh distribution (black curve). The log-normal fits
better for large i, while Rayleigh fits better for small.

Figure 9. Orbital elements for Run BB (two big bodies with eb = 0.1, 0.1, test
particles on initially eccentric einit = 0.1 orbits with small seed mutual
inclinations of 10−5–10−4 rad) at t = 20 Myr. In all panels, test particles are
represented by colored points, and big bodies are represented by black disks.
Top left: snapshot of test particles, big bodies and their orbits, and the host star
in the x–y plane. Top right: inclinations i vs. eccentricities e for big bodies and
test particles. The test particle points are colored according to their
inclinations; the same color scheme is used for all panels. The e = 2i line
marks equipartition between in-plane and out-of-plane motions; most bodies,
including the big bodies, lie below this line (i.e., i < e/2), as required for small
body kicks |Δi| to scale as i (Section 2). Bottom left: eccentricities
e vs. semimajor axes a. Bottom right: inclinations i vs. semimajor axes a.
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4.2. Procedure and Rationale

The stirring rate formulae in Section 2.4 provide joint
constraints on the big body surface densities Σb and individual
masses mb = μbm�. We assume the two Gaussian (“vG”) disks
in Table 2 (HD 109573 and HD 131488) have been self-stirred
into equipartition, and accordingly use Equation (21), with the
left-hand side set equal to the system age tage, to solve for Σb

as a function of mb. The surface density is used to evaluate the
total mass in big bodies in a disk annulus of area 2πRΔR:

( )
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where for the sample numerical evaluation we used Pluto-like
big bodies with mb = 0.002m⊕. Eccentricities are evaluated
assuming equipartition:
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where e and i are here formally their rms values, and we
have distinguished between the disk scale height measured
as a standard deviation (hσ), and as a half width at half-
maximum (hHWHM) (S. Ida & J. Makino 1992; L. Matrà
et al. 2019)—see Table 2. The largest possible big body
mass, mmax b, is the same as the smallest possible total
mass, Mmin b,tot, and corresponds to having a single big
body in the disk annulus:
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The procedure described so far is largely identical to the one
carried out by M. R. Jankovic et al. (2026; see also L. Matrà
et al. 2019 and T. D. Pearce et al. 2025). Their equation (20)
(taken from S. Ida & J. Makino 1993) matches our
Equation (27) to within an order-unity factor. All of these
studies assume equipartition stirring.
Where our study diverges from others is in our interpreta-

tion of the vertically Lorentzian (“vL”) disks in Table 2 (HD
15115, HD 32297, HD 61005, AU Mic). These disks
we assume are vertically stirred in the out-of-equipartition,

Figure 10. Vertical density profiles of test particles simulated with REBOUND
in Run DD, which contains two big bodies on circular orbits (eb = {0, 0}) and
initially low-eccentricity test particles (einit = 0.02). Compared to Run BB
(Figures 7–9), which has larger starting eccentricities, here for Run DD mutual
inclinations become comparable to eccentricities at earlier times. At t = 1 Myr
(left panel), the vertical profile of test particles (blue histogram) matches a
Lorentzian (red curve). By t = 20 Myr (right panel), the vertical distribution
has equilibrated to a Gaussian (black curve). Test particles having
i < 10 iinit = 10−4 (constituting 2.2% of all test particles at t = 1 Myr, and
0.01% at 20 Myr) have been omitted as these reflect too strongly our assumed
initial inclinations.

Figure 11. Orbital elements for Run DD (two big bodies on initially circular
orbits eb = 0, 0, test particles with initially low eccentricities einit = 0.02),
sampled at t = 20 Myr. In all panels, test particles are represented by colored
points, and the big bodies are represented by black disks. Top left: snapshot of
test particles, big bodies and their orbits, and the host star in the x–y plane. Top
right: inclinations i vs. eccentricities e of big bodies and test particles. The test
particle points are colored according to their inclinations; the same color
scheme is used for all panels. Most of the test particles are distributed about
the e = 2i line, indicating equipartition between in-plane and out-of-plane
random motions. Bottom left: Eccentricities e vs. semimajor axes a. Bottom
right: inclinations i vs. semimajor axes a.
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3D-anisotropic regime (Sections 2.4.3, 2.4.5). There are
three out-of-equipartition regimes, with the 3D-anisotropic
regime opening the largest parameter space (μb ≲ i2e ∼ 10−5;
an individual big body can be anything less massive than a
super-Earth). Although 3D-anisotropic stirring acts to convert
the Lorentzians produced in earlier out-of-equipartition stirring
into Gaussians, the numerical simulations of Section 3 show
that the conversion does not necessarily complete and can
leave intact broad non-Gaussian profiles (e.g., Figure 7).

Accordingly we use the 3D-anisotropic Equation (22a), with
the left-hand side set equal to tage, to solve for Σb as a function
of mb, and from there the total disk mass:
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Under out-of-equipartition e > 2i conditions, we still take
=i h2 ,22 but now consider a range of eccentricities

between
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(Table 2). For HD 15115, =e 0.10min and =e 0.09max , and so
for this disk we set e = 0.1. From Equation (30), the mass of
the largest possible (single) big body is
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Under our out-of-equipartition interpretation, the observed
inclinations of vertically Lorentzian disks are viscously stirred
by big bodies, but the eccentricities are not; the latter are
somehow generated by another mechanism (see Section 5.1 for
some ideas).

Our procedure assumes that collisional damping of
eccentricities and inclinations is negligible. The no-damping
assumption is valid when collisional strengths Q

*
are small

compared to the square of relative velocities vrel
2 in the

collisional cascade, so that bodies of a given mass fragment
from collisions with projectiles of much smaller mass. Such
high-mass ratio collisions do not damp relative velocities
efficiently (M. R. Jankovic et al. 2024, 2026). Whether the no-
damping condition holds is model-dependent, and damping
might actually be significant for the smallest eccentricities
(smallest vrel) we consider. Nevertheless, insofar as collisional
damping is expected to drive disks to equipartition and thereby
relax into vertically Gaussian profiles, the Lorentzian disks in
our sample evidently escaped damping.
A final note on e as it has been used throughout this

paper: these are free eccentricities, not forced eccentricities.
The latter refer to mean values characterizing globally
eccentric disks such as Fomalhaut (e.g., P. Kalas et al. 2005;
M. A. MacGregor et al. 2017; J. B. Lovell et al. 2025). For the
disks in our sample, J. B. Lovell et al. (2026, hereafter
ARKS VI, and references therein) measured forced

Figure 12. Median e and median i of test particles vs. time for the same runs
shown in previous figures. Inclinations rise faster than eccentricities. In Run
DD, i catches up to within a factor of 2 of e and eventually grows as t1/4 as
i / e nears the equipartition value of 1/2 (dotted line); accordingly, the
particles in DD conform to a vertical Gaussian at late times (Figure 10). The
median e decreases as the median i increases, reflecting how relative motions
parallel to the disk midplane are re-directed into perpendicular motions as
equipartition is approached. Inclinations in Run BB also grow—slightly faster
toward the end of the simulation as t1/3, as predicted in the 3D-anisotropic
regime (Section 2.4.3)—but fall short of eccentricities by more than a factor of
2; the corresponding vertical profiles are Lorentzian-like (Figure 7).

22 Technically, the 2 applies only to Gaussian profiles, but we adopt it
anyway for convenience and so that our Lorentzian and Gaussian treatments
share a common reference.
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eccentricities of ∼0.1 for HD 109573, > 0.03 for HD 32297,
and > 0.02 for HD 15115. These forced eccentricities are not
directly relevant here because they refer to mean orbital
streamlines that do not cross. We are concerned instead with
gravitational scatterings in the dispersion-dominated, orbit-
crossing regime, where relative velocities are controlled by
free (a.k.a. proper) eccentricities (e.g., C. D. Murray &
S. F. Dermott 1999).

4.3. Results for Individual and Total Big Body Masses in
ARKS III Disks

Figure 13 shows our results for total disk mass Mb,tot

versus individual big body mass mb. For each disk with a
definite e (HD 15115, plus the two vG disks assumed to be in
equipartition), the possible combinations of Mb,tot versus mb

trace a line of slope −1 (Mb,tot ∝ 1/mb). For each Lorentzian
disk having a range of possible nonequipartition e’s, the
possibilities for Mb,tot versus mb fill a 2D region that is
bounded from above by the slope −1 line for =e emax, and
from below by the slope −1 line for =e emin.

Our Figure 13 should be compared with the colored lines in
the left panel (no collisional damping) of Figure 5 of
M. R. Jankovic et al. (2026), who assume all disks are in
equipartition whether they exhibit vertical Gaussians or
Lorentzians. The differences between our figure and theirs
are modest. The similarity arises partly because we assume a
3D anisotropic stirring timescale for inclination (Equation 22a)
that differs from the equipartition stirring time (Equation 21)
by only a factor of e/(2i), which mostly stays <10 (our study
and theirs use the same i, while ours allows for larger e).
M. R. Jankovic et al. (2026) argue that collisional damping of i
and e may be significant for HD 32297 and HD 197481 = AU
Mic, in which case the stirring masses for these disks become
larger (compare the left and right panels of their Figure 5). It is
not clear how collisional damping, which we would expect to
result in equipartition and Gaussian vertical profiles, can be
compatible with the ARKS III finding of vertical Lorentzians.
In any case, our respective studies overlap in predicting

stirring bodies ranging in size from Varuna to Mars, with total
masses between ∼0.1 and ∼1000 Earth masses (see also their
Figure 7).
At large mb, every slope −1 line in Figure 13 is capped on

the right at the Mb,tot = mb dashed line, corresponding to the
case where a given disk contains just a single big body. This
single big body mass ranges from 4 × 10−3 m⊕ (twice Pluto’s
mass; the bottommost point for AU Mic) to ∼0.4m⊕ (between
Mars and Earth; the rightmost points for HD 15115, HD
32297, and HD 61005).
Each slope −1 line in Figure 13 is capped on the left at

small mb such that the time it takes a given big body to collide
with another big body equals the system age. Including
gravitational focusing, this mean free time is estimated as
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1 3 for internal

density ρb = 3 g cm−3, and the relative velocity between big
bodies is
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(J. J. Lissauer & G. R. Stewart 1993).23 Gravitational focusing
is important for our parameter space ( /Gm s v4 b b rel

2 ).
Dropping the +1 in the brackets in Equation (34), we find
that along each slope −1 line, the collision time /t mcol b

2 3. A
lower bound on mb is obtained by requiring tcol > tage, since
otherwise the big body stirrers would completely obliterate

Table 2
Radially Narrow Debris Disks from ARKS III

Disk ID Vertical Form M� tage R ΔRFWHM ΔRFWHM/R hHWHM i e =m Mmax minb b,tot

(M�) (Myr) (au) (au) (M⊕)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

HD 15115 vL 1.426 45 80.7 14 0.17 0.021 0.025 0.1 0.4
HD 32297 vL 1.57 30 115.9 37 0.32 0.0098 0.012 0.047–0.16 0.2–0.4
HD 61005 vL 0.95 45 72.4 36 0.50 0.0129 0.015 0.062–0.25 0.2–0.4
HD 197481 (AU Mic) vL 0.614 23 33.6 13 0.39 0.0026 0.003 0.012–0.193 0.004–0.01
HD 109573 vG 2.14 10 75.9 7 0.09 0.0065 0.0078 0.016 0.06
HD 131488 vG 1.804 16 89.7 13 0.14 0.0048 0.0058 0.012 0.03

Note. Column (1): disk name. Column (2). best-fitting vertical profile from ARKS III, vL = Lorentzian, vG = Gaussian. Column (3): host stellar mass (ARKS I).
Column (4): system age (ARKS I). Column (5): disk radius, as determined from fits to millimeter-wave continuum images assuming the dust surface density follows
a single Gaussian in orbital radius (ARKS I). For HD 15115, two Gaussians (separated in radius by ∼30%; see, e.g., ARKS III Table A.1) are required to fit the
visibilities, and the tabulated R is the average of their centers (ARKS I). Column (6): disk annular width, as measured by the FWHM of an assumed Gaussian dust
surface density in radius (ARKS I). For HD 15115, two Gaussians are needed to fit the data, and the reported ΔR is the sum of their widths. Column (7): disk
fractional width in radius. Column (8): best-fit disk aspect ratio hHWHM ≡ HHWHM/R from ARKS III (their Table 2), where HHWHM is the vertical height where the
dust density falls to half its midplane value. Column (9): inclinations of disk particles estimated as /=i h ln 2HWHM (formally valid for rms i and vertical
Gaussians). Column (10): eccentricities of disk particles (free components only), either equal to the equipartition value of 2i if the disk is vertically Gaussian (vG), or
ranging from =e i4min (Equation (31)) to /=e R R0.5max FWHM (Equation (32)) for vertically Lorentzian (vL) disks. For HD 15115, =e 0.1min and =e 0.09max

and so we set e = 0.1. Column (11): big body mass mb in the case where there is only one big body stirring the entire disk. This is also the same as the minimum total
mass in big bodies Mb,tot, since Mb,tot ∝ 1/mb (Equations (27) and (30)). Ranges in =m Mmax minb b,tot are shown for those Lorentzian disks with a range of
eccentricities between emin and emax.

23 Equation (36) for vrel is derived for big bodies in equipartition. For bodies
that are out of equipartition, corrections to Equation (36) should only alter the
coefficients for e2 and i2 by factors of order unity.
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themselves (mostly in mergers; see Section 4.4). Thus the loci
of possibilities plotted in Figure 13 are capped at low mb (high
Mb,tot) such that the collision probability

( )=f
t

t
37col

age

col

equals 1. How / /f m1col b
2 3 decreases from 1 as mb increases

is encoded in color in Figure 13.

4.4. Sourcing the Collisional Cascade by Eroding Big Body
Stirrers

The self-stirring constraints in Figure 13 allow for collective
big body masses Mb,tot approaching ∼103 m⊕, up to the limit
of what is plausible on cosmogonic/planet formation grounds
(A. V. Krivov & M. C. Wyatt 2021). These same large values

of Mb,tot also have the largest collisional probabilities fcol. Thus
it seems possible that in this corner of parameter space, big
bodies colliding over the system age may contribute
significantly to the collisional cascades that must be present
in debris disks. Bodies at the top of “standard” cascades have
estimated sizes of ∼10 m to 10 km, and continuously grind
down to produce the small bodies observable from micron to
millimeter wavelengths (e.g., M. Pan & R. Sari 2005;
M. C. Wyatt et al. 2011; A. V. Krivov & M. C. Wyatt 2021;
M. R. Jankovic et al. 2026). The total cascade mass Mcascade

(i.e., the amount of mass ground down over the system
age = the mass at the top of the cascade) can range from
∼0.01m⊕ (AU Mic) to ∼102 m⊕ (M. R. Jankovic et al. 2026,
the data points in their Figure 7).
We consider here the possibility that collisionally eroding

some of the big body stirrers can feed the observable small

Figure 13. Possible individual big body masses mb, and total masses in all big bodies Mb,tot = 2πΣbRΔRFWHM, for the six radially narrow rings in Table 2. The loci
are computed from either the equipartition Equation (27) applied to the vertically Gaussian disks HD 109573 and HD 131488, or the out-of-equipartition relation
(Equation (30)) applied to the vertically Lorentzian disks HD 15115, HD 32297, HD 610005 HD 197481 (AU Mic); in all cases a given disk’s present-day
inclinations i are assumed to result from viscous self-stirring over the disk age tage, with no collisional damping. The free eccentricity e is either estimated from its
equipartition value (2i, where /=i h ln 2HWHM and hHWHM is an observationally fitted disk aspect ratio), or bounded by the out-of-equipartition values emin
(Equation (31)) and emax (Equation (32)). In the case of HD 15115 for which =e 0.1min and =e 0.09max , we set e = 0.1. For each of the three disks with definite e
(top left panel), the loci of possibilities is a line of slope −1, since M mb,tot b

1 by Equation (27). Each line starts at the top left at the value of mb for which the
fraction fcol of big bodies colliding over tage equals one (see color bar), and ends at the bottom right at the mb = Mb,tot dashed line corresponding to a single big body.
Each of the other disks (top right and bottom panels) features a continuum of slope −1 lines, each line corresponding to a different e > 2i. The disks HD 15115, HD
32297, and AU Mic are claimed to exhibit the remains of recent catastrophic disruptions of dwarf planets (E. Chiang & J. Fung 2017; J. W. Jones et al. 2023). For
these disks, we indicate with black diamonds the combinations of mb, Mb,tot that generate enough debris in erosive collisions to supply the mass being ground down
in standard collisional cascades, as constrained by disk brightnesses at infrared to millimeter-wave wavelengths (M. R. Jankovic et al. 2026). See Table 3 for the full
set of parameters, and Figure 14 for a companion plot.
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body cascade. By “eroding” we mean that only a small fraction
of the mass in a given pair of colliding big bodies will be
released as debris. In the allowed parameter space in
Figure 13, big body collisions are gravitationally focused:
the velocity at impact is comparable if not equal to the mutual
surface escape velocity. Assuming the big bodies are big
enough to be held together by their own internal gravity (as
opposed to their “strength” in intermolecular bonds), such
focused collisions result predominantly in mergers, i.e.,
accretion. Only a small fraction fdebris of the colliding mass
escapes as ejecta; as the impact angle ranges from 0� (head-on
collisions) to 90� (grazing), fdebris varies from ∼10% to 0
(e.g., A. Emsenhuber et al. 2020, their Figure 5, bottom of
right panel; A. Emsenhuber et al. 2024, their Figure 9b). We
assume fdebris = 3% in our calculations below.

The rate at which the big body stirrers collisionally inject
debris into the disk is fdebris × Mb,tot/tcol—this formula holds
even when tcol > tage, which is the regime in which we are
using it—and can in principle match the rate at which mass is
ground into observable small bodies in the standard cascade.
Indeed, three of the disks in our sample—HD 197481 (AU
Mic), HD 32297, and HD 15115—have been argued based on
their scattered light morphologies to contain the recently
shattered remains of dwarf planets (E. Chiang & J. Fung 2017;
J. W. Jones et al. 2023). In this vein, we present Figure 14,

which is the same as Figure 13 except that it color codes the
allowed parameter space by the total number of big body
collisions occurring within the system age:

( )=N f
M

m
. 38col col

b,tot

b

For each of the three aforementioned candidate giant impact
disks, we mark with a diamond in Figure 14 the specific
parameter space where the mass in debris released over the
system age

( )=M f N m 39big body debris debris col b

approaches the cascade mass Mcascade calculated by
M. R. Jankovic et al. (2026, their Figure 7). We assume
throughout fdebris = 3%. For AU Mic, Mcascade ∼ 0.025–0.05m⊕
in “boulders” ∼3–20m in radius (M. R. Jankovic et al. 2026;
see also L. E. Strubbe & E. I. Chiang 2006 for a similar cascade
mass estimate). We find that if Mb,tot = 6m⊕ and the individual
sizes of the big bodies are sb = 100 km, then Ncol ∼ 5 × 105 and
Mbig body debris ∼ 0.035m⊕, comparable to Mcascade.
For HD 15115 and HD 32297, analogous agreement

between Mbig body debris and Mcascade (now ranging from ∼5 to
60m⊕) can be obtained for big bodies 200–500 km in radius
(Table 3). These calculations illustrate the potential for the big

Figure 14. Same as Figure 13, but now color-coded according to Ncol, the number of big body collisions occurring over tage. Black diamonds mark where there are
sufficient collisions (Ncol of order 10

6 for HD 15115 and AU Mic, and 108 for HD 32297; see Table 3 for more precise values) that the mass Mbig body debris eroded
from big bodies over the system age approaches the mass Mcascade ground down into small dust grains observed at μm to mm wavelengths (M. R. Jankovic
et al. 2026). Similar estimates hold for the other disks in the figure, but we highlight HD 15115, HD 32297, and AU Mic because they are candidate disks for hosting
the remains of recent giant impacts (E. Chiang & J. Fung 2017; J. W. Jones et al. 2023).
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body stirrers to source a healthy fraction and perhaps even all
of the observable cascade—but at the cost of requiring a total
mass in big bodies of Mb,tot ≃ 600–2200 M⊕, at the upper
bound of what is cosmogonically plausible (A. V. Krivov &
M. C. Wyatt 2021). The collision frequency of big bodies can
be remarkably high, occurring on average once every
∼0.6–50 yr (this is tage/Ncol, not to be confused with tcol,
which is the timescale over which all big bodies collide). As
these are strongly gravitationally focused collisions, they result
in mergers with fdebris of just a few percent, not catastrophic
disruptions, and are consequently harder to detect.

5. Summary and Discussion

As particles in a disk gravitationally scatter off one another
(these can be solid particles in a circumstellar debris disk or
planetary ring, or stars in a galactic disk), their median and rms
eccentricities e and inclinations i grow. Working in the
dispersion-dominated regime where bodies are on crossing
orbits, with relative velocities controlled by e and i and not by
the background shear, we have shown that when e ≫ i, i.e.,
when relative velocities between particles are much larger
parallel to the disk midplane than perpendicular, particles are
gravitationally (“viscously”) stirred into vertical density
distributions resembling Lorentzians.

Vertical Lorentzians result from particles random walking in
inclination i such that their individual steps Δi ∝ ± i. Such a
scaling, obviously true when i = 0, arises because what
changes i in a scattering encounter between particles is the
vertical component of the gravitational acceleration, and this
component scales as fN, the scattering angle between the line
joining the bodies and the horizontal (Figure 4). When i is
sufficiently small that vertical displacements between scatter-
ing bodies are smaller than scattering impact parameters, fN is
small and scales with i (Equation 4). When i random walks
with steps Δi that scale with i (i.e., steps of fixed

/ =i i iln ), the inclination distribution dN/di grows a
log-normal tail at high i, leading to broad Lorentzian-like
wings in the disk’s vertical density profile dN/dz.

Given enough dispersion-dominated scatterings, inclinations
grow until vertical displacements during encounters become
comparable to horizontal displacements. Then scattering
impact angles fN become broadly distributed over an order-
unity range, i stops exponentiating, and the vertical density
profile dN/dz relaxes toward—but may not actually reach,
depending on the time elapsed, and how much mass and what

size bodies are contained in the disk—a Gaussian. The
endpoint of stirring is equipartition, with i ≃ e/2. There are
four regimes of inclination evolution, with the quasi-2D
regime studied by R. R. Rafikov & Z. S. Slepian (2010) at the
extreme low-i end of the evolutionary sequence, and
equipartition on the other high-i extreme. While inclinations
grow in tandem with eccentricities in equipartition, inclina-
tions grow faster than eccentricities in the three out-of-
equipartition regimes, when i < e/2 (Section 2.4).
We have reached these conclusions informally and empiri-

cally, by semi-analytic reasoning and N-body integrations.
Conceivably our results could be obtained formally. One
could, for example, compute analytically the sky-projection
integral that transforms an inclination distribution dN/di to a
vertical density profile dN/dz (e.g., Section 5.1 of L. Matrà
et al. 2019). Or one could try to relate our findings to the
generalized central limit theorem, which shows how Gaussians
and Lorentzians arise from sampling distributions with finite
and infinite variance, respectively (e.g., W. Feller 1971;
J.-P. Bouchaud & A. Georges 1990; see also the Holtsmark
distribution reviewed by S. Chandrasekhar 1943). Vertical
density profiles, in real life and in our numerical computations,
only approximate Gaussians or Lorentzians over limited
ranges in height, so care needs to be taken when connecting
reality to formal theorems which may only be true asympto-
tically, in the limit of infinite sample sizes. These explorations
are left for the future.
In related work, B. F. Collins & R. Sari (2006) and

B. F. Collins et al. (2007) solved a Boltzmann-like equation
to derive broad, non-Rayleigh distributions for eccentricity in
planar, viscously stirred, shear-dominated particle disks. While
our focus has been on the vertical dynamics of dispersion-
dominated disks where relative velocities between bodies are
not controlled by the background shear, we also found that log-
normal inclination distributions and by extension vertical
Lorentzians can arise in shear-dominated disks, for noncrossing
scattering bodies separated in semimajor axis by |a − ab|≫ ia
(Appendix A). In shear-dominated disks, e grows faster than i
and therefore e ≫ i naturally (e.g., P. Goldreich et al. 2004;
B. F. Collins & R. Sari 2006). But typical debris disks are not
shear-dominated; for observed disk parameters, there is no set of
perturbing “big body” masses and surface densities consistent
with shear-dominated stirring explaining present-day vertical
thicknesses (M. R. Jankovic et al. 2026).

Table 3
Big Body Properties That Can Source Collisional Cascades in Giant Impact Candidate Disks

Disk ID sb Mb,tot Ncol tage/Ncol fcol Mbig body debris Mcascade

(km) (m⊕) (yr) (%) (m⊕) (m⊕)
(1) (2) (3) (4) (5) (6) (7) (8)

HD 15115 500 600 9 × 105 50 46 8 5.6–16
HD 32297 200 2200 5 × 107 0.6 47 31 17–60
HD 197481 (AU Mic) 100 6 5 × 105 40 18 0.035 0.03–0.05

Note. Column (1): disk name. These disks are the subset of radially narrow ARKS III disks (Table 2) proposed to exhibit the remains of giant impacts as traced by
nonaxisymmetric shapes in scattered light (J. W. Jones et al. 2023; E. Chiang & J. Fung 2017). Column (2): individual big body radius, chosen specifically to yield
Mbig body debris ∼ Mcascade (columns (7) and (8)). Column (3): collective big body mass integrated over the entire disk. Column (4): number of big body collisions
occurring over the system age tage. Column (5): average time between big body collisions. Column (6): fraction of big bodies that collide over the system age.
Column (7): estimated mass in debris from big body collisions over the system age (Mbig body debris = Mb,totfcolfdebris), assuming each collision releases a mass fraction
fdebris = 3% in ejecta. Column (8): mass in the “standard” collisional cascade producing small bodies observable from micron to millimeter wavelengths, calculated
by M. R. Jankovic et al. (2026, their Figure 7). The range reflects different assumptions about the slope of the size distribution.
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5.1. Anisotropic Viscous Stirring in ARKS III Debris Disks:
Dynamical and Collisional Masses

Most of the debris disks studied in ARKS III have vertical
Lorentzian profiles, which could imply they are out-of-
equipartition, with i < e/2. Out-of-equipartition stirring
(specifically under conditions we call 3D-anisotropic;
Section 2.4) implies either single sub-Earths (a single Pluto
in the case of AU Mic), or multiple sub-Plutos (Table 2 and
Figure 13).

The price for this out-of-equipartition interpretation is that
i and e decouple: while we can explain the observed i’s by
viscous stirring with a population of big bodies, the e’s, which
by assumption need to be larger than 2i, require a separate
explanation. While we do not have a definite theory for the
larger e’s, we can outline possibilities. Some general
considerations first: recall that the e’s can refer either to the
small bodies or to the big body stirrers. What matters is that in-
plane relative velocities greatly exceed out-of-plane relative
velocities, and that requirement can be met whether the stirrers
or the objects being stirred are on highly eccentric orbits.
Recognize also that e is generally easier to excite than i
because bodies are born in disks where in-plane forces may be
larger than out-of-plane forces. Imaged debris disks are located
in the outermost regions of planetary systems, and here large
eccentricities are especially plausible because local orbital
velocities are small and easier to change.

If there were a single big body viscously stirring the disk,
one can imagine its eccentricity having been excited externally
by another planet, either secularly or in a prior episode of
planet–planet scattering. In our solar system, a “rogue” planet
might have been temporarily scattered by neighboring giant
planets into the Kuiper Belt (e.g., Y. Huang et al. 2022). A
single eccentric big body crossing orbits with small body disk
particles may also force a global eccentricity on the disk (e.g.,
Figure 18 in Appendix B). While a global disk eccentricity
would not be relevant for setting relative velocities (the global
e is secularly forced, not free; see the end of Section 4.2), it
would serve as an observational signature of an eccentric
perturber. In this regard it is encouraging that a number of
disks show global eccentricities (ARKS VI).

Another possibility is that large eccentricities of small
bodies were excited by sweeping mean-motion resonances
with non-orbit-crossing planets. The strongest mean-motion
resonances are eccentricity resonances, not inclination reso-
nances. For example, the 2:1 eccentricity resonance with a
stochastically migrating Neptune may have swept across the
“Cold Classical“ Kuiper Belt (semimajor axes of ∼40–50 au),
exciting the belt’s eccentricities but not its inclinations (D.
Nesvorný 2015a, 2018). The Cold Classical belt presents the
opposite problem in that its inclinations i ∼ 0.05 rad are, to our
knowledge, unexplained. They are too large to have been
inherited from the era of planetesimal formation (R. Li &
E. Chiang 2025, 2026), and they also cannot have been
generated by viscous self-stirring, as many Cold Classical
objects are binaries having component relative velocities of
≲10 m s−1. The vertical kick velocities needed to viscously stir
the heliocentric inclinations of Cold Classicals are ∼100 m s−1

and would have fissioned the binaries.
Viscous stirring is intrinsically degenerate in that the smaller

the individual stirrers, the more of them are needed to achieve
the same degree of stirring (Section 2.4). Real-life disks could
have their i’s self-stirred by a large number of small stirrers,

with individual masses comparable to dwarf planets like Pluto
(diameter ∼2400 km) or Varuna (diameter ∼700 km), or even
smaller, and collective masses ranging from ∼1 to 103 m⊕
(Figure 13). Having many stirrers opens the door to having a
fraction of them collide over the system age. Indeed, half of
the disks in our sample have been argued to exhibit the
scattered light signatures of recent giant impacts: AU Mic
(E. Chiang & J. Fung 2017) and HD 15115 and HD 32297
(J. W. Jones et al. 2023). Taking these candidate giant impact
systems as examples, we found that in certain corners of
parameter space (combining small individual stirring size and
large total mass), ∼20%–50% of the stirring population can
collide over system ages, releasing enough debris to contribute
toward, and perhaps even source entirely, the collisional
cascades generating the observable small bodies (Table 3). In
other words, the time-averaged rate at which stirrers collide
and inject debris into the disk can in principle match the rate at
which cascades grind mass down into observable μm to
millimeter-sized dust. For disks like HD 32297 and HD 61005,
we do not favor this hypothesis as it requires so much mass in
stirrers—of order ∼103m⊕ (diamonds in Figure 14)—as to be
cosmogonically improbable (e.g., A. V. Krivov &
M. C. Wyatt 2021). The hypothesis is more plausible for a
small-i disk like AU Mic (Table 2), for which the required
stirring mass would only be ∼6m⊕ (Table 3).
Gas drag on particles damps inclinations and suppresses the

formation of thick vertical tails, more so for smaller particles.
Two disks out of our ARKS III subsample have CO gas
detections, HD 32297 and HD 131488. For HD 32297, which
exhibits a vertically Lorentzian profile at mm wavelengths, we
hypothesize that despite its CO gas detection, there is
insufficient total gas to drag the millimeter-sized grains
presumed responsible for the ALMA emission out of their
Lorentzian tails. J. Olofsson et al. (2022) showed that for gas
masses ≲0.1m⊕—such modest masses may characterize gas
that is collisionally generated (second-generation)—milli-
meter-sized grains can be relatively immune to gas drag (the
same is not necessarily true for μm-sized grains, which could
be dragged into a thin layer at the midplane). This
interpretation is consistent with current estimates for the
amount of gas in HD 32297, which overlap with ∼0.1m⊕
(G. Cataldi et al. 2023, their Figures 8, 9, and 11).

5.2. Alternative Explanations of Non-Gaussian Vertical
Profiles

Out-of-equipartition viscous stirring is not the only
explanation for vertical density profiles having thick non-
Gaussian tails. Having a dynamically “hot” population
implanted by planet migration on top of a “cold” population
remains viable—assuming both populations have inclination
distributions that can be explained by (presumably equiparti-
tion) stirring (L. Matrà et al. 2019). The Classical belt at
heliocentric semimajor axes of 40–50 au is thought to
represent a superposition of hot and cold objects, with hot
objects implanted by a migrating Neptune (R. S. Gomes 2003;
R. S. Gomes et al. 2005; D. Nesvorný 2015b). But as we noted
above, the inclinations of the Cold Classicals, small as they
are, lack explanation.
Degeneracies between vertical and radial structures are a

perennial worry. Many of the ARKS III disks are radially
extended, and line-of-sight projection of radial structures can
mimic vertically extended structures. We found that even a
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vertically Gaussian disk with a constant vertical-to-horizontal
aspect ratio (constant aspect ratios are the default assumption
in ARKS fitting routines) can exhibit vertical density
distributions with broad non-Gaussian tails if such disks span
more than a factor of a few in radius and are viewed edge-on
(see also J. Olofsson et al. 2022). The ARKS III fitting
procedure explicitly accounts for such 3D projection effects,
and still finds evidence for non-Gaussian vertical profiles.
Nevertheless, vertical Gaussians with radially varying aspect
ratios (e.g., A. A. Sefilian et al. 2025) could be lurking in
the data.

Still another possibility is a particle size distribution where
different-sized particles have different scale heights to yield a
non-Gaussian emissivity (J. Terrill et al. 2023, their Figure
14). More flexible methods available for mapping disk
substructures are frank (J. Jennings et al. 2020; J. Terrill
et al. 2023) and rave (Y. Han et al. 2022, 2025), which fit for
radial structures nonparametrically. Current implementations
of these algorithms assume vertical Gaussians, a restriction
that could be relaxed for future work. Measuring how disk
images vary with wavelength from the submillimeter through
the radio, uncomplicated by the effects of radiation pressure
(see I. Rebollido et al. 2024; Y. Han et al. 2026a), can also
help to sort between hypotheses (D. Vizgan et al. 2022).
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Appendix A
Vertical Scattering in Shear-dominated Particle Disks

In this appendix, we show how viscous stirring in shear-
dominated disks should lead to vertical Lorentzians. We show
that the same |Δi| ∝ i scaling for scatterings in a dispersion-
dominated, out-of-equipartition disk holds in a shear-domi-
nated disk, where bodies are not on crossing orbits and their
relative velocities are controlled by the background Keplerian
shear instead of by eccentricities and inclinations. Figure 15
shows the setup: a small body (test particle) and a big body
perturber of mass mb, separated in semimajor axis by
b ≡ |ab − a| ≪ a. We measure b ≡ FRH in units of the big
body’s Hill radius [ ( )] ( )/ // /µ= =R m m a a3 3H b

1 3
b b

1 3
b with

F > 1, and define a Hill eccentricity and inclina-
tion, ( )/ /µ=e i 3H H b

1 3.
The relative shearing velocity between the bodies is

vrel ≃ (3/2)nb, where n is the local mean motion (orbital
angular frequency). Under the same impulse approximation
that we used to write down Equation (4), every close encounter
(conjunction) changes the small body eccentricity by

· · ( )± ±e
v

Gm

b

b

v F
e

1 2 4
. A1

K

b
2

rel
2 H

The inclination change is derived the same way except that it is
downweighted by the factor fN, whose magnitude is of order ia
(vertical epicyclic excursion) divided by b (horizontal separa-
tion; see Figure 15):

· ( )± ±i e f
F

i
4

A2N 3

valid for ia < b or equivalently i < FiH (sub-Hill
inclinations). Thus, Δi ∝ ±i, and repeated encounters
(assuming they are uncorrelated; for a single big body this
requires F ≲ 3 for the small body to stay within the big body’s
chaotic zone) should lead to diffusion in ilog and by extension
a vertical Lorentzian profile. Eccentricities should grow faster
than inclinations insofar as Δe > Δi, as appears borne out at
early times for our N-body Runs E and EE (Table 1). We
could go further to explore shear-dominated stirring rates
(e.g., S. Ida & J. Makino 1992, 1993; P. Goldreich et al. 2004),
but are unmotivated to do so as M. R. Jankovic et al. (2026)
have shown that debris disks could not have been stirred to
their present states under shear-dominated conditions.
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Appendix B
Numerical Integrations with a Single Big Body

This appendix contains some results from the single big
body, dispersion-dominated numerical integrations described
in Section 3. Although these N-body runs support our findings
of vertical Lorentzians, they also exhibit a few artifacts
resulting from our assumption of a single big body.
Figures 16–18 document Run A, whose results parallel those
of Run BB (Figures 7–9; see Table 1 for parameters, and
captions for details). Note how in Figure 18 the test particle
disk is becoming globally eccentric, conforming to the
eccentric orbit of the big body. This is a consequence of our
using only a single eccentric big body in Run A to perturb the

small bodies (if there were instead many big bodies on
crossing orbits with randomly oriented apsides, the small
bodies would be perturbed into an axisymmetric disk).
In the other single big body Runs C, D, and E test particle

inclinations are anticorrelated with eccentricities (data not
shown). This follows from the Jacobi constant being conserved
when there is only a single big body with eb = 0 (C. D. Murray
& S. F. Dermott 1999). Such an anticorrelation is not present
in our other runs where small bodies are stirred by eccentric or
multiple big bodies. The anticorrelation does not affect the
main finding of all our numerical integrations, that vertical
Lorentzians manifest when e, eb ≫ 2i, and vertical Gaussians
when e, eb ≃ 2i.

Figure 15. Same as Figure 4, but now for a shear-dominated configuration between a big body of mass mb (red circle) and a small body (test particle, blue square),
both on circular orbits separated in semimajor axis by b = |a − ab|. The bodies have similar semimajor axes a ≫ b. At the moment of encounter (conjunction), the
small body feels a vertical gravitational acceleration which is less than the full gravitational acceleration by a factor of |fN|, by definition. To order of magnitude,
|fN| ∼ ia/b.
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Figure 16. Vertical density profiles of test particles (a.k.a. small bodies) simulated with REBOUND in Run A at t = 1 Myr (left panel) and 20 Myr (right). Run A
features a single big body with a large eccentricity (eb = 0.1) and small initial mutual inclination with test particles (10−5 rad); for most of the evolution, in-plane
relative velocities between the big body and small bodies well exceed out-of-plane relative velocities. We expect under such circumstances that small bodies take
inclination steps Δi ∝ ± i (Section 2) and that their vertical distributions (blue histograms) resemble Lorentzians (red curves) more than Gaussians (black curves).
Test particles having i < 10−4 (constituting 55% of all test particles at t = 1 Myr, and 0.15% at 20 Myr) have been omitted as these reflect too strongly our assumed
initial inclinations of 10−5 rad). The horizontal axis changes scale by a factor of 5 between left and right columns as the disk thickens vertically with time.

Figure 17. Inclination distribution of test particles for Run A (single big body with eb = 0.1, test particles on initially circular orbits) at t = 20 Myr (blue histogram,
unnormalized). Overlaid are a best-fit log-normal distribution (red curve) and a Rayleigh distribution (black curve). The log-normal fits better, as expected when in-
plane relative velocities between the big body and test particles greatly exceed out-of-plane relative velocities, and small bodies random walk with fixed steps in

iln (Section 2).
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