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Phase locking and multistability in the
topological Kuramoto model on cell
complexes

Iva Bačić 1,2 , Michael T. Schaub 3, Jürgen Kurths 4 & Dirk Witthaut 1,5

Higher-order interactions fundamentally shape collective dynamics in oscil-
lator networks. The topological Kuramoto model captures these effects by
extending synchronization models to include interactions between cells of
arbitrary dimension within simplicial and cell complexes. We introduce the
topological nonlinear Kirchhoff conditions to characterize all phase-locked
states of the topological Kuramoto model. These states are organized by
winding numbers associated with generalized independent cycles, which
quantify howphaseswindaround these cycles.Using rings, Platonic solids, and
regular simplices as illustrative examples, we uncover a universal rule:
boundaries must have at least five elements for multistability to arise. We
further find that independent winding numbers associated with lower- and
higher-dimensional boundaries generate cascades of multistability across
dimensions. These results show how the topology and boundary structure of
cell complexes influence phase locking and multistability, and provide a gen-
eral framework for collective dynamics on cell complexes.

Synchronization phenomena are a hallmark of many natural and
engineered systems, from neuronal activity to power grid operation1,2.
The Kuramoto model of coupled oscillators has long served as a pro-
totype for understanding how synchronization emerges from local
interactions3,4. While early studies focused on globally coupled
systems5, later extensions to complex networks revealed that network
topology crucially shapes both the onset and the nature of
synchronization6. Such systems often exhibit multistability, where
multiple distinct synchronized states coexist7–10.

In the classical Kuramoto model, the coupling between the
oscillators is pairwise. This assumption is valid formany systems, but in
certain contexts where group interactions play an essential role, such
as neuronal assemblies11, the brain connectome12–14,multimode lasers15,
or protein interaction networks16, it is too restrictive to capture all the
relevant couplings in the system. Higher-order connectivity structures
that encode such interactions are increasingly recognized as being
crucial to many collective dynamics17–25. Recent advances in network

science12–14,18,19,23,26–33 have introduced models where the dynamics is
not defined only on nodes, but also lives on edges, faces, or higher-
dimensional elements of simplicial or cell complexes. Cell complexes
are higher-order network structures built from cells of different
dimensions, such as nodes, edges, polygons, polytopes, and higher-
dimensional analogues12,34,35.Most studies on synchronization focus on
the special case of simplicial complexes36,37, where each cell is a sim-
plex. However, many real-world systems, such as social interactions or
protein complexes, are better described by cell complexes, as their
interactions are not naturally simplicial21,34,35. Such models can be for-
mulated in arbitrary dimensions. However,many applications focus on
the case where the dynamics is defined on edges and interactions
occur via nodes and faces38. Alternative representations of higher-
order interactions, such as hypergraphs, have also been explored, but
they capture different structural aspects of complex systems18,22.

The topological Kuramotomodel36,37,39 has becomeaparadigmatic
framework for studying dynamics on complexes, revealing novel
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synchronization phenomena, including abrupt transitions in higher-
order settings40,41. Topologically-induced synchronizationobstructions
have been found in the simplicial Stuart-Landau model, where global
topological synchronization has been studied42. While some aspects of
multistability43,44 and phase locking37 in similar simplicial models have
been analyzed separately, there is still no systematic framework for
analyzing how multistable phase-locked states emerge from higher-
order interactions.

Here, we develop the topological nonlinear Kirchhoff conditions
to characterize all phase-locked states in the topological Kuramoto
model. These conditions generalize Kirchhoff’s current law (KCL) and
Kirchhoff’s voltage law (KVL) from circuit theory. The generalized KCL
yields linear local balance conditions, whose solutions define a con-
tinuous family of candidate solutions. The generalized KVL imposes
nonlinear global constraints that ensure that phases are single-valued
up to integer multiples of 2π, thereby selecting a finite set of admis-
sible phase-locked states. Based on this approach, we derive a uni-
versal boundary-size rule for multistability and uncover that higher-
order interactions give rise to structural cascades of coexisting states
across dimensions. Using rings, Platonic solids, and simplicial com-
plexes as paradigmatic examples, we demonstrate how topology
shapes the existence and organization of phase-locked states, estab-
lishing a general framework for synchronization in cell complexes.

Results
Synchronization on networks and cell complexes
The Kuramoto model is a paradigmatic model for synchronization in
complex networks. Each node i carries a phase variable θi(t), and
interactions are mediated by edges (i, j) with coupling strength Kij,

dθi

dt
=ωi �

X
j

Kij sinðθi � θjÞ: ð1Þ

In vector notation, the phase variables and natural frequencies are
collected in θ and ω. Phase differences along edges are obtained as
B⊤θ, where B is the oriented node-edge incidencematrix, or boundary

operator. Its columns correspond to oriented edges and contain two
nonzero entries ±1, marking head and tail. With edgeweights collected
in a diagonal matrix K, the Kuramoto model becomes

dθ
dt

=ω� BK sinðB>θÞ: ð2Þ

Equivalently, the dynamics of edge phase differences θ[+] = B⊤θ is

dθ½ + �

dt
=B>ω� B>BK sinðθ½+ �Þ, ð3Þ

where B⊤B is the graph (network) Laplacian.
The standard Kuramoto model is limited to pairwise interactions.

The topological Kuramoto model generalizes this setting by assigning
phases to cells of arbitrary dimension n, such as nodes, edges, faces, or
volumes. Interactions between n-cell phases occur through adjacent
cells of dimension n − 1 and n + 1. For n = 0, the standard Kuramoto
model is recovered. For n = 1, phases are assigned to edges, and two
edges interact if they share a node or belong to the same face. Exam-
ples of this setting are shown in Fig. 1a, b.

The topologyof a cell complex is encodedbyboundary operators.
The operator B[n] encodes which (n − 1)-cells lie in the boundary of
each n-cell. Thus, in the topological Kuramoto model, B[n] describes
interactions through lower-dimensional cells, while the coboundary
operator B>

½n+ 1� describes interactions through higher-dimensional
cells. For n = 1, B[1] is the usual node-edge incidence matrix and B[2] is
the edge-face incidence matrix (Fig. 1c, d). The topological Kuramoto
model is then written as36

dθ
dt

=ω� B>
½n�K½n� sin B½n�θ

� �
� B½n+ 1�K½n+ 1� sin B>

½n+ 1�θ
� �

:

ð4Þ

The first term represents the intrinsic frequencies, while the remaining
terms capture interactions mediated by adjacent cells of dimension

Fig. 1 | Examples of cell complexes for n = 1. a, b Two representative cell com-
plexes, a ring and a cube, where the dynamics is defined on the edges, and inter-
actions occur via both nodes and faces. Nodes are shown inblack, edges in blue and
faces in different colors. c, d Algebraic description of the topology of the cell
complexes via boundary operators B[1] and B[2]. Colored fields indicate that a node

is in the boundary of an edge, or that an edge is in the boundary of a face. The two
colors differentiate a parallel orientation (blue, +1) or an anti-parallel orientation
(red, −1). e, f Exemplary time series of the phase variables θ[j, k](t) associated with
the edges [j, k] for both the ring and the cube. The system converges to different
phase-locked states depending on the respective initial conditions.
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n − 1 and n + 1, respectively.We keep the couplingmatricesK[n] andK[n

+1] general in the theory, but use homogeneous coupling in the
numerical examples.

Examples of the dynamics are shown in Fig. 1e, f. For the hex-
agonal ring and the cube, the phases are associated with edges and
interact via nodes and faces. Depending on the initial conditions, the
system converges to different stationary phase-locked states. This
article aims to characterize all such states.

As in the standard Kuramoto model, it is useful to work not only
with the original n-cell phases θ, but also with the interaction variables

θ½�� =B½n�θ, θ½+ � =B>
½n+ 1�θ: ð5Þ

The variable θ[−] measures phase differences across shared (n − 1)-cell
boundaries, while θ[+] measures phase accumulation around (n + 1)-
cells. For edge dynamics (n = 1), these correspond to imbalances at
nodes and circulations around faces, respectively.

The equations for these variables decouple because the boundary
of a boundary vanishes,

B½n�B½n+ 1� =0 ) B>
½n+ 1�B

>
½n� =0: ð6Þ

For n = 1, this simply expresses that the orientedboundaryof a face has
no start or end point: each node appears once with a positive and once
with a negative sign. Multiplying Eq. (4) by B>

½n+ 1� and B[n] gives

dθ½+ �

dt
=B>

½n+ 1�ω� L½down�
½n + 1� K½n+ 1� sin θ½ + �

� �
, ð7Þ

dθ½��

dt
=B½n�ω� L½up�

½n�1�K½n� sin θ½��
� �

, ð8Þ

with

L½up�
½n�1� =B½n�B

>
½n�, L½down�

½n+ 1� =B>
½n+ 1�B½n+ 1�: ð9Þ

The superscripts “up” and “down” follow the standard terminology of
Hodge Laplacians on cell complexes. The operator L[up] acts on (n − 1)-
cell variables and couples them through common incident n-cells;
hence, the coupling is mediated from the dimension below. Con-
versely, L[down] acts on (n + 1)-cell variables and couples them through
shared n-cell boundaries; hence, the coupling is mediated from the
dimension above.

We next recall the basic cell-complex concepts needed to analyze
the phase-locked states of these equations.

Properties of cell complexes
Cell complexes are geometrical objects built from elements of differ-
ent dimensions n. The building blocks are called n-cells and include
nodes (0-cells), edges (1-cells), faces (2-cells), volumes (3-cells), and
higher-dimensional analogues. Two examples are shown in Fig. 1a, b: a
hexagonal face with six edges and six nodes, and a cube with six faces,
twelve edges, and eight nodes.

An important subclass is given by simplicial complexes, where
every n-cell is an n-simplex, i.e., a cell spanned by n + 1 nodes (e.g.,
triangles for n = 2 and tetrahedra for n = 3). However, many systems
involve interactions over loops or surfaces that are not fully con-
nected. Representing such structures as simplicial complexes requires
artificial triangulations, introducing additional cells and incidence
relations (e.g., a square face must be decomposed into two triangles).
We therefore work in the more general setting of cell complexes.

Wedenote the set ofn-cells by S[n] and their number byN[n] = ∣S[n]∣.
For computations, we label cells as j = 1,…,N[n] and represent them by
standard basis vectors uj 2 RN½n� . State variables, or more generally
quantities, defined on n-cells are called n-cochains. They canbe viewed

as discrete analogues of differential n-forms: a 0-cochain assigns
values to nodes, a 1-cochain to edges, a 2-cochain to faces, and so on.

Boundary operators B½n� 2 RN ½n�1� ×N ½n� map n-cells to their (n − 1)-
dimensional boundaries. While the Laplacian is uniquely defined, the
boundary operators are not, in the sense that they depend on a chosen
orientation. After fixing an orientation, their entries take values in {−1,
0, +1}, indicating whether a given (n − 1)-cell appears in the boundary
with positive or negative orientation, or not at all. The choice of
orientation determines the signs in B[n], but does not imply any phy-
sical directionality of the interactions. The transpose B>

½n� is called the
coboundary operator. A fundamental property is that the boundary of
a boundary vanishes, expressed by Eq. (6).

The operators B[n] and B>
½n� can be interpreted as discrete differ-

ential operators. In particular, B[n] acts as a discrete divergence, while
B>
½n� acts as a discrete gradient. This interpretation becomes explicit for

n = 1, where B[1] reduces to the node-edge incidence matrix from
standard network theory. Each column of B[1] contains one +1 and one
−1, corresponding to the head and tail of an edge. Thus, B>

½1� assigns to
each edge the difference of node values, i.e., a discrete gradient.
Analogously, B>

½2� captures circulation around faces and can be viewed
as a discrete curl.

The relation B[n]B[n+1] = 0 leads to the Hodge decomposition45, a
discrete analog of the Helmholtz decomposition from vector calculus.
Any vector x½n� 2 RN½n� can be uniquely decomposed as

x½n� =x
H
½n� +B

>
½n�z½n�1� +B½n+ 1�z½n+ 1�: ð10Þ

The second term is a gradient-like component induced from lower
dimensions, while the third is a curl-like component describing
circulation around higher-dimensional cells. In addition, there is a
harmonic component xH

½n�, which satisfies

B½n�x
H
½n� =0, B>

½n+ 1�x
H
½n� =0:

Thus, it lies in the intersection of the kernels of B[n] and B>
½n+ 1�, and its

dimension is given by the nth Betti number, i.e., the number of inde-
pendent n-cycles (holes) in the complex. It corresponds to conserved,
divergence-free flows that circulate along topological cycles without
being generated by local gradients or curls, and persist due to the
presence of holes or loops.

Topological nonlinear Kirchhoff conditions
We now provide a comprehensive characterization of phase-locked
states of the topological Kuramotomodel. Our analysis is based on the
interaction variables θ½�� =B½n�θ and θ½+ � =B>

½n+ 1�θ, whose dynamics is
given inEq. (8). Setting the timederivatives to zero yields thenonlinear
algebraic conditions

B>
½n+ 1�ω=L½down�

½n+ 1� K½n+ 1� sin θ½+ �
� �

, ð11Þ

B½n�ω=L½up�
½n�1�K½n� sin θ½��

� �
, ð12Þ

which define the phase-locked states.
A subtle point is that the conditions d

dt θ
½ ± � =0 do not fully fix the

original variables θ. In particular, θ may still contain a harmonic
component that does not contribute to θ[−] or θ[+]. This component
affects the dynamics only in a trivial way, corresponding to a global or
circulating shift of the phases that does not enter the interaction
terms. As a result, it is irrelevant for synchronization, and we refer to
solutions of Eqs. (11, 12) as phase-locked states rather than strict fixed
points.
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The linear stability of these states is determined by the Jacobian of
Eq. (4) (see “Methods”). A sufficient condition for stability is

cos θ½��
� �

>0, cos θ½+ �
� �

>0: ð13Þ

Under this condition, all non-harmonic perturbations decay, while
harmonic perturbations are neutrally stable (see “Methods” for a
proof). Since harmonic modes do not affect the interaction variables
θ[±], phase locking is linearly stable. In the following, we focus on such
solutions and refer to them as normal phase-locked states.

To characterize all phase-locked states, we adopt a two-step
approach. First, we determine candidate solutions by enforcing the
local balance conditions in Eqs. (11, 12). These conditions are linear in
suitable auxiliary variables and define a low-dimensional solution
space, with remaining degrees of freedom corresponding to circula-
tions around cycles. In the second step, we impose nonlinear global
consistency conditions that select those solutions that can be realized
by actual phase variables.

This approach generalizes Kirchhoff’s current and voltage laws, as
illustrated in Fig. 2a, b. A linear electric circuit can be analyzed either in
terms of nodal voltages Ui or voltage differences across edges ΔUi.
Kirchhoff’s voltage law then requires that the sum of voltage differ-
ences along any cycle vanishes.

This framework extends to nonlinear oscillator networks, such as
the standard Kuramoto model (Fig. 2c, d). Phase-locked states can be
expressed either in terms of nodal phases θi or auxiliary variables
defined as the sines of phase differences across edges, ψi = sinðΔθiÞ.
The stationarity conditions then become linear in ψi, while Kirchhoff’s
voltage law is replaced by a nonlinear condition involving the inverse

sine. Because phases are defined modulo 2π, cycle sums can take
values 2πz, where z 2 Z is referred to as the winding number.

For the topological Kuramoto model, this construction must be
extended to include interactions via lower- and higher-dimensional
cells, as illustrated for an elementary example in Fig. 2e–g. The aux-
iliary variables are the sines of the interaction variables θ[−] and θ[+]. As
before, the stationarity conditions become linear, while global con-
sistency imposes nonlinear constraints generalizing Kirchhoff’s vol-
tage law. These topological nonlinear Kirchhoff conditions form the
central result of this section. In this derivation, we generalize the
notion ofwindingnumbers fromnetwork cycles to higher-dimensional
cycles of the cell complex.

We now formalize this two-step approach. We introduce auxiliary
variables

ψ½± � = sin θ½ ± �
� �

, ð14Þ

which can be interpreted as flow-like variables on the complex,
encoding the strength of interactions across cells. In the case n = 1, the
phases θ are defined on edges, whileψ[+] are associated with faces and
ψ[−] with nodes. For n = 0, the phases are defined on nodes, andψ[+] are
defined on edges. In the theory of supply networks, the entries of
K[1]ψ

[+] are interpreted as flows46–48.
In the first step, we generalize Kirchhoff’s current law and obtain

candidate solutions. Using the auxiliary variables, the phase-locking
conditions Eq. (12) become

B>
½n+ 1�ω=L½down�

½n+ 1� K½n+ 1�ψ
½+ � ð15Þ

1

3

4
5

6

2 3
[−]
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Kirchhoff‘s voltage law :

= 0

with [±] ∈ ℤ

Fig. 2 | From Kirchhoff’s circuit laws to the topological nonlinear Kirchhoff
conditions. a, b The analysis of linear electric circuits typically uses nodal voltages
Uj. However, one can also use currents or voltage differences ΔUi across edges,
which have to obey Kirchhoff’s voltage law (KVL). c, d The standard Kuramoto
model can be described using a nonlinear generalization of the KVL. The funda-
mental variables are the sines of the phase differences over every edge
ψi = sinðθi � θi+ 1Þ. In a stationary state, these variables have to satisfy a nonlinear

Kirchhoff condition ∑iCif(ψi) = 2πz with the winding number z. e–g In the topolo-
gical Kuramoto model, phase variables can be associated with cells of arbitrary
dimension n - here we show an example where phases are associated with edges
(n = 1). As fundamental variables, we define the sines of the phase differences
ψ½± �
i = sinðθ½± �i Þ for cells of lower and higher dimension, i.e., for nodes and faces.

Both sets of variables must satisfy nonlinear Kirchhoff conditions.
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B½n�ω=L½up�
½n�1�K½n�ψ

½��: ð16Þ

Treating ψ[±] as independent variables, Eqs. (15, 16) form a linear sys-
tem. The solutions of these equations form a low-dimensional affine
subspace.

To parametrize the set of candidate solutions, we compute a basis
of the kernels of B[n+1] and B>

½n�. Storing the basis vectors as columns of
the matrices C[n+1] and C>

½n�, we have

B½n+ 1�C½n+ 1� =0, B>
½n�C

>
½n� =0: ð17Þ

These matrices can be obtained directly by a standard nullspace
computation, for example, by Gaussian elimination, a rank-revealing
QR decomposition, or a singular-value decomposition of the corre-
sponding boundary matrices. Only their column span is relevant.
Different choices of basis lead to equivalent parametrizations of the
same solution space.

These matrices are closely related, but not identical, to B[n+2] and
B>
½n�1� via Eq. (6). In particular, the columns of B[n+2] (B

>
½n�1�) lie in the

kernel of B[n+1] (B
>
½n�), but the kernel also contains additional harmonic

components.C[n+1] andC>
½n� may be chosen from independent columns

of the neighboring boundary matrices together with additional har-
monic representatives whenever the corresponding homology or
cohomology is nontrivial.

The form of the general solution follows from the elementary
structure of the corresponding linear systems: solving Eqs. (15, 16) for
K[n+1]ψ

[+] and K[n]ψ
[−] gives one particular solution plus arbitrary

components in the corresponding nullspaces. Transforming back to
ψ[±] yields

ψ½ + � =ψ½ + �
p +K�1

½n+ 1�C½n+ 1�ζ
½ + �,

ψ½�� =ψ½��
p +K�1

½n�C
>
½n�ζ

½��,
ð18Þ

where ζ[±] parametrize the space of homogeneous solutions. Mathe-
matically, these variables parametrize contributions from the kernel of
the boundary operators. Physically, the parameters ζ[±] quantify the
amplitude of circulating flows along independent cycles of the com-
plex. They generalize loop currents in networks: different values of ζ[±]

redistribute phase differences around cycles without violating local
balance conditions.

The particular solutions ψ½± �
p can be obtained via the Moore-

Penrose pseudoinverse,

ψ½+ �
p =K�1

½n+ 1�B
y
½n+ 1�ω,

ψ½��
p =K�1

½n�B
y>
½n�ω:

ð19Þ

Since ψ½± � = sinðθ½± �Þ, the admissible solutions must satisfy

jψ½± �j≤ 1: ð20Þ

Thus, the candidate solutions are given by the intersection of an affine
subspacewith the unit cube, whichmay be empty depending onω. For
fixed coupling matrices K[n] and K[n+1], ω acts as a control parameter:
changing its entries shifts the affine space of candidate solutions and
thereby determines which phase-locked states are admissible. Equiva-
lently, in the case of homogeneous scalar coupling, the relevant
control parameter is the ratio of natural frequencies and coupling
strength.

In the second step, we generalize Kirchhoff’s voltage law and
select valid phase-locked states. In other words, we determinewhether
a candidate solution (18) can be represented in the form (14). This

requires reconstructing θ[±] fromψ[±]. If Eq. (14) admits a solution, each
component has two possible branches, given by arcsinð�Þ
and π � arcsinð�Þ.

To keep track of these two possibilities, we partition the sets of
cells S[n+1] and S[n−1] according to the sign of cos θ½± �

i

� �
. If the cosine is

positive, we define the inverse

f �ðψ½± �
i Þ= arcsinðψ½± �

i Þ ð21Þ

up to integermultiples of 2π and collect the respective cells in the sets
S�½n+ 1� and S�½n�1�. Likewise, if the cosine is not positive, we define the
inverse

f �ðψ½± �
i Þ=π � arcsinðψ½ ± �

i Þ ð22Þ

up to integermultiples of 2π and collect the respective cells in the sets
S�½n+ 1� and S�½n�1�. Finally, we summarize the resulting components in the
two vector-valued functions f[n+1](ψ[+]) and f[n−1](ψ[−]).

The partition is not uniquely determined by the dynamics, but
must be chosen consistently with the reconstructed phases. Different
partitions correspond to different branches of the inverse sine and
therefore to distinct candidate solutions. Physically, the partition
specifies how each phase difference is realized, i.e., whether it lies on
the increasing or decreasing branch of the sine function, as deter-
mined by the sign of cosðθ½± �

i Þ.
Phase-locked states with S� = ; are always linearly stable and are

therefore especially relevant for applications. States with S�≠ ; are
typically, but not always, unstable. For example, on a ring, choosing all
cells in S• corresponds to states inwhich all phase differences lie on the
branch with cosðθiÞ>0, i.e., ∣θi∣ < π/2. In contrast, partitions containing
elements of S∘ correspond to configurations where some phase dif-
ferences lie on thebranchwith cosðθiÞ≤0.While such states are usually
unstable, wewill demonstrate an exceptionwhere stable phase-locked
states with S�≠ ; exist close to bifurcations.

A candidate solution (18) corresponds to a valid phase-locked
state if and only if it can be expressed in the form (14). Equivalently, the
reconstructedθ[±] must lie in the image of the appropriate boundary or
coboundary operators. Since a vector lies in the image of a matrix if
and only if it is orthogonal to the kernel of the transpose matrix, this
condition can be written as

C>
½n+ 1�f ½n+ 1�ðψ½ + �Þ= 2πz½+ �,
C>
½n�f ½n�1�ðψ½��Þ= 2πz½��:

ð23Þ

As before, we have taken into account that phases are definedmodulo
2π only. Hence, the right-hand sides do not necessarily vanish, butmay
take any value 2πz[±], where z[±] are vectors of integers of appropriate
dimension, which are referred to as generalizedwinding vectors. In the
case of ordinary networks (n = 0), only the winding vectors z[+] exist,
and their components are referred to as winding numbers7–9.
Equation (23) enforces global consistency of the reconstructed phase
differences. The matrices C>

½n+ 1� and C>
½n� extract sums of phase

differences along independent cycles in the corresponding higher-
and lower-dimensional cycle spaces. The conditions, therefore, require
that the total phase difference accumulated along each such cycle
equals an integermultiple of 2π. The vectors z[±] count howmany times
the phases wind around these cycles, with each component represent-
ing the winding number of one independent cycle. Importantly, z[±] =0
indicates zero winding, but does not in general imply complete
synchronization of the original phase variables θ.

For a fixed partition, Eq. (23) becomes a nonlinear constraint on
the parameters ζ[±] via the parametrization (18). It selects those can-
didate solutions for which there exists a phase vector θ satisfying
ψ½± � = sinðθ½ ± �Þ. In this sense, Eq. (23) generalize Kirchhoff’s voltage
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law: the accumulated phase differences around each independent
cycle must be equal to an integer multiple of 2π.

This framework yields the following procedure for computing all
phase-locked states.

Algorithm 1. Topological nonlinear Kirchhoff conditions
• Compute candidate solutions using Eq. (18), subject to ∣ψ[±]∣≤1.
• Choose a partition S•, S∘ specifying the branch of the inverse sine for
each component.

• Solve Eq. (23) for integer winding vectors z[±] consistent with the
chosen partition.

• Check linear stability via the Jacobian J.
Algorithm 1 can be interpreted as a topological and nonlinear

generalization of Kirchhoff’s circuit laws. For ordinary networks
(n = 0), the variables K[1]ψ

[+] correspond to currents on edges, and the
candidate solutions obtained from Eq. (18) satisfy Kirchhoff’s current
law at each node. The additional constraints in Eq. (23) enforce a
nonlinear version of Kirchhoff’s voltage law, requiring consistency of
phase differences around cycles. Compared to classical circuit theory,
two key generalizations arise: first, the nonlinearity of the sine leads to
multiple solutions associatedwith different winding numbers; second,
the framework extends these Kirchhoff-type conditions to cell com-
plexes of arbitrary dimension.

While related approaches based on Kirchhoff-type formulations
and cycle decompositions exist for the standard Kuramotomodel on
networks7–9,48, these are restricted to pairwise interactions. For
networks, such methods can be used to derive necessary and suffi-
cient conditions for the existence of phase-locked states in terms
of cycle constraints46,47. The present framework extends these
ideas to higher-order networks, where multiple independent
cycles across dimensions contribute to the solution space. This leads
to qualitatively new phenomena, including higher-dimensional
winding and cascades of multistability, which are absent in pair-
wise networks.

From a computational perspective, Algorithm 1 provides a con-
structive procedure for enumerating phase-locked states, building on
earlier implementations for network-based models46,47. The code used
in this work is available at49.

A key aspect of this procedure is its computational complexity. In
general, the procedure has a combinatorial component due to the
choice of partitions S• and S∘, whose number scales exponentially as
2N ½n� . This can become prohibitive if one aims to enumerate all phase-
locked states. In many applications, however, one is primarily inter-
ested in stable solutions. In this case, it is typically sufficient to restrict
to partitions with S� = ;, which eliminates the combinatorial com-
plexity associated with enumerating partitions. The remaining task is
to determine admissiblewinding vectors z[±], set by the topology of the
complex, as discussed in the next section.

Universal boundary-size rule for multistability
We now derive a universal criterion for whenmultistability can arise in
the topological Kuramoto model. The topological nonlinear Kirchhoff
framework introduced above provides a natural starting point for this
analysis, as phase-locked states are organized by winding vectors z[±]

that encode how phase differences accumulate along independent
cycles of the complex.

Phase-locked states correspond to admissible winding vectors z[±]

that satisfy the nonlinear consistency conditions derived above. The
number of phase-locked states is therefore controlled by the admis-
sible values of z[±], which are constrained by the topology of the cell
complex. In particular, these bounds depend on the number of adja-
cent cells across dimensions.

More precisely, let m½+ �
k denote the number of (n + 1)-cells in the

boundary of the kth (n + 2)-cell, andm½��
k the number of n-cells whose

boundary contains the kth (n − 1)-cell. We obtain the universal bounds

jz½ + �k j≤ m½+ �
k

4
, and jz½��

k j≤ m½��
k

4
, ð24Þ

for every k that does not correspond to a harmonic component (see
“Methods” for a proof). In the case of normal phase-locked states with
S� = ;, the inequalities become strict. This yields a universal boundary-
size rule: multistability can only occur if the boundary contains at least
five cells, i.e.,m½ ± �

k ≥ 5.
Geometrically, Eq. (24) expresses a phase-budget constraint. Each

reconstructedphasedifferencecontributing to a cycle sum isbounded
in magnitude by π/2, while a nonzero winding requires a total phase
accumulation of at least 2π. Thus, at least five contributions are
required to realize nontrivial winding. Boundaries with fewer than five
cells cannot support multistability, whereas larger boundaries can.

Rings
Rings are among the simplestmodels of a cell complex, comprised of a
single polygonal face bounded by its edges. We start by considering a
ring of 6 nodes, 6 edges and 1 face as illustrated in Fig. 1a. Our main
interest here will be dynamics of phases defined on the edges (1-cells),
which interact via the nodes (0-cells) and face (2-cells). In this example,
we demonstrate our algorithm step-by-step, including the study of
unstable states.

Denoting all cells by the nodes in the respective cell, we have

S½0� = ½1�, ½2�, ½3�, ½4�, ½5�, ½6�� �
S½1� = ½1, 2�, ½2, 3�, ½3, 4�, ½4, 5�, ½5, 6�, ½6, 1�� �
S½2� = ½1, 2, 3, 4, 5, 6�� �

:

The boundary operators are given in Fig. 1.
The kernel of the coboundary operator B>

½1� is spanned by the
harmonic vector 1 such that C>

½1� = 1. The kernel of the boundary
operator B[2] is trivial, such that we can write C[2] = 0. Hence, the set of
candidate solutions (18) is given by

ψ½ + � =ψ½ + �
p , ψ½�� =ψ½��

p +K�1
½1� 1 ζ ½��

: ð25Þ

For the upper dimension, we always have one ψ½+ � =ψ½ + �
p =0 and we

can exclude this dimension from our analysis of multistability. We can
thus focus on the lower dimension, for which the condition in Eq. (23)
reads

1> f ½n�1�ðψ½��Þ=2πz½��: ð26Þ

Westart by exploring the permutation-symmetric casewhenω =0
and K½1� =1, which preserves the full permutation symmetry of the
underlying complex. We select the particular solution ψ½��

p =0, such
that ψ[−] = ζ[−]1 and Eq. (26) further simplifies to ∑if[n−1],i(ζ[−]) = 2πz[−].

At this point, we recall the meaning of the partitions S�½0� and S�½0�:
they label the two possible branches of the inverse sine appearing in
the stationary equations. On cells in S�½0� we take θ½��

i = arcsinðψ½��
i Þ,

whereas on cells in S�½0� we take θ½��
i =π � arcsinðψ½��

i Þ. Thus, each par-
tition represents a different candidate branch assignment for recon-
structing a phase-locked state fromagiven solutionψ[−]. Thephysically
relevant states will be obtained after solving the nonlinear Kirchhoff
conditions.

In Fig. 3 we plot the normalized Kirchhoff condition 1⊤ f[n−1](ψ[−])/
(2π) as a function of the parameter ζ[−], for each of the partitions
S½0� = S

�
½0� ∪ S�½0�. Since there are six elements that can either be • or ∘, we

obtain 26 = 64 different partitions of S[0]. Due to symmetry, these 64
curves in Fig. 3 are grouped according to the 7 different multiset
permutations (i.e., fixed size of both partitions). Phase-locked states

Article https://doi.org/10.1038/s41467-026-75565-w

Nature Communications |         (2026) 17:7409 6

www.nature.com/naturecommunications


are foundwhere the curves cross an integer value. All of the partitions,
except those where jS�½0�j= jS�½0�j= 3 provide phase-locked solutions for
ω = 0. Finally, after checking the stability of each of the phase-locked
solutions, we find multistability for the all-normal partition
jS�½0�j=6, jS�½0�j=0, where three stable solutions coexist. All other solu-
tions are unstable.

The three stable solutions correspond to the three twisted states
of the hexagonal ring with winding numbers z[−] = {−1, 0, 1}. Since all
components lie on the normal branch, we have
θ½��
i = arcsinðψ½��

i Þ= arcsinðζ ½��Þ for every edge i. The Kirchhoff condi-
tion (26) then reduces to

X6
i = 1

θ½��
i =2πz½�� ) θ½��

i =
2πz½��

6
, i= 1, . . . , 6:

Accordingly, the three stable twisted states with winding numbers
z[−] ∈ {−1, 0, 1} are given by

ζ ½�� 2 �
ffiffiffi
3

p
=2, 0,

ffiffiffi
3

p
=2

n o
,

θ½��
i 2 � π

3 , 0,
π
3

� �
:

In Fig. 3b-d, we show time series obtained from perturbed initial
conditions near each of the three stable branches, confirming con-
vergence to the twisted states with winding numbers z[−] = {−1, 0, 1}.

Next, we consider heterogeneous natural frequencies, taking

ω= ð0,0, 0, 0, +ω0, � ω0Þ: ð27Þ

This choice breaks the underlying permutation symmetry of the ring
by singling out one specific cell, and we will therefore refer to it as
permutation-asymmetric. The scalar parameter ω0 acts as a control
parameter for the bifurcation structure shown in Fig. 4. We limit our
exploration to two partitions, S�½0� = ; and S�½0� = ½5, 6�.

In Fig. 4a we plot the Kirchhoff condition (26), normalized by 2π,
as a function of ζ[−] for chosen values of ω0. For small ω0, the partition

S�½0� = ; supports stable phase-locked solutions, whereas the partition
S�½0� = ½5, 6� is typically associated with unstable ones.

As ω0 is increased, however, the frequency heterogeneity quali-
tatively changes the solution structure. In a narrow interval of ω0, the
value of the interaction variable θ½��

5 of a stable solution crosses π/2
(Fig. 4b). Hence, the stable branch is no longer associated to the all-
normal partition S�½0� = ; but to the mixed partition S�½0� = ½5, 6�. Thus,
heterogeneous intrinsic frequencies act as a control mechanism that
selects whichpartition carries the stable phase-locked state. Increasing
ω0 further, a stable and an unstable collide and annihilate in a saddle-
node bifurcation (Fig. 4b). Interestingly, both are associated with the
branch S�½0� = ½5, 6�. This is consistent with the broader picture in which
loop flows around network cycles can stabilize phase-locked states
with angle differences exceeding π/2 when interactions are
pairwise50,51. This phenomenon is closely related to the definiteness of
generalized Laplacian matrices with negative weights52.

Finally, let us generalize our result to polygonal faces of arbi-
trary size. As before, we assume that the dynamics is defined on the
edges (1-cells) and denote the number of edges as s =N[1]. We restrict
ourselves to the permutation-symmetric case ω = 0 and the all-
normal partitions S�½0� = S½0�.

As in the case of the hexagonal ring, we have θ[+] = 0, and multi-
stability can emerge only through the lower dimension. One finds that
twisted states satisfy

θ½��
i =

2πz½��

s
, i= 1, . . . , s,

where z½�� 2 Z is the winding number. For s ≥ 3, the number of stable
phase-locked solutions Nstable increases with s as

Nstable = 1 + 2
s � 1
4

� �
: ð28Þ

This recovers the known algebraic counting of stable twisted states on
locally coupled Kuramoto rings8,53, whose multi-cycle generalization
was given in50. An analogous bound holds for unidirectionally coupled

Fig. 3 | Phase-locked states of the topological Kuramoto model for a six-
edge ring. a The normalized Kirchhoff condition C>

½1�f ½0�ðψ½��Þ=ð2πÞ as a function of
the scalar generalized loop flow amplitude parameter ζ[−], shown for the distinct
multiset partitions of S½0� = S

�
½0� ∪ S�½0�. Intersections with integer values on the ver-

tical axis correspond to phase-locked solutions with winding number z[−]. Filled
markers denote linearly stable solutions and open markers denote unstable solu-
tions. All partitions except jS�½0� j= jS�½0� j= 3 admit phase-locked states. In the all-

normal case jS�½0� j=6, jS�½0� j=0, three stable solutions coexist, corresponding to
winding numbers z[−] = − 1, 0, 1.b–dTime series θ½��

i ðtÞ for the six components of the
lower interaction variables, obtained from perturbed initial conditions near the
three stable all-normal branches. Dashed horizontal lines indicate the corre-
sponding stationary values θ½��

i = arcsinðζ ½��Þ= 2πz½��=6. The trajectories converge
to the three coexisting states with winding numbers bz[−] = −1, cz[−] = 0, and dz[−] = 1.
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rings54. This is a consequence of Eq. (24). The solution with z[−] = 0
always exists, and other solutions appear in pairs as s increases (Fig. 5).
This mirrors the behavior of the standard Kuramoto model7 and
multistable splay states in ring-like oscillator systems55.

Platonic solids
We now consider convex regular polyhedra in three-dimensional
space, known as the Platonic solids: tetrahedron, cube, octahedron,
dodecahedron, and icosahedron (Fig. 6). Each is treated as a cell
complex with nodes, edges, faces, and volume. While the tetrahedron,
octahedron, and icosahedron are simplicial complexes (all faces tri-
angular), the cube and dodecahedron are not.

We focus on edge dynamics (n = 1), where interactions occur via
nodes and faces. The number of possible partitions grows exponen-
tially, so we restrict attention to the all-normal partition S�½2� = S½2� and
S�½0� = S½0�, which yields stable solutions, and consider thehomogeneous
case ω = 0.

In all five solids, the relevant kernels are one-dimensional and
spanned by 1. Hence, the candidate solutions simplify to

ψ½ + � = ζ ½+ �1, ψ½�� = ζ ½��1,

and, for the all-normal partition,

θ½ + � = arcsinðζ ½+ �Þ1, θ½�� = arcsinðζ ½��Þ1,

and the nonlinear Kirchhoff conditions reduce to

N½2� arcsinðζ ½+ �Þ=2πz½+ �, N½0� arcsinðζ ½��Þ=2πz½��,

yielding

θ½ + � =
2πz½+ �

N½2�
1, θ½�� =

2πz½��

N½0�
1:

Thus, normal phase-locked states are parameterized by the Car-
tesian product of the admissible winding numbers z[+] and z[−], asso-
ciated with faces and nodes, respectively, and their total number is

Nstable = 1 + 2
N½0� � 1

4

� �	 

1 + 2

N ½2� � 1

4

� �	 

: ð29Þ

For the tetrahedron (N[0] =N[2] = 4), only the trivial state exists. For
larger solids, additional winding numbers become admissible, leading
to multistability. For example, the cube and octahedron yield
Nstable = 9, while the dodecahedron and icosahedron yield Nstable = 45.

Equation (29) shows that the number of stable states depends
only on (N[0],N[2]). This explainswhy dual solids (cube/octahedron and
dodecahedron/icosahedron) exhibit identical multistability: duality
exchanges N[0] and N[2], leaving Nstable invariant.

Figure 6 illustrates how admissible winding numbers are selected
independently in the lower- andhigher-dimensional sectors, leading to
grid-like patterns of solutions. Except for the tetrahedron, all Platonic
solids exhibit cascades of multistability arising from both dimensions.

We finally demonstrate how heterogeneity controls these states
using the cube. For ω = 0, nine stable states coexist. Introducing het-
erogeneous frequencies breaks symmetry and progressively elim-
inates solutions, with states disappearing in symmetric pairs or triplets
(Fig. 7). Thus, intrinsic heterogeneity controls the number of stable
phase-locked states.

Simplicial complexes generated by a single simplex
We now consider simplicial complexes generated by a single d-sim-
plex, i.e., a d-simplex together with all of its boundary simplices

Fig. 4 | Effect of heterogeneous intrinsic frequencies on phase-locked states in
the six-edge ring. a Normalized Kirchhoff condition (26) plotted as a function of
the parameter ζ[−] for two partitions, S�½0� = ;, i.e., positive cosine for all lower phase
interactions (solid line) and S�½0� = ½5, 6�, i.e., cosðθ½��

5 <0Þ (dashed line),withω= (0, 0,
0, 0, +ω0, −ω0). Colors indicate the value ofω0. Intersections with integer values on
the vertical axis correspond to phase-locked solutions with winding number z[−].
Filled and openmarkers denote linearly stable and unstable solutions, respectively.
As the control parameterω0 increases, the number of such intersections decreases,
showing the gradual disappearance of phase-locked states. The inset enlarges the
neighborhood of z[−] = 0: in a narrow interval of ω0, the partition S�½0� = ½5, 6� admits
two distinct solutions, one stable and one unstable, while S�½0� = ; has no intersec-
tion.b In this enlarged region, for the branches corresponding to z[−] = 0,weplot ζ[−]

versus the control parameter ω0. For smaller ω0, a stable branch with S�½0� = ; and
cosðθ½��

5 Þ>0 exists. Near ω0 ≈ 1.309, θ½��
5 crosses π/2 and the stable branch is

associated with S�½0� = ½5, 6�, where cosðθ½��
5 Þ<0. At larger ω0, this stable branch

collides with an unstable branch of the same partition in a saddle-node bifurcation
near ω0 ≈ 1.327. The vertical dashed lines mark these two critical values.

Fig. 5 | Dependence of the number of stable phase-locked states on ring size.
Number of stable solutions Nstable as a function of ring size s = N[0] = N[1] for the all-
normal partition S�½0� = S½0� and ω = 0. Symbols show the numerically computed
number of stable solutions, while the solid line gives the analytical prediction
from Eq. (28).

Article https://doi.org/10.1038/s41467-026-75565-w

Nature Communications |         (2026) 17:7409 8

www.nature.com/naturecommunications


of dimensions n = d − 1, d − 2, …, 0. For example, a tetrahedron
(3-cell) gives rise to a simplicial complex consisting of its faces
(2-cells), edges (1-cells), and nodes (0-cells). We then fix a dimension
n ≤ d − 1 and analyze phase-locked states of the topological Kuramoto
model defined on n-simplices interacting via simplices of dimen-
sion n ± 1.

In low dimensions, such complexes admit only limited multi-
stability. The winding number constraint in Eq. (24) implies that non-
trivial multistability requires boundaries with more than four cells.
Accordingly, the 2-simplex (triangle) and 3-simplex (tetrahedron) each
admit only a single stable solution for n = 1.

We focus on the stable all-normal solutions, S�½n + 1� = S½n+ 1� and
S�½n�1� = S½n�1�, for simplicial complexes generated by a single d-sim-
plex, for all admissible n up to d = 5. We setω = 0 and all couplings to
unity. The explicit boundary operators and kernel matrices are pro-
vided in49. Results are summarized in Table 1, listing the cell counts,
the admissible cochain dimension n, the number of stable all-normal
states, and the corresponding winding vectors. The winding vectors
characterize topological winding in the interaction variables θ[±]. Each
block of rows corresponds to one simplicial complex, while the
individual rows within a block distinguish the different values of n.
Whenever Nstable = 1, the unique stable state has trivial winding
numbers. The table shows that nontrivial multistability first appears
only for the 4-simplex and 5-simplex, and only for selected values
of n.

For arbitrary d, the dimension of z[±] is

dim z½+ � = dimkerðBn+ 1Þ=
d

n +2

	 


dim z½�� = dimkerðB>
n Þ=

d

n� 1

	 
 ð30Þ

with dim z½�� =0 for n = 0 (see “Methods” for a proof). The ele-
ments of z[±] are integers. One can then apply equations (24) to
compute upper bounds for the number of allowed winding
numbers. Deciding which vectors z[±] are achievable is assisted by
symmetry arguments: simplices with ω = 0 and equal coupling are
symmetric to node permutations. Hence, if a certain z[±] is
achievable, then any permutation of its components should also
be achievable.

Discussion
Our results establish a general theoretical framework for studying
multistability in oscillator networks with higher-order interactions,
integrating concepts from network science, geometry, and nonlinear
dynamics. The topological nonlinear Kirchhoff conditions algorithm
allows one to identify all phase-locked states of the topological
Kuramoto model on arbitrary cell complexes. By applying it to
minimal motifs (polygonal rings, Platonic solids, and simplexes), we
find that multistability emerges when boundaries contain more than

Fig. 6 | Multistability in Platonic solids (edge dynamics, n = 1). a Number of
stable all-normal phase-locked statesNstable for the five Platonic solids atω =0. b, c
Normalized Kirchhoff conditions C>

½2�f ½2� ðψ½+ �Þ=ð2πÞ and C[1]f[0](ψ[−])/(2π), plotted as
functions of ζ[+] and ζ[−], respectively. Intersections with integer values correspond
to phase-locked solutions of Eq. (23); filledmarkers denote stable solutions. Except

for the tetrahedron, all Platonic solids exhibit cascades of multistability associated
with non-trivial winding in both lower- and higher-dimensional sectors. Dual solids
are shown in matching colors and distinguished by line style. d–g Stable phase-
locked solutions in the (ζ[+], ζ[−]) plane for the cube, octahedron, dodecahedron, and
icosahedron.
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four cells. Structural cascades of multistability then arise, with stable
states inherited from lower and/or upper dimensions. Moreover,
dual Platonic solids display identical multistability patterns, sug-
gesting the existence of universality classes determined by the
boundary structure. By clarifying how multistability emerges from
the topology and boundary structure of interactions, our framework
provides a principled tool to predict and control synchronization
patterns and potential failure modes in complex systems, including
oscillator networks in neuroscience and engineered infrastructures

such as power grids, where cycle structure and flow constraints play
a central role.

Future research could explore how these structural cascades
manifest in heterogeneous systems, and how combining the elemen-
tarymotifs studied heregives rise tomultistability in larger complexes.
Beyond theoretical interest, these findings are relevant for real-world
systems where higher-order couplings are intrinsic, such as neuronal
networks11, optical and mechanical oscillator arrays15,56, power-grid
stability2,57, and collective decision-making in multi-agent systems58.
The frameworkmay be applicable to other dynamical processes on cell
complexes, including diffusion, consensus, and pattern-forming
instabilities.

Methods
Stability of phase-locked states
The stability of phase locking can be determined from the Jacobian
matrix of the equations of motion (4) given by

J= � B>
½n�K½n� diag cos θ½��

� �h i
B½n�

� B½n+ 1�K½n+ 1� diag cos θ½+ �
� �h i

B>
½n + 1�:

ð31Þ

In general, a stationary state is linearly stable if the real part of all
eigenvalues is negative59. If the stationary state satisfies the conditions

cos θ½��
� �

>0 and cos θ½+ �
� �

>0 ð32Þ

we find that all eigenvalues are real and satisfy the following condi-
tions: (i) If an eigenvector v is purely harmonic, then the associated
eigenvalue is given by λ = 0. (ii) If an eigenvector v is not purely har-
monic, then the associated eigenvalue satisfies λ < 0, as proven below.
We thus conclude that a stationary state that satisfies Eq. (32) is linearly
stable with respect to perturbations that are orthogonal to the har-
monic subspace and neutrally stable with respect to harmonic per-
turbations. Since harmonic perturbations do not affect the projected
quantities θ[+] and θ[−], phase locking is linearly stable.
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Fig. 7 | Control of the multistability cascade in the cube by heterogeneous
intrinsic frequencies. a Number of stable phase-locked states Nstable for the all-
normal partition of the cube as a function of the control parameter ω0, with
ω = (0, 0, 0, 0, 0, 0, 0, 0, + ω0, 0, 0, + ω0). Increasing ω0 progressively removes
stable branches and thereby reverses the multistability cascade present in the

permutation-symmetric caseω = 0. b–e Corresponding stable and unstable phase-
locked solutions in the (ζ[+], ζ[−]) plane for selected values of ω0. Filled markers
denote stable solutions. Together, the panels show how ω0 acts as a control
parameter for the number of stable phase-locked states.

Table 1 | Stable phase-locked states for simplicial complexes
generated by a single d-simplex for d ≤5

Complex (N[0], N[1], … ) n Nstable Stable winding
numbers

2-simplex (triangle): (3, 3) 0 1 z[+] = 0

1 1 z[−] = 0

3-simplex (tetra-
hedron): (4, 6, 4)

0 1 z[+] = 03

1 1 z[−] = 0, z[+] = 0

2 1 z[−] = 03

4-simplex (5-cell):
(5, 10, 10, 5)

0 1 z[+] = 06

1 3 z[+] = 04, z
[−] ∈ {0, ± 1}

2 3 z[+] ∈ {0, ± 1}, z[−] = 04

3 1 z[−] = 06

5-simplex: (6, 15, 20, 15, 6) 0 1 z[+] = 010

1 3 z[+] = 010, z
[−] ∈ {0, ± 1}

2 1 z[+] = 05, z[−] = 05

3 3 z[+] ∈ {0, ± 1}, z[−] = 010

4 1 z[−] = 010

The first column lists each simplicial complex together with the number of cells of different
dimensions. For each admissible cochain dimension n, the table gives the number of stable all-
normal states and the associated winding numbers. Here, 0m denotes the zero vector of
dimensionm. Entries with more than one stable state are shown in bold.
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Proof: Let v ≠ 0 be an eigenvector of the Jacobian matrix J with
associated eigenvalue λ such that

Jv= λv ) λ=
v>Jv
v>v

:

If v is purely harmonic then B[n]v = 0 and B>
½n+ 1�v=0 by definition and

thus Jv = 0⇒ λ = 0. If v is not purely harmonic then y[−] = B[n]v ≠ 0 or/
and y½+ � =B>

½n+ 1�v≠0. We thus obtain

λ= � ðv>vÞ�1
y½��>K½n� diag cos θ½��

� �h i
y½��

n
+y½ + �>K½n+ 1� diag cos θ½+ �

� �h i
y½ + �

o

= � ðv>vÞ�1 X
j

y½��
j

� �2
ðK ½n�Þjj cos θ½��

j

� �(

+
X
j

y½+ �j

� �2
ðK ½n+ 1�Þjj cos θ½+ �

j

� �)
:

If the stationary state satisfies the conditions in Eq. (32), this
implies λ < 0.

Proof of Eq. 24
To prove Eq. (24), we rewrite Eq. (23) in components and use that
∣f±∣ ≤π/2 and obtain

jz½+ �k j= 1
2π

X
i

C½n + 1�, ik f ± ðψ½+ �
i Þ

�����
�����≤ 1

4

X
i

jC½n+ 1�, ik j

jz½��
k j= 1

2π

X
i

C½n�, kif ± ðψ½��
i Þ

�����
�����≤ 1

4

X
i

jC½n�, kij:

In the case of normal phase-locked states with S� = ; we obtain a
< instead of the ≤.

We recall that the matrices C are closely related to the boundary
operators. We can choose a basis of the kernel such that the kth col-
umn of C[n+1] (C

>
½n�) is equal to the kth column of B[n+2] (B

>
½n�1�) unless k

corresponds to the harmonic component. A further simplification is
possible by noting that the entries of the boundary operator have the
values −1, 0, +1. We then define m½ + �

k as the number of non-zero ele-
ments of the kth column of B[n+2] andm½��

k as the number of non-zero
elements of the kth row of B[n−1]. We then obtain the bounds given in
Eq. (24) for every k that does not correspond to the harmonic
component.

Notably, the number of non-zero elements can be related to the
number of adjacent cells and thus enables a geometric interpreta-
tion. The numberm½+ �

k counts the number of cells of dimension n + 1
in the boundary of the kth cell of dimension n + 2. The winding
number z½ + �k counts how often the phases θ[+] wind by 2π when fol-
lowing all cells in this boundary. Likewise, the number m½��

k counts
the number of cells of dimension n that have the kth cell of dimen-
sion n − 1 in its boundary.

Proof of equations 30
Weprove the equations (30) using a recurrence relation that is derived
from the fact that d-simplex is contractible and the rank-nullity theo-
rem. A d-simplex is contractible, which means that all homology
groups are trivial except H0 ffi R,

Hn =0, n>0, ð33Þ

where a homology group is the quotient vector space

Hn =
kerB½n�
imB½n+ 1�

ð34Þ

implying

dimHn = dimkerB½n� � dim imB½n+ 1�: ð35Þ

Since B[n]B[n+1] = 0, every element in B[n+1] lies in kerB½n�,

imB½n+ 1� � kerB½n� ð36Þ

For n > 0, since Hn = 0, we have

dimkerB½n� = dim imB½n + 1� ð37Þ

Combining Eqs. (36, 37), we find for every n > 0

imB½n+ 1� = kerB½n�: ð38Þ

We now apply the rank nullity theorem to B½n� : R
N½n� ! RN½n�1�

which yields

dimkerB½n� =N½n� � rankB½n�: ð39Þ

We thus obtain a recurrence relation valid for n > 0

N ½n� = rankB½n+ 1� + rankB½n� =
d + 1

n+ 1

	 

, ð40Þ

where we used the fact that for a d-simplex, the number of n-dimen-
sional faces, formed by choosing n + 1 nodes from d + 1 available ones,

is N½n� =
d + 1
n+ 1

	 

. Applying the recurrence relation for n = d, …, 1

together with Pascal’s identity then yields Eq. (30). As a last step, for
n = 0, we have to slightly adapt the recurrence relation because

dimH0 = 1 = dimkerB½0� � dim imB½1�: ð41Þ

Nevertheless, this yields the same results as Eq. (30) for z[+]. Finally,
there is no z[−] for n = 0 which concludes the proof.

Data availability
The data generated in this study can be fully reproduced using the
code deposited at49.

Code availability
The code used to generate the results is openly available at 49.
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