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Petar Brinić ,1 Hugo U. R. Strand ,2 and Jakša Vučičević 1
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The simulation of strongly correlated electron systems remains a formidable challenge. Certain experimentally
relevant dynamical response functions are especially difficult to calculate, because of issues of finite-size effects
and the ill-posed analytic continuation. To address this, we propose the quantum cluster embedding theory, an
embedded cluster method aimed at computing the response of the system following an external perturbation;
the frequency-dependent dynamical susceptibility is obtained subsequently by means of inverse linear response
theory. The embedded clusters, used within the method as representatives of short-range correlations, are open
quantum systems governed by the Lindblad equation. The short-range correlations extracted from the clusters
are used to close the equations of motion for the fermionic bilinear and the local double occupancy on the lattice.
In turn, the clusters’ Markovian baths are tuned to keep the bilinear and the double occupancy expectation values
on the clusters and the lattice identical, throughout the concomitant evolution of the two sets of equations.
The theory becomes numerically exact in the noninteracting, atomic, and infinite-cluster-size limits, and it
respects the total charge and energy conservation laws. We show that our approach can treat very large lattices
while avoiding analytic continuation through the explicit time evolution. Finally, we compute the charge-charge
correlation function in the square lattice Hubbard model and compare with a recent cold atom experiment, finding
good qualitative agreement.
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I. INTRODUCTION

Strongly correlated electron systems feature highly com-
plex phase diagrams, displaying a high degree of universality
[1–6]. In the disordered phase, the strange metallic regime,
characterized by a linear-in-temperature resistivity, is of par-
ticular interest. It is associated with the region of maximum Tc

in high temperature superconductors [7,8], and is found in the
vicinity of quantum critical points of some systems [9–11]. To
obtain a better understanding of strange metallic behavior, it
is necessary to compute the conductivity in interacting lattice
models, such as the Hubbard model.

However, dynamical correlation functions, such as those
relevant for the conductivity, have proven particularly chal-
lenging to compute in the Hubbard model (and other
lattice models). Imaginary-time methods, such as determi-
nant quantum Monte Carlo (DQMC) [12–14] rely on analytic
continuation, which is ill conditioned and introduces uncon-
trolled errors [15]. Exact diagonalization methods, such as the
finite-temperature Lanczos method (FTLM) [16], can directly
compute these quantities, but are limited to high temperatures
and either uniform or short-range correlators because of the
small size of lattices that can be treated with these methods.
Development of new methods to compute the dynamical cor-
relation functions is therefore one of the primary goals of the
field [17–22].

On the other hand, cold atoms in optical lattices provide a
way to simulate a wide range of model Hamiltonians, allow-
ing direct comparison of numerical results with experimental
data [23,24]. However, the electrical resistivity ρ is not yet

directly measurable in these experiments, and the comparison
with theoretical results has, so far, been only indirect—the
resistivity in experiments is deduced from charge-response
measurements. These experiments probe the response to an
applied electric field at long wavelengths. This response can
be related to the dc resistivity via hydrodynamic theory and
the Nernst–Einstein relation [18]. The dynamics at long wave-
lengths are inaccessible to the presently available numerical
methods—imaginary-time methods run into the problem of
analytic continuation, and exact diagonalization methods are
generally limited to 4x4 clusters, which are far too small to
observe the wavelengths of interest.

Dynamics of open quantum systems have been previously
employed in the context of embedded-cluster theories, but
this approach has been limited to steady-state nonequilibrium
regimes [25–28].

In this paper, we introduce the open quantum cluster
embedding theory (OQCET), a real-time embedded cluster
method that is able to access long-wavelength response with-
out analytic continuation. This allows us to perform a direct
comparison with the existing direct measurements in a cold
atom experiment.

OQCET follows the strategy of other embedded-cluster
methods [29–33], but at the same time draws ideas from meth-
ods based on the hierarchical equations of motion (HEOM)
[34–40]. As in other embedded cluster methods, two sets of
equations are solved self-consistently—the equations govern-
ing the lattice quantities are closed by short-range correlators
computed in small effective clusters; in turn, the small clusters
are tuned so as to mimic the dynamics of the large lattice.
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Namely, the small clusters are open quantum clusters, evolv-
ing according to the Lindblad equation [41,42], and their
tuning is done via a time-dependent coupling to an external
environment. The lattice equations are equations of motion
for the fermionic bilinear and the local double occupancy,
but additional quantities can also be included. The method
is trivial in equilibrium: the starting point of the method is a
solution for the instantaneous correlators extracted from a nu-
merically exact lattice calculation, which requires no analytic
continuation; in the absence of external fields, the OQCET
equations yield no additional information. The dynamical re-
sponse functions are obtained by probing the system using
weak time-dependent external fields, and then inverting the
linear-response theory equations [43]. The method has certain
desirable properties, such as the conservation of the total
charge and energy; it becomes exact in the noninteracting and
zero-hopping limits, as well as in the limit of infinite cluster
size.

The paper is organized as follows. In Sec. II, we introduce
OQCET as an embedded-cluster theory by analogy to DMFT,
and discuss implementation details. We consider several vari-
ants of the method, with respect to (a) how the initial density
matrices and the Hamiltonians for the clusters are set up, (b)
what the cluster environment coupling is, (c) what the con-
straining operators are (the quantities on the cluster that mimic
the large lattice), (d) how exactly we drive the system out of
equilibrium, and (e) how big the cluster size is. In Sec. III, we
benchmark our method against known results, and finally di-
rectly compare it with the experimental findings. We observe
good qualitative agreement between theory and experiment,
in terms of temperature and wavelength dependence trends.
In Sec. IV, we give concluding remarks and discuss prospects
for future work. Detailed derivations of the formulas used in
this paper, as well as further technical details, can be found in
Appendixes A–G.

II. METHOD

A. Embedded cluster methods

To create an accurate picture of strongly correlated ma-
terials, we need to be able to treat local interacting physics
as well as more delocalized coherent phenomena. By con-
necting lattice equations to clusters in which interactions are
treated numerically exactly, embedded-cluster theories pro-
vide a framework that can capture both local and nonlocal
processes.

We will outline the prescription for creating an embedded-
cluster theory. First, we create a representative model [2]
from a small subset of lattice degrees of freedom. This model
should be small enough to be exactly solvable. After choosing
a representative model, we choose some lattice quantities of
interest. We will refer to these quantities as the constrained
quantities. Next, we write down lattice equations to express
the constrained quantities. These equations will in general
depend on other quantities that are in general difficult to
compute for a large lattice, but are possible to compute for
the representative model; we will refer to those quantities
as representative quantities. The equations are then closed
by taking the values of representative quantities from the

LatticeRepresentative 
model

Constrained 
quantities

Representative 
quantities

FIG. 1. The self-consistency relation in embedded cluster theo-
ries. Coupling of the representative model to an effective environ-
ment is represented by the field φ.

representative model. Finally, the representative model is fully
defined using a self-consistency condition that ensures that
the cluster constrained quantities match the lattice constrained
quantities (Fig. 1). To satisfy the self-consistency condition,
the representative model needs to have a certain degree of
flexibility, which is usually achieved by coupling to an ex-
ternal field with as many parameters as there are constrained
quantities.

For example, in dynamical mean-field theory (DMFT)
[29], the representative model is the Anderson impurity model
(AIM). The constrained quantity is the local Green’s function,
while the representative quantity is the self-energy. The self-
consistency condition is that the impurity Green’s function
matches the local lattice Green’s function Gloc.

Embedded-cluster methods can often be rigorously de-
rived as approximations to certain (Legendre-transformed)
free-energy functionals, depending precisely on the chosen
representative quantities. Such methods guarantee fulfillment
of the particle number and total energy conservation laws.
This holds for DMFT and its cluster extensions [44–48],
which can be derived as approximations to the Luttinger–
Ward functional, �[G;U ] ≈ �[Gloc;U ]. In other methods
such as EDMFT [49,50], TRILEX [30,50], and QUADRILEX
[51], representative quantities include higher-order correlation
functions; these methods are derived from the corresponding
higher-order functionals. There are also theories based on
approximations to the self-energy functional [52]. However,
some embedded-cluster theories do not have a clear formu-
lation in terms of a functional approximation, e.g., density
matrix embedding theory (DMET) [33]. OQCET has no clear
derivation in terms of a free-energy functional, but the conser-
vation laws are still enforced, albeit in a different way.

B. Open quantum cluster embedding theory

In this section, we introduce OQCET as an embedded-
cluster theory by analogy to DMFT.

In OQCET, the role of the representative model is played
by an open quantum cluster governed by the Lindblad equa-
tion [41,42]. Like the Anderson impurity model (AIM) in
DMFT, Lindbladian time evolution allows particles to enter
and leave the clusters. Beyond what is usually considered in
the AIM, in our open clusters we also consider more com-
plicated couplings with the environment. In the AIM, the
particles in the bath behave according to the bare propagator
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FIG. 2. Schematic representation of the Anderson impurity
model and a Lindbladian open quantum cluster.

�. In Lindbladian evolution, the particles entering the cluster
have no memory of their previous state (Fig. 2). As a result,
the Lindblad equation is Markovian—the future evolution of
the system only depends on its current state [53]. In practice,
this means that it is only necessary to use time-local quanti-
ties, similar as in the HEOM approach [34–40]. The memory
requirements for nonequilibrium calculations remain constant
(O(1)) with the number of time steps Nt , while the calcula-
tion time scales as O(Nt ). This contrasts with other methods
such as nonequilibrium DMFT, where it is necessary to solve
the Kadanoff-Baym equations, which depend on two-time
quantities. In this case the required memory scales as O(N2

t )
and the computation time as O(N3

t ) [54]. Significantly lower
memory and processing-power requirements in OQCET make
it feasible to perform calculations over very long times. The
coupling to the bath in (nonequilibrium) DMFT is described
and tuned by the two-time hybridization function �(t, t ′),
while in the Lindblad equation we tune the instantaneous
(single time dependent) coupling constants �(t ).

The constrained quantities in OQCET are instantaneous
expectation values (correlators) of constraining operators
{〈Alatt

λ (t )〉}. This is very practical, as instantaneous correlators
also evolve according to equations of motion, with the same
scaling as the Lindblad equation for the clusters. However,
the restriction that constrained quantities are instantaneous
correlators precludes a free-energy functional derivation of
OQCET. In practice, this means that the choice of represen-
tative model is not unique, and different choices can lead
to different results. In this sense, OQCET is a family of
methods; to fully define an OQCET method, one needs to
specify the representative model in terms of its initial state,
Hamiltonian, and its couplings to the environment. This is
unlike DMFT, where all the terms of the effective action
are uniquely defined (of course, up to the parametrization

of the bath, i.e., the frequency dependence of the hybridiza-
tion function). However, other embedded-cluster methods also
feature ambiguities such as the choice of the periodization
procedure in CDMFT [48], the Hubbard-Stratonovich decou-
pling scheme (the Fierz ambiguity) in TRILEX [55], and the
choice of Lindbladian jump operators in the auxiliary master-
equation approach [25]. Such ambiguities are not necessarily a
shortcoming of a method, but can also be considered a degree
of flexibility, allowing one to optimize the method for a given
purpose (calculation of a given quantity in a given parameter
regime). If the ambiguity is resolved optimally, the results
are expected to be insensitive to small changes in any free
parameter [55].

1. Formulation—equations of motion

As already noted, embedded-cluster theories are formu-
lated by coupling two sets of equations—one for the lattice,
and one for the embedded clusters.

The OQCET lattice equations are equations of motion for
the expectation values of the constraining operators. The ex-
pectation value of a lattice operator Alatt (t ) evolves according
to the Heisenberg equation

∂t 〈Alatt (t )〉 = i〈[H latt (t ), Alatt (t )]〉, (1)

where H latt (t ) is the lattice Hamiltonian. In general (because
of interaction terms in the Hamiltonian), the set of operator
expectation values {〈Alatt

λ 〉} will not yield closed equations of
motion (EOM), and the commutator on the right-hand side of
Eq. (1) will also depend on some extended linear combination
containing expectation values {〈Blatt

λ 〉},
∂t
〈
Âlatt

λ (t )
〉 ≡∑

μ

aμ

〈
Âlatt

μ

〉+∑
ν

〈
B̂latt

ν

〉
. (2)

In the HEOM approach, one then writes another set of
EOMs for {〈B̂latt

λ 〉}, which will in turn depend on additional
unknown correlators. Repeating the procedure builds a hier-
archy of EOMs, level by level. The hierarchy must eventually
be truncated, and at the deepest level of HEOM, the unknown
correlators need to be approximated in some way. In OQCET,
we truncate at the first level and close the EOM’s for the
lattice operator expectation values {〈Âlatt

λ 〉} by approximating
{〈B̂latt

λ 〉}: the values are constructed from the corresponding
correlators on the smaller clusters (representative model), us-
ing a mapping between cluster and lattice sites. Here the “hat”
symbol denotes that Âlatt

λ and B̂latt
λ are tensors acting on the

space of real-space vectors r. These tensors can be of arbitrary
rank, e.g., the bilinear c†

rσ cr′σ is a rank two tensor and the
local double occupancy operator nr↑nr↓ is of rank one. As
the clusters are finite, the mapping between cluster and lattice
sites is not one-to-one, and there will be some components
of {〈B̂latt

λ 〉} that do not have a mapping onto the cluster. We
approximate those components of 〈B̂latt

λ 〉 by setting them to
zero.

The expectation value of an n-body operator can be decom-
posed into its connected and disconnected components

〈Ô〉 = 〈Ô〉conn + 〈Ô〉disc, (3)

〈Ô〉disc =
∑

partitions

∏
α

〈Ôα〉, (4)
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where the sum goes over all possible partitions of
〈Ô〉 into lower order correlators 〈Ôα〉. For example, a
three-operator expectation value 〈M̂N̂Ô〉 can be decom-
posed as 〈M̂N̂Ô〉 = 〈M̂N̂Ô〉conn + 〈M̂N̂〉〈Ô〉 + 〈M̂Ô〉〈N̂〉 +
〈N̂Ô〉〈M̂〉 − 2〈M̂〉〈N̂〉〈Ô〉.

If the disconnected components of 〈B̂λ〉 can be ex-
pressed as a product of expectation values {〈Âμ〉}, we can
rewrite the equations of motion Eq. (2) such that the equa-
tions are now closed by the connected average. The time
derivatives ∂t 〈Âlatt

λ (t )〉 can then be expressed as a function
fλ({〈Âlatt

μ 〉}, {〈B̂latt
ν 〉conn}) [Eq. (6)]. Analogously, we set the

longer-range components of {〈B̂ latt
λ 〉conn} to zero. This is the

approach implemented in this paper.
The method can be summarized by listing the full set of

equations that are being solved, as follows:〈
B̂latt

λ

〉 ≈∑
c∈C

O(c)
〈
B̂ c, clust

λ

〉
, (5)

∂t
〈
Âlatt

λ (t )
〉 ≡ fλ

({〈
Âlatt

μ

〉}
,
{〈

B̂latt
ν

〉conn})
, (6)

dρclust (t )

dt
= − i[Hclust, ρclust (t )]

+
∑

l

�l (t )

(
Llρclust (t )L†

l − 1

2
{L†

l Ll , ρclust (t )}
)

,

(7)

〈Ôclust (t )〉 = Tr[ρclust (t )Ôclust], (8)

{�l (t )} :
{〈

Âclust
λ (t )

〉} = {〈Âlatt
λ (t )

〉}
. (9)

Equation (5) is the essence of the approximation: it constructs
the lattice correlators 〈B̂latt

λ 〉 from the correlators 〈B̂ c, clust
λ 〉

of all the clusters c from a set of clusters C; the coeffi-
cients O(c) take into account whether multiple clusters have
a mapping onto the same component of B̂latt

λ (see Sec. II B4
for details). The self-consistency condition, Eq. (9), goes in
the other direction - the correlators {〈Âclust

λ (t )〉} on any given
cluster are constrained by the corresponding lattice correlators
{〈Âlatt

λ (t )〉}; the constraint is satisfied by tuning the coupling
to the environment {�l (t )}, for each cluster independently.
Equations (6) and (7) are the EOMs for the cluster and the
lattice. Any correlator on the cluster can in general be obtained
via Eq. (8) (Ôclust ∈ {Âclust

λ (t ), B̂clust
μ (t )})

As already stated, the clusters are open systems, coupled
to an effective Markovian environment; this allows us to fully
describe each cluster using the time-dependent density matrix
ρclust (t ). The density matrix evolves according to the Lind-
blad equation [Eq. (7)], which has two terms. The first term
represents the unitary evolution and depends on the cluster
Hamiltonian Hclust. (The procedure for constructing the cluster
Hamiltonian Hclust is nonunique, and it is discussed in Sec.
II E2.) The second term encodes the dissipative evolution.
Here, Ll are the jump operators; they specify the system–
environment coupling; �l are the corresponding coupling
constants, which are real and positive-definite (�l � 0). For
example, a jump operator Ll = c†

iσ (Ll = ciσ ) corresponds to
a process in which a particle enters (leaves) the system at site
i with spin σ ; the rate for the occurrence of this process is
determined by the associated �l . The set of jump operators
{Ll} is in principle arbitrary and needs to be chosen by hand.

FIG. 3. Schematic comparison of the DMFT and OQCET loops.
Quantities in the top boxes are imposed onto the representative model
by tuning the effective field (i.e., � and �i); quantities at the bottom
are extracted from the representative model and passed onto the
lattice equations.

However, the underlying idea is that the operators must pro-
vide sufficiently flexible coupling to the environment so that
the cluster can follow the dynamics of a larger lattice. In other
words, the jump operators are chosen so as to ensure that we
can reach the self-consistency between the cluster and lattice
equations. This means that the optimal choice of {Ll} will in
general depend on the choice of constrained quantities (i.e.,
the quantities we wish to calculate). At the same time, the
choice of �l to satisfy Eq. (9) should always be unique.

Finally, we illustrate the analogy with DMFT in Fig. 3
and Table I. In DMFT, the lattice equation is the Dyson
equation expressing the Green’s function in terms of the
self-energy and the lattice Hamiltonian; the cluster equa-
tions represent the solution for the self-energy with respect
to the cluster action, which depends on the hybridization
function �. In both theories, all the equations need to be
solved self-consistently; in practice, this is implemented using
iterative algorithms [48,56].

2. Initial conditions

OQCET equations (5)–(9) yield the time evolution of cer-
tain instantaneous correlators {〈Âlatt

λ (t )〉} in the system. There
are no a priori restrictions on the initial state of the system, or
on the external probes that might drive its dynamics. However,
here we are interested in making use of OQCET to compute
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TABLE I. Cluster DMFT and OQCET as embedded-cluster theories.

cluster DMFT OQCET

Rep. model Anderson impurity model Open quantum cluster
Constr. Quantity Gi j 〈Âλ〉
Rep. quantity �i j 〈B̂λ〉
Eff. field � {�l}
Latt. eq. Glatt = [G0,latt − �latt]−1 ∂t 〈Âlatt

λ (t )〉 ≡∑μ aμ〈Âlatt
μ 〉 +∑ν〈B̂latt

ν 〉

the dynamical, i.e., time-dependent correlators at equilibrium.
The way to do this is to prepare the system in equilibrium,
and then probe it with weak, time-dependent external fields;
as we explain in Sec. II D certain protocols allow to invert the
linear-response equations and extract a particular dynamical
correlation function from the corresponding response of the
system.

In practice, we first obtain the equilibrium expectation
values for {〈Âlatt

λ (t = 0)〉} and {〈B̂latt
λ (t = 0)〉}. This is pos-

sible using numerically exact methods for relatively large
lattices without any analytic continuation (see Sec. II E1).
Then, the equilibrium density matrix ρclust (t = 0) is prepared
such that {〈Âclust

λ (t = 0)〉} = {〈Âlatt
λ (t = 0)〉} and {〈B̂clust

λ (t =
0)〉} = {〈B̂latt

λ (t = 0)〉}. The initial cluster density matrix
ρclust (t = 0) is not uniquely determined by these constraints,
and several possible methods for obtaining it are discussed in
Sec. II E2. We note here that in the case where {〈B̂latt

λ (t = 0)〉}
are zero by symmetry and the clusters inherit the relevant
symmetries, the second condition is trivially satisfied.

3. Numerical implementation

In practice, the solution of OQCET is obtained by coevolv-
ing the sets of lattice and cluster equations [Eqs. (6) and (7)].
The lattice equations [Eq. (6)] determine {〈Âlatt

λ (t )〉}, �l (t ) are
tuned to satisfy the self-consistency condition {〈Âclust

λ (t )〉} =
{〈Âlatt

λ (t )〉} [Eq. (9)]. The lattice equations for the next time
step are closed by {〈B̂λ(t )〉} obtained from the clusters
[Eqs. (5) and (8)]. One iteration of the method evolves the
system in time by a step �t . The algorithm can be described
as follows (Fig. 4):

(1) {〈Âlatt
λ (t + �t )〉} is obtained by solving the lattice dif-

ferential equation by the second-order Taylor method using
the values of {〈Âlatt

λ (t )〉}; this requires the knowledge of the
derivatives {〈B̂latt

λ (t )〉}, which are obtained by a method of
finite differences using the values of {〈B̂latt

λ (t )〉} and {〈B̂latt
λ (t −

�t )〉}, see Sec. II C.

FIG. 4. OQCET algorithm in time.

(2) On the cluster, �l (t ) are chosen such that the evolu-
tion t → t + �t by the Lindblad equation [Eq. (7)] yields
{〈Âclust

λ (t + �t )〉} = {〈Âlatt
λ (t + �t )〉}. The Lindblad equa-

tion is likewise solved by the second-order Taylor method, see
Sec. II F.

(3) The cluster density matrix is evolved to t + �t using
�l (t ). Then, the cluster expectation values {〈B̂clust

λ (t + �t )〉}
are calculated.

(4) The cluster expectation values {〈B̂clust
λ (t + �t )〉} are

mapped onto the lattice expectation values {〈B̂latt
λ (t + �t )〉}.

This procedure is repeated until we reach a desired fi-
nal time t f . This can be contrasted with nonequilibrium
DMFT, where the hybridization function �(t, t ′) at each time
t needs to be determined for all previous times t ′ simultane-
ously, which is a much more computationally demanding task
[54,57].

The algorithm is first-order accurate, with a time discretiza-
tion error ∼O(�t ), despite the usage of the second-order
Taylor methods for the lattice and clusters. We attribute the
reduction in order of their combined propagation to the op-
timization of �l (t ) in the second step (see Appendix G for
details).

4. Setting up clusters

Clusters are formed by analogy to the nested cluster
scheme [48], which is a general approach applicable to em-
bedded cluster methods. To form a cluster, the lattice Hilbert
space is reduced to a subspace describing a small number of
lattice sites. For example, a cluster can be formed from two
neighboring lattice sites with vectors r and r + ex. In princi-
ple, the clusters can be of any shape, and the sites need not be
nearest neighbors. The mapping between cluster site-indices
and lattice vectors is in general many-to-many: clusters can
overlap, i.e., sites on different clusters can map to the same
lattice vector. If there are spatial symmetries, a single cluster
site can map to multiple lattice vectors.

To create a set of clusters C we first select the desired clus-
ter shape (for example, 2 × 1 nearest-neighbor clusters) and
we tile the lattice with all possible translations and rotations of
this cluster. Next, we use lattice symmetries to select the irre-
ducible set of nonequivalent clusters. On the clusters, {〈Âclust

λ 〉}
and {〈B̂clust

λ 〉} are tensors of cluster site indices {i, j, ...}. Since
the clusters are finite, long-range components of {〈B̂latt

λ 〉} will
not have a mapping in the space of cluster operators. For
example, if we tile the lattice with two-site nearest-neighbor
clusters, a rank two tensor 〈Blatt

r,r′,λ〉 will not have a mapping if
r and r′ are not vectors of nearest-neighbor lattice sites. If that
is the case, we set those tensor components of {〈B̂latt

λ 〉} to zero.
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FIG. 5. Two overlapping 2 × 2 clusters, shaded blue and red.
Their overlap forms a 2 × 1 cluster, containing bond M.

Because of the possibility of cluster overlaps, the proce-
dure for mapping cluster quantities to lattice quantities is, in
general, not unique. However, in the simplest scheme, where
we use only 2 × 1 clusters, overlaps between clusters will
contain at most a single site. If none of the constrained and
representative correlators are purely local, then there is no
issue, and the mapping between the lattice and the cluster
is unambiguous. On the other hand, when using 2 × 2 clus-
ters, also the nearest-neighbor bonds will generally belong
to two nonequivalent overlapping clusters (Fig. 5). Then one
must avoid the double counting of the overlapping bonds and
there are multiple ways this can be done. We propose two
schemes. In the first, we apply the nested cluster scheme
[48]—additional 2 × 1 clusters formed by overlaps of 2 × 2
clusters are taken into account. Contributions from these 2 × 1
clusters are subtracted to avoid double counting the bond M,

B̂nest
M = B̂2×2,L

M + B̂2×2,R
M − B̂2×1,O

M , (10)

where B̂M is a tensor whose components r, r′, r′′ . . . are re-
stricted to the bond M, i.e.,

Onest
M (c2×2,L/R ) = +1, (11)

Onest
M (c2×1,O) = −1, (12)

where O(c) is the overlap function defined in Eq. (5). In the
second scheme, we simply average the contributions from
overlapping clusters without introducing additional overlap
clusters,

B̂avg
M = 1

2

(
B̂2×2,L

M + B̂2×2,R
M

)
, (13)

Oavg
M (c2×2,L/R ) = + 1

2 . (14)

The two schemes are further discussed in Sec. III C.

C. OQCET for the square lattice Hubbard model

We will describe the application of OQCET to the Hubbard
model [58] with the aim of calculating the density response
function χq(ω). We start with the square lattice Hamiltonian
of the Hubbard model with a time-dependent, nonuniform

scalar potential φr(t ),

H (t ) = − J
∑

r,u∈{±ex,±ey},σ
c†
σ,rcσ,r+u

−
∑
r,σ

(μ − φr(t ))nσ,r + U
∑

r

n↑,rn↓,r, (15)

where r denotes position vectors of lattice sites, ex and
ey are lattice vectors and σ denotes spin. c/c† are anni-
hilation/creation operators, and nσ,r = c†

σ,rcσ,r denotes the
particle-number operator. J , μ, and U denote the hopping
amplitude, chemical potential, and interaction strength, re-
spectively. We set the bare half-bandwidth D = 4J = 1 as the
energy unit. We will restrict our calculations to homogeneous
paramagnetic phases, so we assume that in equilibrium (in the
absence of external fields φ) the system has both translational
invariance and SU (2) spin symmetry. Since we are interested
in the density response, we will have the density operator
c†
σ,icσ,i in the set of constraining operators {Âλ}. If we wish

to ensure total energy conservation, we must also constrain
the bilinear c†

σ,icσ, j and the double-occupancy operator ni↑ni↓.
Since the total energy is given by E = 〈H〉, in Appendix B we
show that constraining the bilinear and the double occupancy
gives us both conservation of energy and conservation of
density. We do not expect our theory to obey conservation
of momentum, as embedding with finite clusters generally
breaks momentum conservation.

The equations of motion for expectation values can be
derived from the Heisenberg equation [Eq. (1)]. For the ex-
pectation value of the fermionic bilinear Xσ,r,r′ = 〈c†

σ,rcσ,r′ 〉,
working out the commutator in Eq. (1) gives

∂t Xσ,rr′ = i

(
−J

∑
u∈{±ex,±ey}

(Xσ,r+u,r′ − Xσ,r,r′+u)

+ (φr − φr′ )Xσ,r,r′

+ U ((Xσ,r,r − Xσ,r′,r′ )Xσ,r,r′ + Yσ,r,r′ )

)
, (16)

where we have introduced

Yσ,r,r′ = 〈c†
σ̄ ,rcσ̄ ,rc†

σ,rcσ,r′ 〉conn − 〈c†
σ̄ ,r′cσ̄ ,r′c†

σ,rcσ,r′ 〉conn (17)

to denote the connected part of the four-point correlator.
For the the expectation value of the density–density operator
〈nσ,rnσ ′,r′ 〉, we have

∂t 〈nσ,rnσ ′,r′ 〉 = − iJ
∑

u∈{±ex,±ey}
{(Xσ,r+u,r′ − Xσ,r,r+u )Xσ,r′,r′

+ Xσ,r,r(Xσ,r′+u,r′ − Xσ,r′,r′+u)

+ δσ,σ ′Xσ,r,r′ (Xσ,r′,r+u − Xσ,r′+u,r )

+ δσ,σ ′Xσ,r′,r(Xσ,r,r′+u − Xσ,r+u,r′ )

+ δσ,σ ′δr,r′ (Xσ,r+u,r′ − Xσ,r,r′+u)

+ δσ,σ ′ (δr,r′+u − δr+u,r′ )Xσ,r,r′ }
− iJWσ,σ ′,r,r′ , (18)
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where

Wσ,σ ′,r,r′ =
〈∑

u

{(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ ′,r′

+ nσ,r(c†
σ ′,r′+ucσ ′,r′ − c†

σ ′,r′cσ ′,r′+u)}
〉conn

. (19)

The double-occupancy expectation value, dr = 〈n↑,rn↓,r〉 is a
special case of the above expression,

∂t dr = −2iJ
∑

u

(Xσ,r+u,r − Xσ,r,r+u )Xσ,r,r − iJW↑,↓,r,r.

(20)

Equations (16) and (18) are solved using the second-order
Taylor method

Xσ,rr′ (ti+1) ≈ Xσ,rr′ (ti ) + �t ∂t Xσ,rr′ (ti ) + 1
2 (�t )2∂2

t Xσ,rr′ (ti ),
(21)

〈nσ,rnσ ′,r′ 〉(ti+1) ≈ 〈nσ,rnσ ′,r′ 〉(ti ) + �t ∂t 〈nσ,rnσ ′,r′ 〉(ti )
+ 1

2 (�t )2∂2
t 〈nσ,rnσ ′,r′ 〉(ti ). (22)

The local correlator Yσ,r,r is zero by definition [Eq. (17)],
while Wσ,σ ′,r,r contains no purely local terms [Eq. (19)]. This
means that the smallest clusters that give nontrivial contribu-
tions to these correlators are of size 2 × 1.

A derivation of the above equations can be found in
Appendix A, including the explicit expressions for ∂2

t Xσ,rr′

and ∂2
t 〈nσ,rnσ ′,r′ 〉(ti ), as well as a proof that Yσ,r,r′ and Wσ,σ ′,r,r′

are zero in equilibrium for a homogeneous system by symme-
try.

In the following sections, we will outline the different
variants of OQCET, depending on the choices of the field
probe protocol, cluster Hamiltonian, initial density matrix,
and choices of constraining and jump operators.

D. Inverse linear-response theory

Linear-response theory provides a connection between dy-
namic correlation functions and the system response to a weak
external perturbation. For the density response to a perturbing
scalar field φr(t ), the linear-response equation reads

〈δnr(t )〉 =
∑

r′

∫ t

0
dt ′χr−r′ (t − t ′)φr′ (t ′), (23)

where

〈δnr(t )〉 = 〈nr(t )〉 − 〈nr(0)〉 (24)

and

χr−r′ (t ) = −iθ (t )〈[nσ,r(t ), nσ,r′ (0)]〉0 (25)

is the retarded charge susceptibility.
The subscript 0 denotes that the expectation value is calcu-

lated at zero external field [φr(t ) ≡ 0]. If the field φr(t ) is of
an appropriate form (a delta-like function, for example) then
Eq. (23) can be inverted easily, and the susceptibility can be
calculated from the nonequilibrium response. This approach
is referred to as inverse linear-response theory [19].

In our implementation, we apply two different nonequi-
librium protocols: one with the potential localized in real

space (protocol A) and the other localized in momentum space
(protocol B) (Fig. 6).

The spatial Fourier transform of Eq. (25) is

χq(t ) =
∑
σ,r

e−iq·rχσ,r−r′ (t ), (26)

χq(t ) = −iθ (t )〈[nq(t ), n−q(0)]〉0, (27)

where

nq(t ) =
∑
σ,k

c†
σ,k(t )cσ,k+q(t ). (28)

In protocol A, we introduce a potential at r = 0,

φ(A)
r (t ) = αδr,0δ(t ), (29)

where δ(t ) is a Dirac delta function in time. As the lattice is
discrete, δr,0 is the Kronecker delta in space. Using Eq. (23)
we get

〈δnr(t )〉 =
∑

r′

∫ t

0
dt ′χr−r′ (t − t ′)αδr′,0δ(t ′),

〈δnr(t )〉 = αχr(t ). (30)

χq(t ) is then obtained as the Fourier transform of

χr(t ) = 1

α
〈δnr(t )〉. (31)

For protocol B, we probe the system with a delta potential at
wave vector q = q∗,

φ(B)
q (t ) = α(δq∗,q + δ−q∗,q)δ(t ). (32)

To ensure that the potential in real space has no imaginary
component and to preserve inversion symmetry, we keep both
q∗ and −q∗ terms. In real space, this is equivalent to

φ(B)
r (t ) = 2α cos (q∗ · r)δ(t ). (33)

Inverting the linear-response equations

〈δnq(t )〉 =
∫ t

0
dt ′χq(t − t ′)φ(B)

−q (t )(t ′),

〈δnq(t )〉 =
∫ t

0
dt ′χq(t − t ′)

α

2
(δq∗,q + δ−q∗,q)δ(t ′),

〈δnq(t )〉 = α(χq∗ (t )δq∗,q + χ−q∗ (t )δ−q∗,q),

〈δnq∗ (t )〉 = αχq∗ (t ). (34)

This yields χq∗ (t ) as a function of the density response
〈δnq∗ (t )〉, which can be obtained as a Fourier transform of
〈δnr(t )〉. Numerically, both protocols are implemented in real
space.

In protocol A, we obtain the entire χq(t ) in one calculation,
but the potential φ

(A)
r′ (t ) breaks all translational symmetries.

This means we need to solve many independent clusters. In
protocol B, one calculation only gives us χq(t ) at q = q∗, but
we preserve translational symmetry in the direction orthogo-
nal to q∗. The presence of additional symmetries means that
we have fewer independent clusters, making the individual
calculations significantly less computationally expensive. The
number of clusters needed for protocol A scales as O(L2),
where L is the linear size of the system, while that for protocol
B the scaling is O(L). In the special case where q∗ is collinear
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FIG. 6. Schematic representation of nonequilibrium protocols. Boxes represent symmetry-irreducible 2 × 1 clusters. Colors correspond to
values of the potential φr: +V (red), 0 (purple), −V (blue). The dashed lines in protocol A indicate the symmetry-irreducible part of the lattice.
In protocol B, the wavelength represented is λ = 4.

with a lattice unit vector and the wavelength λ = 2π/q is an
integer, the system also retains translational symmetry along
q∗ with a step of λ lattice spacings. This means that we then
require O(λ) clusters, and we lose dependence on L, making
calculations on large lattices easier.

In our implementation, since we work with finite time
steps, we approximate the Dirac delta δ(t ) with a boxcar
function �(t, tp) (Fig. 7),

δ(t ) ≈ �(t, tp),

�(t, tp) =
{

1
tp
, if 0 < t < tp

0, otherwise
(35)

where tp is the pulse duration. Throughout the paper, we
use tp = 0.001 [in units of the inverse bare half-bandwidth,
(4J )−1]. To ensure that the boxcar function is implemented
correctly, we need to choose the time step �t such that tp is an
integer multiple of �t . This way, the field is constant during
each time step, and we can use the equations of motion for a
piecewise-constant field (∂tφ = 0 within each time step).

E. Preparing the initial state

To prepare the initial state for OQCET, we must ob-
tain lattice expectation values of our constraining operators

FIG. 7. Boxcar function �(t, tp).

{〈Âlatt
λ (t = 0)〉} in an equilibrium calculation and initialize a

cluster density matrix ρclust satisfying

Tr
[
ρclust (t = 0)Âclust

λ

] = {〈Âlatt
λ (t = 0)

〉}
(36)

with ∂tρclust = 0.

1. Thermal equilibrium lattice initial state

We obtain {〈Âlatt
λ (t = 0)〉} from CTINT [59], a numeri-

cally exact quantum Monte Carlo method, implemented in the
TRIQS library [60].

The correlators we are interested in, the instantaneous
fermionic bilinear 〈c†

σ,rcσ,r′ 〉 and the double occupancy
〈n↑,rn↓,r〉 can both be obtained directly from the Green’s
function and self-energies in the imaginary-time formalism,
without analytic continuation. The Matsubara Green’s func-
tion is defined as

Gσ,i j (τ ) = −〈T cσ,i(τ )c†
σ, j (0)〉. (37)

The bilinear is simply the appropriate component of the
Green’s function at time τ = 0−,

Gσ,i j (τ = 0−) = −〈T cσ,i(0
−)c†

σ, j (0)〉
= 〈c†

σ, j (0)cσ,i(0
−)〉. (38)

The equilibrium double occupancy d ≡ 〈n↑,r(0)n↓,r(0)〉 can
be calculated from the well-known Migdal–Galitskii formula
[61],

d = 1

U

∑
k,iωn

Gk(iωn)�k(iωn)

= lim
η→0−

1

U

∑
k,iωn

Gk(iωn)�k(iωn)eiωnη. (39)

In practice, the above sum is evaluated as an inverse Fourier
transform F of the function f (iωn) =∑k Gk(iωn)�k(iωn) at
time τ = 0−,

d = F
[∑

k

Gk(iωn)�k(iωn)

]
(τ = 0−). (40)
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FIG. 8. Mapping of CTINT self-energy (red) onto a larger lattice.
The self energy for remaining sites is set to zero.

We start from numerically exact CTINT results for the self-
energy. The CTINT data are then symmetrized to reduce
Monte Carlo statistical noise by enforcing lattice symmetries.
To study long-wavelength response, we need to work with
lattices of size >64 × 64. We cannot obtain the self-energy
for such large lattices directly, as CTINT is limited to ∼8 × 8
lattices. However, at high temperatures the self-energy is suf-
ficiently short-ranged, and the 8 × 8-lattice self-energy is a
good approximation. The CTINT self-energy can be mapped
onto the larger lattice (Fig. 8) by the formula

�latt
r =

{
�CTINT

r if |x| � 1
2 LCTINT and |y| � 1

2 LCTINT

0, otherwise
(41)

for a CTINT lattice of size LCTINT × LCTINT.
We perform a Fourier transform in space to obtain

�latt
k (iωn). The full lattice Green’s function is then calculated

as

Gk(iωn) = 1

iωn + μ − εk − �k(iωn)
. (42)

This procedure is somewhat analogous to the periodization
step in cellular DMFT [48], but the analogy is not complete as
the cellular-DMFT cluster is not cyclic.

Two-particle quantities such as the nearest-neighbor
density–density correlator nσ,rnσ ′,r+u cannot be obtained just
from the self energy, but can be measured directly in CTINT.
In this case, we use the CTINT data directly, assuming that
these quantities do not significantly depend on lattice size.

2. Thermal equilibrium cluster initial state

The initial cluster expectation values 〈Âclust
λ (t = 0)〉 are

given by the cluster density matrix ρclust as〈
Âclust

λ (t = 0)
〉 = Tr[ρclust (t = 0)Âclust]. (43)

A natural way to prepare the cluster density matrix would
be to create a reduced density matrix by tracing over all lattice
degrees of freedom outside the cluster (from the environment)

ρclust (t = 0) = Trenv[ρlatt (t = 0)], (44)

where Trenv represents a partial trace over the environment
degrees of freedom. This guarantees that the cluster expec-
tation values will match the lattice expectation values for all
possible single- and many-body operators in the initial state.
The reduced density matrix is, however, computationally very
difficult to obtain for large lattices. Another problem is that the
reduced density matrix will generally not commute with the
projected cluster Hamiltonian Hclust, meaning that the EOM
for ρclust will not be stationary even in the absence of external
fields. One possible way to address this is to introduce addi-
tional jump operators {L̃i} and couplings {�̃i} in Eq. (7) such
that ρclust presents a stationary solution of the corresponding
Lindblad equation. We present a simplified implementation of
such a scheme in Appendix D.

As it is not immediately clear how to choose L̃i and �̃i to
satisfy stationarity, and because the computation of a reduced
density matrix on large lattices is difficult, we propose two
additional schemes for setting ρclust (t = 0).

In the first scheme, we take the density matrix to represent
a Boltzmann ensemble, i.e., a thermal state at the same tem-
perature T = 1/β as the lattice, i.e.,

ρclust = e−βHclust (μ,J,U,...)

Tre−βHclust (μ,J,U,...)
. (45)

The parameters of the cluster Hamiltonian μ, J,U, ... are
tuned so that we satisfy the self-consistency condition
at the initial time, Eq. (36), i.e., the cluster expectation values
of the constraining operators must match the corresponding
lattice expectation values. If we are only constraining Xi, j and
di, it is certain that by tuning μ, J , U we will be able to satisfy
Eq. (36), as these parameters affect the density, as well as the
kinetic and potential energy. The cluster Hamiltonian then has
the same terms as the lattice Hamiltonian, but the parameters
are different. If additional constraining operators are used,
additional terms also have to be introduced into the cluster
Hamiltonian (with additional parameters) to ensure sufficient
flexibility of the representative model, as needed to satisfy the
self-consistency criterion.

In the second scheme, we start with an unmodified,
projected lattice Hamiltonian. The density matrix is then con-
structed as a modified Boltzmann ensemble

ρclust (t = 0) = 1

Z ′
∑
λ,k∈λ

∑
α,{i, j}∈α

× e−βEαδi, j−γλ,k〈�αi |Aλ,k |�α j 〉
∣∣�α j

〉〈
�αi

∣∣,
Z ′ = Tr

⎡
⎣∑

λ,k∈λ

∑
α,{i, j}∈α

e−βEαδi, j−γλ,k〈�αi |Aλ,k |�α j 〉

⎤
⎦,

(46)

where α are eigenspaces of the Hamiltonian, Eα are the as-
sociated eigenvalues and �αi are vectors in the eigenspace
α. The index k represents a sum over all components of
the constraining operator tensors {Âlatt

λ }, so Aλ,k is a scalar
in the space of cluster indices (it is, of course, still a matrix
in the cluster Hilbert space). The parameters γλ,k are again
chosen to reproduce the lattice expectation values of the con-
straining operators.
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Projecting onto the eigenspaces guarantees that [ρ, H] =
0. In the Hamiltonian eigenbasis, the density matrix has a
block diagonal form ρ =⊕α ρα , with the blocks correspond-
ing to eigenspaces α. In each block α, the Hamiltonian has a
scalar form Hα = EαIdim(α), where Idim(α) is the identity matrix
with dimension of the eigenspace α. Since a scalar matrix
commutes with every matrix, we have

[Hα, ρα] = 0. (47)

The commutator of block matrices is simply a block matrix
whose blocks are the commutators of the individual blocks,
so

[H, ρ] =
⊕

α

[Hα, ρα] = 0. (48)

Perhaps a more obvious approach might have been to mod-
ify the weights w(�) in the ensemble

ρclust =
∑
�

w(�)|�〉〈�|, (49)

where |�〉 are the system eigenstates. However, these eigen-
states must be obtained numerically, and we cannot ensure
that we obtain |�〉 that obey spatial or other symmetries.
This means that tuning w(�) can break these symmetries,
and that additional steps would have to be implemented to
rotate the basis of each eigenspace so as to impose those
symmetries. The approach we take [as laid out in Eq. (46)]
respects symmetries by construction and is independent of the
choice of basis for degenerate eigenstates. Our approach is
therefore simpler, yet equally physically justified.

F. Cluster dynamics

As previously introduced, cluster dynamics are governed
by the Lindblad equation

dρ(t )

dt
= − i[Hclust, ρ(t )]

+
∑

l

�l (t )

(
Llρ(t )L†

l − 1

2
{L†

l Ll , ρ(t )}
)

, (50)

where we use the notation ρ = ρclust for brevity. For some
choices of jump operators, the first nonzero contributions to
constrained operator expectation values appear at the second
order. For example, if we take L = c†

i , the first order contri-
bution to the current is zero at t = 0. In equilibrium, dρ(t=0)

dt
is purely real. [Hclust, ρ(t = 0)] is zero by definition, and both
ρ(t = 0) and L = c†

0 are real (in the cluster index basis |i〉).
From this it follows that the first-order contributions to the
current, which are of the form Im(Tr[�t · dρ

dt c†
i,σ c j,σ ]), are

zero at t = 0. To account for this, Eq. (50) is solved using
the second-order Taylor method

ρ(ti+1) ≈ ρ(ti ) + �t · dρ

dt

∣∣∣∣
t=ti

+ 1

2
(�t )2 · d2ρ

dt2

∣∣∣∣
t=ti

. (51)

The coupling coefficients �l (t ) are determined at each
time step. Details of the implementation of the Lindblad
equation and the optimization procedure can be found in
Appendix C.

G. Choice of jump operators

In general, there are many possible choices for the set
of jump operators {Ll}. There are, however, a few guiding
principles for making this choice. First, the solutions to the
optimization problem should be unique, so the number of �l ’s
should match the number of constrained operators (counting
the real and imaginary parts of complex-valued expectation
values separately).

Second, the jump operators and their �l ’s must respect
the symmetries of the system. For example, if sites i and
j are equivalent by symmetry and the operator Li = cσ,i is
present, then Lj = cσ, j must also be included, with � j = �i.
This reasoning also applies for spin symmetry (if present).

In the Lindblad equation, �l are nonnegative real numbers.
To make the optimization problem simpler, we can extend the
domain of �l to the real axis (�l ∈ R) by pairing conjugate
operators Ll and L̄i,

dρ(t )

dt
= − i[Hclust, ρ(t )]

+
∑

l

[
|�l |θ (�l )

(
Llρ(t )L†

l − 1

2
{L†

l Ll , ρ(t )}
)

+ |�l |θ (−�l )

(
L̄lρ(t )L̄†

l − 1

2
{L̄†

l L̄l , ρ(t )}
)]

. (52)

In the simple case of 2 × 1 clusters with constraints on
Xσ,i, j , we have one complex and two purely real constraints
(four unknowns). A good starting point for the jump operators
are the annihilation (and creation) operators for the single-
particle single-site and plane-wave states

{cσ,0, cσ,1, cσ,k=0, cσ,k= π
2
}σ∈{↑,↓}, (53)

where

cσ,k=0 ≡ cσ,0 + cσ,1, cσ,k= π
2

≡ cσ,0 + icσ,1.

After introducing additional constraints in the form of the
double occupancy di, it might be tempting to simply add the
operators cσ,icσ,i to Eq. (53). In practice, we find that such
choice leads to problems; at some point during the time evo-
lution, a solution to the self-consistency condition no longer
seems to exist, and no choice of {�l} can be found to satisfy
Eq. (9). We interpret this as being related to the operators
being insufficiently independent. For example, adding a par-
ticle to increase the density will at the same time increase
the double occupancy, which we might not want. To try to
alleviate the problem, we replace the cσ,i operators and their
conjugates c†

σ,i by the following operators

nσ̄ ,icσ,i, (1 − nσ̄ ,i )cσ,i. (54)

The effect of these operators is illustrated in Fig. 9. This
choice of operators allows us to increase the density while not
affecting the double occupancy, and vice versa.

After some trial and error with the other operators, we
arrive at the set

{nσ̄ ,0cσ,0, nσ̄ ,1cσ,1, (1 − nσ̄ ,0)cσ,0, (1 − nσ̄ ,1)cσ,1,

(1 − nσ̄ ,0)(1 − nσ̄ ,1)cσ,k=0, cσ,k= π
2
}σ∈{↑,↓}. (55)
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FIG. 9. Effect of nσ̄ ,icσ,i and (1 − nσ̄ ,i )cσ,i on a lattice site.

If we wish to introduce additional nonlocal density–density
constraints (nσ,inσ ′, j), we use the same jump operators as
Eq. (55), adding

{(1 − ni,σ̄ )c†
j,σ i 
= j}σ∈{↑,↓}. (56)

Jump operators for other cluster sizes and constraint
choices can be constructed in an analogous manner. In Ap-
pendix E, we give the jump-operator sets used for 2 × 2
clusters.

H. Limits in which OQCET becomes exact

OQCET is exact in the atomic limit J = 0, as the problem
is reduced to a sum of individual Hubbard atoms. The solution
to the optimization problem is then trivially {�l = 0 ∀l}, as
the individual atoms are decoupled.

In the noninteracting limit U = 0, the situation is more
complicated. Even at U = 0, for the cluster evolution to fol-
low the lattice EOMs nonzero {�l} are needed. This coupling
introduces correlations into the clusters, meaning that Yσ,r,r′

and Wσ,σ ′,r,r′ are nonzero. Yσ,r,r′ no longer factors into the
equations of motion for Xσ,r,r′ (as it is multiplied by U), so
Eq. (16) reduces to the exact EOM for the noninteracting
problem. This means that Xσ,r,r′ is exact in this limit. In the
lattice EOM for dr [Eq. (20)], the Wσ,σ ′,r,r′ term does not van-
ish since it is not multiplied by U . The nonzero contributions
from Wσ,σ ′,r,r′ mean that the results for the double occupancy
are not exact even at U = 0. However, in this limit the average
Hamiltonian only depends on Xσ,r,r′ , which gives exact results
for the total energy. Since we are ultimately interested in the
susceptibility χq(t ) ∝ 〈δnq(t )〉, the fact that dr is not exact
does not affect the final results.

OQCET also becomes exact in the limit of infinite-cluster
size, as the lattice EOM become equivalent to the Lindblad
equation for the single remaining cluster with {�l = 0 ∀l}.
We note that in this limit, the Lindblad equations of motion
for all three initial-cluster-state schemes (Sec. II E2) trivially
reduce to the exact solution, with ρclust = ρlatt , Hclust = Hlatt ,
and [H, ρclust (t = 0)] = 0.

I. Postprocessing

It turns out that the response calculated by OQCET has
roughly a discrete spectrum. Our understanding is that this is
due to the fact that both the clusters and the lattice have finite
size, meaning that the response has no long-time decoherence.
The coupling of the cluster to the environment can in principle

provide the decoherence, but this effect turns out to be weak,
at least in the nonequilibrium protocols we employ. As we are
never far from equilibrium, �l tend to be small, and should
in principle decay with time, as we approach equilibrium;
yet, as �l become smaller, there is less decoherence, and this
in turn precludes thermalization. Nevertheless, this becomes
a significant issue only when the system is probed at long
wavelengths: the dynamics are then slow, the coupling to the
environment particularly weak, and we obtain a response over
a very narrow range of low frequencies; thus, the discrete
structure of the spectrum becomes apparent. A possible so-
lution to this problem would be to use the reduced density
matrix as the initial density matrix (the approach discussed
in Sec. II E2). In this approach, one includes additional dis-
sipative terms in the Lindblad equation that do not decay
with time, providing a steady amount of decoherence. As this
approach is currently infeasible for large lattices, we deal with
the discreteness of the spectrum in a postprocessing step.

The time evolution is necessarily performed up to a finite
final time tmax, and Fourier windowing with a Blackman win-
dow is used to obtain the frequency spectra [62]. The window
cutoff tmax is taken to be long enough to resolve all peaks in
the spectrum.

When comparing with experimental data, we instead apply
Lorentzian broadening, as is standard in ED-based methods
[21]. To do so, we perform a convolution of the raw frequency
response with the Lorentzian kernel

f (ω) = 1

πη
[
1 + (ω

η

)2] , (57)

where η is the broadening width. An example of the post-
processing steps can be seen in Fig. 10. As a consequence of
particle number conservation, limq→0 χq(ω 
= 0) = 0. There-
fore, in the q → 0 limit, the broadening must go to zero. To
ensure this, we choose η(q) as

η(q) = min{ηmax
√

q, ηmax}, (58)

where ηmax is the maximum value of the broadening.

III. RESULTS

In this section, we present the results of OQCET calcu-
lations for the charge response in the square-lattice Hubbard
model, as defined by Eq. (15). We first benchmark different
versions of OQCET, depending on the choice of initial cluster
state, constraining operators, and experimental protocol, as
well as cluster size. Next, we perform comparisons with other
numerical methods. Finally, we compare the OQCET results
with those of a recent cold atom experiment by Brown et al.
[18].

A. Comparison with exact diagonalization

The 2x2 Hubbard lattice is small enough to be solvable
by exact diagonalization (ED). While results obtained for this
system cannot tell us much about long-wavelength response,
they allow us to compare OQCET with numerically exact
results.

To verify that the differential equations are correct in
the interacting case, we compare results obtained by exact
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FIG. 10. Comparison of raw and processed OQCET response for two values of wavelength λ = 2π/q. To reduce noise in the raw data
(blue) and recover the positions of peaks, a Blackman window is applied (orange, result multiplied by 2 for visibility). To obtain a spectrum
for comparison with experiment, the raw data are broadened with a Lorentzian kernel (green, result multiplied by 5). At shorter wavelengths,
the peaks become more dense and smaller broadening is necessary. Results obtained with protocol B.

diagonalization on a 2x2 lattice with results from our imple-
mentation of the equations of motion, given the exact Yσ,r,r′

and Wσ,σ ′,r,r′ extracted from ED (Fig. 11).
When using 2x1 clusters, Yσ,r,r′ (t ) is truncated to its

nearest-neighbor components. To check the validity of this
approximation, we compare results obtained by evolving the
Xσ,r,r′ and dr equations of motion using the truncated Yσ,r,r′ (t )
with exact results (Figs. 12 and 13). We find that the data
are qualitatively similar, while the Yσ,r,r′ = 0 approximation
gives significantly worse results. We find that the next-nearest
neighbor Y is not always smaller than the nearest-neighbor
Y, but its effect on the EOMs is apparently significantly less
important.

FIG. 11. Comparison of density and double occupancy evolution
for an interacting 2x2 lattice.

B. Benchmarking initial cluster state methods

In Sec. II E2, we introduced three methods for preparing
the initial density matrix and the cluster Hamiltonian:

(1) a reduced density matrix with additional environment
coupling needed to ensure stationarity in the absence of exter-
nal fields (see Appendix D);

(2) a modified Hamiltonian with a thermal state;
(3) a density matrix with a modified Boltzmann ensemble.
We will refer to these three methods as the reduced, ther-

mal, and weighted, respectively.
In Fig. 14, we compare the three methods on a 2 × 2 lattice,

which allows us to benchmark them against numerically exact
results obtained from ED. We find that χq(ω) does not signif-
icantly depend on the choice of method. In the remainder of
the paper, we will use the weighted method to prepare initial
states.

FIG. 12. Values of nearest and next-nearest neighbor Yσ,r,r′ (t ) on
a 2x2 lattice.
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Re
Im

FIG. 13. Comparison of expectation values between exact diago-
nalization results and results using truncated Yσ,r,r′ (t ) on a 2x2 lattice.
Xσ,r,r′ and dr are obtained from the lattice equations of motion.

The response spectrum for both ED and OQCET is dis-
crete, as expected for a small lattice. However, the OQCET
spectrum features fewer peaks, as the clusters used are smaller
(2 × 1). Nevertheless, OQCET captures the position of the
main peak, as well as the presence of a Hubbard resonance
at ω ≈ U .

C. Bechmarking effects of constraints and cluster size

Cluster evolution in OQCET is constrained by the oper-
ator expectation values {〈Âλ〉}. The choice of operators {Âλ}
is arbitrary to a degree—the charge response is given as
〈ni(t ) − ni(t = 0)〉, so it is necessary to place a constraint

FIG. 14. −Imχq(ω) for different initial state schemes, obtained
with protocol A. A Blackman window with tmax = 200 has been
applied to all curves, including ED.

FIG. 15. −Imχq(ω) for different cluster sizes and choices of
constraining operators, obtained with protocol B.

on the density 〈ni(t )〉. If we want conservation of energy in
our theory, it is necessary to include constraints on both Xσ,i, j

and di. In Fig. 15, we compare the charge response for three
sets of constraining operators. In the first, we only constrain
Xσ,i, j . For the second, we constrain both Xσ,i, j and di. We
find that the latter choice introduces an additional peak in
the spectrum. Finally, we include additional constraints on the
nearest-neighbor density–density correlators nσ,rnσ ′,r+u, but
this does not qualitatively change the spectrum.

To investigate the effect of cluster size on the charge re-
sponse, we compare results for 2x1 and 2x2 clusters with
constraints on Xσ,i, j . If we apply the nested-cluster scheme,
the system response very quickly diverges (Fig. 16), giving
unphysical results. A possible reason for this is that Yσ,r,r′ (ω)
has a discrete spectrum, and the contributions from the 2x2

FIG. 16. Density response for different 2 × 2 overlap schemes,
obtained by protocol B. The response for the nested scheme starts to
diverge away from equilibrium at t ≈ 10.
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FIG. 17. nq(t ) and −Imχq(ω) for nonequilibrium protocols us-
ing 2 × 1 clusters.

and 2x1 clusters do not cancel out properly. In general, sub-
tracting two discrete spectra with peaks whose positions do
not perfectly match results in a noncausal spectrum. This
noncausality might drive the system further and further out
of equilibrium. If, instead, we average the contributions from
overlapping 2x2 clusters, we achieve a well-behaved response
(Figs. 16 and 15), although, as already mentioned, we do not
observe thermalization at long times, which is related to the
discreteness of the response frequency spectrum.

D. Bechmarking nonequilibrium protocols

In Fig. 17, we find that protocols A and B give qualitatively
similar results. The initial density response [χq(t ) for small
values of t] is nearly identical; after Lorentzian broadening,
so are the spectra. Since embedded-cluster theories break

momentum conservation (as discussed in Sec. II C), the re-
sponse at a given wave vector is expected to depend on
the spatial distribution of the external probe. The pres-
ence of peaks with negative spectral weight is discussed in
Appendix F.

E. Comparison with other numerical methods

In Fig. 18, we compare results for Imχq(ω) obtained using
several methods. The noninteracting (retarded) bubble suscep-
tibility χ0,q(ω) can be obtained by analytical continuation of
the expression [63]

χ0,q(i�ν ) = 2
∑
k,iωn

G0,k+q(iωn)G0,k(iωn + i�ν ), (59)

where i�ν and iωn are bosonic and fermionic Matsubara fre-
quencies, respectively. The RPA susceptibility is given by

χRPA,q(ω) = χ0,q(ω)

1 − Uχ0,q(ω)
. (60)

If we set the connected correlators Yσ,r,r′ and Wσ,σ ′,r,r′ to
zero, the equations of motion Eq. (16) reduce to the time-
dependent Hartree–Fock EOMs,

∂t Xσ,rr′ = i

(
−J

∑
u∈{±ex,±ey}

(Xσ,r+u,r′ − Xσ,r,r′+u)

+ (φr − φr′ )Xσ,r,r′

+ U ((Xσ,r,r − Xσ,r′,r′ )Xσ,r,r′ )

)
. (61)

In this case, the susceptibility closely resembles RPA results,
which is expected, as RPA can be obtained as the linear
response of time-dependent Hartree–Fock [64]. The results
do not match exactly, because of the fact that the equilibrium
Xσ,r,r′ used in the EOM is not the same as the noninteract-
ing G0,r,r′ used in the RPA calculation. In the full OQCET
solution, we find a renormalization of the lower-band energy

FIG. 18. −Imχq(ω) at half filling for several methods. EOM refers to disconnected equations of motion [Eq. (16) with connected parts set
to zero]. To calculate the entire spectrum OQCET results were obtained by protocol A using 2x1 clusters.
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(a) (b) (c)

FIG. 19. (a) Real part of charge susceptibility for different values of q in the raw data. (b) −χq(ω = 0) as a function of Blackman window
size (cutoff tmax) for different values of T and q. (c) Comparison of χc(T ) between OQCET, numerically exact DQMC results, and exact
diagonalization results for a 2 × 1 lattice and the atomic limit. DQMC results have been taken from Brown et al. [18]. All OQCET results were
obtained for 2 × 1 clusters using protocol B.

and the presence of a Hubbard resonance at ω ≈ U . The
Hubbard resonance is expected to be present, as can be seen in
DMFT results from Hafermann et al. [63]. The lower band is
absent in the DMFT results, but this could be explained by the
significantly higher temperature in the OQCET calculations.
Away from half-filling, however, we expect to find both bands,
even for large values of U .

The charge compressibility χc = ∂n/∂μ can be obtained
as the limit of the retarded susceptibility

χc = − lim
q→0

χq(ω = 0). (62)

Since we stop the calculations at a finite time, the raw
response is oscillatory (Fig. 19), and is therefore unsuitable for
calculating χc. Instead, the value of χc (Fig. 19) is taken from
Blackman χq(ω = 0), converged with tmax and q. Results for
2 × 2 clusters are not shown, as the response does not behave
well enough at the long times necessary to achieve conver-
gence with the window size. The error is estimated from the
dependence of χq(ω = 0) on tmax and q.

The compressibility χc is a static quantity, so it can be
calculated numerically exactly using Monte Carlo methods
such as DQMC. In Fig. 19, we find good agreement be-
tween OQCET and DQMC results. OQCET overestimates χc

somewhat, but the results represent an improvement compared
with the corresponding isolated cluster ED calculation; with
increasing temperature, the results tend to the atomic limit, as
expected.

F. Comparison with experimental results

In the experiment performed by Brown et al. [18], lithium
atoms are placed in an optical lattice simulating the Hubbard
model with an external sinusoidal potential

H → H + V
∫

dr sin (xq∗)n(r)θ (−t ). (63)

After first thermalizing the system in the external potential,
the potential is switched off at t = 0, and the response under
the experimental protocol is given by

nq(t ) =
∫ t

−∞
dt ′χq(t − t ′)θ (−t ′)

=
∫ ∞

t
χq(t ′)dt ′. (64)

Certain assumptions about hydrodynamic behavior at the
longest length and time scales yield an ansatz for the charge
susceptibility at long wavelengths and low frequencies [18,65]

χq(ω) = χc

1 − iω
q2D − ω2

q2D�

, (65)

where χc is the charge compressibility, D is the diffusion con-
stant and � is the momentum relaxation rate. The experiment
was performed for a range of temperatures and wavelengths
of the external potential, and the response was fit to the ansatz
Eq. (64) to obtain the parameters χc, D, and �. The exper-
iment found excellent agreement between experimental data
and the hydrodynamic ansatz.

In Figs. 20 and 21, we compare the OQCET to experimen-
tal results of Brown et al. [18]. The raw experimental data
are not available, so the OQCET results are compared with
the hydrodynamic ansatz Eq. (65), using χc, D, and � ex-
tracted from the experiment. The trends with wavelength and
temperature in OQCET are in qualitative agreement with the
hydrodynamic theory. The Hubbard peak at ω ≈ U , present
in OQCET, cannot be described by the ansatz. In the time
domain, this peak corresponds to high-frequency oscillations
that cannot be seen in the experiment due to the finite time
resolution and relatively large error bars. However, this peak
is expected to be present, as it can be seen in the optical
conductivity spectrum [16] and the spectral function [9].
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FIG. 20. −Imχq(ω) (left panels) and experimental protocol response (right panels) for different values of the wavelength λ (wave vector
q). Hydrodynamic ansatz data is taken from Brown et al. [18]. The Lorentzian broadening η as a function of wave vector q is shown in the
inset. Results obtained with protocol B.

We note that, on the OQCET side, using larger clusters
yields a larger number of peaks; for this reason, we have used
a smaller maximum broadening ηmax for 2 × 2 clusters than
for 2 × 1 clusters.

IV. CONCLUSIONS

We have formulated, developed, and tested OQCET, an
embedded cluster method, based on the exact solution of
the Lindbladian dynamics of small open quantum clusters.
OQCET becomes formally exact in the atomic, noninteract-
ing, and infinite-cluster-size limits, obeys conservation laws,
allows computations for large lattices, and avoids analytic
continuation. Different variants of the method can be formu-
lated depending on the specifics of the impurity and lattice
equations (i.e., the choice of constrained and jump opera-
tors, the initial density matrix and the impurity Hamiltonian,
and the choice of nonequilibrium protocol). We benchmark
the differences among the results obtained with the different
variants of the method and identify the optimal choices for
the computation of the quantity of our interest, which is the
charge–charge correlation function.

Because of the finite lattice and cluster sizes, OQCET
yields a discrete charge-fluctuation spectrum, which is
especially evident at long wavelengths. A discrete spectrum
means a nondecaying response in real time. Our calculation
is formulated in real-time and performed up to a finite time;
the frequency dependence is obtained by a Fourier transform.
To compare with experimental results, we employ Lorentzian
broadening, as is standard in ED-based methods. We are able
to probe large lattices and the response at wavelengths of
about 20 lattice spacings, which is not possible with any
straightforward application of ED (or even FTLM). The qual-
itative agreement with the experiment shows that OQCET is a
promising method for the computation of dynamical response
functions in strongly correlated lattice models.

Further work is needed to develop a way to ensure deco-
herence of the response at long times, which is necessary to
obtain a continuous spectrum. One possible route is to try and
use embedded clusters of increased size, but this would likely
require further algorithmic optimizations (or even approxima-
tions) at the level of the Lindblad equations. Nevertheless,
OQCET can be readily generalized to computate the dy-
namic spin susceptibilities and other two-particle response
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FIG. 21. −Imχq(ω) as a function of the wavelength λ (wave vector q) and cluster size. OQCET results are compared with the hydrody-
namic ansatz fit from Brown et al. [18]. For OQCET results, Blackman spectra (tmax = 150) are represented by a solid line, while Lorentzian
broadened spectra are shaded. The Lorentzian broadened and hydrodynamic χq have been multiplied by a factor of 3 for visibility. The 2 × 2
spectrum is denser, so a smaller ηmax is used. Results obtained with protocol B.

functions. It can be used to compute even the single-particle
spectral function, by applying an appropriate nonequilib-
rium protocol and formulating the equations in Nambu
space (as needed for an induced breaking of particle-number
conservation by external field). Finally, OQCET can be
straightforwardly formulated in momentum space to directly
investigate the response to uniform electric fields (e.g., using
the protocols outlined in [19]), but we leave this for future
work.
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APPENDIX A: LATTICE EQUATIONS OF MOTION

In this Appendix we work in the Heisenberg picture, and
we omit time dependence in notation for brevity, c†

σ,r ≡
c†
σ,r(t ). The Heisenberg equation for c†

σ,rcσ,r′ reads

∂t (c
†
σ,rcσ,r′ ) = i[H, c†

σ,rcσ,r′ ]. (A1)
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The Hamiltonian in Eq. (15) can be split into three terms, H =
Hkin + Hpot + Hint . The kinetic energy term gives us

i[Hkin, c†
σ,rcσ,r′ ]

= −iJ
∑

r′′,u∈{±ex,±ey},σ ′
[c†

σ ′,r′′cσ ′,r′′+u, c†
σ,rcσ,r′ ], (A2)

applying the identity [a†b, c†d] = δbca†d − δad c†b,

i[Hkin, c†
σ,rcσ,r′ ]

= −iJ
∑

r′′,u,σ ′
δσ,σ ′ (δr′′+u,rc†

σ ′,r′′cσ,r′ − δr′′,r′c†
σ,rcσ ′,r′′+u)

= −iJ
∑

u

(c†
σ,r−ucσ,r′ − c†

σ,rcσ,r′+u). (A3)

For the potential, we have

i[Hpot, c†
σ,rcσ,r′ ]

= −i
∑
r′′,σ ′

(μ − φr′′ )[c†
σ ′,r′′cσ ′,r′′ , c†

σ,rcσ,r′ ]

= −i
∑
r′′,σ ′

(μ − φr′′ )δσ,σ ′ (δr′′,rc†
σ ′,r′′cσ,r′ − δr′′,r′c†

σ,rcσ ′,r′′ )

= −i((μ − φr ) − (μ − φr′ ))c†
σ,rcσ,r′

= i(φr − φr′ )c†
σ,rcσ,r′ . (A4)

Finally, for the interacting part

i[Hint, c†
σ,rcσ,r′ ]

= iU
∑

r′′
[c†

σ,r′′cσ,r′′c†
σ̄ ,r′′cσ̄ ,r′′ , c†

σ,rcσ,r′ ]

= iU
∑

r′′
c†
σ̄ ,r′′cσ̄ ,r′′ (δr′′,rc†

σ,r′′cσ,r′ − δr′′,r′c†
σ,rcσ,r′′ )

= iU (c†
σ̄ ,rcσ̄ ,r − c†

σ̄ ,r′cσ̄ ,r′ )c†
σ,rcσ,r′ . (A5)

Combining everything together, we have

∂t (c
†
σ,rcσ,r′ ) = i

(
−J
∑

u

(c†
σ,r−ucσr′ − c†

σ,rcσr′+u)

+ (φr − φr′ )c†
σ,rcσ,r′

+ U (c†
σ̄ ,rcσ̄ ,r − c†

σ̄ ,r′cσ̄ ,r′ )c†
σ,rcσ,r′

)
. (A6)

We now take the expectation value of the bilinear, Xσ,r,r′ =
〈c†

σ,rcσ,r′ 〉,

∂t Xσ,r,r′ = i

(
−J
∑

u

(Xσ,r−u,r′ − Xσ,r,r′+u)

+ (φr − φr′ )Xσ,r,r′

+ U 〈(c†
σ̄ ,rcσ̄ ,r − c†

σ̄ ,r′cσ̄ ,r′ )c†
σ,rcσ,r′ 〉

)
(A7)

The 4-operator average can be decomposed into connected
and disconnected components

〈(c†
σ̄ ,rcσ̄ ,r − c†

σ̄ ,r′cσ̄ ,r′ )c†
σ,rcσ,r′ 〉

= (〈c†
σ̄ ,rcσ̄ ,r〉 − 〈c†

σ̄ ,r′cσ̄ ,r′ 〉)〈c†
σ,rcσ,r′ 〉 + Yσ,r,r′ , (A8)

where we have introduced

Yσ,r,r′ = 〈c†
σ̄ ,rcσ̄ ,rc†

σ,rcσ,r′ 〉conn − 〈c†
σ̄ ,r′cσ̄ ,r′c†

σ,rcσ,r′ 〉conn.

(A9)

By using Xσ,r,r′ = Xσ̄ ,r,r′ and substituting u → −u in the first
term, we get

∂t Xσ,rr′ = i

(
−J
∑

u

(Xσ,r+u,r′ − Xσ,r,r′+u)

+ (φr − φr′ )Xσ,r,r′

+ U ((Xσ,r,r − Xσ,r′,r′ )Xσ,r,r′ + Yσ,r,r′ )

)
. (A10)

For the density–density operator, we have

∂t (nσ,rnσ ′,r′ ) = i[H, nσ,rnσ ′,r′ ]. (A11)

The operator nσ,rnσ ′,r′ commutes with the density operator
nσ ′,r′′ , so the commutator [Hpot + Hint, nσ,rnσ ′,r′ ] vanishes and
[H, nσ,rnσ ′,r′ ] = [Hkin, nσ,rnσ ′,r′ ],

∂t (nσ,rnσ ′,r′ ) = i[Hkin, nσ,rnσ ′,r′ ]

= −iJ
∑

r′′,u,σ ′′
[c†

σ ′′,r′′cσ ′′,r′′+u, nσ,rnσ ′,r′ ]

= −iJ
∑

r′′,u,σ ′′
(nσ,r[c†

σ ′′,r′′cσ ′′,r′′+u, nσ ′,r′ ]

+ [c†
σ ′′,r′′cσ ′′,r′′+u, nσ,r]nσ ′,r′ ). (A12)

Following the same procedure as for the bilinear, we get

∂t (nσ,rnσ ′,r′ ) = −iJ
∑

u

{(c†
σ,r−ucσ,r − c†

σ,rcσ,r+u)nσ ′,r′

+ nσ,r(c†
σ ′,r′−ucσ ′,r′ − c†

σ ′,r′cσ ′,r′+u)}. (A13)

By substituting u → −u in the first terms in brackets, we
arrive

∂t (nσ,rnσ ′,r′ ) = −iJ
∑

u

{(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ ′,r′

+ nσ,r(c†
σ ′,r′+ucσ ′,r′ − c†

σ ′,r′cσ ′,r′+u)}. (A14)

We now take the expectation value, and decompose the aver-
ages into connected and disconnected components

∂t 〈nσ,rnσ ′,r′ 〉 = − iJ
∑

u

{(〈c†
σ,r+ucσ,r〉 − 〈c†

σ,rcσ,r+u〉)〈nσ ′,r′ 〉

+ 〈nσ,r〉(〈c†
σ ′,r′+ucσ ′,r′ 〉 − 〈c†

σ ′,r′cσ ′,r′+u〉)

+ δσ,σ ′ 〈c†
σ,rcσ ′,r′ 〉(〈c†

σ ′,r′cσ,r+u〉−〈c†
σ ′,r′+ucσ,r〉)

+ δσ,σ ′ 〈c†
σ ′,r′cσ,r〉(〈c†

σ,rcσ ′,r′+u〉−〈c†
σ,r+ucσ ′,r′ 〉)

+ δσ,σ ′δr,r′ (〈c†
σ,r+ucσ ′,r′ 〉 − 〈c†

σ,rcσ ′,r′+u〉)

+ δσ,σ ′ (δr,r′+u − δr+u,r′ )〈c†
σ,rcσ ′,r′ 〉}

− iJWσ,σ ′,r,r′ , (A15)
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where

Wσ,σ ′,r,r′ =
〈∑

u

{(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ ′,r′

+ nσ,r(c†
σ ′,r′+ucσ ′,r′ − c†

σ ′,r′cσ ′,r′+u)}
〉conn

.

(A16)

Assuming spin symmetry in our system, we can rewrite
Eq. (A15) using Xσ,r,r′ = Xσ ′,r,r′ ,

∂t 〈nσ,rnσ ′,r′ 〉 = − iJ
∑

u

{(Xσ,r+u,r′ − Xσ,r,r+u )Xσ,r′,r′

+ Xσ,r,r(Xσ,r′+u,r′ − Xσ,r′,r′+u)

+ δσ,σ ′Xσ,r,r′ (Xσ,r′,r+u − Xσ,r′+u,r )

+ δσ,σ ′Xσ,r′,r(Xσ,r,r′+u − Xσ,r+u,r′ )

+ δσ,σ ′δr,r′ (Xσ,r+u,r′ − Xσ,r,r′+u)

+ δσ,σ ′ (δr,r′+u − δr+u,r′ )Xσ,r,r′ }
− iJWσ,σ ′,r,r′ . (A17)

The double occupancy dr = 〈n↑,rn↓,r〉 is a special case of the
above expression,

∂t dr = −2iJ
∑

u

(Xσ,r+u,r − Xσ,r,r+u )Xσ,r,r − iJW↑,↓,r,r.

(A18)

The second-order term ∂2
t Xσ,rr′ (ti ) reads

∂2
t Xσ,rr′ (ti ) = i

(
−J
∑

u

(∂t Xσ,r−u,r′ − ∂t Xσ,r,r′+u)

+ (φr − φr′ )∂t Xσ,rr′ + (∂tφr − ∂tφr′ )Xσ,rr′

+ U ((∂t Xσ̄ ,r,r − ∂t Xσ̄ ,r′r′ )Xσ,rr′

+ (Xσ̄ ,r,r − Xσ̄ ,r′,r′ )∂t Xσ,r,r′ + ∂tYσ,r,r′ )

)
.

(A19)

Analogously,

∂2
t 〈nσ,rnσ ′,r′ 〉 = − iJ

∑
u

{(∂t Xσ,r+u,r′ − ∂t Xσ,r,r+u )Xσ,r′,r′

+ (Xσ,r+u,r′ − Xσ,r,r+u )∂t Xσ,r′,r′

+ ∂t Xσ,r,r(Xσ,r′+u,r′ − Xσ,r′,r′+u)

+ Xσ,r,r(∂t Xσ,r′+u,r′ − ∂t Xσ,r′,r′+u)

+ δσ,σ ′∂t Xσ,r,r′ (Xσ,r′,r+u − Xσ,r′+u,r )

+ δσ,σ ′Xσ,r,r′ (∂t Xσ,r′,r+u − ∂t Xσ,r′+u,r )

+ δσ,σ ′∂t Xσ,r′,r(Xσ,r,r′+u − Xσ,r+u,r′ )

+ δσ,σ ′Xσ,r′,r(∂t Xσ,r,r′+u − ∂t Xσ,r+u,r′ )

+ δσ,σ ′δr,r′ (∂t Xσ,r+u,r′ − ∂t Xσ,r,r′+u)

+ δσ,σ ′ (δr,r′+u − δr+u,r′ )∂t Xσ,r,r′ }
− iJ∂tWσ,σ ′,r,r′ . (A20)

The time derivatives ∂tYσ,r,r′ and ∂tWσ,σ ′,r,r′ are approximated
as

∂tYσ,r,r′ (ti) = Yσ,r,r′ (ti )−Yσ,r,r′ (ti−1 )
ti−ti−1

, (A21)

∂tWσ,σ ′,r,r′ (ti ) = Wσ,σ ′ ,r,r′ (ti )−Wσ,σ ′ ,r,r′ (ti−1 )
ti−ti−1

. (A22)

By taking the complex conjugate of Eq. (A9), we get

Y ∗
σ,r,r′ = 〈c†

σ̄ ,rcσ̄ ,rc†
σ,r′cσ,r〉conn − 〈c†

σ̄ ,r′cσ̄ ,r′c†
σ,r′cσ,r〉conn

= −Yσ̄ ,r′,r. (A23)

Analogously for Eq. (A16),

W ∗
σ,σ ′,r,r′ = −

〈∑
u

{nσ ′,r′ (c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)

+ (c†
σ ′,r′+ucσ ′,r′ − c†

σ ′,r′cσ ′,r′+u)nσ,r}
〉conn

= −Wσ ′,σ,r′,r. (A24)

Since at equilibrium Yσ,r,r′ = Yσ̄ ,r′r and Wσ,σ ′,r,r′ = Wσ ′,σ,r′,r
by symmetry, we conclude Yσ,r,r′ (t = 0) = 0 and
Wσ,σ ′,r,r′ (t = 0) = 0.

APPENDIX B: PROOF OF ENERGY AND PARTICLE
NUMBER CONSERVATION

When evaluating the lattice equations of motion with exact
correlators X , Y , and W , the density and energy conversion is
trivial since ∂t 〈N̂〉 = i〈[H, N̂]〉 = 0 and ∂t 〈H〉 = i〈[H, H]〉 =
0, i.e., the Hamitonian H commutes with the total density
operator N̂ and itself.

On the other hand, to prove that OQCET conserves
particle number N =∑σ,r Xσ,r,r′ and energy E = 〈H〉, we
will have to show that ∂t N = 0 and ∂t E = 0 for any val-
ues of Yσ,rr′ ,Wσ,σ ′,r,r′ , since these connected correlators
are approximated by their corresponding cluster expectation
values.

Starting from Eq. (16), conservation of total particle num-
ber is easy to show

∂t N =
∑
r,σ

∂t Xσ,r,r = −iJ
∑
r,u,σ

(Xσ,r−u,r − Xσ,r,r+u ). (B1)

Making the substitution r → r − u in the second term, we
find that the terms cancel out and we have

∂t N = 0. (B2)

To show conservation of energy, we will prove

∂t E = −J
∑
r,u,σ

∂t Xσ,r,r+u − μ
∑
r,σ

∂t Xσ,r,r + U
∑

r

∂t dr

= 0. (B3)

The second term is zero from the conservation of particle
number. From Eq. (16), we get

115122-19
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∑
r,u,σ

∂t Xσ,r,r+u

=
∑
r,u,σ

i

(
−J
∑

u′
(Xσ,r−u′,r+u − Xσ,r,r+u+u′ )

+ U (Xσ̄ ,r,r − Xσ̄ ,r+u,r+u)Xσ,r,r+u + Yσ,r,r+u

)
. (B4)

By substituting r → r − u′ in the term
∑

r,u,u′,σ Xσ,r,r+u+u′ ,
the hopping terms cancel out, leaving∑

r,u,σ

∂t Xσ,r,r+u

= iU
∑
r,u,σ

((Xσ̄ ,r,r − Xσ̄ ,r+u,r+u)Xσ,r,r+u + Yσ,r,r+u).

(B5)

A further substitution r + u → r, followed by substituting
u → −u in the term

∑
r,u,σ Xσ̄ ,r+u,r+uXσ,r,r+u gives us the

form∑
r,u,σ

∂t Xσ,r,r+u

= iU
∑
r,u,σ

((Xσ̄ ,r,r+u − Xσ̄ ,r+u,r )Xσ,r,r + Yσ,r,r+u). (B6)

Substituting Eqs. (B6) and (20) into Eq. (B3),

∂t E = −iJU
∑

r

⎛
⎝Wr,r,↑,↓ +

∑
σ,u

Yσ,r,r+u

⎞
⎠. (B7)

From Eq. (19), W↑,↓,r,r is given as

W↑,↓,r,r =
〈∑

u

{(c†
↑,r+uc↑,r − c†

↑,rc↑,r+u)n↓,r

+ n↑,r(c†
↓,r+uc↓,r − c†

↓,rc↓,r+u)}
〉conn

, (B8)

which can be written as

W↑,↓,r,r =
∑
u,σ

〈(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ̄ ,r〉conn. (B9)

If we introduce

W̃σ,r,u = 〈(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ̄ ,r〉conn, (B10)

the above can be written as

W↑,↓,r,r =
∑
σ,u

W̃σ,r,u. (B11)

We can then write Eq. (B7) as

∂t E = − 1

2
iJU

∑
σ,r,u

(W̃σ,r,u + W̃σ,r+u,−u

+ Yσ,r,r+u + Yσ,r+u,r ), (B12)

where we have made the substitutions r → r + u and u →
−u to obtain the second W̃ and Y terms. Applying Eqs. (17)
and (B10), we write out the terms in brackets

W̃σ,r,u + W̃σ,r+u,−u + Yσ,r,r+u + Yσ,r+u,r

= 〈(c†
σ,r+ucσ,r − c†

σ,rcσ,r+u)nσ̄ ,r〉conn

+ 〈(c†
σ,rcσ,r+u − c†

σ,r+ucσ,r )nσ̄ ,r+u〉conn

+ 〈c†
σ̄ ,rcσ̄ ,rc†

σ,rcσ,r+u〉conn

− 〈c†
σ̄ ,r+ucσ̄ ,r+uc†

σ,rcσ,r+u〉conn

+ 〈c†
σ̄ ,r+ucσ̄ ,r+uc†

σ,r+ucσ,r〉conn

− 〈c†
σ̄ ,rcσ̄ ,rc†

σ,r+ucσ,r〉conn. (B13)

Single-particle operators with opposite spins commute, so
all the terms in the above equation cancel out and

W̃σ,r,u + W̃σ,r+u,−u + Yσ,r,r+u + Yσ,r+u,r = 0. (B14)

Since W̃σ,r,u and Yσ,r,r+u lie on the same bond (in the same
cluster), the identity is valid for all W̃σ,r,u, Yσ,r,r+u calculated
on clusters. This finally leads us to

∂t E = 0, (B15)

which we set out to prove.

APPENDIX C: CLUSTER DYNAMICS

As previously introduced, cluster dynamics are governed
by the Lindblad equation

dρclust (t )

dt
= −i[Hclust, ρclust (t )] +

∑
l

�l (t )

(
Llρclust (t )L†

l − 1

2
{L†

l Ll , ρclust (t )}
)

. (C1)

For brevity, we will use H = Hclust and ρ = ρclust in the remainder of the appendix.
The second derivative in Eq. (51) d2ρ

dt2 can be expanded as follows:

d2ρ

dt2
= − i

[
H,

dρ(t )

dt

]
+
∑

l

�l (t )

(
Ll

dρ(t )

dt
L†

l − 1

2

{
dρ(t )

dt
, L†

l Ll

})

+
∑

l

d�l (t )

dt

(
Llρ(t )L†

l − 1

2
{ρ(t ), L†

l Ll}
)

. (C2)

115122-20



OPEN QUANTUM CLUSTER EMBEDDING THEORY PHYSICAL REVIEW B 114, 115122 (2026)

Substituting Eqs. (C1) and (C2) into Eq. (51), we get

ρ(ti+1) = ρ(ti ) + �t ·
(

−i[H, ρ(ti )] +
∑

l

(
�l (ti ) + 1

2
�t

d�l

dt

∣∣∣∣
t=ti

)(
Llρ(ti )L

†
l − 1

2
{ρ(ti ), L†

l Ll}
))

+ 1

2
(�t )2

(
−i

[
H,

dρ

dt

∣∣∣∣
t=ti

]
+
∑

l

�l (ti )

(
Ll

dρ

dt

∣∣∣∣
t=ti

L†
l − 1

2

{
dρ

dt

∣∣∣∣
t=ti

, L†
l Ll

}))
. (C3)

The time derivative with respect to �l can be removed by observing that �l (t ) + 1
2�t d�l (t )

dt ≈ �l (t + �t
2 ), i.e., using the system-

environment coupling evaluated at half the time step (reminiscent of the leapfrog integration method). Ignoring terms of order
(�t )3 we arrive at

ρ(ti+1) = ρ(ti ) + �t ·
(

−i[H, ρ(ti )] +
∑

l

�l

(
ti + �t

2

)(
Llρ(ti )L

†
l − 1

2
{ρ(ti ), L†

l Ll}
))

+ 1

2
(�t )2

(
−i

[
H,

dρ

dt

∣∣∣∣
t=ti

]
+
∑

l

�l

(
ti + �t

2

)(
Ll

dρ

dt

∣∣∣∣
t=ti

L†
l − 1

2

{
dρ

dt

∣∣∣∣
t=ti

, L†
l Ll

}))
. (C4)

The derivative dρ

dt in Eq. (C4) is calculated as

dρ

dt

∣∣∣∣
t=ti

≈ − i[H, ρ(ti )] +
∑

l

�l

(
ti + �t

2

)(
Llρ(ti )L

†
l − 1

2
{ρ(ti ), L†

l Ll}
)

−
∑

l

1

2
�t

d�

dt

∣∣∣∣
t=ti

(
Llρ(ti )L

†
l − 1

2
{ρ(ti ), L†

l Ll}
)

, (C5)

where we have substituted �l (t + �t
2 ) ≈ �l (t ) + 1

2�t d�l (t )
dt into Eq. (C1). The ∼�t term on the right-hand side is discarded, as

its contribution to Eq. (C4) would be of the order (�t )3. Expanding each term in Eq. (C4), we get

−i

[
H,

dρ

dt

]
= −{HH, ρ} + 2HρH − i

∑
l

�l

(
[H, LlρL†

l ] − 1

2
[H, {ρ, L†

l Ll}]
)

, (C6)

∑
l

�lLl
dρ

dt
L†

l = −i
∑

l

�lLl [H, ρ]L†
l +

∑
l,k

�l�k

(
LlLkρL†

k L†
l − 1

2
Ll{ρ, L†

k Lk}L†
l

)
, (C7)

−1

2

∑
l

�l

{
dρ

dt
, L†

l Ll

}
= i

2

∑
l

�l{[H, ρ], L†
l Ll} − 1

2

∑
l,k

�l�k{LkρL†
k , L†

l Ll} + 1

4

∑
l,k

�l�k{{ρ, L†
k Lk}, L†

l Ll}, (C8)

where ρ = ρ(t ) and �l = �l (t + �t
2 ) We can rewrite Eq. (C4) in terms of sums over {�l} by introducing the following:

P = �t · (−i[H, ρ]) + 1

2
(�t )2(−{HH, ρ} + 2HρH ), (C9)

Ql = �t

(
LlρL†

l − 1

2
{ρ, L†

l Ll}
)

+ 1

2
(�t )2

(
−i[H, LlρL†

l ] + i

2
[H, {ρ, L†

l Ll}] − iLl [H, ρ]L†
l + i

2
{[H, ρ], L†

l Ll}
)

, (C10)

Rlk = 1

2
(�t )2

(
LlLkρL†

k L†
l − 1

2

(
Ll{ρ, L†

k Lk}L†
l + {LkρL†

k , L†
l Ll} − 1

2
{{ρ, L†

k Lk}, L†
l Ll}

))
. (C11)

Now Eq. (C4) can be written more compactly as

ρ(ti+1) = ρ(ti ) + P(ti ) +
∑

l

�lQl (ti ) +
∑
l,k

�l�kRlk (ti ).

(C12)

At the beginning of each step we calculate P, Ql , and Rlk , then
we find the appropriate {�l} such that we match the desired set
of expectation values,〈

Âclust
λ (t + �t )

〉 = Tr[ρclust (t + �t )Âclust]. (C13)

Determining the appropriate {�l} such that Eq. (C13) is satis-
fied represents a root-finding problem. However, because of a

discontinuity in the derivative of ρclust (t ) with respect to �l at
�l = 0, reframing the root-finding problem as a minimization
problem results in better numerical stability. We define the
merit function as

r(ti) =
√

1

NA

∑
μ

|〈Âμ〉latt (ti+1) − 〈Âμ〉clust (ti+1)|2, (C14)

where NA is the number of operators {Âμ}. The average
〈Âμ(ti+1)〉clust is given by

〈Âμ(ti+1)〉clust = Tr(ρ(ti+1) · Âμ). (C15)

115122-21
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The norm in Eq. (C14) is defined as

|〈Âμ〉latt (ti+1) − 〈Âμ〉clust (ti+1)|

= 1

Nk

∑
k

|〈Aμ,k〉latt (ti+1) − 〈Aμ,k〉clust (ti+1)|, (C16)

where k denotes a sum over all cluster tensor indices. We
perform the minimization numerically using the Nelder-Mead
algorithm implemented in the SciPy Python package [66,67].

APPENDIX D: REDUCED DENSITY MATRIX SCHEME
FOR THE INITIAL STATE

Using a reduced density matrix [Eq. (44)] for the initial
state guarantees that the cluster expectation values of all op-
erators will match the lattice expectation values at t = 0. To
ensure stationarity of the initial state with respect to the cluster
Hamiltonian Hclust, we introduce additional jump operators
{L̃i} and time-independent coupling {�̃i} into Eq. (7).

Assuming �l (t = 0) = 0, by applying the stationarity con-
dition ∂ρ0,clust/∂t = 0 [ρ0,clust ≡ ρclust (0)] to Eq. (7), we get

i[Hclust, ρ0,clust] =
∑

l

�̃l

(
L̃lρ0L̃†

l − 1

2
{L̃†

l L̃l , ρ0}
)

. (D1)

It is not immediately clear how to choose L̃i and �̃i to
satisfy this condition. If we now write the equations of motion
for ρ very close to ρ0,clust, ρclust (t ) = ρ0,clust + �ρclust (t ),

dρclust (t )

dt

= −i[Hclust, ρclust (t )] +
∑

l

�̃l

(
L̃l (ρ0,clust + �ρclust (t ))L̃†

l

− 1

2
{L̃†

l L̃l , (ρ0,clust + �ρclust (t ))}
)

+
∑

l

�l (t )

(
Llρclust (t )L†

l − 1

2
{L†

l Ll , ρclust (t )}
)

. (D2)

Assuming that �ρclust � ρclust for a weak perturbation, if we
drop contributions from the �ρclust term in the second term on
the right-hand side, substituting Eq. (D1), we get

dρclust (t )

dt
= −i[Hclust, ρclust (t )] + i[Hclust, ρ0,clust]

+
∑

l

�l (t )

(
Llρclust (t )L†

l − 1

2
{L†

l Ll , ρclust (t )}
)

= −i[Hclust, ρclust (t ) − ρ0,clust]

+
∑

l

�l (t )

(
Llρclust (t )L†

l − 1

2
{L†

l Ll , ρclust (t )}
)

.

(D3)

At t = 0, this reduces to dρclust (0)
dt = −i[Hclust, ρclust (0)] =

0, satisfying the stationarity condition.

FIG. 22. A 2x2 cluster in protocol B with labeled sites. The
colors denote symmetry equivalent sites.

The derivation in Appendix C can be repeated with the
modified Lindblad equation, and we arrive at the same form
as in Eq. (C12), but with modified coefficients P and Ql ,

P = �t · (−i[H, ρ − ρ0]) + 1

2
(�t )2(−{HH, ρ} + 2HρH ),

(D4)

Ql = �t

(
LlρL†

l − 1

2
{ρ, L†

l Ll}
)

+ 1

2
(�t )2

(
−i[H, LlρL†

l ]

+ i

2
[H, {ρ, L†

l Ll}] − iLl [H, ρ − ρ0]L†
l

+ i

2
{[H, ρ], L†

l Ll}
)

. (D5)

The coefficients Rlk remain unchanged. This construction
ensures that the stationarity condition is satisfied, while the
reduced density matrix gives us appropriate expectation val-
ues.

APPENDIX E: JUMP OPERATORS FOR 2X2 CLUSTERS

For 2 × 2 clusters, we select jump operators tailored to
the nonequilibrium protocol B, as this allows us significant
savings on computation time. Since we have translational
symmetry along one direction (e.g., the x direction) the ex-
pectation value Xσ,r,r+ex is purely real. This means that we
need fewer jump operators (the current operator in the form
ci + ic j is unnecessary). With reasoning analogous to the 2x1
case, for 2x2 clusters with Xσ,i, j constraints, we choose

{cσ,0, cσ,1, cσ,2, cσ,3, cσ,0 + cσ,1, cσ,2 + cσ,3,

cσ,1 + cσ,2, cσ,0 + cσ,3, cσ,1 + icσ,2, cσ,0 + icσ,3,

cσ,0 + cσ,1 + cσ,2 + cσ,3, cσ,0 + cσ,1 + icσ,2 + icσ,3}σ∈{↑,↓}
(E1)

with indices {0, 1, 2, 3} as labeled on Fig. 22. Adding di

constraints requires adding the following jump operators:

{nσ̄ ,0cσ,0, nσ̄ ,1cσ,1, nσ̄ ,2cσ,2, nσ̄ ,3cσ,3, (1 − nσ̄ ,0)cσ,0,

(1 − nσ̄ ,1)cσ,1, (1 − nσ̄ ,2)cσ,2, (1 − nσ̄ ,3)cσ,3,

cσ,0 + cσ,1, cσ,2 + cσ,3, cσ,1 + cσ,2, cσ,0 + cσ,3,

cσ,1 + icσ,2, cσ,0 + icσ,3, cσ,0 + cσ,1 + cσ,2 + cσ,3,

cσ,0 + cσ,1 + icσ,2 + icσ,3}σ∈{↑,↓}. (E2)

This set works well at temperature T = 0.8, but at lower
temperatures we find that convergence is improved by using
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FIG. 23. −Imχq(t ) and −Imχq(ω) for different values of the
Blackman-window size tmax. The wave of increasing amplitude in the
time domain (of period τ ≈ 25) corresponds to a negative amplitude
peak at ω = 2π/τ ≈ 0.25. The negative weight peak at ω ≈ 0.05
has a very long period of τ ≈ 125 so it is not clearly visible in
the time-domain graph above. For windows of size tmax = 150 and
shorter, both components with negative spectral weight are cut off
and are not visible in the spectrum.

the following jump operators:

{nσ̄ ,0cσ,0, nσ̄ ,1cσ,1, nσ̄ ,2cσ,2, nσ̄ ,3cσ,3, (1 − nσ̄ ,0)cσ,0,

(1 − nσ̄ ,1)cσ,1, (1 − nσ̄ ,2)cσ,2, (1 − nσ̄ ,3)cσ,3,

(cσ,0 + cσ,1 + cσ,2 + cσ,3)(1 − nσ̄ ,0)(1 − nσ̄ ,1)

(1 − nσ̄ ,2)(1 − nσ̄ ,3),

cσ,0 + cσ,1, cσ,2 + cσ,3, cσ,1 + cσ,2, cσ,0 + cσ,3,

cσ,1 + icσ,2, cσ,0 + icσ,3,

cσ,0 + cσ,1 + icσ,2 + icσ,3}σ∈{↑,↓}, (E3)

{nσ̄ ,0cσ,0, nσ̄ ,1cσ,1, nσ̄ ,2cσ,2, nσ̄ ,3cσ,3, (1 − nσ̄ ,0)cσ,0,

(1 − nσ̄ ,1)cσ,1, (1 − nσ̄ ,2)cσ,2, (1 − nσ̄ ,3)cσ,3,

FIG. 24. Comparison of density response between OQCET dif-
ferential equations and bubble calculations.

FIG. 25. Comparison of double occupancy response between
lattice differential equations and bubble calculations. The bubble
double occupancy is given as the square of the density shown in
Fig. 24.

(cσ,0 + cσ,1 + cσ,2 + cσ,3)(1 − nσ̄ ,0)

(1 − nσ̄ ,1)(1 − nσ̄ ,2)(1 − nσ̄ ,3),

(cσ,0 + cσ,1)(1 − nσ̄ ,0)(1 − nσ̄ ,1),

(cσ,2 + cσ,3)(1 − nσ̄ ,2)(1 − nσ̄ ,3),

(cσ,1 + cσ,2)(1 − nσ̄ ,1)(1 − nσ̄ ,2),

(cσ,0 + cσ,3)(1 − nσ̄ ,0)(1 − nσ̄ ,3),

cσ,1 + icσ,2, cσ,0 + icσ,3,

cσ,0 + cσ,1 + icσ,2 + icσ,3}σ∈{↑,↓}. (E4)

We use the above at temperatures T = 0.5 and T = 0.3, re-
spectively.

FIG. 26. Comparison of density evolution of a two-level system
between OQCET and implementation provided in Ref. [53].
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FIG. 27. Comparison of cumulative error scaling for the Lindbladian evolution, the lattice EOM, and the full OQCET algorithm. Lindblad
results were obtained for the two-level system described by Eq. (G1), with parameters � = 1, E = 1 and time-dependent �(t ) = 2 cos(0.1t ).
Both the Lindbladian evolution and the lattice EOM show the expected O(�t2) scaling, while the full OQCET algorithm shows O(�t ) scaling.

APPENDIX F: NEGATIVE SPECTRAL WEIGHT
AND CAUSALITY

In Figs. 21 and 17, we observe peaks with negative spectral
weight, which corresponds to a component of the response in-
creasing in intensity with time. This behavior breaks causality
and is most likely an artifact of our approximation, be-
coming more prominent at lower temperatures. Solutions of
HEOM are also known to suffer from similar instabilities [38].
However, at experimentally relevant times (t � 50), or equiv-
alently, after broadening of the spectral curves, this effect is
negligible (Fig. 23).

APPENDIX G: IMPLEMENTATION BENCHMARKS
AND TIME STEP CONVERGENCE

We check the correctness of our implementation of
OQCET by benchmarking the lattice differential equation and
the Lindbladian cluster evolution against known results.

In the U = 0 limit, the lattice differential equations should
give exact results for the density. To verify this, we com-
pare the results to bubble calculations which are in this case
numerically exact (Fig. 24) [65]. This also serves to show
that our approximation to the delta potential places us in the
linear-response regime.

The OQCET does not give us exact dr in the U = 0 limit,
but if we evolve the double occupancy by Eq. (20) with
Wσ,σ ′,r,r′ = 0, we expect to achieve exact results. For U = 0,
the double occupancy is simply the square of the density,
dr = 〈nr 〉2, which we can calculate from the bubble (Fig. 25).

To check that the equations for Lindbladian evolution (de-
rived in Appendix C) have been implemented correctly, we
reproduce results for the evolution of a simple two-level sys-
tem with decay shown in Ref. [53]. We compare the OQCET
implementation of Eq. (C12) with code provided in Ref. [53]
(Fig. 26).

The Hamiltonian, initial state and jump operator of the
system are given by

H =
[

0 �

� E

]
, ρ(t = 0) =

[
0 0
0 1

]
,

L = σ− =
[

0 1
0 0

]
. (G1)

Finally, we check the convergence of our time evolution
with respect to the time step �t . For a second-order method,
we expect the error to scale as �t2. To estimate how the cu-
mulative error scales with �t , we write the susceptibility at a
fixed time t and step size �t as χq(t,�t ) = χ∗

q (t ) + E (t,�t ),
where χ∗

q (t ) = lim�t→0 χq(t,�t ). Then,

χ∗
q (t ) = χq(t,�t ) − E (t,�t ),

χq(t,�t ) − E (t,�t ) = χq(t,�t/2) − E (t,�t/2),

χq(t,�t ) − χq(t,�t/2) = E (t,�t ) − E (t,�t/2). (G2)

If the error can be expressed as E (t,�t ) ≈ C(t )(�t )p for
some constant C(t ), then

χq(t,�t ) − χq(t,�t/2) = C(t )(�t )p − C(t )(�t/2)p

= C(t )(1 − 2−p)(�t )p. (G3)

Thus, we can estimate the error from a log-log plot of
χq(t,�t ) − χq(t,�t/2) vs �t .

We have independently verified that our implementation
of both the lattice differential equations and the Lindbladian
cluster evolution separately give the expected �t2 scaling.
However, the error of the full algorithm scales as O(�t )
(Fig. 27), which we believe is the result of additional error
compounding from the optimization of �l (t ) in the second
step of the algorithm.
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[65] J. Vučičević, S. Predin, and M. Ferrero, Charge fluctuations,
hydrodynamics, and transport in the square-lattice Hubbard
model, Phys. Rev. B 107, 155140 (2023).

[66] P. Virtanen, R. Gommers, T. E. Oliphant, M. Haberland,
T. Reddy, D. Cournapeau, E. Burovski, P. Peterson, W.
Weckesser, J. Bright, et al., SciPy 1.0: Fundamental algo-
rithms for scientific computing in Python, Nat. Methods 17, 261
(2020).

[67] J. A. Nelder and R. Mead, A simplex method for function
minimization, Comput. J. 7, 308 (1965).

115122-26

https://doi.org/10.1063/5.0165532
https://doi.org/10.1103/xxts-5x2c
https://doi.org/10.1103/f56z-h612
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1103/PhysRevB.93.195144
https://doi.org/10.1103/PhysRevB.58.R7475
https://doi.org/10.1103/PhysRevB.62.R9283
https://doi.org/10.1103/PhysRevLett.87.186401
https://doi.org/10.1103/RevModPhys.77.1027
https://doi.org/10.1103/PhysRevB.97.125141
https://doi.org/10.1103/PhysRevB.66.085120
https://doi.org/10.1103/PhysRevB.96.104504
https://doi.org/10.1103/PhysRevB.94.075159
https://doi.org/10.1140/epjb/e2003-00121-8
https://doi.org/10.1063/1.5115323
https://doi.org/10.1103/RevModPhys.86.779
https://doi.org/10.1103/PhysRevLett.119.166401
https://doi.org/10.1103/PhysRevB.83.205136
https://doi.org/10.1103/PhysRevB.86.085110
https://doi.org/10.1098/rspa.1963.0204
https://doi.org/10.1103/PhysRevB.72.035122
https://doi.org/10.1016/j.cpc.2015.04.023
https://doi.org/10.1103/PhysRevB.96.075155
https://doi.org/10.1109/PROC.1978.10837
https://doi.org/10.1103/PhysRevB.90.235105
https://doi.org/10.1103/PhysRevC.76.024318
https://doi.org/10.1103/PhysRevB.107.155140
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1093/comjnl/7.4.308

