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 A B S T R A C T

Training complex, biologically plausible Spiking Neural Networks (SNNs) with local learning 
rules is a significant challenge for theoretical analysis. Here we address this problem by 
developing a comprehensive analytical theory for the learning dynamics of CoLaNET, a recently 
proposed columnar SNN. In particular, we consider a simplified model that captures the 
core algorithmic logic of CoLaNET’s training process. We derive closed-form expressions that 
accurately predict the number of emergent microcolumns, the complete temporal evolution of 
synaptic weights, and the model’s learning curve. Our theoretical predictions show excellent 
quantitative agreement with numerical simulations of the simplified model and successfully 
capture the qualitative behavior of the full spiking CoLaNET. Furthermore, our analysis reveals 
that the spike-based, asynchronous competition in the full model delays neuronal specialization 
and slows down the training process relative to its simplified counterpart. This work provides 
a scalable theoretical foundation for understanding and configuring biologically inspired SNNs 
and highlights a key difference introduced by spike-based dynamics.

1. Introduction

Spiking Neural Networks (SNNs) are a class of brain-inspired computational models that process information using discrete, 
asynchronous events, or spikes [1,2]. This event-driven paradigm is fundamentally different from the continuous-valued activations 
of traditional Artificial Neural Networks (ANNs) and offers significant advantages, most notably in energy efficiency. By activating 
computational units only when necessary, SNNs are exceptionally well-suited for implementation in low-power neuromorphic 
hardware, paving the way for next-generation edge AI and autonomous systems [3,4]. The inherent ability of SNNs to encode 
information in the precise timing of spikes also makes them a strong candidate for processing complex temporal data [5]. This 
computational power arises from complex, biologically-plausible dynamics, where intrinsic mechanisms like autaptic spiking can 
regulate neural reactivity and activation patterns [6,7]. Furthermore, principles of synchronization and network topology are crucial, 
as the specific organization of connections profoundly influences information processing [8–10]. It has been demonstrated that SNNs 
can use intricately organized spike sequences to generate even simple low-dimensional signals, highlighting the rich representational 
capacity of these systems [11].
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Despite such promise, the practical application of SNNs has been hindered by the challenge of developing effective training 
algorithms [12]. The discontinuous, non-differentiable nature of the spike generation event prevents the direct application of 
backpropagation, the cornerstone of modern deep learning. To overcome this, two main approaches have emerged. The first involves 
adapting backpropagation for SNNs through techniques like surrogate gradients, which approximate the derivative of the spiking 
threshold function [13,14]. This approach has led to state-of-the-art performance on complex benchmarks by enabling the training 
of deep SNN architectures [15]. However, these methods often require significant computational resources for training and can be 
complex to implement on-chip, potentially deviating from the goal of fully event-driven, local learning.

The second approach remains closer to the biological roots of SNNs, focusing on local, biologically plausible learning rules. 
These rules, such as Spike-Timing-Dependent Plasticity (STDP), modify synaptic weights based only on the activity of pre- and 
post-synaptic neurons [16–19]. Such local mechanisms are ideal for online, on-chip learning in neuromorphic systems [20,21]. To 
perform supervised tasks, STDP is often combined with other mechanisms, such as reward modulation (R-STDP), where a global 
dopamine-like signal guides plasticity towards a desired outcome [22], or structural plasticity, where the network’s connectivity 
dynamically adapts during training [23–26]. While these methods warrant biological plausibility and hardware compatibility, 
designing architectures that effectively solve complex tasks using only local rules remains an active and challenging area of 
research [27–30].

A recent example of the paradigm based on local rules is CoLaNET (Columnar Layered Network), which has already been proven 
useful for classification tasks [31]. CoLaNET features a bio-inspired columnar organization where each class is represented by a 
dedicated column. Within each column, a certain number of ‘‘microcolumns’’ are specified to accommodate for different variations 
of the features of this class. Learning is governed entirely by local plasticity rules based on dopamine reinforcement and anti-Hebbian 
mechanisms. While this design makes CoLaNET highly suitable for neuromorphic implementation, its intricate dynamics, involving 
multiple specialized neuron types and feedback loops, makes it difficult for formal theoretical analysis. Understanding how and why 
the learning process converges, and how network parameters influence the final learned representation, is crucial for its principled 
application and improvement.

To address the latter problem, we analyze a simplified analogue of CoLaNET, first proposed in [32]. This model deliberately 
abstracts the fine-grained temporal dynamics of individual spikes to concentrate on the fundamental algorithmic logic of the 
CoLaNET learning process. By treating spike counts as integer inputs, we can construct an analytically tractable framework to study 
the core mechanics: the dynamic creation of microcolumns, the competitive selection of ‘‘winner’’ neurons, and the reward-based 
update of synaptic weights. This reduction approach allows us to dissect the learning dynamics and derive insights that would be 
obscured in a full, complex SNN simulation.

The primary contribution of this work is the development of a comprehensive analytical theory that describes the training process 
of the simplified CoLaNET model in a canonical binary classification task. Using a standard rate-based encoding with Gaussian 
receptive fields [33], we derive mathematical expressions that accurately predict the emergent properties and performance of the 
network. In particular, we provide a theoretical estimate for the number of microcolumns that emerge to represent the target class, 
linking this number to the properties of the input data and the encoding scheme. We also derive the complete temporal evolution 
of the synaptic weights, capturing the initial linear growth phase and the subsequent saturation as the network becomes proficient. 
Finally, we formulate an equation for the model’s learning curve, predicting its classification accuracy as a function of the number 
of training iterations.

The theoretical predictions are validated against numerical experiments, demonstrating excellent quantitative agreement. This 
approach not only allows for a deep understanding of the CoLaNET learning algorithm but also provides a methodological paradigm 
of how simplified models can be used to develop a principled, theoretical foundation for complex, bio-inspired SNN architectures.

The paper is organized as follows. Section 2 briefly outlines the full CoLaNET architecture. Section 3 introduces the simplified 
model and its training algorithm. The classification task is defined in Section 4. Section 5 presents the numerical simulation results, 
which are then theoretically explained in Section 6. In Section 7 we compare our results obtained for the simplified model with 
those for the full CoLaNET architecture. Finally, Section 8 discusses the implications of our results and outlines problems for future 
study.

2. CoLaNET - brief description

The CoLaNET model is described in detail in [31], and here we give a brief overview. CoLaNET consists of several identically 
organized groups called columns, see Fig.  1. In the context of classification task, each column corresponds to a single class. Each 
column has a layered structure with five layers, containing different types of neurons called 𝐿, 𝑊 𝑇𝐴, 𝑅, 𝐵𝐼𝐴𝑆 and 𝑂𝑈𝑇 . Note 
that the two latter types (𝐵𝐼𝐴𝑆 and 𝑂𝑈𝑇 ) are present in the column in one copy, while the three former types (𝐿, 𝑊 𝑇𝐴 and 
𝑅) form triplets, the so-called microcolumns, which may exist in several copies. Different microcolumns are intended to react on 
substantially different representatives of the same class.

All neurons in CoLaNET are spiking LIF neurons [34] governed by: 
𝑑𝑈
𝑑𝑡

= −𝑈
𝜏

+
∑

𝑖,𝑗
𝑤𝑖𝛿(𝑡 − 𝑡𝑖𝑗 ), (1)

where 𝑈 is the membrane voltage, 𝜏 is the membrane time constant, 𝑤𝑖 is the weight of the 𝑖th synapse and 𝑡𝑖𝑗 are moments of 
spikes arriving to the 𝑖th synapse. When the membrane potential reaches the threshold 𝛩, the neuron generates a spike, and its 
membrane potential resets to 𝑉 . Note that the threshold 𝛩 may be variable.
𝑟𝑒𝑠
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Fig. 1. Architecture of CoLaNET. The column in the left part of the figure is plotted in detail, the other two columns have the same composition. 
Each column is responsible for its own target class and contains several microcolumns (𝐿 −𝑊 𝑇𝐴 − 𝑅 triplets), which allows recognizing very 
different examples of the same class.

In CoLaNET most of the synapses have fixed weights and serve an auxiliary function, and only the synapses on 𝐿 neurons are 
plastic and change during the training. An important feature is that the plasticity rules are applied not to the weights 𝑤 of the 
synapses directly, but to the so-called synaptic resources 𝑊  related to the weights via: 

𝑤 = 𝑤min +
(𝑤max −𝑤min)max(𝑊 , 0)
𝑤max −𝑤min + max(𝑊 , 0)

, (2)

where 𝑤min < 0 and 𝑤max > 0 are the minimal and the maximal possible weights. The nonlinear part in (2) allows to keep the 
synaptic weights limited.

The input patterns are encoded via rate code, where each input neuron generates a Poisson spike train with the frequency 𝑓𝑖. In 
the inference regime, the dynamics of the network is straightforward: patterns belonging to a certain target class should activate a 
corresponding 𝐿 neuron, which in turn activates a 𝑊 𝑇𝐴 neuron and an 𝑂𝑈𝑇  neuron, whereby the latter indicates the decision of 
the network.

The dynamics of the training is much more sophisticated, and here we provide just an overview, while all the details can be 
found in [31]. The training examples (input patterns) are presented to the network together with their class labels encoded as 
strong activity of the corresponding 𝐶𝐿𝐴𝑆𝑆 𝐿𝐴𝐵𝐸𝐿 neuron. The latter one activates the 𝐵𝐼𝐴𝑆𝐺𝐴𝑇𝐸 neuron after some delay. 
Importantly, 𝐿 neurons can be activated either by the input spikes or by the 𝐵𝐼𝐴𝑆𝐺𝐴𝑇𝐸 spikes. The 𝐿 neuron that fires earlier 
than the others is called ‘‘a winner’’; it receives the so-called dopamine spike from the 𝑅 neuron, and its plastic synapses change 
according to the rule of so-called dopamine plasticity: those synapses that have received spikes shortly before are potentiated. This 
mechanism prompts the 𝐿 neuron to react on the presented stimulus and similar ones, and when they are presented next time, 
this neuron will have high chances to become a winner again and to get the same set of synapses potentiated. Once the synapses 
after some time become sufficiently strong, the 𝐿 neuron becomes trained and acquires the ability to react on proper input stimuli 
without the additional input from the 𝐶𝐿𝐴𝑆𝑆 𝐿𝐴𝐵𝐸𝐿 (though the 𝐵𝐼𝐴𝑆𝐺𝐴𝑇𝐸). At this moment the potentiation of its synapses 
is terminated because the dopamine plasticity is compensated by the so-called anti-Hebbian plasticity which depresses all the plastic 
synapses having received a spike shortly before. Thus, when the 𝐿 neuron becomes trained and reacts on the input patterns properly, 
its synaptic weights stabilize. Moreover, if the neuron reacts by mistake, the corresponding synaptic weights are suppressed by the 
anti-Hebbian plasticity thereby preventing further errors.

Concerning the above description, it is necessary to add a remark about two mechanisms which maintain the specialization 
of 𝐿 neurons. The first mechanism is the competition between plastic synapses of a single neuron: whenever some synapses are 
potentiated, all the other ones are uniformly depressed so that the total synaptic resource is preserved. The second mechanism is 
the threshold variation: the neuron threshold increases proportionally to the sum of positive weights of the neuron’s plastic synapses, 
which makes trained neurons less excitable. Together, these two mechanisms ensure that different 𝐿 neurons in one column react 
on significantly different instances of the target class.

3. A simplified model of the CoLaNET

The structure and the dynamics of CoLaNET are quite sophisticated and include many components whose diversity complicates 
the study of the learning process. To focus on the most important aspects of the learning dynamics, a simplified algorithm 
was suggested in [32] which simulates the learning process in CoLaNET. Let us briefly describe this algorithm for the binary 
classification task corresponding to a CoLaNET with a single column. The simplified model also includes a single column with several 
3 
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microcolumns, and each microcolumn consists of a single 𝐿 neuron and nothing else. Moreover, the number of the microcolumns 𝑁
can increase during the learning process by adding the new ones (microcolumns not yet added correspond to those not yet activated 
in CoLaNET).

The input is received through 𝑛 input neurons and represents a set of nonnegative integer numbers 𝑚𝑖, 𝑖 = 1,… , 𝑛, corresponding 
to the number of spikes delivered through each neuron. It is assumed that 𝑚𝑖 are small and most of them (but not all) equal zero. Note 
that the timing of the spikes is not considered. By using spike counts over a time interval as input and disregarding the precise spike 
timing, the simplified model effectively acts as a rate-based abstraction of the full spiking network. This simplification is crucial, as 
it transforms the complex temporal dynamics into a discrete, algorithmic process that is amenable to formal mathematical analysis, 
while still preserving the core learning mechanisms of competition and reward-based updates.

The state variables of the simplified model comprise the 𝑁 × 𝑛 matrix of resources 𝑊𝑖𝑗 , and the 𝑁 × 𝑛 matrix of weights 𝑤𝑖𝑗
calculated through the corresponding resources via Eq. (2). The algorithm has several hyperparameters: the minimum (maximum) 
synaptic weight 𝑤min (𝑤max), and the learning rate 𝑑 (corresponding to both anti-Hebbian and dopamine plasticity in CoLaNET). 
Note that the model in [32] contains additional parameters 𝑛𝑠 and 𝛼, as well as the time-dependent threshold potentials ℎ𝛼 , which 
are omitted in the present study.

The output of 𝐿 neurons is calculated as 

𝑈𝑗 =
𝑛
∑

𝑖=1
𝑤𝑗𝑖𝑚𝑖. (3)

The neuron is said to fire if its membrane potential 𝑈𝑗 exceeds the threshold 𝛩 = 1. All the 𝐿 neurons project to a single 
OUT neuron, and the latter fires if at least one of the 𝐿 neurons fires. In the trained state, the OUT neuron should fire if input 
representations belong to the target class and should not spike otherwise. Let us describe how the model is trained to perform this 
binary classification task by supervised learning.

In the beginning of the learning process, 𝑁 = 0. For each teaching example 𝑚⃗ = (𝑚1,… , 𝑚𝑛) the output of each 𝐿 neuron is 
calculated via (3), and further actions depend on whether the example belongs to the target class as follows.

1. If 𝑚⃗ is from the target class, the algorithm checks whether there are 𝐿 neurons which have reacted to the input positively 
(𝑈𝑗 > 0).

1.1. If there are no such 𝐿 neurons (or it is the first step and 𝑁 = 0), a new 𝐿 neuron is added and 𝑁 increases by one. After 
adding, the resources of all the synapses are set to 

𝑊0 = −𝑤min

(

1 +
−𝑤min
𝑤max

)

, (4)

so that the synaptic weights are zero. Then the newborn 𝑁th neuron is rewarded is immediately assigned with 

𝑊𝑗𝑖 ←

{

𝑊𝑗𝑖 + 𝑑, 𝑚𝑖 > 0
𝑊𝑗𝑖 − 𝑑

𝑛𝑝
𝑛0
, 𝑚𝑖 = 0, (5)

where 𝑛𝑝 = |𝑖 ∶ 𝑚𝑖 > 0| is the number of positive elements in 𝑚⃗, while 𝑛0 = |𝑖 ∶ 𝑚𝑖 = 0| is the number of zero elements. The positive 
update of synapses corresponding to non-zero components of 𝑚⃗ prompts the neuron to react to similar inputs, while the negative 
update of silent synapses ensures the synaptic balance so that the total resource of all neuron’s synapses remains constant.

1.2. If there are already 𝐿 neurons which react on the input positively with 𝑈𝑗 > 0, the algorithm chooses the neuron 𝑘 with 
maximal 𝑈𝑘. Further actions depend on whether the reaction is sub- or super-threshold.

1.2.1. If the reaction is subthreshold (𝑈𝑘 < 𝛩), the 𝑘th neuron is rewarded according to (5) in order to facilitate this reaction.
1.2.2. If the reaction is already superthreshold and the neuron fires (𝑈𝑘 ≥ 𝛩), the 𝑘th neuron is not updated. However, if there 

are other 𝐿 neurons reacting to the same input with 𝑈𝑗 > 0 and 𝑗 ≠ 𝑘, they are punished according to 

𝑊𝑗𝑖 ←

{

𝑊𝑗𝑖 − 𝑑, 𝑚𝑖 > 0
𝑊𝑗𝑖 + 𝑑

𝑛𝑝
𝑛0
, 𝑚𝑖 = 0. (6)

This is done in order to ensure the specialization of neurons so that several 𝐿 neurons do not react to the same input.
2. If 𝑚⃗ is not in the target class, the algorithm checks whether some 𝐿 neurons fired (which leads to the incorrect answer of the 

model) and punishes them according to (6).
The described algorithm is illustrated in Fig.  2. As discussed in [32], the training of this simplified model resembles the training 

of CoLaNET except for a few minor details. At the same time, the dynamics of the simplified model is more amenable to theoretical 
analysis and numerical simulation.

4. One-dimensional data classification task

We proceed by analyzing the training of the simplified model on a toy problem of binary classification of one-dimensional data. 
We are given numbers 𝑥 ∈ [0, 1) (for convenience, the points 𝑥 = 0 and 𝑥 = 1 are treated as identical) which are encoded using 
Gaussian receptive fields [33]. The whole interval [0, 1) is covered equidistantly by the receptive fields of 𝑛 input neurons 

𝑓 (𝑥) = 𝑓 exp
(

−
(𝑥 − 𝑥𝑖)2 ), (7)
𝑖 max 2𝜎2

4 
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Fig. 2. Block diagram illustrating the logic of the simplified model. This simplified algorithm simulates the operation of two main learning 
mechanisms of CoLaNET: on one branch - an analogue of dopamine plasticity, on the other - the rule of anti-Hebbian plasticity.

where the receptive field of the 𝑖th neuron is centered at 𝑥𝑖 = (𝑖 − 0.5)∕𝑛 and has a half-width 𝜎. Each neuron generates spikes 
according to the Poisson process with the frequency 𝑓𝑖(𝑥) during a certain time interval 𝑇𝑝, so that the probability of generating 𝑚𝑖
spikes is 

𝑝[𝑚𝑖] =

(

𝑓𝑖𝑇𝑝
)𝑚𝑖

𝑚𝑖!
⋅ 𝑒−𝑓𝑖𝑇𝑝 . (8)

The components 𝑚𝑖 of the encoding vector are the numbers of spikes generated by each neuron.
The model has to be trained to perform an in-range check, i.e., to react to inputs 𝑥 ∈ [𝑎, 𝑏] and not react to inputs 𝑥 ∉ [𝑎, 𝑏], 

where 0 < 𝑎 < 𝑏 < 1 are given numbers.

5. Learning dynamics - numerical results

Let us now assume that the training examples 𝑥𝑘 are drawn randomly so that the probability of a positive example equals 0.5, 
and the positive examples are drawn from a uniform distribution 𝑥 ∈ [𝑎; 𝑏]. A typical learning process is illustrated in Fig.  3. Fig. 
3(a) shows the birth of 𝐿 neurons and evolution of their receptive fields in time. Here, by the receptive field of the 𝐿 neuron we 
mean the set of input neurons most strongly connected to it. One finds that the 𝐿 neurons are born in the first several steps, and 
their receptive fields do not change significantly for most of the neurons, although they may shrink (as for neuron 2) or expand 
(as for neuron 1) for some of them. However, the strength of the connections grows persistently for all the neurons, as can be seen 
from subsequent snapshots of the synaptic weights profiles in Figs.  3(b–d). The shape of all the profiles remains bell-like, while the 
amplitude grows consistently (except for neuron 2 whose synapses no longer gain weight after the first few steps). The dynamics of 
the receptive fields is further illustrated in Figs.  3(e–f) which show the dynamics of their width and strength, respectively. While 
the width quickly stabilizes and remains (almost) constant, the strength (the maximal synaptic weight) grows persistently.

6. Theory

In this section we develop the theory which allows to describe qualitatively and quantitatively the dynamics of learning and to 
estimate the performance of the simplified model from Section 3. Let us first estimate the number of active neurons with 𝑚𝑖 > 0 for 
a given input 𝑥. The expected number of spikes generated by the 𝑖th neuron equals 𝑓𝑖(𝑥)𝑇𝑝, and the number of neurons which are 
expected to generate at least one spike can be found from (7) as 2𝜎√2 ln 𝑓max𝑇𝑝. For convenience, input neurons can be characterized 
by their preferred coordinates 𝑥𝑖 rather than indexes 𝑖. Then the length of the interval activated by a certain input 𝑥 equals 

𝑙 = 2𝜎
√

2 ln 𝑓max𝑇𝑝. (9)

In the very beginning, the process of learning proceeds as follows. The first positive training example 𝑥𝑘 activates the input neurons 
on the interval of length ≈ 𝑙, and they get into the receptive field of the newborn 𝐿 neuron. The next positive example activates 
another interval of length ≈ 𝑙, and if this interval intersects with the receptive field of the first 𝐿 neuron, the activated neurons join 
this receptive field. Otherwise, a new 𝐿 neuron is added, and the activated interval forms its receptive field. The process repeats 
until all the input neurons get into receptive field of some 𝐿 neuron. Obviously, the maximal number of 𝐿 neurons is created if the 
subsets activated by first positive training examples do not intersect, and it equals (𝑏 − 𝑎)∕𝑙. The opposite case is when all subsets 
activated by first positive training examples intersect (for instance, the positive examples 𝑥𝑘 move gradually and slowly from 𝑎 to 
𝑏), and in this case only one 𝐿 neuron is created. We can estimate the expected number of created 𝐿 neurons as the average of 
these two limiting cases, namely as 

𝑁 ≈ 𝑏 − 𝑎 . (10)
0 2𝑙

5 
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Fig. 3. Typical learning process in the simplified model. (a) Receptive fields of 𝐿 neurons. (b–d) Snapshots of the distributions of synaptic 
weights of 𝐿 neurons (have a trapezoidal shape). (e) Time traces of the widths of the receptive fields. As can be seen, the widths of the receptive 
fields quickly stabilize and do not change. (f) Time traces of the maximal weights of each 𝐿 neuron. In all panels, different colors correspond to 
different neurons.

Fig. 4. The most probable number of generated 𝐿 neurons versus the length of the interval [𝑎; 𝑏]. Black dots: numerical results, dashed line: 
theoretical prediction. Gray area: the minimal and the maximal number of 𝐿 neurons observed in all experiments. Parameters values: 𝑑 = 0.003, 
𝑤𝑚𝑎𝑥 = −𝑤𝑚𝑖𝑛 = 0.3, 𝑁 = 200, 𝜎 = 1∕𝑁 , 𝑓𝑚𝑎𝑥𝑇𝑝 = 10.
6 
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Fig. 5. Trapezoid shape of the weight distribution and its approximation by a Gaussian.

This simple estimate turns out to be surprisingly accurate which is demonstrated by varying the length of the positive interval 
[𝑎; 𝑏]. For each length of the interval, we performed the experiment 1000 times and saved the number of created 𝐿 neurons. The 
minimal, the maximal and the most probable number of 𝐿 neurons are plotted in Fig.  4. The estimate (10) happens to be very close 
to the most probable number, and the actual number for each experiment is always of the same order.

Now let us study the dynamics of training, i.e. evolution of synaptic weights in time. Recall that the profiles of weights for all 
𝐿-neurons are bell-like with intersecting tales. Let us first estimate the shape of these profiles. Taking into account (10), assume 
that all the receptive fields are of the width 2𝑙. As long as the synapses are weak and cannot make 𝐿 neurons fire, some 𝐿 neuron 
is rewarded after each positive training example. The synapse from the input neuron with the preferable coordinate 𝑥𝑖 to some 𝐿
neuron is rewarded if the training example 𝑥𝑘 gets into the receptive field of this very 𝐿 neuron, and |𝑥𝑖 − 𝑥𝑘| ≤ 𝑙. Due to this, the 
synapses in the centers (near the edges) of the receptive field are rewarded more (less) often. Provided that the relation between 
the weight and resource is close to linear, this leads to the weight profiles of trapezoid shape with the upper base of length 𝑙 and 
the lower base of the length 3𝑙, as illustrated in Fig.  5.

Let us denote the weight at the top of the trapezoid as 𝑤𝑐 and consider the weight outside the trapezoid as zero (in reality it 
will be slightly negative due to synaptic balance, but we currently neglect this). Then we can calculate the speed of growth of the 
trapezoid’s height. The probability to get the training example within the interval with |𝑥𝑖 − 𝑥𝑘| ≤ 𝑙 equals 𝑙∕(𝑏− 𝑎), so the synaptic 
resource in the center of the receptive field grows with 

𝑑𝑊𝑐∕𝑑𝑡 ≈
𝑑𝑙

𝑏 − 𝑎
. (11)

This linear growth continues until the synapses strengthen enough so that 𝐿 neurons acquire capability to fire in response to some 
inputs 𝑥𝑘. In order to understand when this happens, one needs to calculate the voltage of 𝑗th 𝐿 neuron after the presentation of 
input 𝑥𝑘. To do so, we replace the sum in (3) by an integral:

𝑈𝑗 =
𝑛
∑

𝑖=1
𝑤𝑗𝑖𝑚𝑖 ≈

𝑛
∑

𝑖=1
𝑤𝑗𝑖𝑇𝑝𝑓𝑖(𝑥𝑘) ≈

≈ 𝑇𝑝𝑓max ∫

∞

−∞
𝑤𝑗 (𝑥) exp

(

−
(𝑥 − 𝑥𝑘)2

2𝜎2
)

𝑛𝑑𝑥, (12)

where 𝑤𝑗 (𝑥) is the weight profile of the 𝑗th 𝐿-neuron. To evaluate the integral, we approximate this trapezoid profile by a Gaussian 
function of the same height and integral: 

𝑤𝑗 (𝑥) ≈ 𝑤𝑐 exp
(

−
(𝑥 − 𝑥𝑗 )2

2𝜒2

)

, (13)

where 𝑥𝑗 is the center of the receptive field and 𝜒 = 𝑙
√

2
𝜋  (see Fig.  5). Then the integral (12) equals 

𝑈𝑗 = 𝑇𝑝𝑓max𝑛𝑤𝑐

√

2𝜋𝜎2𝜒2

𝜎2 + 𝜒2
exp

(

−
(𝑥𝑘 − 𝑥𝑗 )2

2(𝜎2 + 𝜒2)

)

. (14)

Obviously, 𝑈𝑗 is maximal for 𝑥𝑗 = 𝑥𝑘, and it reaches the threshold 𝜃 for 

𝑤0 =
𝜃

𝑇𝑝𝑓max𝑛

√

𝜎2 + 𝜒2

2𝜋𝜎2𝜒2
. (15)

Then, taking into account the relation between the weight and the resource (2) and given the speed of the resource growth (11), 
one can find the time when 𝐿 neurons start to fire: 

𝑡0 =
𝑤0
𝑑

(𝑏 − 𝑎)
𝑙

(𝑤𝑚𝑎𝑥 −𝑤𝑚𝑖𝑛)2

𝑤𝑚𝑎𝑥(𝑤𝑚𝑎𝑥 −𝑤0)
. (16)

This time is proportional to the required weight 𝑤0 and the task complexity (𝑏 − 𝑎), and inversely proportional to the learning 
rate 𝑑. After this time 𝐿 neurons start to fire only if the inputs get in the very center of their receptive field. When the weights grow 
further, the interval of inputs which make the neuron fire expands. Note, however, that the speed of the resource growth decreases 
7 
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Fig. 6. Learning curves for the simplified model (blue curve), full CoLaNET model (red curve), and theoretical prediction (dashed black curve). 
Solid curves represent the results averaged over 100 experiments, while shading indicates the entire set of observed values. The theoretical curve 
fits well with the simplified model, and the qualitative behavior is preserved for the full model, although the latter learns more slowly due to 
spike competition. Parameters values for simplified model: 𝑑 = 0.003, 𝑤𝑚𝑎𝑥 = −𝑤𝑚𝑖𝑛 = 0.3, 𝑁 = 100, 𝜎 = 1∕𝑁 , 𝑓𝑚𝑎𝑥𝑇𝑝 = 10. The parameters for 
the CoLaNET simulation were fixed taking into account the scaling factor 𝛽 according to Eq.  (25).

since the inputs which make the 𝐿 neuron fire do not lead to potentiation of its synapses. For given 𝑤𝑡, the width of the interval of 
inputs which make the 𝐿 neuron fire equals 

𝑙𝑓 (𝑤𝑡) = 2
√

2(𝜎2 + 𝜒2) ln
𝑤𝑡
𝑤𝑡0

, (17)

so the resource grows as 

𝑑𝑊 ∕𝑑𝑡 ≈ 𝑑𝑙
𝑏 − 𝑎

(

1 −
𝑙𝑓
2𝑙

)

. (18)

According to this ODE, the weight grows until it reaches the value 

𝑤1 = 𝑤0 exp
(

𝑙2

2(𝜎2 + 𝜒2)

)

. (19)

To describe the temporal dynamics of its growth, we linearize Eq. (18) near the equilibrium point. Given the initial conditions 
𝑤𝑐 (𝑡0) = 𝑤0 we finally obtain for 𝑡 > 𝑡0

𝑊 (𝑡) = 𝑊1 + (𝑊0 −𝑊1) exp(−(𝑡 − 𝑡0)∕𝑡1), (20)

where 

𝑊0 =
(𝑤𝑚𝑎𝑥 −𝑤𝑚𝑖𝑛)(𝑤0 −𝑤min)

(𝑤max −𝑤0)
, (21)

𝑊1 =
(𝑤𝑚𝑎𝑥 −𝑤𝑚𝑖𝑛)(𝑤1 −𝑤min)

(𝑤max −𝑤1)
, (22)

𝑡1 =
𝑤1
𝑑

(𝑏 − 𝑎)
𝑙

𝑙2

𝜎2 + 𝜒2

(𝑤max −𝑤min)2

(𝑤max −𝑤1)2
. (23)

The dynamics of the resource allows to understand how the performance of the model grows during the training progress. 
Assuming that the system does not make false positive decisions, its accuracy can be found as 

𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =
𝑡𝑝 + 𝑡𝑛

𝑡𝑝 + 𝑡𝑛 + 𝑓𝑝 + 𝑓𝑛
= 1 − (𝑏 − 𝑎)

(

1 −
𝑙𝑓
2𝑙

)

, (24)

where 𝑡𝑝, 𝑡𝑛, 𝑓𝑝 and 𝑓𝑛 are the numbers of true positive, true negative, false positive and false negative replies, and 𝑙𝑓  is given by 
(17), The learning curve obtained from our analysis is plotted in Fig.  6 along with the results of 100 experiments with the simplified 
model from Section 3. Theoretical estimates are in good agreement with the numerical results.

To check the generality of our results, we performed a series of experiments with different tasks varying the length of the positive 
interval [𝑎; 𝑏]. For each interval length, we have trained the model until it reached accuracy of 90% and have saved the time it takes 
8 
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Fig. 7. Training time versus the length of the interval [𝑎, 𝑏]. Solid line: numerical results with a simplified model, dashed line: theoretical results. 
Parameters values: 𝑑 = 0.003, 𝑤𝑚𝑎𝑥 = −𝑤𝑚𝑖𝑛 = 0.3, 𝑁 = 100, 𝜎 = 1∕𝑁 , 𝑓𝑚𝑎𝑥𝑇𝑝 = 10.

Fig. 8. Weights distributions for the full CoLaNET model at (a) 𝑡 = 500, (b) 𝑡 = 1000, and (c) 𝑡 = 2500. Slow specialization in the full model 
contrasts with rapid stabilization in the simplified model and is explained by the stochastic nature of spike competition.

to reach such the performance. The results of the experiments demonstrate remarkable agreement with theoretical predictions, see 
Fig.  7.

7. Comparison with the full CoLaNET learning dynamics

Having verified the derived theory for the training of the simplified model, we examine to what extent it is applicable to the full 
CoLaNET network. The simplified model should reproduce the key features of the full one, therefore one expects that the theory also 
applies to the latter one as well. In order to test this, we performed a series of experiments with the full CoLaNET model training 
it for the very same task described in Section 4. Note that the hyperparameters of the full model were not exactly the same as in 
the simplified model, but were rather tuned in to ensure the best match between them. In particular, in the simplified model 𝑚
incoming spikes make a neuron fire if and only if the synaptic weight 𝑤 ≥ 𝛩∕𝑚. In the full model, the timing of the spikes matters. 
The spikes arrive to the 𝐿 neurons during the time interval 𝑇𝑝. If their number 𝑚 ≫ 1 and they arrive asynchronously, the neuron 
will fire if and only if the synaptic weight 𝑤 ≥ 𝛽𝛩∕𝑚, where 

𝛽 =
𝑇𝑝

𝜏(1 − exp(−𝑇𝑝∕𝜏))
. (25)

This scaling factor 𝛽 effectively bridges the gap between the rate-based logic of the simplified model and the temporal integration 
dynamics of the full spiking model. Taking this into account, we rescaled the parameters of the full CoLaNET model (𝑤min, 𝑤max, 
and the plasticity rates) by the factor 𝛽.

The results of the experiments with the full CoLaNET network are shown in Fig.  6 together with the theoretical results and the 
results for the simplified model. The qualitative correspondence between all three learning curves is obvious which corroborates 
the applicability of the developed theory to the description of the full model. However, the full model trains noticeably slower than 
the simplified one, which prompted us to investigate out the reasons for this discrepancy.

To gain insight into this problem, we plotted the distributions of the synaptic weights in the subsequent moments of time in 
Fig.  8. The comparison of these distributions with those for the simplified model (Fig.  3) reveals the key difference in the training 
9 
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process between the two models. In the simplified model, the receptive fields of 𝐿 neurons are narrow and uni-modal from the very 
beginning, while in the full model they are narrow and jagged-shape for quite long time (up to 𝑡 = 500). Only as late as at 𝑡 = 1000
the weight distributions acquire pronounced peaks, and even then there is a striking difference with the simplified model in that 
the distributions of the full model may be multimodal, i.e. receptive fields of an 𝐿 neuron may include several separated intervals 
of the input space.

The reason of the observed difference in the training process of the simplified and the full model is the spiking nature of the 
latter one. In particular, in the simplified model each 𝐿 neuron is specialized on a particular subclass of inputs. When a new input 
is presented, the neuron specialized on similar inputs gets the most excitation 𝑈𝑗 , and due to this advantage this very neuron is 
rewarded, no matter how small the advantage is. In the full model, a small advantage may not be sufficient to guarantee that the 
neuron spikes earlier then other 𝐿 neurons, and if it spikes simultaneously with other neurons, the one to be rewarded is selected 
randomly. Thus, neurons only begin to specialize in the later stages of learning, once their synaptic weights have become strong 
enough to establish a significant advantage. This effect slows down the training process and decreases the number of involved 
microcolumns.

8. Discussion

In this study, we have developed and validated an analytical theory for the learning dynamics of a simplified model of the 
CoLaNET architecture. By abstracting the complex spiking dynamics, we were able to derive closed-form expressions for key 
emergent properties, including the number of microcolumns, the temporal evolution of synaptic weights, and the learning curve. Our 
theoretical predictions show excellent agreement with numerical simulations of the simplified model and capture the qualitative 
behavior of the full spiking CoLaNET. Such agreement demonstrates the usefulness of simplified models as a powerful tool for 
obtaining a principled understanding of complex, bio-inspired SNNs.

The core insights from our theory allow us to extrapolate the model’s behavior to a broader class of classification tasks beyond the 
simple 1D case studied here. The fundamental driving force of the learning process is the competition among L-neurons to partition 
the input space of the target class. Our analysis identifies two key parameters that govern this process: the size of the activated 
input interval for a single stimulus, 𝑙, and the size of the target class in the input space, here represented by (𝑏 − 𝑎). Eq. (10) 
provides a general heuristic for the network’s representational capacity. It implies that the number of specialized feature detectors 
(microcolumns) scales linearly with the ‘‘size’’ of the target class and inversely with the ‘‘resolution’’ of a single neuron’s receptive 
field. For multi-dimensional data, (𝑏 − 𝑎) would be replaced by the volume of the target manifold, and 𝑙 would be replaced by the 
diameter of the activated region in the input space. This suggests that complex classes requiring high representational diversity will 
naturally lead to the emergence of more microcolumns. Obviously, if the input space is very complex and high-dimensional, the 
number of microcolumns becomes excessive, and one needs additional reprocessing and feature extraction layers in order to keep 
the model working.

We have also derived the values of the synaptic weights indicating the beginning (𝑤0) and the end (𝑤1) of the network training. 
The former one corresponds to the moment when the model starts to respond on some of the target inputs, while the later one 
corresponds to the state when the model responds to all of them. Expression (15) for 𝑤0 is quite simple: it just states that the 
𝐿 neuron should fire when the input gets exactly into the center of its receptive field. Expression (19) is less trivial and, in fact, 
states that the weight 𝑤1 is larger than 𝑤0 but of the same order (since 𝑙, 𝜎 and 𝜒 are all of the same order). These results provide 
important indications for the choice of the model hyperparameters: one should calculate 𝑤0 and set 𝑤max an order of magnitude 
larger, so that the training process occurs beyond the saturation.

Finally, the most interesting result of our theory is the derivation of the learning curve of the simplified model, including the 
time 𝑡0 when the performance starts to grow and the timescale of the performance saturation 𝑡1. Again, Eq. (16) for 𝑡0 is simple: it is 
proportional to the time 𝑤0∕𝑑 it takes to train one 𝐿 neuron and the number of 𝐿 neurons (𝑏−𝑎)∕𝑙, while the nonlinear dependence 
on 𝑤0 is marginal since 𝑤0 ≪ 𝑤max. Expression (23) for performance saturation 𝑡1 is more sophisticated, indicating that 𝑡1 may get 
very large if 𝑤max is set too close to 𝑤1. This observation would suggest making 𝑤max very large which is, however, undesirable 
since it also makes the model unstable to noise. Thus, the recommended solution is to set 𝑤max several times larger than 𝑤1.

Our comparison of the simplified and the full CoLaNET indicates the slower training speed and delayed specialization of neurons 
in the latter one. As shown in Section 7, this is a direct consequence of the spike-based, asynchronous winner-take-all mechanism. In 
the simplified model, the neuron with the highest membrane potential is always deterministically selected for reward. In contrast, in 
the spiking network, a neuron must not only have the highest potential but also exceed its threshold and fire before its competitors. 
Small advantages in synaptic strength may not translate into a decisive temporal advantage in spike timing, especially in the early 
stages of learning. This leads to a period of non-specialization where the ‘‘winning’’ neuron is selected almost randomly, delaying 
the stable partitioning of the input space. This effect is a fundamental property of spike-based competition and represents a key 
difference from rate-based or analog models. It suggests that the performance of biologically plausible SNNs could be improved by 
mechanisms that amplify small differences in excitation to ensure a clear and timely winner, especially during the initial phase of 
learning.

It is important to acknowledge that our theoretical framework was developed and validated using a canonical one-dimensional 
classification task. While this provides a clear and tractable foundation, a crucial avenue for future research is to extend this theory 
to high-dimensional and structurally complex data, such as real-world image datasets (e.g., MNIST). This extension is non-trivial and 
requires a careful generalization of the core concepts. The ‘‘size’’ of the target class, represented by the interval length (𝑏−𝑎) in our 1D 
case, would have to be reinterpreted as a measure of the class manifold’s volume in the high-dimensional input space. Similarly, the 
10 
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‘‘resolution’’ of a single stimulus, 𝑙, would correspond to the volume or diameter of the region of input neurons activated by a single 
sample. Successful generalization of our theoretical predictions, especially the estimate for the number of emergent microcolumns 
(10), to this multi-dimensional context would provide a powerful tool for predicting the required network capacity for complex 
tasks and would be a significant step towards a general theory of learning in such bio-inspired architectures.

In summary, our theoretical framework provides a scalable and generalizable understanding of CoLaNET’s learning principles. 
The analytical expressions for characteristics of the training process offer a predictive framework for configuring the network for 
various classification tasks, estimating its required capacity, and anticipating its learning timeline. The insights into the impact of 
spike-based dynamics on specialization timing are vital for the future development of not only CoLaNET, but also other biologically 
plausible SNN architectures that rely on local, competitive plasticity rules. We believe that the future work should focus on extending 
this analysis to multi-dimensional and hierarchical data structures, and on incorporating the stochastic effects of spike-timing into 
the theoretical model itself.
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