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ARTICLE INFO ABSTRACT

The review of this paper was arranged by Prof. We present H-NESSi (The Hierarchical Non-Equilibrium Systems Simulation package), an open-source software
Blum Volker package for solving the Kadanoff-Baym equations (KBE) of nonequilibrium Green’s function (NEGF) theory us-
Keywords: ing hierarchical low-rank compression techniques. The simulation of correlated quantum systems out of equi-
Numerical simulations librium is severely limited by the cubic scaling in propagation time and quadratic memory growth associated
Nonequilibrium dynamics of quantum with conventional two-time formulations. H-NESSi overcomes these limitations by combining high-order time-
many-body problems stepping schemes with hierarchical off-diagonal low-rank (HODLR) representations of the retarded and lesser
Keldysh formalism Green’s functions, enabling controllable accuracy at substantially reduced computational cost and memory us-
Kadanoff-Baym equations age. Imaginary-time quantities are efficiently represented using the discrete Lehmann representation (DLR),
Hierarchical low-rank compression enabling compact and accurate treatment of thermal initial states. The implementation supports multiorbital

systems, adaptive singular value truncation, and both shared-memory (OpenMP) and distributed-memory (MPI)
parallelization strategies suitable for large-scale lattice calculations. The workflow closely mirrors established
NEGF frameworks while introducing compression transparently into the propagation procedure. Benchmark ap-
plications to driven superconductors within dynamical mean-field theory and to the two-dimensional Hubbard
model demonstrate favorable scaling compared to conventional implementations, with asymptotic time com-
plexity significantly below the cubic scaling of uncompressed approaches. H-NESSi thus enables long-time and
large-system nonequilibrium simulations of correlated quantum materials, which were previously computation-
ally prohibitive.
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Licensing provisions: MIT
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External routines/libraries: cmake, eigen3, hdf5, fftw, libdlr, mpi, openmp

Nature of problem: Solves equations of motion of time-dependent Green’s functions on the Konstantinov-Perel’
contour within a compressed representation

Solution method: High-order timestepping method for integro-differential equations within the compressed rep-
resentation on the Konstantinov-Perel’ contour.
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\begin {equation}G_{ij}(z,z') = \frac {1}{i}\frac {\mathrm {Tr}\left [\mathcal {T}\left \{e^{-i\int _\gamma d\bar {z}\hat {H}(\bar {z})}\hat {d}_i(z)\hat {d}^\dagger _j(z')\right \}\right ]}{\mathrm {Tr}\left [\mathcal {T}\left \{e^{-i\int _\gamma d\bar {z}\hat {H}(\bar {z})}\right \}\right ]}, \label {eq:Gdef}\end {equation}
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\begin {align}G^R(t,t') &= \theta (t-t')[G^>(t,t')-G^<(t,t')]\label {eq:GRdef}\\ G^A(t,t') &= \theta (t'-t)[G^<(t,t')-G^>(t,t')].\end {align}


$\{M,\rceil ,R,<\}$


\begin {align*}G^A(t,t') &= [G^R(t',t)]^\dagger \\ G^\lceil (\tau ,t)&=-\xi [G^\rceil (t,\beta -\tau )]^\dagger \end {align*}


$\xi =\pm $
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$(t,t')$


\begin {align}G^\gtrless (t,t') &= -[G^\gtrless (t',t)]^\dagger .\label {eq:GLantiHerm}\end {align}


$\tau \in [0,\beta )$


\begin {align*}G^M(\tau ) &= \xi G^M(\tau +\beta )\\ G^\rceil (t,\tau ) &= \xi G^\rceil (t,\tau +\beta ).\end {align*}
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\begin {align}&-\partial _\tau G^M(\tau ) = \delta (\tau )\mathbf {1}+\epsilon (0_|)\cdot G^M(\tau )\label {eq:KBEM}\\&+\int _0^\beta d\bar {\tau }\Sigma ^M(\tau -\bar {\tau }) \cdot G^M(\bar {\tau })\nonumber \\ &i\partial _{t'}G^R(t,t-t') = G^R(t,t-t')\cdot \epsilon (t-t') \label {eq:KBER}\\&+ \int _0^{t'}d\bar {t} G^R(t,t-\bar {t})\cdot \Sigma ^R(t-\bar {t},t-t')\nonumber \\ &i \partial _t G^{\rceil }(t, \tau )=\epsilon (t)\cdot G^{\rceil }(t, \tau )+\int _0^t d \bar {t} \Sigma ^R(t, \bar {t}) \cdot G^{\rceil }(\bar {t}, \tau )\label {eq:KBET}\\&+\int _0^\beta d \bar {\tau } \Sigma ^{\rceil }(t, \bar {\tau }) \cdot G^M(\bar {\tau }-\tau )\nonumber \\ &i\partial _t G^<(t,t') =\epsilon (t)\cdot G^<(t,t') + \int _0^td\bar {t}\Sigma ^R(t,\bar {t}) \cdot G^<(\bar {t},t')\label {eq:KBEL}\\&+\int _0^{t'}d\bar {t}\Sigma ^<(t,\bar {t}) \cdot G^A(\bar {t},t') -i\int _0^\beta d\bar {\tau }\Sigma ^\rceil (t,\bar {\tau }) \cdot G^\lceil (\bar {\tau },t').\nonumber \end {align}
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$\rho (t) = \xi iG^<(t,t)$


\begin {equation*}\partial _t\rho (t)|_{t=T} = \xi i\partial _tG^<(t,T) + \xi i\partial _tG^<(T,t)\end {equation*}
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$C(z,z')=iA(z,z')B(z',z)$


\begin {equation*}\begin {aligned} C^<(t,t') &= i A^<(t,t') B^>(t',t) \\ C^R(t,t') &= i \left [ A^R(t,t') B^<(t',t) + A^<(t,t') B^A(t',t) \right ] \\ C^\rceil (t,\tau ) &= i A^\rceil (t,\tau ) B^\lceil (\tau ,t) \\ C^M(\tau ) &= -A^M(\tau ) B^M(-\tau ). \end {aligned}\end {equation*}


$C(z,z')=iA(z,z')B(z,z')$


\begin {equation*}\begin {aligned} C^<(t,t') &= i A^<(t,t') B^<(t,t') \\ C^R(t,t') &= i \left [ A^<(t,t') B^R(t,t') + A^R(t,t') B^<(t,t')\right .\\&\quad + \left .A^R(t,t') B^R(t,t') \right ] \\ C^\rceil (t,\tau ) &= i A^\rceil (t,\tau ) B^\rceil (t,\tau ) \\ C^M(\tau ) &= -A^M(\tau ) B^M(\tau ). \end {aligned}\end {equation*}


\begin {equation}\label {Eq:Model} H = -t_0 \sum _{\langle j,k\rangle \sigma }e^{iqA(t)} d^\dagger _{j\sigma }d_{k\sigma }-U\sum _j (n_{j\uparrow }-1/2)(n_{j\downarrow }-1/2),\end {equation}
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\begin {gather}\psi _i = \begin {pmatrix} d_{i\uparrow }\\ d^\dagger _{i\downarrow } \end {pmatrix}.\end {gather}


\begin {align}H(t) &= -t_0 \sum _{\langle j,k\rangle \alpha }\alpha e^{iqA(t)\alpha }\psi ^\dagger _{j\alpha }\psi _{k\alpha }\\&\quad +U(t)\sum _i \psi ^{\dagger }_{i+}\psi _{i+}\psi ^{\dagger }_{i-}\psi _{i-}-\frac {U(t)}{2}\sum _{i\alpha }\psi ^\dagger _{i\alpha }\psi _{i\alpha },\nonumber \end {align}
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\begin {equation}G(t,t') = \langle \psi (t)\psi ^\dagger (t')\rangle = \begin {pmatrix} \langle d_{\uparrow }d^\dagger _{\uparrow }\rangle (t,t') && \langle d_{\uparrow }d_{\downarrow }\rangle (t,t') \\ \langle d^\dagger _{\downarrow }d^\dagger _{\uparrow }\rangle (t,t') && \langle d^\dagger _{\downarrow }d_{\downarrow }\rangle (t,t') \end {pmatrix}. \label {Xeqn3-12}\end {equation}


\begin {equation}\begin {split} &\Delta (t,t') = \Delta _R(t,t') + \Delta _L(t,t')\\ &\Delta _R(t,t') = \frac {1}{2}\bar {t}_0(t)\sigma _z G(t,t') \sigma _z \bar {t}_0^*(t')\\ &\Delta _L(t,t') = \frac {1}{2}\bar {t}_0^*(t)\sigma _z G(t,t') \sigma _z \bar {t}_0(t'), \label {eq:Hybrid} \end {split}\end {equation}


\begin {align}\bar {t}_0(t) &= \begin {pmatrix} e^{iA(t)} && 0 \\ 0 && e^{-iA(t)} \end {pmatrix},\\ A(t) &= -\int _0^t \mathcal {E}(s) \, ds,\end {align}
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\begin {equation}\label {eq:hamiltonian} H = -J\sum _{\langle ij \rangle ,\sigma } c^\dagger _{\sigma ,i}c_{\sigma ,j} -\mu \sum _{\sigma , i} n_{\sigma ,i} + U\sum _i n_{\uparrow ,i}n_{\downarrow ,i}\end {equation}
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$N_\mathrm {k} = L^2$


$\mathbf {k}$


$L$


$\mathbf {v} = \nabla _{\mathbf {k}}\varepsilon _{\mathbf {k}-\mathbf {A}(t)}$


\begin {equation}A(t) = -A_\mathrm {max} \theta (t) \implies E(t) = A_\mathrm {max} \delta (t) \label {Xeqn9-29}\end {equation}


$A_{\mathrm {max}}$


$t=0$


$E(t) = -\partial _t A(t)$


$\delta $


\begin {equation}\langle j(t) \rangle = \int _{0}^{t}dt' \sigma (t-t') E(t') \implies \sigma (t) = \frac {\langle j(t)\rangle }{A_\mathrm {max}}, \label {Xeqn10-30}\end {equation}


$\sigma (t)$


$x$


\begin {equation}G_{(k_x,k_y)}(t,t') = G_{(k_x,-k_y)}(t,t'),\label {eq:reflection_symm}\end {equation}


$\mathbf {k}$


$L^2 \to L\left (\frac {L}{2}+1\right )$


\begin {align}\Sigma ^M_{\mathbf {r}}(\tau ) &= U^2\thinspace G^M_{\mathbf {r}}(\tau )G^M_{\mathbf {r}}(\tau )G^M_{-\mathbf {r}}(-\tau )\label {eq:BornApproxM}\\ \Sigma ^\gtrless _{\mathbf {r}}(t,t') &= U^2\thinspace G^\gtrless _{\mathbf {r}}(t,t')G^\gtrless _{\mathbf {r}}(t,t')G^\lessgtr _{-\mathbf {r}}(t',t)\label {eq:BornApproxLG}\\ \Sigma ^{\lceil }_{\mathbf {r}}(t,\tau ) &= U^2\thinspace G^\lceil _{\mathbf {r}}(t,\tau )G^\lceil _{\mathbf {r}}(t,\tau )G^\rceil _{-\mathbf {r}}(\tau ,t),\label {eq:BornApproxtv}\end {align}


$\mathbf {r}$


$G_\mathbf {k}\rightarrow G_\mathbf {r}$


$\Sigma _\mathbf {r}\rightarrow \Sigma _\mathbf {k}$


$\mathbf {k}$


$N_\mathrm {t}=2048$


$N_\mathrm {t}=6289$


$N_\mathrm {t}=2048$


$N_\mathrm {t}=6289$


$N_{\mathrm {t}}$


$\mathcal {O}(N_\mathrm {t}^2)$


$\mathcal {O}(N_\mathrm {t}N_S^\varepsilon )$


$\mathcal {O}(N_t)$


$\mathcal {O}(N_\omega ^2)$


$A(k,\omega )$


$U=0.5$


$\beta =10$


$\varepsilon $


$\mathbf {k}$


$G^<$


$\mathbf {k} = (\pi ,\pi )$


$\mathbf {k} = (\pi /2,\pi /2)$


$\varepsilon $


$G^<$


$L=64$


$N_t=16384$


$\mathbf {k}$


$\epsilon $


$\mathbf {k}$


$8129$


$100$


$\beta =5$


$\mathbf {k}$


$\mathbf {k}$


$G_\mathbf {k}\rightarrow G_\mathbf {r}$


$\Sigma _\mathbf {r}\rightarrow \Sigma _\mathbf {k}$


$\mathbf {k}$


$\mathcal {O}\left (N_\mathrm {k}\log N_\mathrm {k}\right )$


$\mathcal {O}\left (N_{\mathrm {k}}^2\right )$


$\mathbf {k}$


$\varepsilon _{\mathbf {k}}(t)$


$\mathbf {k}$


$\mathbf {k}$


$\varepsilon _{\mathbf {k}}(t)$


$\mathbf {k}$


$\mathbf {k}$


$\mathbf {k}$


$\mathbf {k}$


$L=48$


$N_t=2048$


$N_{\mathrm {th}}=1$


$N_{\mathrm {mpi}}=1$


$L=64$


$N_t=16384$


$N_{CPU} = 2048$


$N_{th}$


$N_{th}$


$N_{th} = 8$


$N_t = 16384$


$N_{th} = 8$


$N_t^{2.05}$


$\varepsilon $


$N^{0.95}$


$N_{\mathrm {mpi}}$


$N_{\mathrm {th}}$


$N_\mathrm {t}>10000$


$N_k > 8000$


$N_{\mathrm {mpi}}/N_{\mathrm {th}}$


$N_\mathrm {mpi}$


$N_{\mathrm {th}}=8$


$\frac {d}{dt}y(t)|_T$


$\int _0^T dt \, y(t)$


$T\leq hk$


$T>hk$


$k^\mathrm {th}$


$y(t)$


$y_j\equiv y(jh)$


\begin {gather}\mathcal {P}[y_0,\dots ,y_k](t)=\sum _{a,l=0}^k h^{-a}t^aP_{al}y_l\\ P_{al}=(M^{-1})_{al} \text { for }M_{ja} = j^a\end {gather}


$0\leq j \leq k$


$D_{ml}$


\begin {gather}\left .\frac {d y}{d t}\right |_{t=m h} \approx h^{-1} \sum _{l=0}^k D_{m l} y_l, \text { with } \\ D_{m l}=\sum _{a=1}^k P_{a l} a m^{a-1} .\end {gather}


$I_{mnl}$


\begin {gather}\int _{m h}^{n h} dt \, y(t) \approx h \sum _{l=0}^k I_{m nl} y_l, \text { with } \\ I_{m n l}=\sum _{a=0}^k P_{a l} \frac {n^{a+1}-m^{a+1}}{a+1}.\end {gather}


$T\leq hk$


$T>hk$


$a_j$


\begin {gather}\left .\frac {d y}{d t}\right |_{n h} \approx h^{-1} \sum _{j=0}^k a_j y_{n-j}\text {, where}\\ a_j=-D_{0j}.\end {gather}


$\omega _i$


$k+1$


\begin {equation}\int _0^{n h} d t \, y(t) \approx h \sum _{i=0}^k \omega _i y_i+h \sum _{i=k+1}^{n-k-1} y_i+h \sum _{i=0}^k \omega _i y_{n-i}. \label {Xeqn12-A.9}\end {equation}


\begin {equation}\omega _i=\sum _{j=0}^ib_{k+1-i} \label {Xeqn13-A.10}\end {equation}


$b_{i}$


$k+1$


$T> hk$


$U$


$U$


$U$


$U(t)$


$=N_{\mathrm {k}}$


$\mathbf {k}$


$=N_{\mathrm {t}}$


$\mathbf {k}$


$\tau $


$t'$


$t$


$\tau $


$t'$


$n$


$n$


$G^>$


$G^<$


$\Sigma ^{\mathrm {R}}_{\mathbf {k}}(t,t')$


$\Sigma ^{<}_{\mathbf {k}}(t,t')$


$t$


$t'$


$\eta $


$G^\eta _{\mathbf {k}}(t,t')$


$\mathbf {k}$


$\Sigma ^\eta _{\mathbf {k}}(t,t')$


$\mathbf {k}$


$t'\leq t$


$t$


$t=-1$

https://orcid.org/0009-0000-7670-1370
https://orcid.org/0000-0001-8045-6179
https://orcid.org/0000-0002-6082-1260
https://orcid.org/0000-0002-7325-6280
https://orcid.org/0000-0002-6054-2552
https://doi.org/10.17632/9hf5ryb8yv.1
mailto:tblommel@ucsb.edu
https://doi.org/10.1016/j.cpc.2026.110256
https://doi.org/10.1016/j.cpc.2026.110256
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cpc.2026.110256&domain=pdf










T. Blommel, J. Kovacevié, J. Kaye et al.

Table 2

get, set, and map functions for the retarded and lesser Keldysh compo-
nents in the red and green regions of Fig. 2. These functions will fail if
used outside of the red or green regions of Fig. 2.

function description

get_les_curr Copy N, X N, lesser data C;(r, ') at given (1,1)

set_les_curr to/from provided Eigen matrix.

map_les_curr Return N, X N, Eigen matrix map of C;(I, ') at

given (1)

get_ret_curr Copy N, x N, retarded data C,’f (t,1") at given (1,1")

set_ret_curr to/from provided Eigen matrix.

map_ret_curr Return N, x N, Eigen matrix map of C,’J‘(t, t') at

given (,1)

Table 3

General get functions for retarded and lesser components that are valid
for any (¢,¢') point up to the current timestep. For a point in the blue
region of Fig. 2, this involves reconstructing the value from the TSVD
representation. Points in the yellow, green, and red regions simply involve
copying data.

function description
get_les Evaluate compressed representation of C[j(r, t') at
given (1,') into provided Eigen matrix.
et_ret valuate compressed representation o t,1')a
g Evaluaty p d rep tat f CR@.1) at

given (7,7') into provided Eigen matrix.

-compressed format. The retarded and lesser components are stored in
the HODLR-compressed representation; see Fig. 2. A core responsibility
of the herm_matrix_hodlr class is managing the HODLR representation
and updating the TSVD of each block as new rows are computed. This
is done by calling update_blocks once per timestep.

Because of the high-order integration routines, the compressed rep-
resentation lags the timestepping by k + 1 steps, where k is the inte-
gration order. At timestep T, the data GR(T' -k <t <T,0<¢ <) and
G<(0<t <V, T-k<t <T)—corresponding to the red and green re-
gions in Fig. 2—has been computed but not yet compressed. These re-
gions are stored directly, allowing efficient access and modification via
the functions in Table 2, which provide Eigen maps or copy data to/from
Eigen matrices. These functions will fail if used to access data outside
the red and green regions.

The blue and yellow regions of Fig. 2 correspond to data stored in
TSVDs and directly stored triangles, respectively; these are read-only
and must be accessed via the functions in Table 3, valid for any (¢,") up
to the current timestep 7. For points in the yellow, green, and red re-
gions, these functions simply copy directly stored data. Accessing data
in the TSVD (blue) region requires reconstruction of the function val-
ues via the TSVD, which requires O(N ) operations. If used often, the
cost of this reconstruction procedure can become significant compared
to cases in which data is only accessed while in the directly stored re-
gions. Solving the KBE only requires the user to modify the self-energy
at the current timestep (red region), meaning that for almost all cases,
reconstruction of Green’s function and self-energy values from the TSVD
can be avoided.

As discussed in Section 2.5, imaginary-time functions are stored on
the sparse DLR grid z; € (0, #). The functions in Table 4 allow retrieval
and manipulation of this data. It is often necessary, however, to evalu-
ate the Matsubara and mixed components at points off the DLR grid—
for example, to compute the equilibrium density matrix —G™ () (the
DLR grid does not include endpoints). The functions in Table 5 evaluate
imaginary-time functions at arbitrary 0 < r < # using the DLR expan-
sion. One can also obtain imaginary-time quantities on the “reversed”
DLR grid r; — § — ;, which is needed for self-energy diagrams involving
quantities such as GM (-7) = EGM (f - 7).
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Table 4

Functions to access imaginary time functions at DLR nodes.

function description

get_mat Copy N, x N, Matsubara data C,.’I‘.‘ (r) at given DLR

set_mat node 7; to/from provided Eigen matrix.

map_mat Return N, x N, Eigen matrix map of C,’I" () at
given DLR node ;

get_tv Copy N, x N, mixed data ij(r, 7) at given DLR

set_tv node 7; and timestep ¢ to/from provided Eigen
matrix.

map_tv Return N, X N, Eigen matrix map of C,‘J(r,r) at
given DLR node 7; and timestep ¢

Table 5

Functions to evaluate DLR representations at points not on DLR nodes.

function description

get_mat_tau Evaluate DLR expansion of C,]JM (7) for arbitrary 0 <

7 < f into provided Eigen matrix.

get_tv_tau Evaluate DLR expansion of C]j(t, 7) for arbitrary
0 <7 < f and given timestep into provided Eigen

matrix.

get_mat_reversed Evaluate C/Y/ (§ — 7,) into provided N, x N? Eigen

matrix, where 7; are DLR nodes

get_tv_reversed Evaluate CL (t,p—1) into provided N, x N2

Eigen matrix, where 7; are DLR nodes

Table 6

Matsubara functions in the dyson class.

function description

dyson_mat Perform a Matsubara iteration.

3.2. The dyson class

The dyson class solves the KBE in three steps: (1) solving the Mat-
subara problem, (2) bootstrapping, and (3) timestepping. In this sec-
tion, we will discuss the functions provided that solve the KBE for the
respective steps. In all three cases, these functions will return the norm
|G® — GU-D| between successive self-consistent iterations, which can be
used to terminate the loop once the desired accuracy is reached.

First, the Matsubara problem is solved to obtain the initial thermal
state. This step is optional: systems may alternatively be initialized via
adiabatic switching on the two-legged contour or with an uncorrelated
density matrix, in which case the user begins directly at bootstrapping.

The bootstrap process initializes the k™M-order accurate multistep
timestepper by handling the first k timesteps. The first k timesteps are
solved simultaneously, meaning that at each iteration the user must up-
date "M ¥ and X for all 0 < ¢ < k before calling one of the bootstrap func-
tions listed in Table 7. To initialize the self-consistency loop, we must
provide an initial guess for G. This can be done using the green_from_H
function, which evaluates the mean-field real-time Green’s function for
the first k timesteps.

If the system is driven out of equilibrium in the first k timesteps,
for example, by an interaction quench or an electric field pulse,
the user should use the non-time-translation invariant (ntti) solver
dyson_start_ntti, which makes no assumptions regarding the dynam-
ics of the system, and directly solves the KBE. This function implements
the same bootstrap procedure as laid out in Ref. [17]. If the system
remains in the translationally invariant state relative to the thermal
preparation for at least the first k timesteps, we provide the function
dyson_start, which only solves the mixed component equation and
uses time-translation invariance to obtain GR and G<. Lastly, the func-
tion dyson_start_2leg is for cases when the system is not prepared in
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Fig. 3. Comparison of the dynamics for a diagonal element in the density matrix for RHO_DIAGONAL (solid lines) and RHO_HORIZONTAL (dashed lines) after (a) a
short pulse excitation and (b) continuous periodic driving. The solid dark lines and light dashed lines overlaid in (b) are rolling averages meant to guide the eye
and demonstrate convergence, as the underlying data is highly oscillatory. Real (c) and imaginary (d) parts of the density matrix trace for continuous driving. All

calculations use eg,p, = 10710,

Table 7
Bootstrap functions in the dyson class.

function description

Perform a Bootstrap iteration. X and A™F must be
TTI for first k timesteps.

dyson_start

Perform a Bootstrap iteration. No requirements on
= or hMF,

dyson_start_ntti

Perform a Bootstrap iteration. Solve without ] or
M component.

dyson_start_2leg

Table 8
Timestepping functions in the dyson class.

function description

Perform a timestep iteration. No requirements on
= or hMF,

dyson_timestep

dyson_timestep_2leg Perform a timestep iteration. Solve without | or

M component.

an initial thermal state and therefore has no imaginary-time leg. In such
cases, only the retarded and lesser components are solved.

After the bootstrap is complete, the system is integrated using the
timestepping functions. Before each timestep, an initial guess for the
self-consistency loop may be obtained by extrapolating from the previ-
ous k timesteps using the extrapolate function. After this, the timestep
may be solved self-consistently using one of the two timestep functions
shown in Table 8.

The density matrix, p(r) = £&iG<(t,t), describes the particle distri-
bution, and enters the KBE via the mean-field Hamiltonian, making
its accurate propagation essential. When constructing the dyson class,
one of two arguments must be provided: either RHO_HORIZONTAL or
RHO_DIAGONAL. The former provides no special treatment of the den-
sity matrix and simply integrates the lesser Green’s function as laid out
in Ref. [17]. The latter treats the density matrix in a special manner by
integrating the equation

0,0()|,=y = €i0,G<(1,T) + £id,G<(T, 1)

along the 7 = ¢’ diagonal, which incurs no extra computational expense.
While both schemes solve the KBE, the diagonal integration provided
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Fig. 4. (a) Wall clock time for superconducting (solid lines) and disordered
(dashed lines) attractive Hubbard model with asymptotic scaling fits (black
lines). Blue and orange lines show the contribution of solving timesteps and up-
dating SVD blocks, respectively. The timing of the NESSi solver [17] (dot-dashed
line) is shown for comparison. (b) Scaling of the e-ranks versus the block size in
the superconducting state at # = 18 (SC) and the disordered state at § = 1 (nor-
mal). Hamiltonian parameters are U = 2, E, = 0.02, 6 = 6.5, 1, = 16, © = 1.3. H-
NESSi data obtained using e, ;, = 107°.

by RHO_DIAGONAL often results in more strictly preserved conservation
laws.

To compare the two schemes, we plot population dynamics for an
initially occupied site in a simple two-band, two-site Hubbard model
in Fig. 3. The state is initially fully occupied before a driving field is
turned on at ¢ = 10 to excite a portion of the population into the con-
duction band. We consider two variations of this setup: a short pulse
excitation where the field is quickly turned off, Fig. 3a, and continuous
periodic driving leading to sustained population oscillations, Fig. 3b. In
both instances, the two methods converge to the same physical result
as the timestep size h is reduced. In the continuous driving case, this
convergence is demonstrated by the rolling averages for A = 0.0125, for
which the diagonal method (solid dark line) and the horizontal method
(dashed light line) perfectly overlap.

Advantages of the diagonal integration are shown in (c), where we
demonstrate that the diagonal integration very accurately preserves the
total number of particles in the system, whereas the horizontal inte-
gration is worse by several orders of magnitude and has a continu-
ally compounding loss of particle number. Furthermore, (d) illustrates
that the horizontal integration method causes a non-zero imaginary
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component in the density matrix, which in turn leads to a small non-
Hermitian part of the mean-field Hamiltonian. While one could manu-
ally force the mean-field Hamiltonian to be Hermitian at each timestep,
this ad-hoc intervention only corrects the time-evolution operator; it
does not fix the underlying non-Hermiticity of the density matrix it-
self, meaning physical observables will still be corrupted. The diagonal
method naturally avoids this flaw entirely.

A notable caveat to and failure of the diagonal method occurs in
steady-state regimes; in situations where the system remains in a steady-
state for long periods of time, as in panel (a), the diagonal integration
may fail and rapidly diverge. Therefore, in simulation regimes where
the system is expected to remain in a steady state for long times, the
diagonal method should be avoided, and RHO_HORIZONTAL, with a man-
ual Hermitian correction to the mean-field Hamiltonian, should be used
instead.

3.3. Self-energy helper functions

To aid users in implementing their own self-energy evaluation rou-
tines, we have included several functions that aid in evaluating scalar
products of two-time Keldysh functions. These products often appear
when evaluating self-energy diagrams, especially in the context of po-
larization bubbles. The function Bubblel evaluates the Keldysh com-
ponents of the product C(z,z') =iA(z,z')B(z',z) Applying the stan-
dard Langreth rules alongside our established Keldysh-to-Matsubara
mapping convention, this function explicitly computes the following
quantities:

C<(t,t)=iA<@t,)B>({,1)
CR 1) = i[AR@. ) B, 1) + AS(t./)BA( . 1)
clt,0)=iAl@,7)Bl(z,0)

CM(z) = —AM (7)BM (—1).
The function Bubble?2 evaluates the product C(z, z') = iA(z,2')B(z, z')
C<(t,t) = iA<(t,)B<(,1)
CR@ 1) = i[AS(.)BR(t.1") + AR(t, 1) B<(t,1")

+ AR@,HBR(t, 1)
clt,0)=iAl@e,7)Bl(1.7)
CM(z) = —AM(7)BM (7).

4. Example program: Driven superconductor

Here we provide an example implementation that showcases how to
use H-NESSi to integrate the KBE. We solve a driven superconducting
system modeled using the attractive Hubbard model, which is solved
self-consistently using the DMFT approximation and a second-Born self-
energy. We provide a brief overview of the problem setup; a more in-
depth discussion is available in Ref. [71].

The attractive Hubbard Hamiltonian is given by
H=—ty Y e0d] di, —U Y (= 1/2)(n; = 1/2), ©)

(J.k)o J
where d;; is the annihilation operator at site i and spin o, n,;, is
the spin-dependent density operator and ¢ is the charge. To describe
the dynamics in the superconducting state, it is convenient to rewrite
the problem using Nambu spinors

_ (%
Vi = <d:¢>. (10)

The Hamiltonian now takes the form

H() = -t (% ae[()/\(l)all/;'awka an
J.k)a

+ + U@ +
+U(@) Z Vi Wi Wi Wie = —— Z Vi Via
i 103
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where a € {—1, 1} runs through the first and second components of the
Nambu spinor. We solve the KBE for the normal and anomalous Green’s

functions
(dyd}) 1) <d$dl><z, 2 12
(d, d{)(t, 1) (d,d)@, 1)

The system is then mapped to a single site using DMFT on a Bethe lat-

tice, which introduces the hybridization function for the driven situa-
tion [85],

Gt = (ww'()) = <

A(t,t) = Ag(t, ')+ Ap(t,1)

1 -
Apt,t) = Ezo(z)azG(z, o iyt 13)
Aty = %FS(I)JZG(L o7 (),

with hopping matrix elements given by
_ elA® 0
() = < 0 e*fA(f)>’ (14

t
A) = — / E(s)ds, (15)
0

due to the Peierls substitution. Here £ is the driving electric field £(r) =
& exp( — (t;;z‘)z )sin(w(t — t.)), with pulse center 7., pulse width ¢, driving
frequency w, and amplitude &,. The hybridization function enters the
KBE in the same manner as the self-energy, so the KBE in Egs. (5)-(8) are
solved with £ — X + A. This introduces no algorithmic complications: in
the example below, we simply define DeltaPlusSigma and compress the
sum as a single object. The impurity problem is solved using the fully
self-consistent second Born approximation. In this approximation, the
Fock term is given by

=0 = ~U®p; (055, (16)

where i = 1 — i. We work at half-filling, so that the Hartree term can-
cels the chemical potential. For the first several iterations of the self-
consistency loop in equilibrium, we apply a small source field h,.’j =nd;;
to break symmetry and possibly induce a phase transition into the super-
conducting state. The time-dependent bubble and exchange diagrams
are given by
25’2@, 1) = UOUE G, t')G?j(t, t’)Gj§7_(t’, ",
17

TR0 = ~UOU WG GG 1), )
Appendix B contains code implementing these expressions.

In pump-probe simulations, we can measure the induced current and
the energy deposited into the system. The macroscopic current is given
by

Jj@ = Im(Tr[o, (T (1) — Trt)N]), (18)
Cryr(t) = —ilG * Ay g15(2, 1), 19)
where * denotes the convolution operator on the Konstantinov-Perel’

contour. The energy in the system is described by the Galitskii-Migdal
equation with an additional term arising from the DMFT hybridization,

EAC = %ImTr[A * GI<@t,1). (20)

Furthermore, the pump pulse deposits energy into the system by in-
ducing the current j(¢). The total energy deposited by the pulse can be
evaluated by integrating the product of the pump electric field £(¢) and
the induced current,

t
E@= / EAGYON (21)
0

As the quantity [A = B]<(t,t) often appears in expressions for physical
observables, it is implemented in the function gamma_integral found in
the dyson class. We forego any analysis of these physical observables,
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as they are detailed extensively in Refs. [71,82]. Instead, we mention
them as examples of quantities which can be extracted from the Green’s
function and self-energy obtained from H-NESSi.

4.1. Initialization of objects

To begin the program, we define the scalar parameters for the cal-
culation. The number of timesteps nt and the number of HODLR lev-
els nlvl define the geometry of the hierarchical decomposition, while
svdtol is the truncation tolerance of the TSVD of each block. The pa-
rameters h and k are the timestep size and integration order, respec-
tively. For systems initialized in thermal equilibrium, we must provide
the inverse temperature beta, as well as the DLR parameters epsdlr,
and lambda discussed in Section 2.5. The self-consistent iteration is con-
trolled by the MaxIter and MaxErr parameters, which set the maximum
number of iterations and the tolerance at which solutions are consid-
ered converged. Lastly, the matrix dimension of the Green’s function
and self-energy is set by nao, and the particle statistics (+1 for bosons,
—1 for fermions) is set by xi.

// Hodlr parameters

int nlvl, nt, k;

double svdtol, h;

// Matsubara parameters

double epsdlr, lambda, beta;

int ntau;

// Self-Consistency Parameters

int BootMaxIter, StepMaxIter, MatsMaxIter;
double BootMaxErr, StepMaxErr, MatsMaxErr;
// Number of orbitals and particle statistics
int nao, xi;

These parameters can be read from an input file, which is provided as a
command-line argument:

charx flin;
flin=argv[1];
find_param(flin,"__nlvl=",nlvl);

We then initialize the required objects using classes defined in H-
NESSi, namely the DLR, integration weights, Dyson solver, Green’s
function, self-energy, self-energy evaluator, and quadratic Hamiltonian.
Note that the d1r_info class takes the argument ntau by reference and
updates it to the number of DLR nodes required to represent imaginary-
time functions to the accuracy set by lambda and epsdlr. The self-energy
and hybridization functions, Egs. (13), (16), and (17), are implemented
in the class SC_gf2; a demonstration of their implementation is shown
in Appendix B.

// Dyson

hodlr::dlr_info dlr(ntau, lambda, epsdlr, beta,
nao, xi);

Integration: :Integrator I(k);

int r_v = RHO_DIAGONAL;

hodlr: :dyson dyson_sol(nt, nao, k, dlr, r_v);

// Green’s function storage
hodlr::herm_matrix_hodlr G(nt, ntau, nlvl, svdtol,
nao, nao, xi, k);

hodlr: :herm_matrix_hodlr DeltaPlusSigma(nt, ntau,
nlvl, svdtol, nao, nao, xi, k);

// Self Energy evaluator

hodlr::SC_gf2 SC_gf2_solver(dlr);

// Time dependent Hamiltonian & chem. pot.

double mu = O;

hodlr: :function Hmf(nt, nao, nao);
hodlr::function U_func(nt, 1, 1);
hodlr::function tO_func(nt, nao, nao);
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4.2. Matsubara problem

Once all objects are initialized, we solve the Matsubara problem self-
consistently. At each iteration, the Hartree-Fock self-energy, second-
Born self-energy, and hybridization function are evaluated, and the
Dyson equation is solved in the DLR basis [83,86]. The difference be-
tween the previous and updated GM is returned, and iterations continue
until convergence. After the Matsubara problem is solved, we must call
the initGMConvTensor function of the Green’s function object to calcu-
late the imaginary-time convolution in the equation of the mixed com-
ponent. Note that the value of a function object on the equilibrium
branch f(r = 0)) can be accessed by setting tstp=-1.

// Do Matsubara iterations

double MatErr;

double eta = 0.0001;

int eta_steps = 5;

int tstp = -1;

for(int iter = 0; iter < MatsMaxIter; iter++) {
// Reset Self-Energy
DeltaPlusSigma.set_tstp_zero(-1);

// Evaluate Delta via increment
SC_gf2_solver.solve_Delta(tstp, tO_func, G,
DeltaPlusSigma) ;

// Evaluate Sigma via increment
SC_gf2_solver.solve_Sigma(tstp, U_func, G,
DeltaPlusSigma) ;

// Evaluate Hmf
SC_gf2_solver.solve_Sigma_Fock(tstp, U_func, G,
Hmf) ;

// For first several iters, add small field to
// break symmetry
if (iter < eta_steps) {
Hmf (tstp,0,1) += eta;
Hmf (tstp,1,0) += eta;
}

// Solve Dyson Equation for G Matsubara
MatErr = dyson_sol.dyson_mat(G, mu, Hmf,
DeltaPlusSigma) ;

// Exit if iteration difference is within tolerance
// Only exit after magnetic field is off
if (MatErr < MatsMaxErr && iter > eta_steps) break;
I
// Matsubara is converged, we set the convolution
// tensor
G.initGMConvTensor (dlr) ;

4.3. Bootstrapping

After solving the Matsubara problem, we begin the bootstrapping
portion of the integration. To obtain a starting point for the self-
consistency loop, we evaluate the mean-field Green’s functions as

GRHIF (1) = —if(t — 1) exp [—ie(O)(t — 1')] (22)
GSHE @ 1"y = iexp [—ie(O‘)t]pM exp [ie(O‘)t'] (23)
GMT (1, 1) = &iexp |-ie(0)t] p™ exp [e(0))7] 24

using the mean-field Matsubara Hamiltonian. At each iteration, we first
evaluate the self-energy and hybridization, Egs. (13), (16), and (17), for
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0 <t < k (with k the order of accuracy), before solving the KBE in this
same region. Just as in the Matsubara case, the dyson integrator returns
the difference between the previous and current iterations of G, which
is used to monitor convergence.

// Self-consistency for bootstrapping
dyson_sol.green_from_H(G, mu, Hmf, h, k);
for(int iter = 0; iter < BootMaxIter; iter++) {

// Evaluate Hmf

for(int tstp = 0; tstp <= k; tstp++) {
SC_gf2_solver.solve_Sigma_Fock(tstp, U_func, G,
Hmf) ;

}

// Evaluate Self-Energy

for(int tstp = 0; tstp <= k; tstp++) {
DeltaPlusSigma.set_tstp_zero(tstp);
SC_gf2_solver.solve_Delta(tstp, tO_func, G,
DeltaPlusSigma) ;
SC_gf2_solver.solve_Sigma(tstp, U_func, G,
DeltaPlusSigma) ;

}

// Solve Dyson
double err = dyson_sol.dyson_start_ntti(G, mu, Hmf,
DeltaPlusSigma, I, h);

if (err < BootMaxErr) break;

4.4. Timestepping and SVD updates

After the bootstrapping procedure has converged, we proceed to
timestepping. To begin each step, we update the HODLR representa-
tions of the Green’s function and self-energy. We then extrapolate the
Green’s function to get an initial guess for the self-consistent iteration.
Within the self-consistency loop, we first evaluate the mean-field and
correlated self-energies before calling the timestep function provided
by the dyson class, which again returns the difference between G and
its previous iteration.

for(int tstp = k+1l; tstp < nt; tstp++) {
G.update_blocks(I);
DeltaPlusSigma.update_blocks(I);

dyson_sol.Extrapolate(G, I);

for(int iter = 0;
// HF
SC_gf2_solver.solve_Sigma_Fock(tstp, U_func, G,
Hmf) ;

iter < StepMaxIter; iter++) {

// 2B

DeltaPlusSigma.set_tstp_zero(tstp);
SC_gf2_solver.solve_Delta(tstp, tO_func, G,
DeltaPlusSigma) ;
SC_gf2_solver.solve_Sigma(tstp, U_func, G,
DeltaPlusSigma) ;

// Dyson
double err = dyson_sol.dyson_timestep(tstp, G,
mu, Hmf, DeltaPlusSigma, I, h);
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if (err < CorrectorMaxErr) break;
}
}

4.5. Outputting results

Once the calculations are complete, the data may be printed to an
hdf5 file using the following functions. A Python notebook is included
in the Plotting directory, which reads in GR and G< printed using the
write_to_hdf5 function.

// Open output file

h5e::File out_file("out.hdf5", hbe::File::0verwrite
| hbe::File::ReadWrite | hbe::File::Create);

// Output for Green’s function and self-energy
G.write_to_hdf5(out_file, "G");
DeltaPlusSigma.write_to_hdf5(out_file, "S");

// Output single-time functions

Hmf .write_to_hdf5(out _file, "H");

// Write timing information is profiling if enabled
dyson_sol.write_timing(out_file, "dyson");

4.6. Checkpoint files

Calculations that must be interrupted and restarted can make use of
hdf5 checkpoint files, which store the full simulation state. These files
can initialize objects via specialized constructors, and are supported for
the herm_matrix_hodlr, function, and dyson classes. An example of
writing a checkpoint file is as follows:

// Open checkpoint file

h5e::File check_file("check.hdf5", hbe::File::
Overwrite | hbe::File::ReadWrite |

h5e::File: :Create);

// Checkpoints for Green’s function and self-energy
G.write_checkpoint_hdf5(check_file, "G");
DeltaPlusSigma.write_checkpoint_hdf5(check_file,
"S");

// Checkpoints for single-time functions

Hmf .write_checkpoint_hdf5(check_file, "H");

// Checkpoints for dyson integrator only

// necessary for timing information
dyson_sol.write_checkpoint_hdf5(check_file, "dyson");

A calculation can then be restarted by reading from this file:

hb5e::File check_file("check.hdf5",
hbe: :File: :ReadOnly) ;
hodlr::herm_matrix_hodlr G(check_file, "G");

hodlr::herm_matrix_hodlr DeltaPlusSigma(check_file,
IISIl) 2

hodlr::function Hmf (check_file, "H");

hodlr::dyson dyson_sol(check_file, "dyson", dlr);

4.7. Timing results

To demonstrate the efficiency of the H-NESSi code, we plot the wall
clock time required to reach a given timestep and the e-rank for growing
block sizes in Fig. 4(a) and (b), respectively. We compare three differ-
ent calculations: a reference implementation in the NESSi package, a
calculation from H-NESSi in the superconducting state, and a calcula-
tion from H-NESSi in the normal state. From (b), we can see that the
e-rank of the Green’s function has very different behavior in the two
different phases. The normal state is highly compressible, and the ranks
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Fig. 5. (a) Schematic of the MPI communication performed by the mpi_comm class between the alltp_buff and allk_buff data buffers; see the main text for details.
Squares of the same color represent the same data, and colored dashed lines indicate their distribution between the two buffers. White squares denote allocated buffer
space for future time points or additional momentum points beyond the active block. For the specific parameters shown (N, =6, N, = 3, and communication up
to 7), the colored blocks account for the entirety of the actively communicated data, illustrating the complete data transposition. (b) Typical self-consistency loop
for lattice calculations.

of the blocks saturate at small block sizes, whereas in the superconduct- auxiliary containers such as a function object storing the k-dependent
ing state, the ranks grow as N!/2, where N is the size of the block. Hamiltonian:

The behavior of the ranks affects the efficiency of our integration algo-

rithm, as shown in (a). For the Dyson solver, both the superconducting // Using SolverOrder instead of k to avoid
and normal states scale approximately as 72+%, where « is the exponent // clashing with k for momentum points
characterizing the growth of the e-rank with block size (e.g., a ~ 0.5 for mpi_comm comm(global Nk, nt, ntau, nao);
the superconducting state and a ~ 0 for the normal state). This is signif- int my_Nk = comm.my_Nk;

icantly better than the T2 scaling of the NESSi solver (dot-dashed line in std: :vector<herm_matrix_hodlr> G_vec;

(a)). Furthermore, the scaling prefactors are observed to be significantly std: :vector<herm_matrix_hodlr> S_vec;
smaller in H-NESSi. We also show timings for the TSVD update step std: :vector<function> H_vec;

in orange. The observed scaling matches the expected scaling of 72+2* G_vec.reserve (my_Nk) ;

for both the normal and superconducting phases. Crucially, the Green’s S_vec.reserve (my_Nk) ;

functions remain highly compressible across diverse physical regimes, H_vec.reserve (my_Nk);

a property consistently demonstrated in previous studies [70,71,82]. for(int k = 0; k < my_Nk; k++){

Consequently, while the exact asymptotic scaling varies between phys-
ical systems, it has proven highly advantageous in all cases we have
examined.

G_vec.emplace_back(nt, ntau, nlvl, svdtol,
nao, nao, xi, SolverOrder);
S_vec.emplace_back(nt, ntau, nlvl, svdtol,
nao, nao, xi, SolverOrder);

5. MPI parallelization for generic lattice H_vec.emplace_back(nt, nao, nao);

Many systems of interest possess translational invariance, so that L
the Green’s functions Gy ;; and self-energies Xy ;; are block-diagonal in At each timestep, the self-consistency loop shown in Fig. 5 iterates
momentum k, with ij indexing non-diagonalizable orbital degrees of the self-energy and Green’s function until convergence. Evaluating the
freedom. The Dyson equation then decouples across k-points, enabling self-energy at a given k-point requires knowledge of Gy, for all k' in
straightforward parallelization. However, the self-energy is typically a the Brillouin zone. This communication is handled by two functions:
functional of the Green’s function over the entire Brillouin zone, not mpi_get_and_comm, which loads a vector of the locally stored Green’s
just at the local k-point. In a distributed-memory setting, inter-process functions into MPI communication buffers and distributes them to all
communication of Gy ; is therefore required so that each process can processes, and mpi_comm_and_set, which communicates the evaluated
evaluate % ;; for its assigned k-points. self-energies back and extracts them into a vector of locally stored self-
This section is organized as follows. Section 5.1 introduces the energies. For both functions, only the Matsubara component is commu-
mpi_comm class, which manages internode communication with mini- nicated when tstp==-1; otherwise, the lesser, retarded, and mixed com-
mal user effort and an interface mirroring that of herm_matrix_hodlr. ponents at the current timestep are all communicated. For imaginary-
Section 5.2 presents example calculations for the two-dimensional time functions, the “reversed” values GM(f — r,) and G\, —1,) are
Hubbard model using a massively parallel implementation, compar- also communicated, as they are often needed in the self-energy eval-
ing performance with NESSi and analyzing Green’s function com- uation. Each communication function comes in two variants: a _spawn
pression. Section 5.3 provides implementation details of our hybrid variant, which creates OpenMP threads at each call via #pragma omp
MPI + OpenMP parallelization, and Section 5.4 discusses scaling parallel to accelerate buffer loading and unloading, and a _nospawn
behavior. variant, which assumes it is called from within an existing OpenMP par-

allel region.

5.1. The mpi_comn class The left-hand side of Fig. 5 illustrates the communication scheme.
Before communication, each rank stores all time points (and DLR nodes,
The mpi_comm class in H-NESSi manages workload distribution although only the real-time buffers are depicted) at the current timestep
across MPI processes, communication of Green’s function and self- for its locally assigned k-points, in the buffer alltp_buff. After com-
energy data, and intraprocess parallelization via OpenMP thread- munication, each rank instead holds every k-point but only a subset
ing. Upon initialization, the mpi_comm object exposes my_Nk, the of time points, in the buffer allk_buff. In the illustrated example, at
number of Brillouin zone points assigned to the local process, and time ¢ = 4, rank 1 receives Gl’f(t =4,¢)and Glf(t’ ,t=4)fort =2,3 and
my_global_k_list, the corresponding global indices. These quantities every k. Each rank is then responsible for evaluating the self-energy
are then used to initialize the Green’s functions, self-energies, and any at its assigned subset of time points (and DLR nodes, for the mixed

10
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Table 9
Functions for reading and writing to the communication buffers internal
to mpi_comm.

function description

map_ret Return N, x N, Eigen matrix map of C"j‘(t, ') at
given ¢’ and k for communicated timestep ¢

map_les Return N, x N, Eigen matrix map of C;(r',1) at
given 1’ and k for communicated timestep ¢

map_tv Return N, X N, Eigen matrix map of CI‘/(t,r)

at given DLR node 7; and k for communicated
timestep ¢

map_tv_rev Return N, X N, Eigen matrix map of C]j tp—1)
at given DLR node 7; and k for communicated

timestep ¢

map_mat Return N, X N, Eigen matrix map of Ci’/‘.‘ (r) at

given DLR node 7; and k

map_mat_rev Return N, X N, Eigen matrix map of C,.’IV (p—1)at

given DLR node 7, and k

component) using the communicated Green’s function data. The num-
ber of assigned time points is given by my_Nt, and the first as-
signed time point by my_first_t. The mixed and Matsubara compo-
nents are split analogously, with my_Ntau and my_first_tau specify-
ing the local imaginary-time nodes. The communicated data is accessed
through an interface that returns Eigen matrix maps of the internal
buffers; these functions, listed in Table 9, closely mirror those of the
herm_matrix_hodlr class.

Since the mpi_comm class handles all communication and buffer man-
agement, the user’s only responsibility is to evaluate the self-energy
%, from Gy. In practice, this amounts to using the map functions in
Table 9 to replace the communicated G, data with the corresponding X
data. A typical implementation has the following structure:

// Communicate G
comm.mpi_get_and_comm_spawn(tstp, G_vec, dlr);
// mpi_comm assigns each mpi rank a range for t’
int init_t = comm.my_first_t;
int last_t = init_t + comm.my_Nt;
// each rank must do assigned t’ and all k
for(int t = init_t; t < last_t; t++) {
for(int k = 0; k < global_Nk; k++) {
// Read in G ret,les before overwriting
ZMatrix GR = comm.map_ret(k,t);
ZMatrix GL = comm.map_les(k,t);
// Evaluate Sigma into comm buffers
comm.map_ret(k,t) = ...
comm.map_les(k,t) = ...
}
}
// mpi_comm assigned range for dlr points
int init_tau = comm.my_first_tau;
int last_tau = init_tau + comm.my_Ntau;
// each rank must do assigned tau and all k
for(int tau = init_tau; tau < last_tau; tau++) {
for(int k = 0; k < global_Nk; k++) {
// Read in G mix before overwriting
ZMatrix GTV = comm.map_tv(k,tau);
// Evaluate Sigma into comm buffers
comm.map_tv(k,tau) = ...
}
}
// Communicate Sigma
comm.mpi_comm_and_set_spawn(tstp, S_vec);

11
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Fig. 6. Current obtained from the solution of the KB equations via Eq. (26). The
NESSi calculation is limited to N, = 2048 time points, whereas H-NESSi reaches
N, = 6289 time points under the same memory constraints (green curve). For
the same number of CPU hours, H-NESSi propagates to longer physical times,
as shown by the orange curve. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Equilibrium spectral function A(k,®) for the Hubbard Hamiltonian at

half-filling, with U = 0.5 and g = 10.

This default interface should suffice for nearly all use cases. For situ-
ations requiring communication of additional Keldysh components or
only a subset of orbital indices, a low-level interface to the underlying
communication buffers is described in Appendix C.

5.2. Driven 2D hubbard example

We demonstrate the parallel implementation by computing the op-
tical conductivity of the Hubbard model. The system is probed with a
short electric field pulse, and the optical conductivity is extracted by
inverting the linear-response relation. The pulse preserves translational
invariance, enabling large-scale parallelization of the Dyson solver. Such
parallelization is essential: the lattice must be large enough to suppress
finite-size effects and the propagation long enough for the current re-
sponse to fully decay, so that in physically relevant parameter regimes
RAM usage easily exceeds 10 TB even with HODLR compression. This
example is therefore well-suited to illustrate how hierarchical compres-
sion enables otherwise infeasible calculations. We require a highly par-
allel implementation for this example: for the largest lattices and lowest
temperatures considered here, we require more than 15 thousand CPU
cores across 60 nodes.

Below, we summarize the physical setup, then outline the hybrid MPI
+ OpenMP parallelization scheme, which combines our distributed data
containers with efficient global communication and shared-memory par-
allelism on each MPI rank. Finally, we compare memory usage and run-
times with NESSi and study the scaling behavior of the algorithm. We ex-
plicitly define the physical observables below to demonstrate the types
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(r/2,7/2). (d) e-rank of G< as a function of block size. All results are shown for two temperatures, with lattice size L = 64 and N, =

16384

timesteps. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).

of quantities that can be extracted from these calculations. The analy-
sis presented here, however, focuses exclusively on the computational
scaling and memory efficiency of the implementation. The physical in-
sights derived from computing these specific observables are detailed
extensively in Ref. [32].

We consider the square lattice Hubbard model, described by the

Hamiltonian
+
C5.iCoj —H Z Hgi+ U 2 nyny
o, i

H=-J)

(ij)o
where i, j enumerate lattice sites, ¢ and ¢ are creation and annihilation
operators, o € {1,|} denotes spin, J is the nearest-neighbor hopping
amplitude, n, ; is the particle-number operator, y is the chemical poten-
tial, and U is the on-site interaction strength. In practice, the Hartree
shift is absorbed into the chemical potential, ji = u — U(n, ;). The sys-
tem is probed by a spatially uniform electric field in the x-direction,
introduced through the vector potential A(r) via the Peierls substitu-
tion &g — ex_p(, Where g is the non-interacting dispersion relation.
For a given self-energy approximation, we solve the KB equations for
the Green’s function and compute the current, kinetic energy, and aver-
age occupancy per spin as

(25)

. 2% N\ o« <
() = _Vlk ; ER e () (26)
Eyin = =2i/N; Y &G (t,1) 27)
k
(28)

(ny = =i/ Ny ) Gg(t.0),
k

where N, = L? is the number of k points, L is the linear lattice size, and
v = Vieg_a( is the time-dependent velocity. We choose a step-function
vector potential,

A(t) = —Ap 0(1) = E() = A, 6() (29)

where A, is the amplitude of the abrupt shift at =0 and E(t) =
—0d,A(t). The é-function form of the electric field allows us to invert the
linear-response relation,

<J(t)>

t
() = / di'o(t —1)E(!') = o(1) = =—= - (30)
0

max
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and extract the optical conductivity o(¢) directly from the computed cur-
rent. For a short pulse of the electric field in the x-direction, the Green’s
functions and the self-energy have the reflection symmetry

G k(1. )= G i)t ), 31D

allowing us to consider a smaller number of k-points, L> — L(% + 1).

To close the system of KB equations, we approximate the self-energy
with the self-consistent second-Born approximation, which for the Hub-
bard Hamiltonian reads

M (1) =U? GM ()M (1)GM (- 1) (32)
22(6,1) = U2 G2(t,1)G2(t.1)G> (7. 1) (33)
sl ) = UGl )6l 06! (n.1). (34)

where r denotes real-space lattice sites. We note that these expressions
are much more expensive to evaluate when written in the momentum
basis. We therefore use FFTW [87] to Fourier transform G, — G, and
inverse-transform X, — X, . Performing these transforms requires every
k-point on each MPI process, which is precisely the communication pro-
tocol implemented in the mpi_comm class.

Fig. 6 shows an example current obtained with both NESSi and H-
NESSi. Memory constraints limit the NESSi calculation to N, = 2048 time
points, whereas H-NESSi reaches N, = 6289 time points with the same
memory budget (green curve in Fig. 6). For an equal number of CPU
hours, H-NESSi propagates to longer physical times than NESSi (orange
curve). In this example, H-NESSi reaches a propagation time roughly
three times larger than NESSi under identical memory constraints. For
larger N, the advantage is even more pronounced, reflecting the im-
proved memory scaling: O(Ntz) for NESSi versus O(N, N <) for H-NESSi.
At lower temperatures, the current decays substantially more slowly,
requiring longer propagation times. Simultaneously, larger lattices are
needed to suppress finite-size effects. Both factors increase memory re-
quirements and make the calculations more demanding.

Within this setup, equilibrium single-particle correlators in the real-
time domain can be obtained by simply setting the external field to zero.
The self-consistent Born approximation is less expensive when formu-
lated in real time, scaling as O(N,), than in real frequency, where a
straightforward implementation scales as O(N2). Although the Dyson
solver is typically more expensive in real time, the overall calculation
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Fig. 10. Performance scaling of the hybrid MPI/OpenMP implementation for a fixed total number of CPUs (N, = 2048). Cumulative computation time as a function
of simulated timestep is shown for (a) the Dyson solver and (b) the self-energy evaluator across various OpenMP thread counts per MPI rank (,;,). (c) Computational
metrics as a function of N,,. The left axis (blue) shows the total CPU hours normalized to the optimal case (N,;, = 8) for two different simulation lengths. The right axis
(orange) shows the total memory footprint for the N, = 16384 calculation. For these hardware and calculation parameters, the optimal configuration that minimizes
computational cost is N,;, = 8. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).

remains inexpensive and is straightforward to set up with our code. As
an example, the equilibrium spectral function is shown in Fig. 7.

Fig. 8(a) shows that the compressibility of the Green’s function varies
significantly across k-points: the least compressible points require nearly
twice as many singular values as the most compressible ones. At lower
temperatures, this spread appears to narrow, but the overall number

13

of required singular values increases, reflecting the richer structure of
low-temperature correlators. Despite these differences, the e-rank at all
k-points saturates at relatively small block sizes, consistent with optimal
quadratic scaling of the integration routines. At block sizes of 8129, the
memory savings relative to dense storage reach nearly a factor of 100 at

f=5.
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5.3. Implementation details

The computation of the self-energy is made drastically cheaper
by translation symmetry (even in the presence of a uniform electric
field encoded in the time-dependent vector potential). As seen from
Egs. (32)-(34), the self-energy is diagonal in the position basis, unlike in
the momentum representation. Moreover, the expression is time-local,
enabling efficient parallelization through the communication protocol
of mpi_comm described in Section 5.1.

The self-energy is most efficiently evaluated in real space, whereas
the KB equations decouple in the k-space representation. We bridge the
two domains as follows:

1. Distribution of Green’s functions: mpi_comm distributes the Green’s
functions via mpi_get_and_comm, providing each MPI process with
all k-points for its assigned range of time points.

2. Real-space self-energy evaluation: Each MPI process loops over its as-
signed time (and DLR) points and performs the following steps:

e Inverse 2D Fourier transform Gy, — G, using FFTW.
o Evaluate the self-energy in the real-space basis via Egs. (32)-(34).
e Forward 2D Fourier transform X, — X, using FFTW.
Since these operations are independent at each time (and DLR) point,
they can be parallelized over threads with OpenMP.

3. Distribution of self-energies: mpi_comm redistributes the self-energies

via mpi_comm_and_set, returning each process’s local k-points.

This self-energy evaluation scheme follows exactly the example imple-
mentation in Section 5.1. The most expensive step in the procedure
(aside from internode communication) is the Fourier transforms, which
scale as O(Ny log Ny.), compared to the O(N?) cost of evaluating the
self-energy directly in momentum space. This communication and eval-
uation process is encapsulated in the born_approx_se class, which also
exploits the time-locality of the self-energy to parallelize over time and
DLR points using OpenMP:

born_approx_se se_eval(U, L, global_Nk,
nao, nthreads);

The lattice object stores information about all global k-points in the
Brillouin zone, accounting for the reflection symmetry of Eq. (31), and
provides the time-dependent non-interacting dispersion relation g (1)

lattice_2d_ysymm lattice(L, nt, h, J, Amax,
mu, nao);

The Dyson solver is parallelized over local k-points using OpenMP. Be-
cause the dyson class uses internal buffers, it is not thread-safe; each
thread must therefore have its own solver instance. The same applies to
the dlr_info class, whose off-node evaluation functions (Table 5) are
likewise not thread-safe:

// dlr vector
std: :vector<hodlr::dlr_info> dlr_vec;
dlr_vec.reserve(nthreads);
for(int i = 0; i < nthreads; i++) {
dlr_vec.emplace_back
(ntau, lambda, epsdlr, beta, nao, xi);
}
std::vector<hodlr: :dyson> dyson_sol_vec;
dyson_sol_vec.reserve (nthreads) ;
for(int i = 0; i < nthreads; i++) {
dyson_sol_vec.emplace_back
(nt, nao, SolverOrder, dlr_vec[i], r_v);

}

Each k-point is represented by an instance of the kpoint class, which
stores two herm_matrix_hodlr objects for the Green’s function and self-
energy, the non-interacting dispersion ¢, (r), and methods that perform

Computer Physics Communications 327 (2026) 110256

the Dyson propagation at that k-point. Each MPI rank holds its assigned
k-points in a vector corrK_rank of kpoint objects:

// kpoint contains Gs and Sigmas
std: :vector<std::unique_ptr<kpoint>> corrK_rank;
corrK_rank.resize (my_Nk);

// create kpoints either from scratch or from
// checkpoint
if (! checkpoint_exists){
for(int k = 0; k < my_Nk; k++){
int global_k = comm.my_global_k_list[k];
corrK_rank[k] = std::make_unique<kpoint>
(nt, ntau, nlvl, svdtol, nao, beta, h,
SolverOrder, lattice.kpoints_[global_k],
lattice, mu, Ainitx);
}
}
else{
for(int k = 0; k < my_Nk; k++){
int global_k = comm.my_global_k_list[k];
hbe::File checkpoint_file(checkpoint_dir +
"GSigma" + std::to_string(k) + ".h5",
hbe: :File: :ReadOnly) ;
corrK_rank[k] = std::make_unique<kpoint>
(nt, ntau, nlvl, svdtol, nao, beta, h,
SolverOrder, lattice.kpoints_[global_k],
lattice, mu, Ainitx, checkpoint_file);
}
}

Observables are computed on each MPI rank for their local k-blocks
during timestepping and accumulated across all ranks via MPI_Reduce
at the end of the calculation.

The Dyson integration is carried out by the step_dyson method
of the kpoint class, which calls dyson_mat, dyson_start_ntti, or
dyson_timestep for the Matsubara, bootstrapping, and timestepping
stages, respectively. Since each k-point is independent, this loop is par-
allelized with OpenMP; as noted above, each thread must use its own
dyson and d1lr_info instances:

std: :vector<double> errk(my_Nk) ;
#pragma omp parallel
{
int thread_id = omp_get_thread_num() ;
#pragma omp for schedule(static)
for(int k = 0; k < my_Nk; k++){
errk[k] = corrK_rank[k]->step_dyson(tstp,
SolverOrder, lattice, I,
dyson_sol_vec[thread_id], dlr_vec[thread_id]);
}
}
// gather all errors from each k point
double err;
double tot_err;
err = std::reduce(errk.begin(),errk.end());
MPI_Allreduce(&err, &tot_err, 1, MPI_DOUBLE,
MPI_SUM, MPI_COMM_WORLD) ;

5.4. Performance

In this section, we benchmark the hybrid MPI + OpenMP imple-
mentation. To isolate the contributions of OpenMP and MPI, we first
consider a smaller system with L =48 and N, = 2048, which can still
be solved without parallelization. These results are shown in Fig. 9. We
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then consider a large calculation with L = 64 and N, = 16384, which
requires the full hybrid implementation. These results are shown in
Fig. 10 and correspond to the calculations in Fig. 8. In both cases,
the integration scales as N>%, consistent with the expected scaling
when the e-ranks saturate at a maximal value, as confirmed in Fig. 8.
This behavior closely mirrors that of the single-site calculations in
Section 4.

The speedup plots in Fig. 9 show the wall time required to reach a
given timestep with the Dyson solver and the self-energy evaluator, as
a function of CPU count, for an example where memory requirements
do not necessitate parallelization. The speedup relative to a single CPU
is nearly perfectly linear up to 32 MPI processes on a single node. The
OpenMP scaling is slightly less efficient, but still reaches N% up to 16
threads before saturating.

Fig. 10 shows results for a system size and propagation time that
require a large number of nodes and a hybrid parallelization strategy.
The efficiency depends sensitively on the total number of MPI ranks
Nppi> the number of threads per rank Ny, and their ratio. At lower
temperatures, for which the Green’s functions decay slowly, a large
number of time points (N, > 10000) is needed for the current to fully
decay. Finite-size effects are also more prominent in this regime, re-
quiring large lattice sizes (N, > 8000), and memory constraints corre-
spondingly demand more computational nodes. For a fixed total num-
ber of CPUs, the ratio Ny;/Ny, can be tuned to minimize computa-
tional cost. Fig. 10(c) shows the CPU hours and memory usage for dif-
ferent ratios at a fixed CPU count. Memory grows slowly with N ; be-
cause each rank maintains its own copy of several auxiliary commu-
nication buffers (see Table C.2). The scalings of the Dyson solver and
self-energy evaluator are shown in Fig. 10(a) and (b), respectively. The
best performance is achieved with N, = 8 threads per rank, a finding
we have reproduced across two different examples and two computing
clusters.

6. Conclusions

We have presented H-NESSi, an open-source implementation of
nonequilibrium Green’s function propagation based on hierarchical
low-rank compression of two-time objects. By combining high-order
integration schemes with HODLR representations of the retarded
and lesser components, the method reduces the cubic cost scaling
and quadratic memory growth that traditionally limit KBE simula-
tions. The discrete Lehmann representation provides an efficient treat-
ment of imaginary-time quantities and thermal initial states. The
resulting framework maintains controllable accuracy while substan-
tially reducing computational cost, extending the accessible simula-
tion times and system sizes for nonequilibrium correlated-electron
problems.

We have demonstrated these capabilities in two representative ap-
plications: a driven superconducting system treated within dynamical
mean-field theory, and the two-dimensional Hubbard model solved with
the second Born approximation. In both cases, the compressed propaga-
tion exhibits favorable cost and memory requirements compared to con-
ventional approaches while preserving the dynamical features of the un-
derlying many-body problem. The modular design supports multiorbital
systems, adaptive singular-value truncation, and hybrid MPI + OpenMP
parallelization, making the code suitable for large-scale simulations on
modern computing architectures.

The implementation provides a foundation for further exten-
sions, including more advanced self-energy approximations, embedding
schemes, and coupling to additional degrees of freedom. By reducing the
computational barrier to two-time nonequilibrium simulations, H-NESSi
opens the door to systematic studies of long-time dynamics, strong driv-
ing protocols, and complex multiorbital materials within a controlled
many-body framework.
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Appendix A. Integral and derivative approximations

The numerical evaluation of derivatives, % y(®)|y, and integrals,

/OT dt y(1), is split into two cases: T < hk and T > hk. In the former, we
use k™-order polynomial differentiation and integration weights; in the
latter, backward differentiation and Gregory integration [88]. To obtain
the polynomial differentiation and integration weights, we begin with
the polynomial interpolant of y(r) that takes the values y; = y(jh) on the
equidistant grid:

k

Plygs -y = Y\ h™"Pyy,;
a,l=0

(A1)
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Py =M™, for M;, = (A.2)

for 0 < j < k. The polynomial differentiation weights D,,, are obtained
by explicitly differentiating this interpolant:

k
dy _1 .
— ~h D,,y,, with (A.3)
dt remh g mlY1
D, = 2 i am®” (A.4)

The polynomial integration weights I, are similarly obtained by ex-
plicitly integrating this interpolant:
k

nh
/ dty() % h Y Ly, with (A.5)
mh 1=0
a+1 a+1
mnl - Z P a+ 1 (A6)

These weights are then used for 7' < hk to set up the so-called bootstrap-
ping procedure, which is discussed in Section 3.2 and implemented in
the functions shown in Table 7.

For the T > hk case, we use the backward differentiation weights
and Gregory weights for approximating the derivatives and integrals,
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respectively. The backward differentiation weights a; are obtained from
the polynomial differentiation weights via

k
dy 1
—| =~h a;y,_;, where (A.7)
a; = —Doj. (A.8)

Lastly, the Gregory weights w; are best thought of as high-order edge
corrections to the Riemann sum, where the corrections occur for k + 1
points on each end of the sum

I
Since the integration weights differ from unity only near the end-

points, the evaluation of history integrals using the SVD representation
is greatly simplified. These weights are given by the sum

i
w; = Z byt1—i
Jj=0

where b, are the weights defining the k+1 order Adams-Moulton
method [88]. These weights are then used for T > hk for timestepping.
The details of this procedure are described in Ref. [17].

n—k—1

dty(t)NhZa)y,+h z y,+h2wy,,,

i=k+1

(A.9)

(A.10)
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Appendix B. Superconducting self-energy evaluation

Here we provide an example self-energy and hybridization evaluation class for the DMFT superconducting problem of Section 4. The Fock
diagram evaluation (Eq. (16)) requires the density matrix, obtained from the Green’s function. In general, the interaction U may vary in time, and
the implementation supports this case, although U is constant in the example of Section 4. Because U is a scalar and the function class stores
matrix-valued functions, we access U(¢) as U(tstp,0,0).

void SC_gf2::solve_Sigma_Fock(int tstp, function &U, herm_matrix_hodlr &G, function &H) {
ZMatrix rho(2,2);
G.density_matrix(tstp, dlr_, rho);

for(dint i = 0; i < 2; i++) {
H(tstp,i,1-i) = -U(tstp,0,0) * rho(i,1-i);
}
}

Next, we implement the second-order diagrams of Eq. (17). When tstp==-1, only the Matsubara component is obtained; otherwise, the retarded,
lesser, and mixed components are computed.

void SC_gf2::solve_Sigma(int tstp, function &U, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
if (tstp == -1) { Sigma_mat(U, G, Sigma); }
else { Sigma_tstp(tstp, U, G, Sigma); }

}

void SC_gf2::Sigma_mat(function &U, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
DMatrix GM_reversed(G.ntau(), 4);
G.get_mat_reversed(dlr_, GM_reversed);

for(int tau = 0; tau < G.ntau(); tau++) {
auto SM_map = Sigma.map_mat(tau);
auto GM_map = G.map_mat(tau);
for(int i = 0; i < 2; i++) {
for(int j = 0; j < 2; j++) {
// For reversed we index (i,j) using row-major ordering
SM_map(i,j) += (U(-1,0,0) * U(-1,0,0) * GM_map(i,j) * GM_map(1-i,1-j)
* GM_reversed(tau, (1-j)*2 + (1-i))).real();
SM_map(i,j) -= (U(-1,0,0) * U(-1,0,0) * GM_map(i,1-j) * GM_map(i-i,j)
* GM_reversed(tau, (1-j)*2 + (1-i))).real();

void SC_gf2::Sigma_tstp(int tstp, function &U, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
for(int t = 0; t <= tstp; t++) {
auto SR = Sigma.map_ret_curr(tstp, t);
auto GR = G.map_ret_curr(tstp, t);
auto SL = Sigma.map_les_curr(t, tstp);
auto GL = G.map_les_curr(t, tstp);
auto GG = GR - GL.adjoint();

for(int i = 0; i < 2; i++) {
for(int j = 0; j < 2; j++) {
SL(i,j) += U(tstp,0,0) * U(t,0,0) * GL(i,j) * GL(1-i,1-j) * GG(1-j,1-i);
SL(i,j) -= U(tstp,0,0) * U(t,0,0) * GL(i,1-j) * GG(1-j,1-i) * GL(1-i,3);
// R(t,t?) = >(t,t’) - <(t,t’) = >(t,t’) + <(t’,t) \dagger
SR(i,j) += U(tstp,0,0) * U(t,0,0) * (GG(i,j) * GG(1-i,1-j) * GL(1-j,1-i)
+ std::conj(GL(j,1i) * GL(1-j,1-i) * GG(1-i,1-3)));
SR(i,j) -= U(tstp,0,0) * U(t,0,0) * (GG(i,1-j) * GL(1-j,1-i) * GG(1-i,j)
+ std::conj(GL(1-j,1i) * GG(1-i,1-j) * GL(j,1-i)));
}
}
}

ZMatrix GVT(G.ntau(), 4);

17



T. Blommel, J. Kovacevié, J. Kaye et al. Computer Physics Communications 327 (2026) 110256

G.get_vt(tstp, dlr_, GVT);
for(int tau = 0; tau < G.ntau(); taut++) {
auto GTV_map = G.map_tv(tstp, tau);
auto STV_map = Sigma.map_tv(tstp, tau);
for(int i = 0; i < 2; i++) {
for(int j = 0; j < 2; j++) {
// For reversed we index (i,j) using row-major ordering
STV_map(i,j) += U(tstp,0,0) * U(-1,0,0) * GTV_map(i,j) * GTV_map(i-i,1-j) * GVT(tau,(1-j)*2 + (1-i));
STV_map(i,j) -= U(tstp,0,0) * U(-1,0,0) * GTV_map(i,1-j) * GVT(tau, (1-j)*2 + (1-i)) * GTV_map(1-i,j);
}
}
}
}

Finally, we implement the hybridization function of Eq. (13). sigma3_ denotes the third Pauli matrix.

void SC_gf2::solve_Delta(int tstp, function &tO, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
if(tstp == -1) { Delta_mat(tO, G, Sigma); }
else { Delta_tstp(tstp, tO, G, Sigma); }

}

void SC_gf2::Delta_mat(function &tO, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
for(int tau = 0; tau < G.ntau(); taut++) {
Sigma.map_mat(tau) .noalias() += (t0.get_map(-1) * sigma3_ * G.map_mat(tau)
* sigma3_ * t0.get_map(-1).conjugate()).real();

void SC_gf2::Delta_tstp(int tstp, function &tO, herm_matrix_hodlr &G, herm_matrix_hodlr &Sigma) {
ZMatrix sGs = ZMatrix::Zero(2,2);
for(int t = 0; t <= tstp; t++) {
sGs.noalias() = sigma3_ * G.map_ret_curr(tstp, t) * sigma3_;
Sigma.map_ret_curr(tstp, t).noalias() += 0.5 * tO.get_map(tstp) * sGs * t0.get_map(t).conjugate();
Sigma.map_ret_curr(tstp, t).noalias() += 0.5 * t0.get_map(tstp).conjugate() * sGs * t0.get_map(t);

sGs.noalias() = sigma3_ * G.map_les_curr(t, tstp) * sigma3_;

Sigma.map_les_curr(t, tstp).noalias() += 0.5 * tO.get_map(t) * sGs * tO.get_map(tstp).conjugate();

Sigma.map_les_curr(t, tstp).noalias() += 0.5 * t0.get_map(t).conjugate() * sGs * t0.get_map(tstp);
}

for(int tau = 0; tau < G.ntau(); tau++) {
sGs.noalias() = sigma3_ * G.map_tv(tstp, tau) * sigma3_;
Sigma.map_tv(tstp, tau).noalias() += 0.5 * tO.get_map(tstp) * sGs * t0.get_map(-1).conjugate();
Sigma.map_tv(tstp, tau).noalias() += 0.5 * tO.get_map(tstp).conjugate() * sGs * tO.get_map(-1);
}
}

Appendix C. Low-level mpi_comn interface

By default, mpi_comm handles loading, unloading, and communication of Green’s functions and self-energies automatically. In cases where only a
subset of orbital or Keldysh components needs to be communicated, a low-level interface allows users to implement custom protocols, as described
below.

The workload distribution and communication details are managed by the mpi_comm class, whose main components are summarized in Ta-
bles C.1-C.3. At the start of the program, each MPI rank initializes an instance with

mpi_comm comm(global_ Nk, nt, ntau, nao, max_component_size);

where Nk = N, is the total number of k-points, Nt = N, is the total number of time points, r is the number of DLR imaginary-time nodes used by
the dyson class, nao is the number of orbitals, and max_component_size is the maximum number of Keldysh and/or orbital components sent per
communication (default 2). During initialization, the communicator assigns blocks of k-points and r points to each rank (Table C.1), whereas real-
time ¢ points are distributed on the fly at each timestep ¢, since the number of 7 points is fixed but the number of # points grows with each timestep.
Several buffers are also allocated for communication and self-energy evaluation (Table C.2). In the self-consistent loop, the Green’s functions are
extracted from the herm_matrix_hodlr objects into alltp_buff and communicated to allk_buff in the downward direction shown in Fig. 5; both
steps are handled by mpi_get_and_comm. The self-energy is then evaluated inside allk_buff and communicated back to alltp_buff in the upward
direction (Fig. 5), after which the results are written into the herm_matrix_hodlr objects; these steps are handled by mpi_comm_and_set. Because
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Table C.1

Vectors inside mpi_comm describing the workload distribution among MPI

ranks.

object description

k_rank_map Vector of size N, that maps a global k index to the
MPI rank responsible for that k-point.

my_global_k_list Vector of size N}(‘” that maps local k-point indices
at each MPI rank to the global k-point indices.

Nk_per_rank Vector of size N, that contains the number of k
points handled by each MPI rank

init_tau_per_rank Vector of size Ninpi that contains the initial 7 index
at each rank.

Ntau_per_rank Vector of size N,,,; that contains the number of =
points handled by each MPI rank

Table C.2

Intermediate communication buffers inside mpi_comm.

object description

tau_alltp_buff Buffer that contains the data at all r points and a

set of k-points local to the MPI rank.

t_alltp_buff Buffer that contains the data at all #/ points and a
set of k-points local to the MPI rank.

tau_allk_buff Buffer that contains the data at all k-points and a
set of = points local to the MPI rank.

t_allk_buff Buffer that contains the data at all k-points and a
set of ¢ points local to the MPI rank.

Table C.3

Helper indexing functions inside mpi_comm.

function description

alltp_buff_index Computes the index in the alltp_buff buffers.

t_allk_buff_index Computes the index in the t_allk_buff buffer.

tau_allk_buff_index Computes the index in the tau_allk_buff buffer.

MPI_Alltoallv requires one-dimensional arrays, the indexing into the communication buffers is nontrivial; the helper functions in Table C.3 perform
the necessary index calculations.

The MPI communicator is agnostic to the internal layout of the Green’s functions and self-energies. The user therefore supplies lambda expressions
specifying how to read and write each component; these lambdas are collected into vectors and passed to the communicator methods, which iterate
over them to perform the extraction or writing. The user may define any number of lambdas to access any Keldysh component or orbital of interest.
The only constraint is that max_component_size must be set to at least the largest number of components sent in a single communication. Therefore,
if the user wants to send n Keldysh components of the Green’s function in one communication, max_component_size must be at least n. If fewer
components are sent in a subsequent call, the existing buffer space suffices; if more are sent than max_component_size, an error is thrown.

For example, computing the lesser self-energy from Eq. (33) requires both G> and G<. The corresponding get lambdas are

// returns G <(t,t’) at local k index and real times t,t’
auto getless = [&corrK_rank, &nao]
(int local_ki, int ti, int tpi)

{
hodlr::ZMatrix tmp(nao, nao);
corrK_rank[local_ki]l->G_.get_les(ti, tpi, tmp);
return tmp(0,0);

I

// returns G™>(t,t’) at local k index and real times t,t’
auto getGreat = [&corrK_rank, &nao] (int local_ki, int ti, int tpi){
hodlr::ZMatrix tmpRet(nao, nao), tmpLess(nao, nao), tmpGreat(nao, nao);

corrK_rank[local_ki]->G_.get_les(ti, tpi, tmpLess);
corrK_rank[local_ki]->G_.get_ret(ti, tpi, tmpRet);
tmpGreat (0,0) = tmpRet(0,0) + tmpLess(0,0);

return tmpGreat(0,0);
1
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// vector of lambdas for Lesser and Greater components
std::vector<std::function<std::complex<double>(int, int, int)>> getsLG = {getLess,getGreat};

After computing and communicating the self-energy, the communicator needs to write the results back into the self-energy objects. The following
set lambdas write ZE(I, 7'y and T5(1,1'):

// sets Sigma~<(t,t’) at local k index and real time t for all t’<=t
auto setless = [&corrK_rank, &nao] (int k, int ti, std::vector<std::complex<double>> &Sigma){
std: :vector<std::complex<double>> Sigmac(ti+l);
for(int j = 0; j<=ti; j++){
Sigmac[j] = -std::conj(Sigmaljl);
}
hodlr: :ZMatrixMap (corrK_rank[k]->Sigma_.curr_timestep_les_ptr(0,ti), (ti + 1) * nao, nao).noalias()
= hodlr::ZMatrixMap(Sigmac.data(), (ti + 1) * nao, nao);
};

// sets Sigma”R(t,t’) at local k index and real time t for all t’>=t

auto setRet = [&corrK_rank, &nao] (int k, int ti, std::vector<std::complex<double>> &Sigma)

{
hodlr: :ZMatrixMap (corrK_rank[k]->Sigma_.curr_timestep_ret_ptr(ti,0), (ti + 1) * nao, nao).noalias()
= hodlr::ZMatrixMap(Sigma.data(), (ti + 1) * nao, nao);

i

std::vector<std::function<void(int, int, std::vector<std::complex<double>>&)>> setsLR = {setlLess,setRet};

The vectors getsLG and setsLR are passed to the communicator methods, which iterate over their elements and perform the extraction or writing in
the appropriate communication direction (Fig. 5). In this example, max_component_size must be at least 2, since two components of each quantity
are communicated.

For general complex time indices ¢ and ¢ and Keldysh component index #, the get and set lambdas must satisfy the following requirements:

e A get lambda returns Gz(t, t') at a local k index, with signature std: : complex<double>(int local_ki, int ti, int tpi).

e A set lambda writes Ez(t, t) at a local k index for an array of ¢ <t points, with signature void(int local_ki, int ti,
std::vector<std::complex<double>> &Sigma_tp).

¢ Both get and set lambdas must use the timestep ¢ as their first time index, including for the Matsubara case where t = —1.
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