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a b s t r a c t

A large number of periodic three-body orbits with vanishing angular momentum have been found in
Newtonian gravity over the past 6 years due to a simple search method and to the contribution from
practitioners outside the Celestial Mechanics community. Extension of such orbits to non-vanishing
angular momentum has been lacking due to inter alia the absence of a sufficiently simple and widely
known search method. We present a method, i.e., a general strategy plus detailed tactics (but not
a specific algorithm, or a code), to numerically search for relative periodic orbits in the Newtonian
three-body problem with three equal masses and non-vanishing angular momentum. We illustrate
the method with an application to a specific, so-called Broucke–Hadjidemetriou–Hénon (BHH) family
of periodic 3-body orbits: Our search yielded around 100 new ‘‘satellite’’ orbits, related to the original
BHH orbits by a topological relation (defined in the text), with infinitely many orbits remaining to be
discovered. We used the so-obtained orbits to test the period vs. topology relation that had previously
been established, within a certain numerical accuracy, for orbits with vanishing angular momentum.
Our method can be readily: (1) applied to families of periodic 3-body orbits other than the BHH one;
(2) implemented using various standard algorithms for solving ordinary differential equations, such as
the Bulirsch–Stoer and the Runge–Kutta–Fehlberg ones; (3) adapted to 3-body systems with distinct
masses and/or coupling constants, including, but not limited to, Coulomb interaction. Our goal is to
enable numerical searches for new orbits in as many families of orbits as possible, and thus to allow
searches for other empirical relations, such as the aforementioned topology vs. period one.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The three-body problem, as formulated by Newton, is to pre-
dict the motion of the Sun–Earth–Moon system [1–5]. Euler [6]
and Lagrange [7] found their respective (analytic) solutions in
the mid- to late 18th century, but that was of no immediate
astronomical significance — the first Jovian satellites were only
discovered 150 years after Lagrange’s calculation, and even today
such Lagrangian systems comprise less than 1% of all known
three-body systems, the remaining 99% being the so-called ‘‘hi-
erarchical’’ systems, such as the Sun–Earth–Moon one, [5,8].2

In the late 19th century Bruns showed that the general New-
tonian three-body problem is not integrable [1], which explained

✩ The review of this paper was arranged by Prof. Hazel Andrew.
∗ Corresponding author.

E-mail address: dmitrasin@ipb.ac.rs (V. Dmitrašinović).
1 On sabbatical leave of absence.
2 What is meant by ‘‘hierarchical’’ 3-body system is one in which two bodies

move around each other, and thus form a ‘‘binary’’, and the third moves around
the binary, or vice versa.

the absence of new solutions at that time. That (should have)
made it clear that there would be no further progress without
numerical investigations. The first new periodic orbit in the un-
restricted three-body problem arrived in 1956 when Schubart [9]
found his collinear, and colliding periodic orbit using a mechani-
cal computer.3

The numerical studies of periodic orbits in the general, i.e., un-
restricted three-body problem (3BP) began in earnest about
50 years ago: The first new orbits after Schubart’s one were
announced in 1967 by Szebehely and Peters [13,14] who found
several ‘‘free-fall’’ periodic orbits using electronic computers.

3 At about the same time in mid-20th century, doubts about the existence
of any further solution, i.e., other than the Eulerian and Lagrangian ones, were
formally cast [10], and then equally formally refuted: Arenstorf [11] published
an existence proof for periodic solutions of the general three-body problem,
albeit without examples, and Jefferys and Moser [12] had also published
existence proofs for ‘‘almost periodic solutions’’ in the three-dimensional case,
also without examples. Without at least one explicit example of a new periodic
orbit, that would have been just another academic controversy.
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Subsequently, Standish [15] published several other free-fall or-
bits. While these publications definitely settled the question of
whether the general problem had non-trivial periodic solutions
other than the Euler and Lagrange ones, they did not begin
to address the question of hierarchical orbits. Moreover, Sze-
behely and Peters [13,14] suggested that the periodic orbits
were isolated.4 This led to some confusion, which was resolved
in 1974 by Hénon [16], who extended Szebehely and Peters’
free-fall, i.e., zero-angular-momentum solutions to non-zero val-
ues of angular momentum, and showed that they form one-
parameter continuous families of orbits. This is a general property
of (relative)5 periodic orbits and will be called Hénon’s first
theorem.

Further progress was based on this fact and the subsequent
numerical discoveries of hierarchical periodic three-body orbits
by Broucke’s [17,18], Hadjidemetriou’s [19–21], and by Hénon’s
[22–24] groups, working separately, though aware of each other’s
work, and using different methods. We shall refer to these three
groups of authors collectively as BHH. BHH had not only con-
firmed the existence, but found two kinds (‘‘prograde’’ and ‘‘ret-
rograde’’, the latter with three branches) of stable periodic solu-
tions, both for equal and unequal masses, as well as for different
values of the angular momentum. The stable solutions among
those found by BHH are in agreement with observed hierarchical
systems [8,17,19]. As the scale-invariant angular momentum6

is reduced, the hierarchical nature of these solutions is lost,
and all three bodies become equally involved in the motion
(which is sometimes called ‘‘interplay’’ of three bodies). Such
orbits have not been observed, as yet, even though some of them
are (linearly) stable. This ‘‘lost branch’’ of BHH solutions remains a
challenge for both observational and theoretical astronomy. In the
meantime, rigorous existence proofs, at least at certain discrete
values of the angular momentum, have been supplied for some
of the BHH orbits [26,27]. All of this ought to make it clear that
the BHH family of solutions is important, both for astronomical
applications and for mathematical purposes, more about which
later.

In the meantime, more than 2000 new topologically dis-
tinct zero-angular-momentum three-body orbits have been re-
ported [28–43]. By virtue of Hénon’s first theorem, each and
every one of these orbits defines (the beginning of) a distinct
family of orbits with non-zero angular momentum, only a few
of which have been studied [30,44–48] to any extent. Though it
is practically impossible, at least for one group of investigators, to
study all 2000 families, around 45 linearly stable orbits deserve
to be further looked into. For such an endeavor, one needs a
general method that has been lacking heretofore: the papers [44–
47] rely on different techniques designed specifically for one, or
another, particular family of orbits. A few years ago we extended
a previously established search method for zero-angular momen-
tum orbits (see Refs. [33,34,37]) to the BHH family of orbits with
non-zero angular momentum [39]. It must be emphasized that
this search method differs significantly from all three original

4 ‘‘Recent numerical investigations [13–15] have led to the conjecture that
periodic solutions of the planar general problem of three bodies are isolated,
for given masses of the bodies. To quote, for instance, Szebehely (1973): ’The
periodic orbits of the general problem do not seem to form families in the same
sense we know families in the restricted problems’; and ’to establish families
of periodic orbits according to what is known today, requires changes in the
participating masses as well as in the initial conditions’. This conjecture is made
for arbitrary distances between the participating bodies’’., a quote from [16].
5 What is meant here by a relative periodic orbit is one that returns to its

initial position after a period, though rotated by a finite angle, see Section 3.1.
6 The change of angular momentum, while keeping the same form of the

orbits, generally implies a change of energy, or of size. Due to the scaling
rules [25] for orbits in the Newtonian potential, one can define scale-invariant
angular momentum, see Section 2.3.

BHH methods. Indeed, the three BHH methods were designed
such that only one (what we now call the progenitor) orbit (at
given energy and angular momentum) in the BHH family could be
found — the first (and only) satellite orbit (a related orbit, defined
in Section 2) of the BHH family, prior to [39], was discovered and
reported in Ref. [44], perhaps unwittingly.

As there was no known reason why the number of such
satellite orbits ought to be limited – indeed the Birkhoff–Lewis
theorem [49] decrees the opposite – the search for BHH satellite
orbits had to be conducted, for both practical astronomical and for
theoretical reasons. We found around 100 such new orbits, [39],
with (infinitely) many more waiting to be discovered, limited
only by one’s strength and/or patience and availability of com-
puter resources. A similar situation may hold in other families of
orbits.

In the meantime, we have realized that our method is suffi-
ciently wide to accommodate searches for periodic orbits in some
other, though not all (see Section 3.2), families of the Newto-
nian gravitational three-body problem, with minimal modifica-
tions also for distinct masses; but also in other non-relativistic
three-body problem involving homogeneous potentials, such as
the Coulombic one [50]. Therefore, the purpose of this work is
two-fold:

• methodological: we have extended our previous search and
scanning method [34] to periodic orbits with non-zero angu-
lar momentum. This was a non-trivial endeavor because one
new continuous parameter (angular momentum L) enters
the calculation, and the search is necessarily in a three-
dimensional subspace of the full six-dimensional
phase space of initial conditions, but one with a successful
outcome.
We have modified the method of minimizing the return
proximity function in the phase space of initial conditions
to the present search in two-dimensional ‘‘slices’’ of a three-
dimensional sub-space. This, of course, has the consequence
that a detailed search of the complete subspace would last
too long to be practically implemented in a reasonably short
time. Consequently, we searched only in the immediate
vicinity of (previously discovered) progenitor BHH orbits,
and, even with this limitation, we found around 100 new
orbits.

• particular: to find as many as possible new satellite orbits
of the BHH family and then to investigate (any, new) topo-
logical regularities among them, such as those discovered
among orbits with vanishing angular momentum [36,37].
Davoust and Broucke [44] had found the first (k=3) satellite
orbit in the retrograde branch of the BHH family. We ex-
tended the search for BHH satellite orbits systematically, at
first up to values k ≤ 19, where k is the so-called topological
exponent, defined in Section 2.1 and Ref. [32], and then less
systematically up to k = 84.7

The completion of the long-term goal of exploring the stable
families of three-body orbits, as described above, can only be
accomplished by a concerted effort by several teams using ever-
more-powerful computing facilities. For this reason, here we
publish technical details of our search method in the hope that
someone else will take over the torch.

This paper is organized into six sections: After the present
Introduction, we present necessary preliminaries in Section 2. In
Section 3 we discuss our search method and, in particular the sub-
space of initial conditions. In Section 4 we present our numerical

7 This is not to say that this sequence stops at 84, but rather, that we have
arrived close to the limits imposed by the precision of our codes (and algorithms)
and the computing power available to us.
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results together with our estimates of numerical uncertainties.
Then in Section 5 we discuss the scaling laws for three body
orbits and the expected topological dependence of the scaling-
law ‘‘constant’’ for three bodies. In Section 6 we discuss the open
questions and suggest future searches. Finally, in Section 7 we
summarize and draw our conclusions.

2. Preliminaries

In this section we provide some preliminary information, such
as the motivation for this work, as well as basic background infor-
mation necessary to follow the rest of the paper. There is nothing
fundamentally new in this section, though it should give a brief
pedagogical introduction to matter written for readers unfamiliar
with celestial mechanics in general, and the three-body problem
in particular.

2.1. Testing new topological laws

Historically, periodic three-body orbits were classified into
families and named according to Strömgren’s nomenclature used
in the restricted three-body problem, see Ref. [44]. Such a
definition of families does not always correspond with the un-
ambiguous topological definition of families, provided by Mont-
gomery [51]: For example out of approximately 20 families
discussed by Davoust & Broucke [44], only 3 are topologically
distinct.

Using the topological classification method, Ref. [33] gave a
precise definition of ‘‘satellites’’ of an arbitrary progenitor orbit
w, as orbits that are the kth-power of their progenitor, i.e., with
the homotopy/free-group elements that have the form wk, where
k = 2, 3, . . .. Thereupon this definition was applied to the study
of figure-8 satellites, which were first observed in Ref. [30], and
investigated in detail in Ref. [33]. The latter study led to the
discovery of remarkable topological Kepler’s third law-like reg-
ularities (‘‘laws’’) for orbits with vanishing angular momentum,
Refs. [36,37]. An immediate question is if such regularities persist
when the angular momentum does not vanish?

Ref. [39] was the first step in an attempt to answer that ques-
tion, viz. that of finding the satellite orbits in the BHH family, as
there was no guarantee that they had to exist. The present paper
is an elaboration of the brief first report [39]. Indeed, it was only
in Ref. [37] that the existence of satellite orbits is related to the
stability of progenitor orbit (with vanishing angular momentum)
was understood,8 in terms of the Birkhoff–Lewis theorem [49].

2.2. Basic facts

Broucke [17,18,44], Hadjidemetriou [19–21] and Hénon
[22,23] (BHH) explored a set of periodic planar three-body orbits
with bodies that have the same mass and wherein the initial
coordinates form a collinear configuration (or a ‘‘syzygy’’, as it
is known in the astronomical literature),9

r1 = (x1, 0), r2 = (x2, 0), r3 = (x3, 0)

and the initial velocities are orthogonal to the vector determined
by the collinear position vectors, i.e., of the form:

v1 = (0, ẏ1), v2 = (0, ẏ2), v3 = (0, ẏ3)

In the following we shall call this a collinear orthogonal con-
figuration. Such configurations are special insofar as they lead

8 In Ref. [39] the (unnecessarily strong) KAM theorem was invoked when the
(weaker) Birkhoff–Lewis one would have sufficed.
9 Which is in conformity with Montgomery’s theorem, [52], that, with the

exception of Lagrange’s solution, every periodic solution to the Newtonian
three-body problem passes through syzygies.

to discrete symmetries of the orbit, when they appear in an
orbit twice [53,54]. This is not the most general Ansatz for initial
velocities: collinear, i.e., x-components, of relative velocities vi,
i = 1, 2, 3, need not vanish in general, but allowing for that
freedom would increase the dimensionality of the search phase
space by two and thus greatly increase the difficulty of search.

These orbits, an example of which is shown in Fig. 1(a),
form two continuous curves of relative periodic orbits in the
phase space of initial conditions, whose termini (‘‘ends’’) include
a collinear collision (Schubart) orbit (retrograde), and both ap-
proach the limit of a two-body problem with masses m and 2m
at the common upper terminus (‘‘end’’) of their L(T ) curves, Fig. 2.
Concerning the latter limit, the first periodic orbits that Broucke
found contained the so-called double Keplerian motion, which
means that two bodies revolve tightly around each other, while
the pair together revolves around the third body, therefore repre-
senting the inner and the outer binary system. If the two binaries’
revolve in the same direction, e.g. (both) clock-wise, then the
orbit is called direct. If they revolve in opposite directions, then
the orbit is retrograde. Some of these orbits have been proven to
exist in a mathematically rigorous manner in Refs. [26,27].

Broucke [17,18], Hadjidemetriou [19–21] and Hénon [22,23]
talk of two families10 of orbits – direct and retrograde – but
all of these orbits belong to a single topological family: during
one period the orbit completes a single ‘‘loop’’ around one of
the poles on the shape sphere (for definition see Ref. [32,34]),
see Fig. 1.b. This ‘‘loop’’ is described by the conjugacy class of
the fundamental group/free group element a, according to the
topological classification explained in Refs. [32,34]. It turns out,
however, that there are numerous relative periodic orbits with
topology ak, where k = 2, 3.., that have the same form of initial
conditions. Such orbits are (sometimes) called ‘‘satellites’’ [30,33],
whereas other authors call them ‘‘bifurcation orbits’’ [44].

2.3. Scaling laws for Newtonian trajectories

For the sake of clarity and completeness, here we review
some elementary scaling laws, indeed so elementary that they
are explicitly presented in only one graduate-school level texbook
on classical mechanics Ref. [25] that we know of. Nevertheless,
these scaling rules have significant non-trivial consequences in
the three-body problem. Here we follow our own presentation(s)
from Refs. [36,39].

It is well known that Kepler’s third law follows from the
spatio-temporal (mechanical) scaling laws, which, in turn, fol-
low from the homogeneity of the Newtonian gravity’s potential.
Under spatial scaling r → λr, the time must scale as t →

λ3/2t , and consequently v → v/
√

λ. The (total) energy scales
as E → λ−1E, the period T as T → λ3/2T and the angular
momentum as L → λ1/2L, the last one behaving differently than
either the period T , or the hyper-radius R =

√
1
3

∑3
i<j(ri − rj)2 =√∑3

i (Rg.b. − ri)2, which is proportional to the root-mean-square
distance of the three particles from their geometrical barycenter
Rg.b. =

1
3

∑3
i ri,

11 and scales linearly with λ: R → λR thus pre-
senting a measure of the overall ‘‘size’’ of the triangle. The angular
momentum L, though conserved by virtue of the equations of
motion, changes (‘‘scales’’) as a function of the total energy E, or
of the ‘‘size’’ R. For this reason only vanishing angular momentum

10 whereas Davoust and Broucke [44] relate further three families (D2,D3,D4)
to the BHH family D1 by way of analytic continuation through binary collisions;
see ‘‘... although it is very likely that the four families D1 through D4 are, in fact,
one single complex family’’ in Sect. 7. of Ref. [44].
11 which equals the physical center-of-mass Rg.b. = RCM when all three masses
are equal.
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Fig. 1. (a) One retrograde BHH orbit, an absolute periodic one. It can be obtained from a particular relative periodic orbit whose period is multiplied by 7, after
which time the orbit closes its trajectory in real space. (b) the same orbit on the shape sphere.

Fig. 2. L(T ) curves for (a) direct (prograde) orbits (green dots); and (b) retrograde BHH orbits (blue dots). All orbits are scaled to have total energy E = −
1
2 . Figure

reproduced from Ref. [39] with permission from the publisher. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

L = 0 is a ‘‘fixed point’’ under scaling transformations. Therefore,
in the following we shall use the scale-invariant angular momen-
tum Lr = L|E|

1/212 and, for simplicity’s sake, equal masses. Thus,
we (may) replace the (typical, or mean, or maximum) ‘‘size’’ R̄
of the three-body system in Kepler’s third law T ∝ R̄3/2 with
the inverse absolute value of energy |E|

−1, i.e., T ∝ |E|
−3/2, or

equivalently T |E|
3/2

= const. . These scaling laws hold for any
number of bodies interacting by Newtonian gravity.

The ‘‘constant’’ on the right-hand-side of the equation T |E|
3/2

= const. is not universal in the three-body case, as it is in the
two-body case — it may depend on all or any one of the following:

12 Davoust and Broucke [44] used the combination of variables 27L2E, which
is effectively the negative of 27 times the square of Lr .

the topological family w of the three-body orbit, described by the
free-group word w, on the mass ratios, and on the scale-invariant
angular momentum Lr = L|E|

1/2, see Refs. [22,23]

T (w)
|E|

3/2
= f (L(w)

|E|
1/2),

or as an inverse function:

L(w)
|E|

1/2
= f −1(T (w)

|E|
3/2).

Thus, the curve L(w)
r (T (w)

r ) = L(w)
|E|

1/2(T (w)
|E|

3/2) as a function
of T (w)

r = T (w)
|E|

3/2 is a fundamental property of any family w

of periodic three-body orbits. For the BHH family the L(T ) curve
shown in Fig. 2 is based on the data from Refs. [17–23].
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2.4. The return proximity function

The return proximity function d(X0, T0) in phase space is de-
fined as the absolute minimum of the d(X0, T0) = mintm<t≤T0

⏐⏐⏐X(t)
− X(0)

⏐⏐⏐, of the 12-dimensional state vector X0 = X(t) − X(0)
evolving from the initial time 0 to the time t , where⏐⏐⏐X(t) − X(0)

⏐⏐⏐ =

√ 3∑
i

[ri(t) − ri(0)]2 +

3∑
i

[pi(t) − pi(0)]2 (1)

is the Euclidean norm (‘‘distance’’ between two 12-vectors) in the
12-dimensional Euclidean phase space consisting of the Cartesian
coordinates and velocities of all three bodies without removing
the center-of-mass motion, and tm is the shortest non-zero time

such that
d
⏐⏐⏐X(t)−X(0)

⏐⏐⏐
dt

⏐⏐⏐
t=tm

= 0. The recurrence time τ (X0, T0) is the

time t at which a minimum of
⏐⏐X(t)−X(0)

⏐⏐ is reached. Searching
for periodic solutions with a period T < T0 is equivalent to finding
zeros of the return proximity function.

A definition analogous to Eq. (1) holds for the 8-vector Y(t),
made up of Jacobi relative vectors (ρ, λ):

ρ =
1

√
2

(r1 − r2)

λ =
1

√
6

(r1 + r2 − 2r3)

and their time derivatives (ρ̇, λ̇); here we have eliminated the
center-of-mass vector and its corresponding linear momentum
from the phase space. Similarly, the 6-vector Z(t)=(x, y, z, ẋ, ẏ, ż)
consisting of ‘‘three-vectors’’ (x, y, z)

x =
2ρ · λ

R2 , y =
λ2

− ρ2

R2 , z =
2(ρ × λ) · ez

R2 (2)

where R =

√
ρ2 + λ2 is the hyper-radius, which are scalar

products of Jacobi vectors, and thus rotation-invariant, and their
time derivatives (ẋ, ẏ, ż).

3. The space of initial conditions for BHH orbits

In the preceding section we showed some of the arguments
used by BHH, as well as some of their results. In the following
we present our method and describe its advantages.

3.1. Relative periodic orbits

Relative periodic orbits are such that the system returns, after
one period, to its initial configuration, albeit rotated through
some angle. When this total rotation angle equals zero, or is a
multiple of 2π , the solution is called absolute periodic. A relative
periodic orbit with a total rotation angle that is commensurate
with 2π yields, after a certain number of periods, an absolute
periodic orbit. All of the BHH orbits are relative periodic, and
some of them also lead to absolute periodic orbits.

Therefore, we shall search only for relative periodic orbits,
by eliminating the rotations, i.e., by using the 6-vector, Z(t) =

(x, y, z, ẋ, ẏ, ż), defined in Eq. (2). The overall (total) rotation
angle Φ of the system can be reconstructed from the trajectory
in this hyper-space and the equation for angular momentum
conservation. By using the relative return proximity function,
d(Z0, T0) = mintm<t≤T0 |Z(t) − Z0|, in the minimization procedure,
Refs. [32,34,39], we are effectively searching for relative periodic
orbits.

The collinear orthogonal configuration is a fixed point of a
reversing symmetry [17,53,54] and as such has consequences for

periodic orbits in the problem of three-bodies, as noted already
by Broucke and Boggs [17] and by Bengochea et al. [55]. If an orbit
passes through two, or more, collinear orthogonal configurations,
then it possesses a higher (discrete) symmetry, as formalized in
the ‘‘mirror theorem’’, Refs. [17,53–55]. We shall find multiple
examples of such discrete symmetries among our three-body
orbits.

3.2. Parametrization of initial conditions

Montgomery [52] has shown that all periodic 3-body orbits,
with the exception of the Lagrange one, must encounter a syzygy,
or equivalently cross the equator on the shape sphere, at least
once during one period. Thus, by choosing a collinear configura-
tion (a syzygy), though not necessarily a collinear orthogonal con-
figuration for the initial one, one does not lose generality. Thus
one reduces the number of independent Cartesian components
of initial relative vectors and velocities from eight down to six.
Therefore, the most general parametrization of initial conditions
involves six parameters: (1) two for the initial configuration;
and (2) four for the initial velocities. Fixing one of two initial
configuration parameters can be thought of as constraining the
initial size of the system, which reduces the number of free
parameters to five.

The energy and the angular momentum conservation impose
two further linearly independent, but non-linearly related con-
straints on the initial vectors and velocities. Indeed, fixing the
energy at a particular value is equivalent to choosing a particular
initial size of the system, so we shall leave these intricacies
for Section 3.2.2. Five-dimensional search space is still too large
for practical implementation. Therefore, we chose to set two
collinear components of the initial relative velocities equal to
zero, and keep only the orthogonal ones. This choice reduces the
number of parameters to three.

The same choice is consistent with, i.e., sufficient but not
necessary for, vanishing of the time derivative of the hyperradius
R at the initial (syzygy) time t = 0: Ṙ(t = 0) = 0, see
Section 3.2.2. In other words Ṙ(t = 0) = 0, does not imply
orthogonality of the initial velocities to the initial vector. The
additional initial constraint Ṙ(t = 0) = 0 is satisfied by all of the
(non-zero-angular-momentum) BHH orbits [17–23], and by all of
the (non-zero-angular-momentum) Davoust–Broucke orbits [44],
as well as by all of the (zero-angular-momentum) solutions in
Refs. [33,37,42,43]. Thus, the collinear orthogonal initial config-
uration is sufficiently wide to encompass many, though not all
of presently known families of periodic orbits. One exception is
Martin Grant’s Rosette orbit, Ref. [56], for his initial conditions
see footnote.13 This set of i.c.s appears to have 8 independent
variables. By evolving to a collinear configuration this number
is reduced to six, see Section 6.2.4. One of two initial configu-
ration parameters may be fixed (e.g. to unity, as in Section 3.3)
which leaves us with five free parameters in total, which is
more than the three parameters allowed in our search subspace.
This means that this solution does not fit into the class with
collinear orthogonal initial conditions. Nevertheless, this orbit
passes through 3 ‘‘reversor’’ isosceles configurations, which fact
guarantees additional discrete symmetry of the orbit.

13 Martin Grant’s i.c.s are: x1(0) = 0.7812, y1(0) = −0.2465, x2(0) = y1(0) =

−0.2465, y2(0) = x1(0) = 0.7812, x3(0) = −x1(0) − x2(0) = −0.5347,
y3(0) = x3(0) = −0.5347, ẋ1(0) = −ẏ2(0) = −0.6087, ẏ1(0) = −ẋ2(0) = −0.286,
ẋ3(0) = −ẋ1(0) − ẋ2(0) = 0.3227, ẏ3(0) = −ẋ3(0) = −0.3227, T = 17.0874,
E = −1.89451, L = −0.40184.
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Fig. 3. Geometry of initial conditions.

3.2.1. Initial configuration
The initial configuration is collinear, (or recti-linear) orthog-

onal, though generally asymmetric, as shown in Fig. 3, so as to
yield non-zero angular momentum, and can be written in terms
of (initial configuration) Jacobi vectors ρ0, λ0 as:

ρ0 = (a, 0), λ0 = (b, 0),

and the initial position of the center-of-mass (CM)

RCM
0 =

1
3

(
r10 + r20 + r30

)
=

1
3

(x1 + x2 + x3) x̂ = 0

From these three linear algebraic equations one can easily find

x3 − x1 = −
a +

√
3b

√
2

, x3 − x2 =
a −

√
3b

√
2

, x1 − x2 =
√
2a,

(3)

the initial potential energy equals

V = −

∑
i<j

1
rij

= −

( √
2

a +
√
3b

+

√
2

|a −
√
3b|

+
1

√
2a

)
, (4)

and the initial hyper-radius is R0 =

√
ρ2
0 + λ2

0 =
√
a2 + b2.

3.2.2. Initial velocities
We demand that the CM velocity vanishes

ṘCM =
1
3

(ṙ1 + ṙ2 + ṙ3) = 0

which leaves four independent components of two two-
dimensional Jacobi velocity vectors, as advertised earlier.

Next, we impose Ṙ(0) = 0 as an initial condition. The hyperra-
dius R can be expressed as R =

√
ρ2 + λ2, a function of the Jacobi

vectors ρ, λ. This leads to the requirement

R(0)Ṙ(0) = ρ0 · ρ̇0 + λ0 · λ̇0 = 0,

as R(0) ̸= 0. Since (ρ0, λ0) have only components in one (the x-)
direction, the above equation imposes a constraint only on a
linear combination of the x-components of the velocity vectors,
and no condition on the orthogonal (y-) components, which are,
in turn, determined by the angular momentum

L = m
(
ρ0 × ρ̇0 + λ0 × λ̇0

)
.

This is most simply solved by the requirement that the initial
velocity vectors have no x-component, i.e., that they are parallel,
and orthogonal to the initial spatial separation vectors:

ρ̇0 = cŷ =
1

√
2

(ẏ1 − ẏ2) ŷ,

λ̇0 = dŷ =
1

√
6

(ẏ1 + ẏ2 − 2ẏ3) ŷ,

which leaves us with two additional free parameters (c, d).

Of course, this is not the most general set of initial condi-
tions satisfying our additional constraint Ṙ(0) = 0 — it can be
augmented/extended by adding two new parameters, the
x-components of the velocity vectors, e = ρ̇x, f = λ̇x, that satisfy

ρxρ̇x + λxλ̇x = 0,

thus leaving (only) one independent new parameter.
Our Ansatz e = f = 0 is sufficiently wide to cover the

BHH family and its topological satellites, as well as other families
of orbits (such as, though not limited to, the non-zero-angular-
momentum BHH orbits [17–23] and by (some of) three non-
zero-angular-momentum Davoust–Broucke orbits [44], and, last
but not least, all of the zero-angular-momentum solutions in
Refs. [33,37,42,43]).

Thus our space of initial conditions is nominally four-
dimensional, with an additional (non-linear) constraint between
the angular momentum and energy. The energy E is determined
by

E =
1
2

(
v2ρ + v2λ

)
−

∑
i<j

1
rij

=
1
2

(
c2 + d2

)
−

( √
2

a +
√
3b

+

√
2

|a −
√
3b|

+
1

√
2a

)
(5)

(we take all three masses to equalm = 1, and set the gravitational
constant G = 1, which sets the units in our system). The total
angular momentum is given by

L = |ρ × ρ̇| + |λ × λ̇| = ac + bd,

both of which are constants of motion. As briefly mentioned
above, one might think that these two integrals of motion could
be used to effectively remove one of the three parameters. The
energy is related to the overall size (hyper-radius R) by scaling
rules, Section 2.3. So it will be used up when we fix the size see
Section 3.3. The angular momentum, on the other hand, scales
with size differently than the energy, so that, in effect, it remains
an independent variable. Thus, our space of initial conditions
of BHH orbits remains effectively three-dimensional, even when
these two conservation laws are explicitly implemented.

3.3. The search sub-space

We use these four parameters (a, b, c, d), together with the
following additional constraint to parametrize the search-space
for periodic orbits. The ‘‘size’’ of the orbits must be fixed in order
to avoid finding the same orbits, only rescaled by a size factor,
see Section 2.3. Therefore, we fix the ‘‘size’’ by setting b = 1.
Henceforth we shall not rescale the size R, or energy E of the
system.14

Then, for any fixed value of L, we have d = L − ac , and
with energy E =

1
2

(
c2 + (L − ac)2

)
−

( √
2

a+
√
3

+

√
2

|a−
√
3|

+
1

√
2a

)
, a

function of three independent variables: a, c and L. Now we are
left with (only) a three-dimensional ‘‘phase sub-space’’, spanned
by a, c and L, to be searched for periodic orbits. For a fixed value
of L the search can be further restricted to certain regions of
parameters a and c (see the following).

Firstly, as three equal masses imply permutation symmetry,
one only needs to look at one permutation of the three bodies,
thus allowing us to search only a limited set of configurations
viz. starting from those in which the ‘‘inner body’’ is closer to
the ‘‘left-hand-side’’ body, to the configurations when the ‘‘inner

14 Only at the end of the day, one may change to scale-invariant period and
angular momentum.
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Fig. 4. Two views of the three-dimensional parameter space of the initial conditions of BHH orbits. Green points denote Hénon’s (retrograde) orbits [22], black points
are Broucke’s ‘‘A family’’ (retrograde) orbits and the red points denote Broucke’s ‘‘R family’’ (prograde) orbits [18]. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

body’’ is exactly in the middle between the other two bodies,
i.e., for a ∈ (0, 1

√
3
], we have |a −

√
3| =

√
3 − a and leads to

E =
1
2

(
c2 + (L − ac)2

)
−

1
√
2a

+
2
√
6

a2 − 3
.

Secondly, we confine ourselves to the values of free param-
eters that lead to negative total energies, E < 0, so as to avoid
escape of one of the bodies to infinity.15 For example, having
fixed the values of L and a, the allowed values of c lie within a
circle defined by the inequality:

1
2

(
c2 + (L − ac)2

)
<

1
√
2a

+
2
√
6

3 − a2
. (6)

This inequality has non-trivial implications: it divides the (a, c, L)
space into disjoint regions, some of which are allowed, and others
are not.

The inequality (6) can be rewritten in various ways, keeping
one pair of parameters fixed while solving for the third one; thus
it is quartic in a, and quadratic in c , and L. As some of its roots
need not be real, or within the allowed regions of (real-valued)
parameters the actual number of relevant roots may be anywhere
between 0 and 4 × 2 × 2 = 16, which determines the number of
allowed, disjoint regions in the (a, c, L) space. E.g. depending on
whether e.g. c ∈ (c−, c+), or c ∈ (0, c−), c ∈ (c+, ∞)

c± =
aL(

a2 + 1
) ∓

1(
a2 + 1

)
×

√(
a
((

a2 − 3
)
L2 +

√
2
(
a
(
−a2 + 4

√
3a + 2

)
+ 4

√
3
))

+ 3
√
2
)

−a
(
a2 − 3

)
and, e.g. L ∈ (L−, L+), or L ∈ (0, L−), L ∈ (L+, ∞), where

L± = ac ±

√(
a
(
a
(√

2 − ac2
)

+ 3c2 − 4
√
6
)

− 3
√
2
)

a
(
a2 − 3

)
It should be clear that the number and form of these restrictions
depends on the functional dependence L(a, c) for any given family

15 This condition alone does not guarantee that there can never be an escape
to infinity, but only that there will be none as long as there are no two-body
collisions.

of periodic orbits. As these L(a, c) functional dependences are
generally not known, except in one (the BHH), or perhaps two
cases (the figure-8 orbits), in the following we shall eschew a
general analysis of all possible cases, such as the one above, but
concentrate on the case of BHH orbits at hand.

Before we continue, a few comments are in order: (1) it should
be clear that the present method can be readily modified to
include distinct masses; (2) at first we shall apply this method to
the BHH family, as that is the most thoroughly studied family of
three-body orbits in the literature and the a(L, c)BHH is fairly well
known; (3) the present method holds in general, and not only for
the BHH family. It can and should be applied in the vicinity of all
known (linearly) stable orbits with vanishing angular momentum.

3.4. The region of BHH orbits’ initial conditions and the scanning
method

As can be seen in Fig. 4 all of the previously known BHH
orbits fall on two continuous ‘‘curves’’, the green–black one de-
picting the retrograde, and the red one the prograde orbits, in the
three-dimensional space of initial conditions parametrized by L,
a and c.16 This is a consequence of Hénon’s first theorem [16].
Therefore, we choose the vicinity of this structure as the starting
point of our search. Our search was conducted at fixed values of
angular momentum L, in a region of a two-dimensional subspace
of initial conditions parametrized by a and c. The ‘‘scanning’’
method for numerical searching for relative periodic orbits, which
is described in more detail in Ref. [34] consists of two steps:
(1) a ‘‘brute force’’ scan that produces the ‘‘initial candidates’’; and
(2) use the ‘‘initial candidates’’ as starting points in a minimiza-
tion method, such as coordinate descent, or gradient descent.
The crux of the matter is to have a good idea where to look
for candidates, which depends on the parametrization of the
initial conditions. The resulting orbit is accepted as periodic if the
minimized r.p.f. is sufficiently close to zero.

16 N.B. The retrograde orbits’ ‘‘one continuous’’ curve appears as two here
due to our choice of the domain of the parameters a and c , and of symmetries;
another choice might have given a single curve, which, however, would have
been less auspicious for the purposes of orbit hunting. Similarly, the prograde
and the retrograde curves would merge in the (extreme) limit of two ‘‘inner’’
bodies merging into one.
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Fig. 5. Initially discovered satellite orbits of the BHH family, shown in real space
and on the shape sphere, k = 12, 45, 39.

4. Results

Our search was conducted at fixed values of angular mo-
mentum L, in a region of a two-dimensional subspace of initial
conditions parametrized by a and c . The ‘‘scanning’’ method of
numerical searching for periodic orbits was briefly explained in
Section 3.4 and described in pedagogic detail in Ref. [34].

We performed two preliminary searches at angular momen-
tum L = 0.935549, where there is one (Hénon’s) orbit, and
at L = 1.5, where there are no BHH orbits. Parameters a
and c took values in the following intervals: a ∈ [0.05, 0.6],
c ∈ [−5.5, 5.5], although it was unnecessary to go above a =

1/
√
3 = 0.57735 · · ·, see Section 3.3. The resolution of the search

was 1000 × 1000, which determined the duration of search.
Naturally, one expects that longer searches would have pro-
duced more copious results, as longer periods would have been
probed.

Some local minima of the return proximity function (r.p.f.)
were extracted from the results and refined using additional
minimization methods, which led to several new orbits, some of
which were direct, whereas others were retrograde. After plotting
the newly found orbits’ trajectories on the shape sphere, it was

Fig. 6. Initially discovered satellite orbits of the BHH family, shown in real space
and on the shape sphere, k = 84, 13, 58.

easy to see that all of these orbits are topological powers of BHH
orbits, the so-called topological satellites.

In the first two (preliminary) searches we found six BHH
satellite orbits. These orbits make k loops about a single collision
point on the shape sphere, with k = 84, 12, 45, 39, 58, 13 (see
Figs. 5 and 6), some of which are retrograde and others are direct.
One notices immediately the diversity of patterns on the shape
sphere: some (e.g. panels 2, 3, 4, 6 in Fig. 5) are symmetric,
whereas others (e.g. panels 1, 5 in Fig. 5) are asymmetric.

However, the level of detail in these results is very low: the
resolution is not high enough to resolve some minima. Therefore
we decided to perform such ‘‘scans’’ in smaller sections of the a−c
plane and in the vicinity of BHH orbits (see Figs. 7 and 8).

4.1. High resolution searches for BHH satellite orbits

The maps of the return proximity function at L = 0.8, 0.85,
0.9, 0.935 are shown in Figs. 7 and 8. Note the ‘‘interference-
like’’ dark and bright regions (patterns) in this map. The brighter
regions correspond to higher values of the negative logarithm
of the return proximity function. Each bright (yellow) ‘‘stripe’’
in Figs. 7, 8 contains a particular satellite of topological order
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Fig. 7. The map of the negative logarithm of the return proximity function at
angular momentum values L = 0.8 (upper panel), and L = 0.85 (lower panel).
The brighter regions correspond to higher values of the negative logarithm of
the return proximity function. Each black square denotes a local minimum of the
return proximity function for which the value of the return proximity function
is sufficiently close to zero: a satellite orbit, and the number is the k-value of
that satellite. The black region in the lower right-hand corner is forbidden by
the negative energy condition.

k, arranged in an increasing order of k from the right to the
left-hand side (see Figs. 10 and 11).

The same region in the a − c plane was also explored at four
other values of L ∈ [0.8, 1]. There we found satellite orbits with
the same values of k, at slightly different initial conditions. For
example, their trajectories on the shape sphere were wider or
narrower, and for one of the two visually distinct types in Fig. 12,
the satellites of the same k differ in eccentricity.

Some shape-sphere orbits (e.g. panels 1, 2, 3 in Fig. 12) are
symmetric, whereas others (e.g. panels 4, 5 in Fig. 12) are asym-
metric. In Fig. 12 one can also recognize that there are orbits with
significant eccentricities of the inner and outer binaries, where
these two kinds of binaries can (still) be recognized. In contrast,
we challenge the reader to recognize any kind of binary in the
satellite orbits shown in panel 1 of Fig. 12].

All of these satellites at the above-mentioned values of L are
‘‘arranged’’ in a way similar to those at L = 0.9, and in an overall
manner/shape that are in accordance with Hénon’s first theo-
rem, i.e., with the expectation that there are continuous families
(curves in the parameter space) of satellite orbits with a particular

Fig. 8. The map of the negative logarithm of the return proximity function
at angular momentum values L = 0.9 (upper panel), and L = 0.935549
(lower panel). The brighter regions correspond to higher values of the negative
logarithm of the return proximity function. Each black square denotes a local
minimum of the return proximity function for which the value of the return
proximity function is sufficiently close to zero: a satellite orbit, and the number
is the k-value of that satellite. The black region in the lower right-hand corner
is forbidden by the negative energy condition.

value of k, and most probably several different families/curves for
the same k.

In addition to this, we searched for satellites with higher
powers k, at higher values of angular momentum L, where we
found examples of k up to 58.

4.2. Detailed searches near BHH retrograde orbits

Summary of detailed searches that were performed in the
vicinity of BHH retrograde orbits is given in Table 1, with the
searched segments of parameter space illustrated in Fig. 9.
Comments made in the right-hand-most column of Table 1 in-
dicate segments open to future improvement. One, particularly
interesting segment is the low L-values, which we could not
access due to lack of regularization of collisions in our code. Orbits
in this region ought to have satellites, as well, assuming relevance
of the Birkhoff–Lewis theorem to this system, see Section 6.1.
A detailed study of this segment would constitute a test of this
assumption.

The complete set of orbits is shown in the text below; the
topological power k takes values k = 3–48, 58, 84, see Fig. 12.
For more, see the web-site [38].
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Fig. 9. Illustration of searched segments (‘‘scans’’) in the parameter spaces (a, L) (upper panel), and (a, c) (lower panel). Each different colored line/box corresponds
to a scan we performed in one a–c region, see Table 1, as follows. Upper panel (from top to bottom): blue (1.5)(0.935549), light brown (1.1), orange (1.03)(1.07),
green (1.0)(0.9)(0.85)(0.8), gray (0.7), red(0.65), dark brown (0.65). Lower panel: red (0.65), dark brown (0.65), gray (0.7), orange (1.03)(1.07), light brown (1.1), green
(0.935549), blue (1.5)(0.935549). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Searches (‘‘scans’’) performed in segments of parameter space.
L amin amax cmin cmax Comment

0.65 0.05 0.09 3.5 5.5 Few local minima
0.65 0.1 0.5 1 5 Several local minima
0.7 0.4 0.6 −2.5 −0.5 Unstructured set of local minima
0.8 0.1 0.3 −3 −1 Good results
0.85 0.1 0.3 −3 −1 Good results
0.9 0.1 0.3 −3 −1 Good results
0.935548917 0.1 0.3 −3 −1 Good results
1 0.1 0.3 −3 −1 Good results
1.03 0.06 0.12 −3.5 −2.5 Good results
1.07 0.06 0.12 −3.5 −2.5 Good results
1.1 0.02 0.2 −5 −3 Many local minima packed densely

5. Kepler-third-law-like regularities

In this section we follow Ref. [39] closely, for two reasons:
(1) for the sake of completeness: Kepler-third-law-like regular-
ities are perhaps the most exciting news that have emerged from
the discovery of new (satellite) orbits and thus deserve a proper
presentation; (2) in order to reveal our methods and way of
thinking: we suspect that similar, though perhaps not exactly
identical regularities may hold in other families of periodic orbits.

As stated in the Introduction 1, families of periodic three-body
orbits can be characterized by the topology of their trajectories in
the real configuration space (‘‘braid group’’), or on the (so-called)
shape sphere (‘‘free group’’), as described in Refs. [32–34,51], the
latter can be specified by the conjugacy classes of elements, or
‘‘words’’ w, for short, consisting of letters a, b, A = a−1, B = b−1,
that define the free group on two letters (a, b).

Thus, here we must study the dependence of the constant on
the right-hand-side of the scaling law T (w)|E(w)|3/2 = const(w)
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Fig. 10. Examples of satellite orbits of the BHH family, shown in real space and on the shape sphere, k = 3, 4, 5, 6. Each row contains two different satellites for
each value of k = 3, 4, 5, 6, starting from the top, except for k = 3, where there is only one.

on the structure of the word w(a, b, A, B) that characterizes a pe-
riodic three-body orbit with zero angular-momentum. In Ref. [36]
we have shown that Kepler’s third law ‘‘constant’’ T (wk)|E(wk)|3/2

of the ‘‘kth satellite orbit’’ with zero angular-momentum (speci-
fied by the free-group element wk where k is an integer) of the
‘‘progenitor orbit’’ w equals k times the Kepler’s third law con-
stant T (w)|E(w)|3/2 of the progenitor orbit w: T (wk)|E(wk)|3/2 =

kT (w)|E(w)|3/2. More simply, periodic orbits with zero angular-
momentum normalized to a common energy E have periods
related by T (wki ) = kiT (w). We wish to see if this, or some similar
statement holds also at non-zero angular momentum?

Then the analogon of Eq. T (wk)|E(wk)|3/2 = kT (w)|E(w)|3/2 for
orbits with non-zero angular momenta is

T (wk)|E(wk)|
3/2

= f
(
L(wk)|E(wk)|

1/2
)

= kT (w)|E(w)|3/2

= kf
(
L(w)|E(w)|1/2

)
,

or

L(wk)|E(wk)|
1/2

= f −1
(
T (wk)|E(wk)|

1/2
)

= f −1 (T (w)|E(w)|1/2/k
)

= L(w)|E(w)|1/2
(
T (w)|E(w)|1/2/k

)
, (7)

or yet more simply, a relation between L(T ) curves for the pro-
genitor orbit Lr (Tr ) and its k’th satellite L(w

k)
r (T (wk)

r ):

L(w)
r (T (w)

r ) = L(w
k)

r (T (wk)
r /k). (8)

In the brief report [39] we tested this relation on the BHH family
of solutions using the orbits presented in the previous section. In
order to ensure a precise check of Eq. (8) it is necessary to pre-
cisely determine orbital periods. The periods T of the orbits could
not be reliably established to better than the seven significant
digits (decimal places), as shown in Table I in the Supplementary
information for Ref. [39].

Our solutions are numerical, hence they necessarily contain
some, small, but finite numerical ‘‘error’’, i.e., difference between
the particles’ spatial positions after one period and their initial
values. This error is perhaps best quantified by the value of the
‘‘return proximity function’’, d(Z0, T0) = mint≤T0 |Z(t) − Z0|, see
Refs. [33,34], evaluated after one period t = T . The minimal val-
ues of d(Z0, T0), dmin, for our solutions are typically of the order of
O(10−10)−O(10−9), which also indicates the order of magnitude
of the expected error in the values of kinematical variables, such
as the period T . The relation between the expected error in the
period T and the minimal ‘‘return proximity function’’, dmin, is not
a linear one, however.

We have undertaken four independent evaluations (denoted
by Roman capital numerals I–IV) of period T : two T (I) = TRKFrpf ,
T (III) = TRKFz ), are based on the Runge–Kutta–Fehlberg (RKF)
algorithm of fourth order, and another two (T (II) = TBSrpf , T (IV)
= TBSz ) are based on the Bulirsch–Stoer (BS) algorithm, each
with two different definitions of the period T : Trpf is based on
the minimum of the return proximity function (rpf) and Tz is
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Fig. 11. Examples of satellite orbits of the BHH family, shown in real space and on the shape sphere, k = 7, 8, 9. Each row contains two different satellites for each
value of k = 7, 8, 9, starting from the top.

based on the crossing of the equator on the shape sphere. These
measurements may, but need not, agree in general. They must
agree only when the initial conditions are ‘‘perfect’’, i.e., when
the value of d(Z0, T0) is zero (which does not happen in actual
numerical calculations).

5.1. Observed topological dependence of the scaling laws for three
bodies

The L(T ) curves of different-k satellite orbits are scattered over
a large region and do not ‘‘touch’’/intersect the BHH progenitor
family of orbits’ L(T ) curve when plotted as a function of the
(un-divided) period T , see Fig. 13. Note the huge span/scatter of
periods in the data.

After dividing the period T by the topological exponent/index
k, T ′

= T/k, we can see in Fig. 14 that the satellite orbits’ L(T/k)
curve (the angular momentum as a function of topologically-
rescaled period T/k) approximately coincides with the L(T ) curve
of BHH retrograde orbits.

6. Open questions

Here we present a list of open questions related to our paper.
They range from general questions about astronomical existence
and some, perhaps abstract mathematical questions about the
deeper underlying causes for these orbits, to entirely practical
suggestions as to which specific subspace of i.c.s ought to be
explored in a numerical search.

6.1. Astronomical and mathematical questions

Our study also opens up several mathematical and astronom-
ical questions:

1. The BHH family is one of only two families, another being
the Lagrange one, of periodic three-body orbits that have
been observed in the skies: all ‘‘hierarchical’’ triple star
systems belong to BHH orbits, though the converse is not
true. The Sun–Earth–Moon system may be viewed as a
BHH solution [5,17,20], with unequal masses. Therefore, it
seems important to extend the present study to the case
of three different masses: some work in this direction has
already been done in Refs. [17,20,55], but more needs to be
done, and our method lends itself to the task. A number of
3-body systems have been discovered by the Kepler space
telescope, all of which are of the hierarchical type, see §5.2
and §5.4 in Ref. [5].17 Are there BHH topological satellites
among astronomically observed three-body systems?

2. We have observed satellite orbits only in the stable region
of BHH progenitor orbits’ L(T ) curve: why? What precisely
is the relation between satellites’ existence and stability of

17 see §5.2 Searches for Exomoons in Ref. [5]: ‘‘There are many dynamical
processes that affect circumbinary planets, but we will focus on Kepler-16b,
the first circumbinary planet confirmed by the Kepler mission (Doyle et al.
2011). This was a huge discovery because previous circumbinary planets had
been posited through the post-common envelope binaries (e.g., Beuermann et al.
2010)’’.
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Fig. 12. Overview of some of the satellite orbits in the BHH family, k =

3, 10, 10, 11, 43.

progenitor’s orbit? In 1976 Hénon [22] stated that ‘‘. . . the
stable periodic orbits which we have found are very proba-
bly surrounded by a region of finite measure in phase space
in which the orbits possess non-linear stability’’, i.e., that
the linearly stable orbits in the BHH three-body family are
also nonlinearly, or perpetually, or Kolmogorov–Arnold–
Moser (KAM) stable. In other words, the KAM theorem
[57–59] is believed to hold for stable BHH orbits. From the
KAM theorem it follows that there must be infinitely many
‘‘conditionally periodic’’ solutions near non-linearly stable
BHH orbits. In Ref. [37] it was noted that, according to
the Birkhoff–Lewis theorem [49], even the (weaker) linear
stability may lead to an infinity of periodic satellite orbits.
It would be good to verify this conjecture.

3. Prograde orbits are unstable at these values of L, which
makes them unlikely to have satellites, according to the
Birkhoff–Lewis theorem. One ought to perform further
searches in the parameter space at higher values of angular
momentum L before one can draw any conclusions about
the (non)existence of satellite orbits and their properties
on the L(T ) plot.

4. In recent years there has been progress in providing formal
‘‘proofs of existence’’ for some BHH orbits, Refs. [26,27]. The
obvious question is: can one ‘‘prove the existence’’ of the
satellite orbits, and when?

5. Several different types of BHH satellites with identical val-
ues of k were reported in Ref. [39]. The question naturally
arises: just how many such satellites are there for each
value of k?

6. The above point (2) would account for the existence of
satellite orbits, though not for the relation between their
periods and topologies. Some suggestions about the cause
of this relation based on the (complex-variable) analytic
properties of the action integral were presented in Ap-
pendix E of Ref. [37], but it would be good to make those
arguments rigorous, or to repudiate them (for example by
finding counterexamples).

6.2. Suggestions for future numerical work

If true, the aforementioned Hénon’s conjecture implies ex-
istence of infinitely many satellite orbits for all linearly stable
three-body orbits, of which there are many. Of course, one may
object that a search for all such orbits must be without an end.

However, there is by now sufficient reason to believe that
there is some, perhaps not fully revealed as yet, structure in
the spectrum of periodic 3-body orbits (viz. discrete multiples of
periods, relation(s) between periods and topology), and the goal
would be to reveal this structure to the fullest extent possible.

Thus, the goal of a search would/ought to be to find (all)
linearly stable orbits with the periods shorter than some (fi-
nite upper) bound (i.e., with the simplest topologies) — whereas
the subsequent extension of sequences (generated by such short
orbits — progenitors) towards infinity may indeed be pointless.

6.2.1. Extension of zero-angular-momentum solutions to nonzero
values

There are around 20 linearly stable, out of grand total around
200 zero-angular-momentum orbits in Ref. [37] and at least 23
among roughly 2000 orbits from Refs. [35,40,42,43,60].

As explained above, all linearly stable orbits deserve a thor-
ough investigation in the sense of extending them to non-zero
angular momenta. Reference [40] commands special attention,
because it is the only work that has reported periodic orbits
outside of the i.c. subspace defined in Refs. [32,37].
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Fig. 13. Retrograde BHH orbits and the BHH satellite orbits with various values of k, discovered thus far, L(T ) dependence at fixed energy E = −0.5. Adapted from
Ref. [39].

Fig. 14. Retrograde BHH orbits (black and blue dots) and their satellites (red dots) with various values of k, discovered thus far, L(T ′
= T/k) dependence at fixed

energy E = −0.5. Adapted from Ref. [39]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Last, but not least, the same method can be applied to 100, or
so, zero angular momentum orbits in the Coulomb potential [50].

6.2.2. Searches around (other) known nonzero-angular-momentum
orbits

Of course, search for other satellites can and should be contin-
ued in the BHH family, specifically in the prograde orbit branch,
where only a few satellites have been found thus far, as well as
in the retrograde branch, near the Schubert orbit, where further
satellites are expected, but regularization is required [61–63].

There are other known, linearly stable orbits that fall into the
present class of initial conditions: Davoust and Broucke reported
a number (136) of (generally topologically unidentified) nonzero-
angular-momentum orbits in Ref. [44]. All of these orbits’ initial
conditions are described by four parameters, just as ours, and
a number of these orbits are linearly stable. Unfortunately, the

tables of i.c.s in Ref. [44] are (very) difficult to read (due to a bad
font) – which prevented us from examining them all18 – here we
discuss only those orbits which we managed to reconstruct.

These orbits were not classified into families according to their
topologies, but, rather, using Strömgren’s (restricted 3-body prob-
lem) classification into 14 simple symmetry (denoted by small ro-
man and greek letters) and 11 double symmetry families (denoted
by capital letters).

Many of these Davoust–Broucke (Strömgren) families fall into
one of only three topological families: (1) The (Strömgren) double-
symmetry A1, B and single-symmetry a, b, c, d, α, β families con-
tain orbits with the same topology as the Lagrange–Euler solu-
tions, i.e., the identity element/zero of the free group; (2) The

18 And when we read them, we could not be sure that we did it correctly.
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Table 2
The initial conditions in terms of parameters A, B, C,D, as defined in the text, for three semichoreographic orbits. T is the
period, L the angular momentum, and E is the energy. The shortest period orbit is Moore’s [28].
A B C T T |E|

3/2 L|E|
1/2 E

0.6789245 −1.992169 1.3677159 3.147316 3.6087 −1.7668 −1.0955
0.2369355 −0.720445 1.2540211 8.004531 13.700 0.131881 −1.4308
0.400045 1.415959 1.1166540 8.413701 22.945 6.14072 −1.9519

Table 3
Satellite orbits in the retrograde BHH family, some of which are shown in Fig. 12. Minimal return proximity dmin for these
orbits is dmin < 10−7 . k is the topological power of the orbit, T is its period and E its energy.
Nr L a c T k dmin

1 0.7 0.427052524289 −1.336907801590 4.46125383 3 1.12E−10
2 0.85 0.225423376709 −2.161172667330 4.93326124 3 1.72E−10
3 0.65 0.226748054608 2.494853501883 5.38634911 3 3.22E−11
4 0.85 0.236597473885 −1.986209145030 4.79387855 4 1.09E−10
5 0.7 0.410445264670 −0.901755581763 3.04224052 4 1.16E−10
6 0.65 0.089473243424 3.863464841380 6.80175586 4 3.88E−10
7 0.65 0.351891702719 1.961519344674 5.95736952 4 1.26E−10
8 0.8 0.278773932080 −1.610811894950 4.47639401 5 2.26E−10
9 0.65 0.131937959644 3.165458555994 8.78754480 5 6.12E−08
10 0.8 0.228399714670 −1.771422978980 4.12780456 6 1.12E−10
11 0.9 0.162112751455 −2.424555946410 4.72091689 6 1.09E−10
12 0.65 0.335276789538 2.040219149776 9.43988995 6 1.38E−10
13 0.8 0.195389423297 −1.911145472440 3.90877460 7 2.84E−10
14 0.85 0.213186587101 −1.831539642360 4.45339868 7 1.61E−10
15 0.9 0.174854596011 −2.217240443720 4.74829390 7 9.79E−11
16 0.9 0.269439116363 −1.452760161970 4.74215052 7 1.87E−10
17 0.8 0.171971993864 −2.034163513840 3.75598535 8 1.38E−10
18 0.935548917 0.129471314426 −2.721144023250 4.76584900 8 1.01E−10
19 0.7 0.537026752182 −1.208756213130 15.23729361 8 1.49E−10
20 0.85 0.186299773074 −1.955937487530 4.23559872 8 1.45E−10
21 0.9 0.205445523859 −1.864664426590 4.90547644 8 1.26E−10
22 0.935548917 0.273518188668 −1.304218790410 4.75908509 8 1.34E−10
23 0.8 0.154250567982 −2.146266402400 3.64212942 9 3.05E−10
24 0.935548917 0.232402133831 −1.514749892810 4.78046677 9 9.95E−11
25 0.85 0.166323483739 −2.067914324720 4.07742799 9 2.21E−10

(Strömgren) double-symmetry family A2 contains quasi-isosceles
orbits (with angular momentum); (3) The (Strömgren) double-
symmetry families D1, E,G and single-symmetry g, h, i are (di-
rect) parts of the BHH topological family; (4) The (Strömgren)
double-symmetry D2,D3,D4, F and single-symmetry e families
are (retrograde) parts of the BHH topological family, in particular
solutions no. 90 and no. 91 are the k = 3 satellites.

6.2.3. Semichoreographies with nonzero-angular-momentum
Davoust and Broucke [44] were apparently the first ones

to find a semichoregraphic solution — a periodic 3-body orbit
wherein two bodies move on the same trajectory, whereas the
third one moves on its own. In Ref. [28] Moore rediscovered
Davoust and Broucke’s orbit. We have found two other such
orbits, see Table 2, and called them semichoreographies; each
(semi)choreography defines a continuous family of orbits, as a
function of angular momentum, whose orbits are not (necessar-
ily) semichoreographies themselves, and which have not been
explored thus far, to our knowledge.

We list several such orbits’ i.c.s in Table 2, with the following
definition of i.c. parameters A, B, C,D in terms of our parameters
a, b, c, d,

a =
√
2, b = −

√
2
3
A, c =

√
1
2
(B − C), d =

√
3
2
(B + C).

6.2.4. Isolated orbits
Last, but not least there are a number of isolated, generally

topologically unidentified periodic orbits, often unpublished, or
published only in Ph.D. or M.Sc. theses, and/or on the internet;
here we list the ones we knew at the time of writing.

• The ‘‘Celtic knot’’ choreographic orbit of Montaldi & Steck-
les [64] (no i.c.s supplied), which appears to be equivalent to
the ‘‘Rosette’’ orbit of Grant [56] with nonvanishing angular
momentum, the i.c.s are supplied in footnote [91]. This orbit
does not fit into the (sub)space of collinear orthogonal i.c.s,
for proof, see footnote,19 and therefore requires relaxation
of conditions imposed in Section 3.2.

• Danya Rose’s many previously unknown orbits with van-
ishing angular momentum [40], some of which do not pass
through an equidistant collinear (‘‘Eulerian’’) initial configu-
ration.

• A number of as yet topologically unidentified orbits pre-
sented in Refs. [55,65] and references therein.

All of this indicates: (1) a need to complete the families with
other non-zero angular momentum orbits; (2) a probable abun-
dance of new satellite orbits waiting to be discovered.

Free-fall orbits generally do not satisfy Ṙ = 0 at equator
crossings,20 so generally they do not fall into the present search
space.

19 In order to check if its i.c.s fall into the class of collinear orthogonal, i.e., if
ri · ṙi = 0, (for all i = 1, 2, 3), we note that the first of six syzygies is reached
after t = 0.7032783, where we have (x1(t), y1(t), x2(t), y2(t), x3(t), y3(t)) =

(0.00077832, −0.469023, −0.00165945, 0.999997, 0.000881126, −0.530975),
which still has 4 independent variables. Of course, two of these four can
be eliminated by an appropriate rotation of the reference frame. Similarly,
the velocities at t = 0.7032783 are (ẋ1(t), ẏ1(t)) = (−3.03236, −2.77587);
(ẋ2(t), ẏ2(t)) = (0.385354, 0.00774803); (ẋ3(t), ẏ3(t)) = (2.647, 2.76812), of
which there are 4 independent ones. Evaluating the scalar products, which are
rotation-invariant, we see that ri(t) · ṙi(t) ̸= 0 (for all i = 1, 2, 3), i.e., this is not
an orthogonal collinear configuration. Nevertheless, this orbit passes through
three reversible configurations of another kind: the isosceles one, see Ref. [65].
20 With the exception of isosceles triangle ones.
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Table 4
Satellite orbits in the retrograde BHH family — Table 3 continued.
Nr L a c T k dmin

26 0.9 0.182069791972 −1.978004135720 4.67040604 9 1.17E−10
27 0.935548917 0.137285145946 −2.545654735050 4.78370980 9 9.67E−11
28 1 0.294303286736 −1.008322699800 4.76801186 9 1.23E−10
29 1 0.238218402625 −1.735467337160 6.99274465 9 1.40E−10
30 0.85 0.150808938415 −2.170190077810 3.95629338 10 1.48E−10
31 1 0.209243455808 −1.847936324290 6.46969425 10 1.57E−10
32 1 0.266925744815 −1.097311225480 4.78597293 10 1.23E−10
33 0.7 0.442402892100 −0.700265953090 6.66684025 10 2.26E−09
34 0.8 0.129160165070 −2.343250256240 3.48168164 11 1.12E−10
35 1 0.243617171755 −1.190238664360 4.79985962 11 1.09E−10
36 0.8 0.119882517495 −2.431498122390 3.42239489 12 1.27E−10
37 0.935548917 0.147716034231 −2.192473293620 4.68169607 12 1.18E−10
38 1 0.223340706817 −1.288029535680 4.81093626 12 2.30E−10
39 0.8 0.112051269923 −2.514553762900 3.37232423 13 1.43E−10
40 0.935548917 0.137088743692 −2.274985930540 4.56392294 13 1.52E−10
41 1 0.205347639306 −1.392000632830 4.81998871 13 1.62E−10
42 0.8 0.105352054293 −2.592836811550 3.32933694 14 1.97E−10
43 1 0.146284147722 −2.203021298400 5.44909516 14 1.06E−10
44 0.85 0.105854763654 −2.586702862280 3.60999927 15 1.05E−10
45 1 0.136829854037 −2.277089258430 5.30678948 15 2.09E−10
46 1 0.173982588477 −1.627461935580 4.83391624 15 5.74E−09
47 0.85 0.100315012262 −2.656853706660 3.56736722 16 9.88E−11
48 0.9 0.102148274757 −2.632996062570 3.90923742 17 1.52E−10
49 0.935548917 0.102773178918 −2.625007735230 4.19114405 18 1.04E−10
50 1 0.110009104810 −2.537603649510 4.91429079 19 1.42E−08

7. Summary, conclusions

Here we have presented details of our method, originally
designed to search for periodic orbits within the Broucke–
Hadjidemetriou–Hénon (BHH), Refs. [17–23], family of orbits.
However, we have realized that the method has a (much) wider
scope.

We have numerically found 99 new satellite orbits in the
family of BHH relative periodic solutions to the planar three body
problem, and analyzed their properties and compared them with
the properties of the original BHH orbits. An approximate relation
between their kinematic and topological properties was reported
in Ref. [39].

BHH orbits form a family with a very simple topology, and
their satellites are orbits with topology that can be described as
the kth power of BHH one. The BHH orbits’ scale-invariant angular
momenta L and scale-invariant periods T form a continuous curve
L(T ), whereas our satellite orbits form a scattered set of points
on the same L(T ) plot. The latter exhibit the property that when
their period T is divided by their ‘‘topological power’’ k, they
approximately fall on the L(T ) curve of the original (k = 1) BHH
orbits. The deviation from exact identity of the two curves, can
be quantified by a mean-square-root deviation of the observed
satellite-orbit data from a fit to the BHH progenitor-orbit data.

Our study was motivated by the discovery of satellite orbits
at vanishing angular momentum and of the proportionality of
their scale-invariant period to their topological power [33]. The
Kepler-like topological regularities have been found to hold more
generally in sequences of orbits, albeit thus far only at vanishing
angular momenta [36,37]. This report shows, however, that this
regularity persists even when orbits with L ̸= 0 are considered,
albeit approximately, i.e., within some tolerance.

These results are even more striking when one remembers
that there are several distinct types of satellite orbits of the same
topological power k, some with quite different values of L and
T , all of which display this property. Furthermore, more than
one satellite of the same power k and the same type have been
found for several progenitor orbits presented in this report; our
results (not shown here) suggest that satellites form continuous

Table 5
Satellite orbits in the retrograde BHH family — Tables 3 and 4 continued.
Nr L a c T k dmin

51 1.03 0.111843109779 −2.516815645433 5.31721934 20 9.76E−11
52 1.03 0.106999360702 −2.572864154118 5.23675314 21 1.10E−10
53 1.03 0.102629340641 −2.626824252565 5.16461551 22 1.04E−10
54 1.07 0.112532299117 −2.509130097108 5.93058960 22 9.37E−11
55 1.03 0.098663558847 −2.678884782752 5.09949046 23 1.13E−10
56 1.07 0.107950445783 −2.561552366744 5.83679015 23 1.62E−10
57 1.03 0.095045815614 −2.729207988143 5.04033295 24 1.24E−10
58 1.07 0.103792166702 −2.612125153377 5.75238033 24 9.83E−10
59 1.07 0.099998313989 −2.661009860717 5.67592271 25 1.93E−10
60 1.07 0.096520577947 −2.708345753387 5.60626742 26 1.77E−10
61 1.07 0.093319072567 −2.754253774713 5.54248254 27 1.28E−10
62 1.07 0.090360532835 −2.798839977984 5.48380387 28 1.27E−10
63 1.07 0.087616970029 −2.842197991476 5.42959820 29 1.09E−10
64 1.03 0.078546062730 −3.001449136918 4.77275161 30 1.18E−10
65 1.07 0.085064647578 −2.884410942736 5.37933595 30 1.04E−10
66 1.03 0.076424987284 −3.042734364817 4.73851381 31 1.48E−10
67 1.07 0.082683286816 −2.925553119986 5.33257043 31 1.02E−10
68 1.03 0.074436173120 −3.083042211579 4.70642108 32 1.04E−10
69 1.07 0.080455449983 −2.965691193228 5.28892198 32 9.96E−11
70 1.03 0.072567055606 −3.122428961620 4.67626201 33 1.51E−10
71 1.07 0.078366051119 −3.004885281315 5.24806564 33 1.39E−10
72 1.03 0.070806647363 −3.160945841855 4.64785297 34 9.95E−11
73 1.07 0.076401964229 −3.043189884203 5.20972146 34 1.05E−10
74 1.03 0.069145295338 −3.198639607087 4.62103356 35 1.66E−10
75 1.07 0.074551712461 −3.080654510153 5.17364685 35 1.59E−10

curves in the parameter space of initial conditions. That ‘‘fine
structure’’ should be investigated in greater detail, however, as
in the examples set by Davoust and Broucke [44].

From the methodological point of view, we have shown that
a systematic search for periodic solutions is possible in a three-
dimensional subspace of initial conditions, although it is more
challenging and time-consuming than in the case of orbits with
vanishing angular momentum. We have found satellite orbits up
to topological power k = 58 (84); but we feel that we have not
found all satellite orbits with values k ≤ 58 (84), despite there
being no known theorem stating how many orbits there ought
to be. It should be noted that our search was time-limited: the
same method can be used without modifications to complete the
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Table 6
Satellite orbits in the retrograde BHH family — Tables 3–5 continued.
Nr L a c T k dmin

76 1.03 0.067574480868 −3.235553106562 4.59566306 36 1.02E−10
77 1.03 0.066086655842 −3.271725713345 4.57161742 37 1.18E−10
78 1.07 0.071153562285 −3.153240705933 5.10748717 37 1.01E−10
79 1.03 0.064675107247 −3.307193655949 4.54878679 38 1.05E−10
80 1.07 0.069588876352 −3.188441664622 5.07705416 38 1.04E−10
81 1.1 0.072454170036 −3.124853635110 5.53965642 39 1.05E−10
82 1.03 0.063333841711 −3.341990448546 4.52707358 39 1.68E−10
83 1.07 0.068104140192 −3.222962078095 5.04818753 39 1.04E−10
84 1.1 0.070912224143 −3.158592700200 5.50480009 40 9.94E−11
85 1.03 0.062057492484 −3.376147044334 4.50639068 40 1.13E−10
86 1.1 0.069446525539 −3.191702128170 5.47170776 41 1.07E−10
87 1.03 0.060841236077 −3.409692239688 4.48666015 41 1.03E−10
88 1.07 0.065350113732 −3.290088012685 4.99465663 41 9.97E−11
89 1.07 0.065350112192 −3.290088080655 4.99465659 41 1.15E−10
90 1.1 0.068051285222 −3.224210823950 5.44023825 42 1.04E−10
91 1.03 0.059680728422 −3.442652640917 4.46781196 42 1.24E−10
92 1.1 0.066721298871 −3.256145631480 5.41026552 43 8.88E−11
93 1.07 0.069589283429 −2.997571148119 4.88748351 43 1.26E−10
94 1.1 0.065451870057 −3.287531720240 5.38167667 44 1.02E−10
95 1.1 0.064238759898 −3.318392179570 5.35437026 45 1.03E−10
96 1.1 0.063078117801 −3.348748949910 5.32825481 46 2.14E−10
97 1.1 0.061966455334 −3.378621962290 5.30324770 47 9.76E−11
98 1.1 0.060900580973 −3.408030582910 5.27927394 48 9.86E−11
99 0.93555 0.061515814146 1.086851979730 2.57459301 58 1.96E−10

search. We concentrated on a search for satellites of retrograde
BHH orbits, yet in this process we inadvertently found (only) four
satellites of direct BHH orbits.

There is no reason to believe, however, that a finite maximum
value of k exists. As k increases the satellite orbits seem to be
packed more densely, however, so the search for higher values of
k will be limited by inevitable numerical inaccuracies.

Our method can be also used without modification to extend
this search to higher angular momenta and to direct BHH orbits.
An extension of our search into unexplored regions of the L − T
plane ought to provide (new) data that will further test our
hypothesis.

Last, but not least, the same method can be used to search for
non-vanishing angular momentum families of orbits other than
the BHH one, as explained in Section 6.2. That, of course, would
represent a major new research program.
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Appendix A. Tables of initial conditions

For the sake of reproducibility, here we list the initial condi-
tions of our 99 orbits.

A.1. Arbitrary k satellites

Tables 3, 4, 5, 6 show initial conditions for un-normalized
orbits.
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