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Building on the recent success of a quantum-classical method for computing transport properties in the
Holstein model with a single phonon mode [P. Mitrić et al., Phys. Rev. B 111, L161105 (2025)], we now assess its
reliability in more realistic scenarios involving multiple phonon modes in the Holstein model, as well as single-
and multimode Peierls models. For parameters relevant to the prototypical organic semiconductor rubrene, we
compute the frequency-dependent charge mobility and find excellent agreement with results from the state-
of-the-art hierarchical equations of motion method. These results show that the method, previously validated
only for the single-mode Holstein model, preserves quantitative accuracy in substantially more complex and
material-relevant regimes. Our microscopic approach complements the phenomenological transient-localization
theory and is readily applicable to realistic electron-phonon Hamiltonians.
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I. INTRODUCTION

Charge transport in organic semiconductors (OSCs) is pri-
marily limited by electron scattering on thermally excited
low-frequency vibrational modes [1–4]. For these systems,
the simple quasiparticle picture underlying the semiclassical
Boltzmann approach breaks down, calling for alternative theo-
retical descriptions [5–9]. A major milestone was the transient
localization (TL) approach introduced by Fratini et al. [10,11],
who observed that at short times the electron experiences
an almost static but randomly distributed potential, reveal-
ing precursors of Anderson localization, whereas at longer
times lattice dynamic suppresses interference and restores
finite dc conductivity even in one dimension (1D). Within the
phenomenological TL framework, this behavior is captured
by first evaluating the current-current correlation function of
the fully static Anderson model and then introducing an ex-
ponential damping to account for the fact that the disorder
is dynamic rather than static. This simple approach, whose
hallmark is the displaced Drude peak in optical conductivity,
forms the basis of our current understanding and provides a
remarkably accurate description of transport in OSCs [12].

A more microscopic route was proposed by Troisi and
Orlandi [13], who treated soft vibrational modes classically,
while the electron dynamics was obtained from the time-
dependent Schrödinger equation; the charge mobility was
then obtained using linear-response theory. This seemingly
straightforward approach to computing dc mobility was later
questioned [4,10], as long-time diffusion was thought to be
unreliable due to the unphysical electron energy increase with
propagation time—a well-known artifact of quantum-classical
(QC) dynamics [14,15]. This view has recently begun to
shift [16–18]. In particular, in Ref. [18] we showed, using
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the one-dimensional Holstein model with a single phonon
mode, that QC mobility agrees remarkably well with the fully
quantum result. In the weak-to-intermediate coupling regime,
the current-current correlation function was found to decay
to zero before the electronic kinetic energy changed signif-
icantly, explaining the success of the QC approach. Within
regimes where TL is expected to be accurate, QC and TL opti-
cal conductivities, μ(ω), were in close agreement—except for
the zero-frequency peak, present in the QC and fully quantum
results, but absent in TL. Recent work has shown that when
multiple phonon modes are included, this zero-frequency peak
can be suppressed in the fully quantum solution, making
the TL prediction for dc conductivity more accurate [19].
However, it remains to establish the applicability of the QC
approach to a more realistic case of the off-diagonal dynamic
disorder and multiple vibrational modes. This is particularly
important since one of the key questions that has emerged in
a quest for the synthesis of high mobility OSCs is whether a
single or multiple modes dictate charge transport [20,21].

In this work, we assess the applicability of the QC method
in the presence of multiple low-frequency phonon modes.
Using the Holstein model, we show that multiple phonon
modes, within QC, can entirely suppress the zero-frequency
peak in μ(ω), thereby bringing the QC results into closer
agreement with the TL prediction. We then turn to the 1D
Peierls model with parameters relevant to rubrene at room
temperature, where we find excellent agreement with state-of-
the-art numerically “exact” hierarchical equations of motion
calculations [19,22]. Analogously to the Holstein model, the
zero-frequency peak [17] gets also suppressed in the Peierls
model with multiple low-frequency modes. These results
demonstrate that the QC method offers a simple and compu-
tationally efficient framework for evaluating charge mobility
with realistic phonon spectra, providing a promising route
to simulations of charge transport in higher-dimensional and
material-specific systems.
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II. MODEL AND METHODS

The 1D Hamiltonian that contains both the intersite
(Peierls) coupling, which modulates the electron hopping, and
the on-site (Holstein) term is given by

H = − t0
∑

i

(c†
i ci+1 + H.c.)

+
∑

iξ

gP
ξ

√
2ωξ (xiξ − xi+1,ξ )(c†

i ci+1 + H.c.)

+
∑

iξ

gH
ξ

√
2ωξ xiξ c†

i ci +
∑

iξ

ωξ a†
iξ aiξ . (1)

Here, t0 is the hopping parameter (transfer integral), c†
i

(a†
iξ ) is the electron (phonon) creation operator, and we as-

sume that there is only a single electron in the band, as
appropriate for weakly doped semiconductors. xiξ is propor-
tional to the displacement operator for vibrational mode ξ ,
xiξ = (1/

√
2ωξ )(a†

iξ + aiξ ). The electron coupling to different
vibrational modes of frequency ωξ is determined by the cou-
pling constants gP

ξ and gH
ξ . t0, h̄, kB, e, and the lattice constant

are set to one. To examine the role of multiple phonon modes,
we concentrate on purely Holstein (gP

ξ = 0) or purely Peierls
type of coupling (gH

ξ = 0). For the Holstein model we make a
comparison with the single-mode case for a parameter set that
was studied in exceptional detail in a series of recent papers
[18,23–25]. For the Peierls case, we use the parameters that
are standard in the studies of quasi-1D rubrene [10,16,17]. In
both cases, a somewhat realistic choice of gξ is obtained when
they are selected to mimic the Brownian-oscillator spectral
density [19]

g2
ξ = α

2γ0ω
2
0ωξ(

ω2
0 − ω2

ξ

)2 + (2γ0ωξ )2
, (2)

while for ωξ , in practice, we use 11 vibrational modes uni-
formly distributed in the range (0.1ω0, 1.9ω0). In Eq. (2), γ0

is the damping parameter, while α is a proportionality constant
(independent of ξ ) that will be defined later [see Eq. (5)]. In
the limit γ0 → 0, only a single vibrational mode, ωξ = ω0,
has nonzero coupling gξ , reducing the system to a single-
mode case. The corresponding coupling is arbitrary and will
be denoted g0 throughout this work. Dimensionless coupling
strengths are then typically defined as λH = g2

0/(2ω0t0) and
λP = 2g2

0/(ω0t0) for the Holstein and Peierls cases, respec-
tively.

We will solve the model using the QC method which treats
the ion dynamics classically and solves the time-dependent
electron Schrödinger equation [13,18]. The QC Hamiltonian
is obtained by replacing the operator xiξ by a classical vari-
able. The electron Hamiltonian in the Holstein case is thus
given by

HH
el = −t0

∑
i

(c†
i ci+1 + H.c.) +

∑
iξ

gH
ξ

√
2ωξ xiξ c†

i ci, (3)

whereas in the Peierls case

HP
el = − t0

∑
i

(c†
i ci+1 + H.c.)

+
∑

iξ

gP
ξ

√
2ωξ (xiξ − xi+1,ξ )(c†

i ci+1 + H.c.). (4)

Hence, the dynamic disorder enters through diagonal (off-
diagonal) terms for the Holstein (Peierls) model. In Ref. [18]
we showed that the backaction term (from the electron
to ions) has a negligible effect on the electron dy-
namics. Therefore, we can set harmonic oscillations for
each mode, xiξ (t ) = xiξ (0) cos(ωξ t ) + [ẋiξ (0)/ωξ ] sin(ωξ t ).
The initial displacements and velocities need to be taken
from Gaussian distributions with the variance 〈x2

iξ (0)〉 =
1

2ωξ
coth(βωξ/2) and 〈ẋ2

iξ (0)〉 = ωξ

2 coth(βωξ/2), respectively
(see, e.g., Supplemental Material of Ref. [18] for a deriva-
tion), where β = 1/T is the inverse temperature. The
short-time dynamics depend only on the effective diago-
nal (off-diagonal) disorder εi = ∑

ξ gH
ξ

√
2ωξ xiξ (0) (δt0i,i+1 =∑

ξ gP
ξ

√
2ωξ [xiξ (0) − xi+1,ξ (0)]). This dynamic disorder also

obeys the Gaussian distribution, now with the variance 〈ε2
i 〉 =∑

ξ (gH
ξ )2 coth(βωξ/2) for the Holstein model and 〈δt2

0i,i+1〉 =
2

∑
ξ (gP

ξ )2 coth(βωξ/2) for the Peierls model. Since our goal
is to examine how the long-time electron dynamics changes
when different γ0 are selected, it is convenient to keep the
short-time dynamics the same as in the γ0 → 0 case. This is
the condition from which the proportionality constant α from
Eq. (2) can be determined,

α = g2
0 coth

(
βω0

2

)
∑

ξ 2γ0ω
2
0ωξ

[(
ω2

0 − ω2
ξ

)2 + (2γ0ωξ )2
]−1

coth
( βωξ

2

) . (5)

The QC equations i ∂
∂t |ψn(t )〉 = Hel(t )|ψn(t )〉 are propagated

using a fourth-order Runge-Kutta scheme. As initial con-
ditions, we employ the electronic eigenstates ψn(0) of Hel,
Hel(0)|ψn(0)〉 = En|ψn(0)〉, computed for a configuration of
randomly displaced ions.

We use the Kubo linear-response formalism [18,26,27],
computing the current-current correlation function

Cj j (t ) = 1

Z

∑
n,m

e−βEn〈ψn(t )| j|ψm(t )〉〈ψm| j|ψn〉, (6)

which needs to be averaged over many realizations of
initial ion positions and velocities. The current opera-
tor j is it0

∑
i (c†

i+1ci − c†
i ci+1) for the Holstein model,

and i
∑

i[t0 − ∑
ξ gP

ξ

√
2ωξ (xiξ − xi+1,ξ )](c†

i+1ci − c†
i ci+1) for

the Peierls model, while the frequency-dependent mobility
reads as

μ(ω) = 2 tanh
(

βω

2

)
ω

∫ ∞

0
dt cos(ωt )Re Cj j (t ). (7)

The time-dependent diffusion constant D(t ) is equal to∫ t
0 dt ′ Re Cj j (t ′) and the dc mobility is given by the Einstein

relation μdc = D(∞)/T .
The TL result is obtained by evaluating Cj j (t ) in the single-

mode γ0 → 0 static (Anderson model) limit, ω0 → 0, denoted
CAM

j j (t ), and by applying an artificial exponential damping,
CTL

j j (t ) = CAM
j j (t ) e−tω0 , to capture the dynamic nature of the

disorder.

III. RESULTS

A. Multiple-mode Holstein model

We first examine the impact of the multiple vibrational
modes in the case of the Holstein model. The parameters are
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FIG. 1. (a) Time-dependent diffusion constant and
(b) frequency-dependent mobility for (c) several distributions
of coupling constants for the Holstein model. (d) The corresponding
mode-dependent dynamic disorder standard deviation. Here, T = 1,
ω0 = 1/3, and λH = 0.5.

chosen such that in the limit γ0 → 0 the phonon frequency
is ω0 = 1/3, while the dimensionless coupling constant is
λH = 0.5. The single-mode case was previously studied in
many details, using both the numerically exact quantum typ-
icality [23] and hierarchical equations of motion (HEOM)
method [24,25], as well as the QC approach [18]. The agree-
ment between the results obtained with different methods was
excellent, showing that at temperatures T � ω0 the phonon
quantization weakly affects charge dynamics. The unexpected
result was the upturn in the diffusion constant D(t ) at t ≈
1/ω0 corresponding to the zero-frequency peak in μ(ω). The
appearance of the zero-frequency peak was not present in the
TL scenario [18].

The time-dependent diffusion constant D(t ) and the
frequency-dependent mobility μ(ω), for several values of
damping γ0, are shown in Figs. 1(a) and 1(b), respectively.
gH

ξ and the corresponding mode-dependent standard devia-

tion of diagonal disorder,
√

〈ε2
iξ 〉 = gH

ξ [coth(βωξ/2)]1/2, are
shown in Figs. 1(c) and 1(d). Since we keep the total disor-
der variance 〈ε2

i 〉 fixed, the short-time dynamics remains the
same for all γ0. For small γ0, the electron scattering from
the central mode of frequency ω0 = 1/3 is dominant. As we
increase γ0, the other vibrational modes also influence the
electron dynamics. In particular, for large values of γ0 the
electron scattering from low-frequency modes, which experi-
ence stronger thermal fluctuations, becomes more important.
The increase of γ0 is followed by weakening and, eventually,

FIG. 2. Comparison of the QC (dashed line) and HEOM (solid
lines) time-dependent diffusion constant for the Peierls model at
T = 0.175, ω0 = 0.044, λP = 0.336. The inset shows the relative
increase of the electron kinetic energy with the propagation time in
QC equations.

the disappearance of the upturn in σ (ω) for ω < ω0, making
the charge dynamics closer to the TL prediction [19,28].

B. Single-mode Peierls model

We benchmark the QC with the fully quantum HEOM
solution [22] for the single vibrational mode 1D Peierls
model in Fig. 2. The parameters ω0 = 0.044, T = 0.175,
and λP = 0.336 are typically used for a description of room-
temperature rubrene [10,16,29–31]. We note that in physical
units t0 = 143 meV and ω0 = 6.2 meV. The HEOM solu-
tion that we take from Ref. [32] is in principle exact. This
quite complex and numerically demanding method has two
key numerical parameters: the length of the 1D lattice N
and the hierarchy depth D. For the QC method we used
N = 200 (a much shorter chain gives a very similar result)
and averaged the correlation function over 10 000 realiza-
tions of initial displacements and velocities. We ascribe the
small discrepancy between the QC and HEOM solutions to
the small uncertainty in HEOM results which are not fully
converged with respect to N or D. For t ∼ 20 the QC re-
sult is closer to the HEOM D = 5, N = 31 solution, but at
longer times it becomes closer to the D = 4 solution on a
longer N = 45 lattice. We note that regime parameters cor-
respond to a low phonon-frequency regime (T/ω0 ≈ 4) and
weak electron-phonon coupling, where, consistent with our
Holstein-model results [18], the QC method is expected to
accurately capture the quantum dynamics. Moreover, as dis-
cussed in the introduction, the time evolution of the electron
kinetic energy further indicates that the QC approximation
should remain reliable in our case. In particular, although the
ensemble-averaged electron kinetic energy 〈Eel(t )〉 increases
with time and eventually approaches the band center, 〈Eel(t →
∞)〉 = 0, the inset of Fig. 2 shows that it changes only
modestly by the time the diffusion coefficient D(t ) reaches
a well-defined plateau at tplateau ≈ 2π/ω0. This is quantified
by δrelEel(t ) = 1 − |〈Eel(t )〉/〈Eel(0)〉|, which remains small at
that point, δrelEel(tplateau) ≈ 0.07 (note that δrelEel(t → ∞) =
1). This gives us additional confidence to the precision of the
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FIG. 3. (a) Time-dependent diffusion constant and
(b) frequency-dependent mobility for (c) several distributions
of coupling constants for the Peierls model. (d) The corresponding
mode-dependent dynamic disorder standard deviation. Here,
T = 0.175, ω0 = 0.044, and λP = 0.336.

QC method. Let us also note that we have further verified
that the backaction term makes a negligible contribution to the
electron dynamics, consistent with previous studies [16–18].

C. Multiple-mode Peierls model

The impact of multiple vibrational modes to diffusion and
mobility in the Peierls model is shown in Figs. 3(a) and 3(b).
In the γ0 → 0 limit the model reduces to the single-mode case
that we have just described. We take the same set of phonon
frequencies ratio ωξ/ω0 as for the Holstein model, while the
distribution of coupling constants and mode-dependent off-
diagonal disorder is shown in Figs. 3(c) and 3(d). For larger
γ0, the scattering from the modes away from ω0 becomes
more important. This leads to the gradual disappearance of
the upturn in D(t ) and the zero-frequency peak in μ(ω). The
TL solution is shown for comparison. Interestingly, the zero-
frequency peak was observed in some experiments on OSCs
[33], while it is absent in others [34].

Our QC solution is in quite good agreement with a very re-
cent dissipation equations of motion (DEOM) solution shown
in Fig. 5 of Ref. [19]. We believe that a discrepancy is mostly
due to the insufficient hierarchical depth D = 4 in the DEOM
solution, which particularly affects the low-frequency modes
due to low phonon excitation energy (see a comparison in our
Fig. 2 and a discussion in Sec. III of Ref. [19]).

IV. CONCLUSIONS

In summary, we showed that the QC solution for
frequency-dependent mobility in the 1D Peierls model with
parameters representative of rubrene is in a very good
agreement with state-of-the-art numerically “exact” hierar-
chical equations of motion solution [19,22]. Together with
the previous results on the Holstein model [18], our work
shows that the QC method gives an excellent approxima-
tion for the charge transport at temperatures T � ω0 and
weak-to-intermediate electron-phonon coupling. These sim-
ple conclusions remove a misconception that a QC approach
cannot be used as a reliable tool for the calculation of dc
mobility due to the artificial electron heating [4,10], which
withheld a wider use of the QC calculations in the literature.
As we here demonstrate on the example of rubrene param-
eters, a significant electron heating appears only after the
plateau in D(t ) is reached and Cj j (t ) ≈ 0, which explains
the success of the QC approach. This no longer holds in
the regime of strong electron-phonon coupling, when the QC
result cannot be used as a good prediction of the dc mobility.
Nevertheless, for weak-to-intermediate couplings, where QC
works well, the calculation can be easily done for an arbitrary
distribution of low-frequency vibrational modes and coupling
constants, which can be of interest for recent applications of
the QC approach in different physical contexts [35–43]. For
a narrow distribution of coupling constants around the dom-
inant one, a central peak appears in the frequency-dependent
mobility, which gives a prediction for the dc mobility a few
tens of percent higher than in the TL scenario. This central
peak disappears for a broad distribution of vibrational modes
and coupling constants.

The application of the QC approach in two dimensions
should be as simple and numerically feasible as we have here
in 1D, which is particularly important for layered systems
such as OSCs. We note that a unified analysis of the Holstein-
Peierls model [16,44] found that, at room temperature and for
coupling constants characterizing rubrene, the Holstein term
only weakly affects the dc mobility. Therefore, it is justified
for μdc calculation to neglect the Holstein term which would
otherwise be beyond the applicability of the QC approxima-
tion due to the high phonon frequencies. Our findings, hence,
indicate that the QC approach provides an optimal method for
the calculation of charge mobility which can be incorporated
with ab initio electronic structure calculations of OSCs.
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