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We assess the accuracy of the cumulant expansion (CE) method, combined with the independent-particle
approximation (IPA), for calculating charge mobility in electron-phonon systems. As representative testbeds, we
consider the Peierls and Frohlich models, which serve as simplified frameworks where accurate or numerically
exact benchmarks are available. These are used to compare the CE results with those obtained using the
Boltzmann formalism, the one-shot Migdal approximation, and its self consistent extension—approaches that
are presently the most commonly employed alternatives for transport calculations. Supported by analytical
arguments based on spectral sum rules and by our previous results for the Holstein model, we argue that, for
weak to moderate coupling strengths and not-too-low temperatures, the CE within the IPA framework yields
accurate results. In the case of the Peierls model, the role of vertex corrections is also discussed.
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I. INTRODUCTION

First-principles calculations of charge carrier mobility in
semiconductors with weak electron-phonon interaction have
reached predictive power, mostly due to the advances in cal-
culation of momentum-dependent electron-phonon coupling
constants [1,2]. In this regime the mobility calculation is
typically performed within the Boltzmann semiclassical ap-
proach [3-5]. However, its underlying assumptions tend to
break down at stronger couplings or higher temperatures, and
the calculated mobility can thus strongly deviate from the
experimental values [6]. The cases in which the Boltzmann
approach is believed to break down include various mate-
rials where charge transport is governed by small polaron
hopping [7-10], perovskite oxides where charges must be
treated beyond the quasiparticle picture [6,11], and crystalline
small-molecule organic semiconductors [12]. The limitations
of the Boltzmann approach have been specifically demon-
strated by recent calculations of spectral functions in real
materials and the subsequent comparison of calculated mo-
bilities to Boltzmann-derived results [13,14]. In these cases,
a significant improvement can be achieved by using the
independent-particle approximation (IPA) within the Kubo
formalism [15], combined with an appropriate method for
calculating the single-particle Green’s function. One such
choice is the one-shot Migdal approximation (MA), which
retains only the lowest-order electron-phonon diagram, while
higher-order effects can also be captured in the self-consistent
version of this method (SCMA) [13].

A promising alternative, which has recently become more
popular in the literature, is the so-called cumulant expansion
(CE) method [16-22]: it has been reported that this method
can include effects beyond the lowest order perturbation the-
ory (i.e., MA) and simple quasiparticle picture, while—unlike
SCMA—it avoids the computational cost of self-consistent
iterations [23-26]. However, there have also been reports of

2469-9950/2026/113(15)/155119(21)

155119-1

unphysical features appearing in CE predictions [13]. In addi-
tion, the IPA entirely neglects vertex corrections to mobility,
whose contributions are difficult to estimate a priori and even
harder to compute exactly. It is therefore essential to carefully
assess both the advantages and limitations of CE, as well as
its range of applicability.

An effective strategy for such an assessment is to apply CE
to well-controlled, simplified model systems [27-29], where
accurate solutions are available and can serve as benchmarks
[30—44]. This is precisely the approach we adopted in our
earlier studies, where we evaluated the accuracy of the CE
method [45] and analyzed the role of vertex corrections [46]
within the Holstein model [27]. This was made possible by
the availability of several highly accurate approximate and
entirely real-axis numerically exact methods for this model
[47-49]. We found that, despite its simplicity, the CE method
provided surprisingly accurate results for quasiparticle prop-
erties, spectral functions, and mobilities—not only at weak
coupling, but also at intermediate strengths. Furthermore,
in these regimes, vertex corrections were found to be rela-
tively small [46]. However, it should be emphasized that the
Holstein model assumes local (i.e., momentum-independent)
electron-phonon coupling—a simplification that, while useful
for gaining insight, limits the model’s physical realism. This
highlights the importance of testing CE in more realistic mod-
els with momentum-dependent interactions.

In this work, we apply the CE to systems with nonlocal
electron-phonon coupling, focusing on the Peierls [28] and
Frohlich models [29]. For the Peierls model, we compare
the CE mobility predictions with MA, SCMA, Boltzmann, as
well as the numerically exact hierarchical equations of motion
(HEOM) results that have become available only recently
[50,51]. Moreover, the HEOM method for spectral functions
developed in Ref. [48] enables a systematic comparison be-
tween different methods also at the level of single-particle
excitations. These can also be used for the calculation of
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HEOM IPA mobility results, which, by comparing them with
full HEOM results reveal how large the contributions of vertex
corrections are. Unfortunately, for the Frohlich model, nu-
merically exact results following from an entirely real-axis
method are currently not available, so we present only the
CE, SCMA, and Boltzmann results. However, in the regimes
relevant for this paper we argue that SCMA should provide
quite accurate results. Finally, by combining our findings
for the Peierls and Frohlich models with general analytical
considerations based on spectral sum rules, as well as our
previous results on the Holstein model [45,46], we draw a
model-independent conclusion that CE can in fact be used for
accurate mobility predictions, within IPA framework, if the
interaction is not too strong, and temperature is not too low.

The remainder of this paper is organized as follows.
Section II summarizes the independent-particle approxima-
tion and the CE, MA, and SCMA approaches within a general
single-band electron-phonon Hamiltonian with one optical
phonon branch. Numerical details, regarding method imple-
mentation, specific to the Peierls and Frohlich models are
given in Sec. III. Our main results are presented in Sec. IV:
Secs. IV A and IV C discuss the Peierls and Frohlich cases,
respectively, while Sec. IV B provides additional analytical
insights based on spectral sum rules. A discussion and con-
cluding remarks are given in Sec. V. Additional mobility
data and spectral functions are included in the Supplemental
Material (SM) [52].

II. THEORETICAL FRAMEWORK BEHIND THE CE
IN ELECTRON-PHONON SYSTEMS

A. Hamiltonian

The Hamiltonian describing an electron in a single band
linearly coupled to a dispersionless optical phonon mode of
frequency wy, defined on a lattice with N sites (or, equiv-
alently, in the continuum with system volume V, with the
correspondence N <> V), can be written in the general form

1 .
H = E Ekc;ick + ﬁ ng,q C;i_,'_qcqu + wo E ac'laq.
k k.q

q
(H

Here, cx and ax are electron and phonon annihilation op-
erators, ¢ is the noninteracting electron dispersion, g q
is the electron-phonon coupling satisfying gj , = 8k+q,—q>

and Xq = aq + aiq. We set £, kg, and elementary charge to
unity. To model a weakly doped semiconductor, we focus on
the thermodynamic limit N — oo together with up — —o0,
where . is the chemical potential.

B. Single-particle properties in the limit ur — —o0

Following Refs. [46,47], to ensure that the spectral
weight is nonzero at finite frequencies, the electron single-
particle quantities—such as the spectral function Ay(w),
the Green’s function Gy(w), and the self-energy Xy (w)—
must be redefined by shifting them by pr: Ax(w) = Ax(w —
ur), Gr(w) = Gk(® — ur), Ex(®) = Xx(w — ur). Then,

elementary single-particle correlation functions can be written
as [46]
o0

(ck(t)ch) = diq € f doAg@e™™, ()

o0

(cleq(t)) = Si q e™riePrr f dwAg(w)e Pee™@ (3)

—00
where B = 1/T is the inverse temperature. For instance, the
number of electrons can be expressed as

o0
fe = Z<Cl’«ck> =P Z /oodek(a))e*ﬂ‘” = ¢Prp,,
k k -
4

where we introduced the convenient quantity n,, which will
be useful later.

A significant simplification, occurs also for phononic vari-
ables, as it is known that the phonon propagator

iDClzJ]l(t) = <XQ2(t)XQ1> = 3(11,*1121.D(t) (5)
remains unrenormalized in the limit ur — —o0. Hence [53],
iD(t) = npne™" + (npn + e~ (©6)

where ny, = 1/(ef* — 1).

C. Kubo formula and independent particle approximation

According to the Kubo formula, the electron mobility
(along x direction) can be calculated as

W= é/ Re (jx(1)jx) dr. @)

2
Here, j, is the x component of the current operator j, which
for the Hamiltonian (1) reads as

. 1 .
i=) (Vkeca+ N D X ) (Vigka) g (®)
k q k

The first and second terms correspond to the electronic and
phonon-assisted contributions to the current, respectively.
Substituting Eq. (8) into Eq. (7) yields three naturally occur-
ring contributions to the total mobility [50]

W= Ue+ tx + Mphs 9

where (1, arises purely from electronic terms, ppn purely from
phonon-assisted terms, and u, denotes the cross term. Each
of these contributions is notoriously difficult to calculate,
particularly in realistic systems, which is why approximate
methods are commonly employed. In this work, we focus on
the independent-particle approximation. This approach con-
sists of applying Wick’s decoupling to the current—current
correlation function, treating the operators as if they were in
the interaction picture, and then expressing the single-particle
correlation functions using Egs. (2) and (3). In the literature,
it is usually only the electronic part that is taken into account
[16], leading to a well-known formula [46]

o0

’i ” ; (View)s]? [ _dve AT, (10)

He =

where (Vkex), denotes the x component of vector (Viek).
The same logic can in fact be also used for the calculation
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(a) C

(b) @
(c) C

FIG. 1. Feynman diagrams for (a) ., (b) upn within the
independent-particle approximation, and (c) corrections beyond the
independent-particle approximation.

of ptph and p,. The cross term w,, within this approximation,
is actually zero as there are no operators with which we could
contract Xg,

= 0. (11)

However, the expression for up, can be straightforwardly
written as

B
Hph = mRe Z (Vklgquql)x(vkzgkqu)x
ki.q1.k2,q2

x f (ci‘;z N GENIENE )c;ﬂl) (Xq, ()X, )d1.
12)

One additional Wick contraction could, in principle, be writ-
ten. This term, however, does not contribute: it vanishes in
the limit ur — —oo, and even at finite up corresponds to
an unconnected Feynman diagram, which does not contribute
according to the linked-cluster theorem [53]. Using Eqgs. (2)—
(6), it is easy to show that Eq. (12) simplifies to

,37'[ 2 00 —Bw
Hon =1 D (Vigia)e | doe ™ A)
e k,q —0oQ0

X [nphAkrq(@ + @wo) + (pn + 1Ak q(w — wo)].
(13)

As we see, Eq. (13) contains a prefactor that scales quadrati-
cally with the electron-phonon interaction strength, in contrast
to Eq. (10). Thus, at least in the weak-coupling limit, Eq. (13)
can be interpreted as a higher-order correction to Eq. (10).
Nevertheless, we calculate both contributions in this work,
as they arise naturally from the application of Wick’s recipe
and together constitute what is referred to as the independent-
particle approximation. These two terms are diagrammatically
shown in Figs. 1(a) and 1(b).

It should be noted that Eq. (13) is not the only higher-order
contribution that scales quadratically with the electron-
phonon coupling; another such contribution is illustrated in
Fig. 1(c). In fact, it is to be expected that even the higher-
order ladder diagrams should also be of the same order in the
weak-coupling limit [54]. Nevertheless, within CE, we focus
only on the two terms that constitute the IPA, since our goal
is to assess whether this approach—which is not extremely

>

FIG. 2. Self-energy in the one-shot Migdal approximation.

difficult to apply in realistic materials—yields accurate re-
sults. The question of whether all higher-order terms give
significant corrections will also be addressed in this work,
for the case of the Peierls model. This will be done using
the hierarchical equations of motion (HEOM) method, which
is briefly reviewed in Sec. IIID. The same questions were
already previously answered in the case of the Holstein model
in Refs. [45,46].

D. One-shot Migdal and self-consistent Migdal approximation

For the calculation of the spectral functions Ak (w), present
in Eqgs. (10) and (13), one could proceed diagrammatically
to calculate the self-energy Xi(w), which is related to the
Green’s function Gi(w) and Ak (w) as follows:

Gk(w) = (14)

o — &g — Tx(w)’
1
Ax(w) = —;ImGk(a)). (15)

Various approximations are possible, depending on the num-
ber of terms taken into account in Xk(w). The simplest
approach is to retain only the lowest-order term (see Fig. 2),
which, after summing over the Matsubara frequencies and
analytically continuing to the real axis, can be written as [1]

1 npp + 1
SMA (V- 2 p
) N2qj|gk,q| [w_wo_gmﬂm
Nph
. 16
w+w0—8k+q+i0+] (16)

This is known as the one-shot Migdal approximation. Alter-
natively, a more accurate result for Xx(w) can be obtained
by replacing the bare Green’s function G) (w) = 1/(w — &k +
i0") in Fig. 2 with the full interacting Green’s function Gy (w).
The corresponding expression for the self-energy reads as

1
TIOMA () — N Z lgk.q|*[(mph + 1)Griq(@ — wp)
q

X +nthk+q(a) + w())] (17)

Equation (17) must be solved self-consistently together with
the Dyson’s equation (14), which is why this approach
is referred to as the self-consistent Migdal approximation
(SCMA).

E. Second-order cumulant expansion method: General theory

One increasingly popular alternative to the approach de-
scribed in the previous subsection is the cumulant expansion
(CE) method. In this framework, the retarded Green’s function
Gx(t) is written as

Gi(t) = GY(1)e* ) = —if(1)e " eSO, (18)
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so that the corresponding spectral function, using Eq. (15), is
given by

1 @
Ax(w + ex) = —Re / dre'® G0, (19)
T 0

Here, Gg(t) is the noninteracting Green’s function, 6(7) the
Heaviside step function, and Cx(¢) is the cumulant function
that needs to be determined.

Within the so-called second order cumulant expansion
method, which is the central topic of this work, Ci(¢) is
uniquelly determined as the lowest (second) order expression
with respect to the electron-phonon coupling, such that ob-
tained Ck(¢) gives the exact Green’s function [see Eq. (18)] in
the weak-coupling limit gx q — 0. Such Cx(¢) can actually be

quite generally related to ZMA(w) [18,45]

1 [ ImXIMA(w + ¢ )
Ck(t)=;/ da)| K ")|(e*’wf+iwt—1).

w?
(20)

o0

Let us note that although CE and MA are, by construction,
equivalent when gy ¢ — 0, they should produce different re-
sults away from this strict limit.

As shown in Ref. [45], the numerical instability in Eq. (20),
around w = 0, can be circumvented by rewriting the expres-
sion as

t [ee] d .
Ck(t)z/ dx(t—x)/ —wImEIEAA(erek)e—'wX. (21)
0 —o T

Inserting the expression for EM4(w) from Eq. (16), and us-
ing the Plemelj—Sokhotski relation (x 4+ i0*)~! = P(1/x) —
imd(x) (where P denotes the Cauchy principal value, while &
is the Dirac é function), we obtain

! 2
Ge(t) = — / dx(t — x)iD(x) ) %ei(skffkm)x
0
q

=— / dx(t — x)iD(x) € By (x). (22)
0

Here, we introduced a convenient shorthand notation By (x),
which in the case of d-dimensional system can also be
written as

d .
Bk(x)=/ﬁlgk,qlze_’g”qx. (23)

The formulation in Eq. (22) has the key advantage that it
does not require artificial broadening, unlike Eq. (20), which
is crucial for transport calculations.

III. NUMERICAL IMPLEMENTATION OF CE, MA, SCMA,
AND OTHER METHODS FOR SPECIFIC MODEL
HAMILTONIANS

In this section, we present numerical details concerning the
implementation of the different methods for specific model
Hamiltonians. The most prominent electron-phonon models
of the form (1) are

(i) d-dimensional Holstein (lattice) model

d
& = —ZJZCOS kj, 8rq = g= const, 24)
j=1

where J is the hopping parameter;
(i1) one-dimensional Peierls (lattice) model

e = —2Jcosk, g, = 2ig[sin(k +q) —sink], (25)

where, as in the Holstein model, J is the hopping parameter,
while g is the electron-phonon coupling strength. In practical
numerical implementations, in addition to the convention of
Sec. IT A, one typically sets J and the lattice constant equal to
unity, and introduces a dimensionless coupling strength A =
28%/(Jwy);

(iii) three-dimensional Frohlich (continuum) model

k? Moy wo 1 1
o= ——) === My=[|—~(—=-=)
KT omy ST g 0 2eo(e;’° 8i’>

(26)

where my is the band mass, gy is the vacuum permittivity,
and € and & are the high-frequency and static relative
dielectric constants, respectively. For numerical applications,
in addition to the convention introduced in Sec. I A, it is
convenient to set my = wy = 1. In this system of units, the
Frohlich Hamiltonian depends on a single free parameter,
commonly defined as

1 1 1 1 o7
o= — — - — ).
J24meg \ e &
In these units, the kinetic term reduces to g = k> /2, while

Mo =2 2ar.

A. CE method

In Ref. [45], we thoroughly investigated CE within the
Holstein model. Here, we therefore turn to the Peierls and
Frohlich models, where we demonstrate that By(x) from
Eq. (22) can be evaluated analytically. This will allow us
to derive a numerically stable and efficient expression, well
suited for practical computations.

1. Case of the (one-dimensional) Peierls model
In Eq. (23) let us shift the momentum g — g — k
dq _
B = [ $ g sfe i 28)
2

and [considering Eq. (25)] notice that only an even part of
|8k, q—k|, with respect to g, contributes

1 ) &2
5(|gk.q_k|2 + lgk g1} = & {4 sin? k 4 4 — J—‘;} (29)

Since the whole g dependence only appears through ¢,, we
can switch from momentum g to energy ¢ integration

2

Bi(x)=¢ /00 ds,O(S)[4 sin®k + 4 — %}e"”, (30)
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where we introduced the noninteracting density of states
1 [ 0(4J* — &%)
(8)2—/ dk (e — &) = —/—————. (€2))]
g 27 Jo ¢ T 4J? — &2

The integral over ¢, in Eq. (30), can actually be calculated
analytically. To see that, let us note that

o0

/ de p(e)e™* = Jy(2Jx), (32)

00 d2 o) )
/ de p(g)gz —iex _ ——/ dS,O(S)eilEx (33)

o dx* J o

2JJ,(2J.

= 4J%1y(2Jx) — M, (34)
X

where Jy and J; are the Bessel function of the first kind of
order zero and one, respectively. Hence, we get

Bi(x) = 2¢ [2 sin? k - Jo(2Jx) + %] (35)
implying
Ci(t) = — 2¢° /0 t dx(t — x)iD(x)e*
[2 sin? k - Jo(2Jx) + JI(ZJX)] (36)

As the subintegral expression is a combination of linear,
trigonometric and Bessel terms, it can be calculated in a stable
and efficient way using the Levin’s collocation scheme; see
Refs. [45,55].

2. Case of the Frohlich model

In Eq. (23), using the explicit functional forms from
Eq. (26), it is easy to perform an integral over the angular
variables of q,

B (x) ) - @D

—iakx 2
e MG _; Sin (
= d e 'm

22 0 k

Since the integrand is even with respect to g, the range of
integration can be extended to (—oo, co) with an additional
prefactor of 1/2. Furthermore, the denominator can be elimi-
nated using Feynman’s trick,

—Lekx 2 K| k
My / dk/f dge” g cos [ =
4n?lk|

(3%

Bk(x) =

This can also be written as

—lEkXMZ k| q)

By (x) = k|

as the odd part with respect to g does not contribute. By
completing the square in the exponent, the last integral takes
the form of the Fresnel integral that has an analytic solution

—zs X 2 \k\ 0
MG [2mm e k;” . 40)
T4k Vo oix

By(x) =

The remaining integral can be written in terms of the Fresnel
function E (x) = fg ¢’ du. Hence, we finally obtain

2 ' =
mMg \/? / dx(t—X)iD(x)M- (1)
0

G(@) = — 2 7k|

B. Migdal approximation in the Peierls model
1. One-shot Migdal approximation

As we now show, the self-energy within the one-shot
Migdal approximation (MA), given by Eq. (16), admits an
analytic solution in the Peierls model. We begin with Eq. (16),
perform the momentum shift ¢ — ¢ — k, and note that only
the even part of |gk,¢,_k|2 with respect to g [see Eq. (29)]
contributes. Consequently, the entire g-dependence in Eq. (16)
comes from g,, so we can switch from momentum summation
to energy integration

oo 2
2}3“(@:45;2/ dsp(e)[ +sin’k — 7}
—0o0
y Nph + 1 ' n Nph . ’
w—wy)—&+i0T  w+wy—¢e+i0F
(42)

where p(e) is the noninteracting density of states, given by
Eq. (31). To proceed, we use the substitution ¢ = 2J sin x, and
define a convenient shorthand notation

Bf(w) = L(w + wy +i0h) (43)
7 2J ’
b4 1 102 k — si 2
P(e,J, B) = i dx =+ sin . sin x’ 44)
nJ J_, B — sinx

which enables us to write

(npn + 1YP(g, J, By (@) + npnP(g, J, B} ().
(45)

T (w) =

Thus, everything comes down to the calculation of P(g, J, B).
To accomplish this, we use another substitution z = e", giving

g 2+ 4sin?k +22)z% + 1

P(g.J,B) = —

2nJ lzl=1 ZZ(Z - Z+)(Z — Z_)
(46)
where z1 = iB &+ +/1 — B2. Using the residue method, and the

fact that |z, | < 1, while |z_| > 1, we obtain
1 + sin’ k — B?

28
J| IR

This completes the exact analytic solution for TM*(w). It is
important to note, however, that one necessarily needs to keep
the 0" term in Eq. (43) to obtain the correct result when using
the solution given by Egs. (45) and (47). A more numerically
stable expression, where i0™ term is not needed, is obtained
by substituting the following expression in Eq. (47):

1
i/1 — B2

P(g, J,B) = + B:| . 47

1
= Re + ilm- . (48)
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2. Self-consistent Migdal approximation

In the case of the self-consistent Migdal approximation
(SCMA), formulated through Egs. (17) and (14), an analytic
solution is generally not available. However, for the Peierls
model, we will show that instead of using Eq. (17), there is a
more convenient approach, which not only improves numer-
ical, and memorical efficiency, as well as stability, but also
yields a solution directly in the thermodynamic limit N — oo.
Much of the derivation largely parallels the steps in Sec. I1I B:
first, we start from Eq. (17), shift the momentum ¢ — g — k
and note that only the even part of | gk,k_q|2 with respect to
q [see Eq. (29)] contributes. This implies that the momentum
part of the self-energy is analytically solved,

M) = 2D() +sin* k- 2P (@), (49)
so we need to store only two functions of frequency:

V(@) = 4¢°[(nph + 1)F (0 — wo) + npnF (@ + @),
() = 4¢[(nph + 1G(w — wo) + npnG(w + wp)]. (50)

Here, F(0) = 3 Y, Gy(w)sin’ ¢, and G(w) = § 3, Gy(w).
They can also be written as

|-
F(w)=— 47 , (51
(@) NXq:w—sq—2(1)(w)—sin2q-2(2)(a)) D

Gw) = L3 1 (52)
N~ w—g—Z0(0) - sin?q - T(w)’

as a consequence of the Dyson equation (14) and Eq. (49).
Therefore, implementation of SCMA rests upon efficient cal-
culation of Eqgs. (51) and (52). Again, we exploit the same
ideas as in Sec. III B: we switch from the summation over
q to integral over energies [by introducing the density of
states p(e)], and use the substitutions ¢ = 2J sinx and z = €™.
We get

1
G(w) = —— y{ dz 42— SO ()7 + 4iJ7
27Tl |z]=1

+ (4o — 43V(@) = 25D ()

—4iJz — @), (53)
and
B 1 2D (w) — w 4iJ
F(w)=— 0@ 20 G(w) + SEIPS)

1
X —— f dz(Z2 — D[-2P(w)7* + 4iJ7
27

+ (4o — 4T V() — 2P (w))F?
—4iJz7 — 2P(w) 7" (54)

Let us note that although these expressions look cumbersome,
they are quite easy to evaluate using the residue theorem. In
fact, the polynomials in the denominators, in both Egs. (53)
and (54), are of fourth order. Hence, the zeros of such polyno-
mials (and thus the residues as well) can be straightforwardly
obtained using the Ferrari-Cardano’s method.

C. Boltzmann transport equation

The approach based on the solution of the Boltzmann equa-
tion is presently the dominant approach for calculations of
electron and hole mobility in realistic semiconducting materi-
als. For this reason, we evaluate the mobility based on this
approach in this work as well. This enables us to perform
checks for the limit when the Boltzmann approach is expected
to be exact and to gain insight into the necessity of using more
elaborate approaches beyond this limit.

Within the Boltzmann approach, the populations of elec-
tronic states nx for a homogeneous system in steady state
satisfy

on
—E. X =— ZWk»k’nk(l — ny)
ok .
+ Z Wi s (1 — ny), (55)
k/

where E is the external electric field and Wy_ x is the transi-
tion probability between the electronic state of momentum k
and the state of momentum k' given as

Wik =27 |gkw—k|*[(npn + D8 (ex — wp — k')

+ npnd(ex + wo — )] (56)

In the case of weak electric field that we are interested in, the
solution is sought in the form

on
me=n +E- 22, (57)

0)

where n, "’ is the equilibrium population of state k given as

nl({o) o e P in the case of low carrier concentration that we
are considering. By replacing this solution in Eq. (55) one ob-
tains the linearized (with respect to electric field) Boltzmann
equation. The ansatz

ong an{f’)
Ok _ B, 58
g =k ™ T (58)

where vk = Viek yields the exact solution of linearized
Boltzmann equation when T satisfy the self-consistent set of
equations

| T 1
ZWk_,k/<1 — COS Qk,kfw> = (59)
%

| Vic| Tic e

with cos Oy g = —2%_ The mobility in the x direction is then
: K= vl
given as
) 2~
Dok (Vi Tk
Max = 5—(0))6 (60)
k "k

We refer to the mobility obtained from the self-consistent
solution of Eq. (59) and using Eq. (60) as the full Boltzmann
mobility. One can also neglect the second term in the bracket
in Eq. (59). The time 7 then reduces to the relaxation time
stemming from Migdal self-energy given in Eq. (83). This
result will therefore be referred to as the Boltzmann SERTA
(self-energy relaxation time approximation) mobility.
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Explicit expression for 7 for the Peierls model reads

1 _ Hignpn® (1 4 cosk — $2)

g=qF 2J4/1— (cosk — 2j)2

Hy q(npn + 1)9(1 —cosk — ‘%)

Tk

+ = (61)
g=g 2J3/1 — (cosk + 52)
where qf = —k £ arccos(cosk — 2 =—k+

arccos(cosk + 5%), Hy 4 = |gkq|2(1 — Fy), and F, =0 for

[Vitg| Thtq

Boltzmann SERTA mobility, while Fi; = cos 6 i A
for full Boltzmann mobility. Explicit expression for % for the
Frohlich model is given in Sec. XVII of the Supplemental
Material in Ref. [5] (referred to as the scattering time therein),
while the expression for mobility is given by Eq. (18) in
Ref. [56].

The Boltzmann mobility gives the exact result for the mo-
bility in the limit of weak electron-phonon interaction. This
statement comes from the fact that Boltzmann equation can be
derived from fully quantum kinetic equations and the approx-
imation that electronic spectral function is a §-like function
(see, for example, Ref. [2]), which is valid in the limit of weak
electron-phonon interaction. However, the Boltzmann SERTA
mobility corresponds to the limit of weak electron-phonon in-
teraction within the IPA. This can be derived starting from the
Kubo formula and employing the IPA and the approximation
that electronic spectral function is a §-like function (see also,
for example, Ref. [2]).

D. HEOM method

The HEOM method provides a numerically exact density-
matrix framework to study the dynamics of a system of
interest [electrons in Eq. (1)] interacting with a collection
of harmonic oscillators [phonons in Eq. (1)] [57,58]. The
method has enabled numerically exact computations of both
single-electron [48] and transport [46,49-51] properties in
interacting electron-phonon models on a lattice in the limit
of vanishing electron concentration. For completeness, here
we give the actual equations that we have numerically im-
plemented to obtain HEOM results for the Peierls model
(Sec. IV). We refer the reader to the original papers for details
on more formal aspects of the method, such as its formula-
tion in the single-electron subspace [46,47] or the generalized
Wick’s theorem [50].

1. Single-particle properties

Although we originally formulated the HEOM method for
single-electron properties considering the one-dimensional
Holstein model [48], there is no formal obstacle to deriving
similar equations for the more general model in Eq. (1). The
HEOM for both the greater G; (t) = —ie" i (¢ (t)c}: (0)) and
lesser G (1) = ie” ! (cZ(O)ck(t))/ﬁe Green’s functions [see
Egs. (2)—(4) and Ref. [46]] assumes the following form [48]:

(Z.n
i Gy i, ()

. =,
—i(er—t, + tn)Go "y, (1)

i (Zn+1)
K DNECE I e
(> 1)
§ :x/”qmvcmgk knvg <';c fntg )

1 ’
~ b3 5, G (). (62)

In Eq. (62), the physical Green’s functions G((Ek'o)(t) = sz )
are at the root of the hierarchy formed by auxiliary Green’s
functions G(<k";{ , which are enumerated by the vector n =
[n4m] of nonnegative integers n,,. These count the number
of single phonon-assisted processes involving emission (m =
0, co = 1+ npp) or absorption (m = 1, ¢; = nyp) of a phonon
with wave vector g [more compactly, ¢, = np, + %_I)W].
The total number, energy, and momentum of exchanged
phonons are n = qu Rgm, tn = W qu (ngo — ng1), and
kn = 3_,, qgm, respectively.

The hierarchy in Eq. (62) is, in principle, infinite, and we
truncate it at a sufficiently large maximum depth D. Although
not strictly necessary in the context of single-particle proper-
ties [48], the closing term [the last term on the right-hand side
of Eq. (62), with rk__lk“ defined in Eq. (84)] at depth D removes

long-time small-amplitude oscillations of G=< around zero
[48] without affecting its dynamics on short-to-intermediate
timescales. This ensures that the spectral function Ay (w) =
—%Im G} (w) does not exhibit pronounced high-frequency
tails (see Fig. 5). We have checked that the presence or ab-
sence of the closing term, as well as its particular form, do not
affect the IPA mobility computed using Eqgs. (65) and (66).

The hierarchy for G™ is propagated with the initial condi-
tion Gfsk'f)k“ (0) = —i8,,00n.0- Meanwhile, the initial condition
for the hierarchy for G= follows from the imaginary-time
HEOM [48]

0 C’;Enk) ko (T)

= —(ekfkn + pn)oy ) (T)

Zm«/cm Skt —q I£ﬁ+/1) kg (T)

gm >
qm
1
N / (n—1)
B ﬁ qzm Mtqm~/ Cm g}i_kn-‘[o-n;m,k—k".q.q(f)‘ (63)

The HEOM in Eq. (63) is also truncated at depth D and
propagated from t = 0 to t = § starting from the infinite-
temperature initial condition cf(”) (0) = 8,,00n,0. The initial
condition for the hierarchy for G< then reads

on_ (B)

G(< 1) ( )_ .
o o B)

(64)

2. Transport properties

Within the HEOM method, the electron mobility (either
fully numerically exact or in the IPA) is most conveniently
computed in the time domain [see Eq. (7)].

The evaluation of Eq. (7) in the IPA using the numerically

exact Green’s functions sz (t) yields the following purely
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electronic contribution to mobility [46]:
IPA | 2
Wow =7 [ dr S oiGior. ©9)
T Jo -

The corresponding phonon-assisted contribution reads [D(z)
is the phonon propagator]
Mpl;AHEOM
i +00 )
=57 fo dr % |0kgk.q|* Gy OIGE (O D).

(66)

To obtain the numerically exact mobility, it iS convenient
to recast the current autocorrelation function in Eq. (7) as
Cjj(t) = (ju(1)jx(0)) /7, = Tric{ji(r)}, where Try. denotes
the trace over the subspace containing a single electron (and
an arbitrary number of phonons) [46], while

(e~ jeBH pitlty,
() =
Tri. e PH
=1.(t) + Lph(t)~ (67)

In the first equality, the subscript “le” in the numerator em-
phasizes that ¢(¢) is to be considered in the aforementioned
subspace. The decomposition in the second equality follows
from Eq. (8), where ¢.(t) [tpn(2)] is obtained by replacing
Jx in the first equality with its electronic (phonon-assisted)
contribution. The HEOM representation {Lf]n) )} of ()
satisfies [50]

3 (k[eSP (1) |k + k)
= —i(sk = &ttty + ) (K1 Ok + k)

Z VIUF /e gtk = gl @Ol + ka)
Z VI g Cn8irtn.g Kl Ok + kn + q)
i e
TN Z /et ok -+l Ok + k)

J_Z«/—nqm fgk+k gkl POk + ka = q)

1
— ‘S"*Dz( + T ) KIS Ok + k). (68)

The very same equations govern the dynamics of the HEOM
representations {¢{")(r)} and {L(”) (1)} of t,(t) and (py(t), re-

spectively. In Eq. (68), ¢z = npn + = ( " " At each instant
t > 0, the current autocorrelation functlon reads [50]

Cij() =Cjje@)+Cjj o)+ Cjj (1), (69)

with the purely electronic contribution

Cije(t) =Y (De) ko)1), (70)
k

the phonon-assisted contribution

//ph(t)— \/—Z\/a(akgkq) k|tph0+ (t)|k+f]) (71)

kgm

and the cross contribution

Cjjxt) = Z(akso kleSy o (1K)

+ ﬁ D Ven(dugeq)kligg. Ok +q). (72)

kgm

Inserting Egs. (70), (71), and (72) into Eq. (7), We obtain the
HEOM full results 1t figons pnpoms> a0d W eoy for the
three contributions to the total mobility; see Eq. (9).

The initial condition for Eq. (68) is connected with
the HEOM representation p"* of the operator p® =
(e ") /Tr1c e P which reads

o) (B)

(kloy" ke + kn) =
Yol B)

(73)

The connection is provided by the generalized Wick’s theorem
[50,59], whose application ultimately yields [50]

(k|0 (0)k + kn) = ekl ol VNk + ka),  (74)

(klesy (0K + k)

\/_Z,/anm«/—cm(akgk k=gl Ik + k)

f Z Vgnn/en (Ot )k + qlogs 1k + k).
(75)

In contrast to the HEOM for single-particle properties
[Eq. (62)], the closing term in Eq. (68) is crucial in avoid-
ing the long-time numerical instabilities characteristic for
electron-phonon models with a finite number of phonon
modes [49,50,60]. We always choose a sufficiently large D so
that the closing term merely stabilizes the long-time dynamics
of the zeroth- and first-tier auxiliaries entering Eqs. (70)—(72)
without compromising the numerical exactness of the HEOM
mobility [50]. We have also checked that using other closing
terms [59,61] does not change the mobility obtained by prop-
agating Eq. (68) [50,51].

HEOM computations of the fully numerically exact elec-
tron mobility in the one-dimensional Peierls model are viable
at moderate to high temperatures (T /wo = 2) and up to
moderate interactions (A < 1) [50,51]. We estimated that the
relative uncertainty in p due to finite-chain and finite-depth ef-
fects is typically below 10% [50,51]. The corresponding data
are openly available [62]. Meanwhile, HEOM computations
of the IPA mobility are possible in a wider range of model
parameters as these can safely be performed on somewhat
shorter chains.
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IV. RESULTS FOR SPECIFIC ELECTRON-PHONON
MODELS

A. Peierls model
1. Quasiparticle properties

Although our primary interest lies in transport properties,
analyzing quasiparticle (QP) properties can also provide valu-
able insights into the accuracy of different methods. Here, we
will compare QP predictions of CE, SCMA, and MA with the
predictions of numerically exact benchmark—the generalized
Green'’s function cluster expansion (GGCE) [63-65].

For the GGCE results, we used publicly available code
[63—65] to compute numerically exact spectral functions at
T = 0. The ground-state energy is then extracted from the
position of the lowest-energy peak at k = 0, while the effec-
tive mass m™* is obtained by determining the peak positions
at several momenta and fitting the resulting dispersion to a
parabolic function.

Within MA and SCMA we seek for minimal o for each k,
and we denote it by w = E,x, such that the denominator of
Eq. (14) is vanishing:

E i =¢r +ReXi(Epr); &= —2Jcosk. (76)

The ground-state energy E,, and the effective mass m™ are then
determined from

Ep = Ep,k:Os (77)

2

E,; = const. + —, fork ~ 0. (78)
’ 2m*

Using this, and the analytic form of the MA and SCMA self-
energies [see Egs. (42) and (49)], the expression for m* can be
explicitly written as

_ aRCZkzo(a))
% mo [ 1 w a):Ep]

m* = ,
1+ 2mg Re[Zi=r 2(Ep) — Zp=o(Ep)]

(719)

where mg = 1/(2J). We note that ground-state energy can
correspond to finite £ within the Peierls model [66], but in
the regimes we will be examining it will always correspond to
k=0.

Finally, for the CE quasiparticle properties, we rely on
the fact these coincide with the predictions of the Rayleigh-
Schrodinger perturbation theory [45]

Ep,k = & + RCE/I:/IA(SIC)» (80)

and that E,{‘“A(w) is known analytically; see Eqs. (45) and
(47). Using these, we obtain

AW
Ep= =21+ 22 (=2 = o + Vool +wn). 8D

my L oot wj — (6] 4 wo)v/@o (4] + wo)
mk 2J(4J + wyp) '

The negative effective mass m* at k = 0 is predicted at large A
consistent with the fact that the polaron band minimum is no
longer located at k = O for strong coupling [66].

The numerical results for wg = 0.5 are shown in Fig. 3,
while the results for various other regimes are shown in Sec. A
of SM [52]. As we see, CE and SCMA are both much closer
to the numerically exact benchmark (GGCE) than MA. In

(82)

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. Comparison of the band-mass to renormalized-mass ratio
mo/m* and the ground-state energy E, obtained from CE, GGCE,
SCMA, and MA for wy = 0.5 at T = 0. The red point corresponds
to the CE result for A = 0.25.

fact, the CE effective mass is in remarkably good agreement
with GGCE even for large A, even though CE is in essence a
perturbative approach. The same was also true in the case of
the Holstein model [45].

Before moving on to the transport properties, let us also
calculate the CE effective lifetime t;, which within this
method is given by [45]

7' = —2ImI (ep). (83)

This is useful from the practical standpoint as it indicates
how long should we propagate C(¢) before the corresponding
Green’s function attenuates. In the case of Peierls model [see
Egs. (45) and (47)]

I 0

4
T = %:2 |:(nph + l)sk(zjo + cos k)

n (w" k) (84)
NphSk 27 Cos s

where s;(x) = (1 —x* +sin’k)0(1 — x?)/+/1 — x2, with 6
being the Heaviside step function. From this expression, it

follows that t; diverges for %" > 14 |cosk| when T > 0,

whereas at T = 0 the divergence occurs when 3% > 2 sin? ’5‘
Therefore, in principle, for 7 > 0, CE transport properties can
be obtained only for wy < 2J when the corresponding Green’s
function attenuates for all momenta. An illustration of this is
presented in Sec. A of SM [52].

2. Numerical challenges, accuracy, and limitations of the CE
method for the calculation of transport properties: Illustrative case
wy = 0.5 1=0.25

Figure 3 illustrates that the parameter choice wy = 0.5,
A = 0.25 corresponds to a regime where the ratio of band
to effective mass is approximately ~0.8. In this regime, all
methods yield reasonably accurate QP properties, while for
larger A, MA begins to deviate more noticeably. Since the
interaction strength is neither too weak nor too strong, this
represents an ideal case for a detailed comparison of transport
properties obtained from different methods. This is the focus
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FIG. 4. Comparison of different methods for calculating the inverse of (a) the total mobility 1/u [see Eq. (9)], (b) the electronic contribution
to the mobility 1/, [see Eq. (10)], and (c) the phononic contribution to the mobility 1/, [see Eq. (13)], for wy = 0.5 and A = 0.25.

of the present subsection. The general trends identified here
will be further corroborated in the next subsection, where
transport properties are examined over a broader range of
parameters.

In the expressions for p., upn, and n, [see Eqs. (10), (13),
and (4), respectively], there is a numerical instability when in-
tegrating over large negative frequencies due to the Boltzmann
factor e#¢ that becomes exponentially large. This is why in
practice we introduce a finite frequency cutoff ffooo — ffj\,
denoted by A, which is increased until the results fully con-
verge. In addittion, we always use sufficiently large number of
k points in Egs. (10), (13), and (4), so that the obtained results
are representative of the thermodynamic limit.

The results are shown in Fig. 4. Since most points in
Fig. 4 lie in the higher-temperature range, where the mobil-
ity p is small, we chose to plot 1/u(T) for better clarity.
For completeness, the plot of w(7T") is provided in the fol-
lowing subsection; see Figs. 6(a;)—6(cy). The curves labeled
“HEOM full” and “HEOM IPA” represent numerically ex-
act benchmarks for the mobility with [Egs. (67)—(75)] and
without [Eqgs. (65) and (66)] vertex corrections, respectively.
As seen from the figure, the discrepancy between the two
clearly demonstrates that vertex corrections are not small,
although the IPA result remains of the same order of mag-
nitude as the full result. This difference is not solely due
to the fact that u, vanishes within IPA [see Eq. (11)]; it is
also evident in both the electronic [Fig. 4(b)] and phononic
[Fig. 4(c)] contributions. In particular, while the IPA captures
the qualitative temperature dependence of the electronic term
in Fig. 4(b), the phonon-assisted contribution in Fig. 4(c)
is not even qualitatively reproduced. Equation (66) reveals
that the overall temperature dependence of ME;?HEOM is de-
termined by the competition of the temperature effects on the
phonon propagator and on the product of particle and hole
propagators [see also Fig. 1(b)]. While the former promote
Iiom increasing with temperature due to the enhanced
phonon occupation, and dominate at lower temperatures, the
latter promote [LngEOM decreasing with temperature, simi-
larly to ,ME_)QEOM [see Eq. (65) and Fig. 4(b)], and dominate
at higher temperatures. Therefore, ullfflAHEOM reaches its max-
imum in the intermediate—temperaturé range. In addition to
the above-discussed Wick-decoupled contribution [see also

Eq. (12)], the full solution Mf)‘ﬂ}HEOM contains both the genuine

particle-hole correlations, which are behind the difference

between pMli- o\, and pPA- o\ (and also the vertex corrections

2.5,_||u-luuu-luuu-lwuuulwwuulwuuuluwuu_,
[ — HEOM ]
:(a) ]
2.0F CE B
i P -= SCMA ]

— 1.5F 1 3

3 I 7/ \\ ]

< 10F \ ]
1'0: \ ]
s \ ]
0.5F k=0 1
0'0lllll|||llllllllllllllllllllllllll
-35 -30 -25 -20 -15 -1.0 -0.5 0.0
O5F T 1 LR RS
:(b) ! —— HEOM 4
0.4F I CE ]
F ! -= SCMA ]

~ 03F I ]

3 I ]

< 0.2f .
[ _n ]
o e 730
[ == ]
NV ot N T PR PR PR R B s
-4 -3 =2 -1 0 1 2 3 4
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1071

—~ 10-3

310

<

107>

1077
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w

FIG. 5. Comparison of HEOM, CE, and SCMA spectral func-
tions for wy = 0.5, A =0.25,and T = 1.0.
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FIG. 6. Comparison of different methods for calculating the (a) the total mobility i [see Eq. (9)], (b) the electronic contribution to the
mobility . [see Eq. (10)], and (c) the phononic contribution to the mobility py, [see Eq. (13)].

in the Holstein model [46]), and genuine electron-phonon
correlations, which are formally embodied in the first- and
second-tier HEOM auxiliaries [50]. These all stem from
the cluster expansion-based decomposition [67] of the two-
electron—two-phonon correlation function

(Ol e Dt (DX (D, gl Xay)

determining ppn. In Sec. IV A3, we argue that the electron-
phonon correlations are ultimately responsible for turning the
nonmonotonic temperature dependence of /LLE‘?HEOM into the

monotonic decrease of /J“S;n],]HEOM with temperature. We finally

1551

note that, for similar values of wg, A, and T, vertex correc-
tions were found to be less pronounced in the Holstein model
[46]. In contrast, their stronger impact in the Peierls model
can be attributed to the pronounced momentum dependence
of the electron-phonon matrix elements g, in both k and
q [see Eq. (25)], as well as to the genuine electron-phonon
correlations, which are not present in models without the
phonon-assisted current.

The counterparts of the IPA and full results within
the Boltzmann approach, labeled “Boltzmann SERTA” and
“Boltzmann full,” are in complete disagreement with the
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HEOM results, indicating that we are far outside the quasi-
particle regime where the Boltzmann method can be reliably
applied. Nevertheless, it should be noted that Boltzmann ap-
proach correctly predicts that the vertex corrections in yu are
negative.

All other methods (MA, SCMA, CE) are calculated within
IPA, and thus need to be compared with HEOM IPA. The
above rationalization of the temperature dependence of wyp
within the IPA is general and not limited to the HEOM
method. Indeed, Fig. 4(c) reveals that MA, SCMA, and CE
capture the nonmonotonic temperature dependence of the
HEOM IPA benchmark. However, the MA shows quanti-
tative discrepancies when compared to HEOM IPA, while
the functional form of w(7T) at high temperatures, where
the phonon-assisted contribution dominates, predicts a sig-
nificantly steeper increase of 1/u with temperature than the
benchmark. To improve upon the predictions of MA, one
can use either SCMA or CE. Both of them are in very
good agreement with HEOM IPA. However, while SCMA has
self-consistency, CE is completely one-shot. This property
makes it a computationally efficient and appealing alternative
to other methods.

It is worth noting that while CE results can be readily
obtained for temperatures higher than those shown in Fig. 4,
calculations could not be performed at lower temperatures
(T < 0.55), as we were unable to achieve convergence with
respect to the frequency cutoff A. This limitation is not
present for SCMA, which can provide results even at much
lower temperatures. To understand the origin of this behavior,
we plot in Fig. 5 the spectral functions used to calculate
. Figures 5(a) and 5(b) demonstrate that CE captures only
the overall shape of the HEOM benchmark, whereas SCMA
yields a solution in much better agreement with HEOM, even
resolving the multipeak structure in Fig. 5(b). Nevertheless,
the overall shape correctly captured by CE is sufficient to
produce accurate mobility results in the temperature range
presented in Fig. 4.

At low temperatures, however, due to the Boltzmann factor
e P in Egs. (10), (13), and (4), the behavior of the spec-
tral functions at large negative frequencies contributes more
strongly. This effect is most pronounced in the normalization
n, [see Eq. (4)], which appears in the denominator of Eqgs. (10)
and (13). As can be seen, the factor e #A;(v)? in the numer-
ator of Eq. (10) is less sensitive to the frequency cutoff A (for
large A) than the factor e #”A;(v) in the denominator, since
A (v)? decays faster than Ay (v) for v — —oo. It is precisely
these large negative frequencies that are problematic in CE:
as seen from Fig. 5(c), CE exhibits an unphysically large tail
toward negative frequencies, which makes convergence with
respect to A difficult. This artifact of the CE solution will be
discussed in more detail in the following section and from a
different point of view in Sec. IV B.

3. Mobility results in a wide range of parameter regimes

In Figs. 6 and 7, we present the mobility results over a wide
range of parameter regimes. We do not discuss each panel
individually, as the main conclusions are analogous to those
from the previous subsection. Specifically: (i) Vertex correc-

tions are clearly visible but do not alter the order of magnitude
of the results. In contrast to the Holstein model [46], however,
we now also observe nonnegligible vertex corrections even
at weak interaction strengths [see, for example, Fig. 7(a;)].
This can be attributed to the strong dependence of the ma-
trix elements g , on both k and g. Additionally, in contrast
to the intermediate- and strong-interaction regimes, the IPA
qualitatively captures the temperature dependence of pip, in
the weak-interaction regime [see, for example, Fig. 6(c;)].
Then, one expects that the genuine electron-phonon correla-
tions are weak, so that the quantitative discrepancies between
the HEOM full and HEOM IPA results for both ,, and
M. originate from the particle-hole correlations that the IPA
misses. Their absence does not alter the correct temperature
dependence of L., at least in the ranges of the temperature
and interaction strength we examine [see Figs. 6(b;)—6(bs)
and 7(b;)-7(bs)], and the same then applies to u,, [see
Fig. 6(c;)]. The above reasoning then strongly suggests that
the qualitatively incorrect temperature dependence of pipy
within the IPA [see Figs. 6(c;)-6(c4) and 7(cy)-7(c4)] is due
to the neglect of genuine electron-phonon correlations, and
not due to the neglect of particle-hole correlations. (ii) The
CE approach successfully reproduces the correct IPA result
well beyond the range of validity of the Boltzmann quasipar-
ticle picture. Unlike CE, which is a one-shot method, SCMA
incorporates self-consistency, allowing it to achieve accurate
results that also agree with the numerically exact HEOM IPA
benchmark. Overall, both CE and SCMA provide a clear
improvement over MA, which often deviates from the exact
result except in the very weak coupling regime.

At lower temperatures, it becomes increasingly difficult
to converge the CE results (this issue does not arise within
SCMA). We verified that this problem is related to the long
tail of the CE spectral functions extending toward negative
frequencies, in close analogy with Fig. 5(c); see the corre-
sponding spectral functions in Sec. B of SM [52]. We also
observed that this issue is even more pronounced at stronger
coupling strengths. This behavior is expected, as the spectral
functions become broader in this regime, thereby enhancing
the contribution of the tail.

In these parameter regimes, the following issue arises. Al-
though it is sometimes possible, with considerable effort, to
converge the CE mobility results with respect to the frequency
cutoff A at stronger couplings and lower temperatures, CE
typically underestimates the HEOM IPA benchmark in these
cases [see, for example, Fig. 6(a4)]. This can also be under-
stood as a direct consequence of the spectral function tail. As
discussed at the end of Sec. IV A2, the tail has the largest
impact on n, [see Eq. (4)], making it unphysically large. Since
n, appears in the denominator of the expressions for u, and
tph [see Egs. (10) and (13)], these quantities within CE are
systematically underestimated compared to the exact solution.

We note that the issues with the tail of the spectral function
that we identify are not the same as the ones identified in
Ref. [13]. Therein, the authors found a tail with a slow l/a)4
decay, which originates from artificial Lorentzian broadening
of the bare Green’s function. We do not introduce any artificial
broadening and hence the presence of the tail that we identify
is an inherent shortcoming of the CE method.
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FIG. 7. Comparison of different methods for calculating the (a) the

total mobility u [see Eq. (9)], (b) the electronic contribution to the

mobility w. [see Eq. (10)], and (c) the phononic contribution to the mobility wph [see Eq. (13)], for wy = 1 in a wide range of electron-phonon

coupling strenghts A.

B. Analytical rationale for employing CE

In the previous subsection, we saw that using CE, which
can be interpreted as a postprocessing method, improves the
predictions of MA in the case of the Peierls model. Similar
conclusions were previously drawn for the Holstein model as
well [45]. However, it is desirable to develop a more general
analytical understanding of why and under which conditions
CE is expected to perform well. Such understanding would
not only place the CE prescription on a firmer theoretical foot-
ing, but could also provide criteria for anticipating—without
relying on benchmarks—the parameter regimes in which we

could expect the CE approach to be accurate and not suffer
from convergence (with respect to frequency cutoff A) prob-
lems.

We propose that an insight into this important question
can be obtained by examining the spectral sum rules. The
motivation for this approach stems from the observation that
CE performs very well at higher temperatures, where only the
overall shape of the spectral function plays a role, whereas
the long tail extending toward negative frequencies causes
difficulties at lower temperatures (see Sec. IV A 2). Both of
these features are, in principle, encoded in the (first few)
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spectral sum rules:

J\/l,l(k)zf Ag(w)o"dw. (85)

oo

For the Hamiltonian in Eq. (1), in the case we are examining
(when the chemical potential is ur — —00), these can be
calculated analytically:

Mn(k)=<[...[[ck,H],H]...,H]c,t> . (86)

n times T
The first few read as follows:
Mpk) =1, 87)
M (k) = e, (88)
1
M) = & + Qg+ D D Claal®,  (89)
q

_ 3, @ 2
My(k) = e + — qu|gk,q|

+ (znph +1)

N 2 lgkal (g + 2600, (90)

q
My(k)

2(,()()
=& + N D (exiq + ew)lgual®
q

" 2I’lph +1

N Z lgkal’ (Eicsq + 36k + @) + 26kekiq)

q
n (2npn + 1)

7 > lgkal?lgka]” + lgkal|8aka]’

q.q1
+ 8q+k.—q &q1+k.q §q1+q+k, —q; gk,q1]~ C2Y)

Continuing this calculation for higher-order n becomes in-
creasingly cumbersome, as the number of terms generated
by repeatedly applying the commutator in Eq. (86) (prior to
taking the thermal expectation value (... )7) grows rapidly. In
contrast, evaluating M, (k) within the CE method is relatively
easy, even for higher orders of n [45]:

MEF (k) =Re[i"(%> ec“(’)i| .
- (Z)(—ak)wff,,(ky (92)
p=1

Therefore, it is straightforward to verify that MSE(k) =
M, (K) for n < 4, while

MEE(K) — My(k)

(2npn + 1)? 2 2
= P]\]—Z Z [zlgk.q|2|gk,q1| - |gk,q|2|gq+k,q1|
q.91
— 8q+k,—q 8qi+k,q 8qi+a+k,—q1 8k.qi ] 93)

This expression actually vanishes in the case of a
k-independent coupling constant gy 4. This implies that CE

reproduces the sum rules exactly for n < 4 both in the case of
Holstein and (experimentally more relevant) Frohlich model.
In contrast, Eq. (93) indicates that k-dependent models are
more challenging for CE. The most prominent example of
such a case is the Peierls model analyzed in this paper. Never-
theless, the difference MEE (k) — M4(k) remains small when
the coupling is not too strong, being of order O(g*).

However, the fact that MA correctly reproduces the spec-
tral sum rules for n < 4, and that ./\/leE(k) — My(Kk) is of
order O(g4), is not sufficient to explain why CE should, as
observed in Sec. IV A 3, improve upon the predictions of MA
in the Peierls and other k-dependent gi  models. In fact, MA
exhibits the same property: it exactly reproduces the sum rules
for n < 4, while the error for n = 4 is of order O(g*). The
same holds true even for SCMA which, as we have seen,
also outperforms MA. These properties of MA and SCMA,
as explained in Refs. [68,69], follow directly from the fact
that both methods include exactly the lowest-order self-energy
diagram, while neglect some ~g* diagrams.

The analysis in Refs. [68,69] can also be used to highlight
the key difference between these approaches: MA neglects
all higher-order diagrams, implying that the g" contributions
for n > 4 to M, (k) are entirely absent in MMA (k). In con-
trast, SCMA at least partially captures some of these terms in
MBECMA(K). The same holds for CE, as can be seen explicitly
in Eqs. (91) and (93) for n = 4. To examine how accurately
CE captures higher-order sum rules, we compute both the ex-
act and CE sum rules for orders n < 9 in the Holstein model.
This model is chosen because, although the calculation is still
quite involved, it is technically the most straightforward in this
case. Since the resulting analytical expressions are lengthy
and cumbersome, they are presented in Sec. C of SM [52].
Here, instead, we focus on numerical results illustrating how
the sum rules affect the quantity n., defined in Eq. (4). This
quantity is particularly relevant because n, can be explicitly
expressed in terms of M, (K)

ne(ry="y % > M), (94)
n=0 : k
n, = lim n.(r), (95)

and, as discussed in Sec. IV A2, it appears as the normal-
ization factor in the mobility expressions [see Eqgs. (10) and
(13)] that has proven to be most sensitive to the presence of
unphysical tail in the spectral function.

The results for three different interaction strengths are
shown in Fig. 8. We observe that, although the higher-order
sum rules are not exact, their contributions to n, remain in
good agreement with the exact result, not only at very weak
couplings but also at stronger coupling strengths. As the tem-
perature is lowered or the interaction strength is increased, an
increasingly larger number of r terms in Eq. (95) is required
before n,(r) starts to converge. In this regime, the difference
MSE(k) — M, (k), which grows with increasing n, becomes
more pronounced in the resulting n,, leading to a visible
discrepancy between the CE prediction and the exact result.

This observation can be used to address the motivating
question of this subsection: to formulate a rough criterion
for identifying the regimes in which CE is expected to both
converge (with respect to the frequency cutoff A) and yield
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FIG. 8. Comparison of the n, (normalized to the exact result
for n,(r =9)) predictions [see Egs. (4), (94), and (95)] obtained
using the exact and CE spectral sum rules for the Holstein model.
In the lower right corner of each panel, the quantity 7., is shown,
representing the lowest temperature at which the CE mobility could
be obtained in Ref. [45] for the corresponding parameter regime of
the Holstein model. In all panels wy = 0.5.

accurate results. These regimes correspond to cases where the
number 7 of spectral sum rules required for n.(r) to converge
is not very large (than say r ~ 10). From another perspective,
if > 10 terms were needed, the problematic negative-
frequency tail of the CE spectral function (see Sec. IV A2)
will have a significant impact on the result, leading to inaccu-
racies. As numerical support for this criterion, we again refer
to Fig. 8, where the lower-right corner of each panel shows
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FIG. 9. CE predictions for n, (normalized to n.(r = 10)) [see
Egs. (4), (94), and (95)] obtained for the Peierls model. Here
woy = 0.5.

the minimal temperature (that we read off from Fig. 11 of
Ref. [45]) for which CE mobility results in the Holstein model
could be obtained in the corresponding parameter regime.
This temperature is nearly the same as the temperature for
which r ~ 10 terms are no longer sufficient to obtain 7,.

The numerical criterion that we formulated is quite con-
venient as we do not need the exact results. We only need
CE spectral sum rules, and these are quite easily calculated,
as shown in Eq. (92). For example, in Fig. 9 we show the
results for the Peierls model (the corresponding analytical ex-
pressions are given in Sec. C of SM [52]). From these results,
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FIG. 10. Illustration of the regions where CE is expected to be

accurate in the Peierls model for wy = 0.5. S is given by Eq. (96),
with rp.x = 12 and n = 0.2.

we can estimate that the minimal temperature at which CE
converges and provides reasonably accurate results is Ty, =
0.5 for . = 0.25 [see Fig. 9(a)], Thin = 1.0 for A = 0.5 [see
Fig. 9(b)], and Ty =~ 2.0 for A = 1.0 [see Fig. 9(c)]. These
estimates are consistent with the mobility results shown in
Fig. 6(az)-6(ay).

Last, these considerations allow us to construct Fig. 10,
which illustrates regions in the (A, T') parameter space where
the CE approach is expected to be reliable. To this end, we
introduce a scalar quantity S that quantifies how close the trun-
cated result 71, (rm,x ) s to its asymptotic value n,(r — 00),

Ane(Fmax) + Azne(rmax ) :|

96
r) |n€(rma)()| ( )

S(rmax) = exp |:_

Here, Ang(rmax) = [1e(Fmax) — fe(Fmax — DI, Azne(rmax) =
|ne(rmax) - Zne(rmax - 1) + ne(rmax - 2)'9 while n is the pa-
rameter defining relative convergence tolerance which we
take to be n = 0.2 to best illustrate our results. We empha-
size that the inclusion of both An, and AZn, in Eq. (96) is
essential. While An,(ry.x) alone might appear sufficient as
a convergence criterion, this can be misleading in practice.
In particular, for not too strong couplings one often finds
|ne.(r) — n.(r — 1)| < |n.(r) — n.(r — 2)|, reflecting the fact
that, for odd r, certain contributions to M, (k) are odd in k and
therefore vanish upon summation in Eq. (94). The inclusion
of A’n, accounts for this effect and thereby provides a more
reliable convergence criterion.

C. Frohlich model
1. General remarks

The CE method in the context of the Frohlich model
was previously examined in Ref. [23], but only at zero tem-
perature. In the following, however, we turn our attention
to the finite-temperature transport properties of the Frohlich
model. Before proceeding, let us note that the results of
Ref. [23], among other things, demonstrate that the quasiparti-
cle properties obtained using CE are significantly closer to the
numerically exact benchmark (QMC [70] in their case) than
those predicted by the one-shot Migdal approximation. The
fact that this observation is fully consistent with the conclu-

sions of Sec. IV A1 for the Peierls model and of Ref. [45]
for the Holstein model suggests that some general, largely
model-independent conclusions can be drawn regarding the
advantages and limitations of the CE method. Consequently,
as we will see, the conclusions reached for the Peierls model
also hold for the Frohlich model. For this reason, we will not
provide a detailed analysis as in Sec. IV A, but will instead
summarize only the main results.

The expression for the mobility, within IPA, is entirely
determined by Eq. (10), as there is no k-dependence to
electron-phonon matrix elements gk q, implying that the
phonon-assisted part in the current operator vanishes; see
Eq. (8). Taking that in to account, as well as the spherical
symmetry of the problem, we see that the expression for the
mobility, in this case, reduces to

B Jo~ dkk* [°2 dv e P A (v)?
C3 [ dkk [7 dv e P A ()

where the factor 1/3 appeared as a consequence of the dimen-
sionality of the problem.

To apply this formula, the CE and SCMA spectral func-
tions will be calculated using the procedure presented in
Secs. III A2 and II D, respectively. For the SCMA, however,
we note that the expression given by Eq. (17) can be cast
into a more convenient form using the explicit form of the
electron-phonon matrix elements for the Frohlich model [see
Eq. (26)], as well as the spherical symmetry of the problem

|Mol?
(2m)?

97

EIOMA (¢) — / dq [(ngn + DGy — o)
0

G+ o) L n (LK ’ (98)
Phg Yk T \g—k )

2. Numerical results

The calculations were performed using parameters
representative of the conduction bands in three polar semicon-
ductors: GaAs (o« = 0.072, wg = 36 meV, my/m, = 0.067),
GaN (¢ =0.407, wy =91.2meV, my/m, = 0.20), and
Zn0O (a = 1.022, wg = 72.3meV, my/m, = 0.275), where
mg/m, denotes the ratio of the electron band mass to the
free-electron mass. The effective mass parameters for GaAs
and GaN were taken from Ref. [71] while other parameters
for GaAs and GaN (energy of longitudinal optical phonon,
static and high-frequency dielectric constant) were taken from
Ref. [72]. The parameters for ZnO were taken from Ref. [73].
In these materials, the ratio of the fully renormalized electron
mass m* (including all interaction effects) to the band mass
satisfies mo/m* 2 0.8 [70]. In light of this, and based on
the results presented in Sec. IV A and Refs. [45,47] for the
Peierls and Holstein models, we expect the self-consistent
Migdal approximation to provide accurate mobility estimates
over the parameter range considered in this work. This point
is important, as entirely real-axis numerically exact mobility
data for the Frohlich model are not available. We note that,
although quantum Monte Carlo (QMC) is a highly reliable
method for calculations on the imaginary frequency axis [74],
the use of analytical continuation can severely compromise
the accuracy of the resulting dc mobility (see, e.g., Fig. 15
of Ref. [14] and Sec. IIC of the Supplemental Material of
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FIG. 11. CE and SCMA spectral functions A;(w), for different
momenta k, of ZnO at a temperature of 7 = 200 K.

Ref. [40]). This effect is clearly illustrated in the Holstein
model at weak—intermediate coupling, A = 1/2: Fig. 1 of
Ref. [41] shows that the hierarchical equations of motion
(HEOM) method is in excellent agreement with quantum
typicality—another numerically exact approach that does
not rely on analytical continuation—whereas Fig. S5 of
the Supplemental Material of Ref. [46] demonstrates that
QMC underestimates the mobility in the same regime by
nearly an order of magnitude. Regardless, the QMC results
of Ref. [74] are not suitable as benchmarks here, as they
were reported only for o« = 2.5 and 6, well outside the
weak-to-intermediate-coupling regimes relevant for assessing
the accuracy of the CE approach.

As shown in Fig. 11 for ZnO, the CE spectral functions in
the Frohlich model exhibit long tails toward negative frequen-
cies at larger momenta, similarly to the Peierls and Holstein
models, in contrast to the SCMA results (for a more detailed

and linear-scale comparison between CE and SCMA spectral
functions, see Sec. D of SM [52]). These tails may be un-
physically wide and may hinder the evaluation of mobility.
Moreover, unlike in the Holstein and Peierls models—where
the momentum k appearing in the mobility expressions is
restricted by the finite electronic bandwidth—the Frohlich
model requires momentum sums (i.e., integrals) over an un-
bounded continuum, see Eq. (97). Consequently, in addition to
the frequency cutoff, we must introduce a momentum cutoff
Peut and verify convergence with respect to it.

The dependence of the mobility ;« on the momentum cutoff
Peut 18 shown in Fig. 12. For GaAs, where the electron-phonon
interaction is weakest, the CE mobility converges nicely as
Peut Increases. In contrast, for GaN and ZnO, where the cou-
pling is stronger, the CE mobility generally fails to converge
with increasing p.y. This issue is particularly pronounced at
lower temperatures, as seen in the 200 K results for these two
materials. In such cases, w(pey ) typically exhibits a maximum
at an intermediate cutoff, but does not saturate thereafter. By
contrast, the Boltzmann SERTA and SCMA mobilities display
well-defined convergence with respect to pcy.

Although, strictly speaking, the CE mobility is not well
defined when p(pcy ) does not saturate for large pey, one may
argue that the maximal value of i (pcy) provides a reasonable
estimate of the mobility within the CE methodology. This
interpretation is motivated by the expectation that momenta
above a certain characteristic scale p contribute only weakly to
transport. To estimate p, we note that the maximum of 1 (peyc)
in the CE curve typically appears close to the range of pey
where the SERTA and SCMA mobilities begin to saturate;
see Fig. 12. This suggests that the physically relevant momen-
tum contributions are largely contained before this maximum.
Based on this reasoning, we take max,_ 1(pcu) as a qual-
itative estimate of the CE mobility in cases where genuine
saturation is not observed. To distinguish such estimates from
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FIG. 12. Dependence of mobility on the momentum cutoff p., for GaAs, GaN, and ZnO at two different temperatures. Results are shown

for both the Boltzmann SERTA, SCMA and the CE methods.
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FIG. 13. Temperature dependence of mobility, calculated using
Boltzmann SERTA, SCMA and CE approaches, for GaAs, GaN, and
ZnO.

the cases where the CE mobility properly converges, we label
them as “ECE” (estimated CE) results.

After all these considerations, Fig. 13 presents the tem-
perature dependence of the mobility calculated using the
Boltzmann SERTA, SCMA, and CE approaches for GaAs,
GaN, and ZnO. As expected, for GaAs, the predictions of
all three methods are in very good agreement, reflecting the
weak electron-phonon coupling in this material. However,
Figs. 12(a;)-12(a;) show that CE and SCMA are actually
in nearly perfect agreement, while the SERTA results deviate
slightly.

For GaN and ZnO, where the electron-phonon coupling
is stronger, the discrepancies between the methods are more
pronounced. In GaN, CE provides results closer to the SCMA
benchmark than the Boltzmann SERTA. In ZnO, SERTA and
SCMA appear very close, while CE appears to deviate more
significantly. We emphasize that, in this case, the CE results
did not fully converge with respect to p.y, so the plotted val-
ues correspond to ECE estimates. Moreover, the logarithmic
scale used in Fig. 13 can exaggerate the apparent differences.
In particular, panels 12(c;)-12(c;,) reveal that the discrepancy
between SCMA and SERTA is actually comparable to that
between SCMA and CE. Notably, SERTA tends to overes-
timate the SCMA benchmark, whereas CE—consistent with
our previous results for the Holstein [45] and Peierls models
(see Sec. IV A 3)—underestimates it. Finally, we note that,
for these materials, the temperatures considered in Fig. 13,
expressed in Frohlich units, are relatively low (T < wg) com-
pared to those used for the Peierls model in Sec. IV A3.
Based on our experience with the Peierls model, such low-
temperature regimes are more challenging for the CE method,
but more favorable for SERTA, which explains why the
Boltzmann SERTA results perform comparatively better here
than in the Peierls case.

V. DISCUSSION AND CONCLUSIONS

The results presented in this paper provide a unified per-
spective on the applicability of the CE method for the accurate
calculation of mobility in electron-phonon systems. To ex-
amine this thoroughly, we have applied the method to the

Peierls and Frohlich models and, together with the results
of our earlier work on the Holstein model [45], questioned
of whether general, model-independent conclusions can be
drawn. Although these three models represent fundamentally
different scenarios—with the electron-phonon coupling gy q
having neither k nor q dependence in the Holstein model,
only q dependence in the Frohlich model, and both k and q
dependence in the Peierls model—we find that the CE method
provides accurate mobility results even beyond the regimes
where the quasiparticle picture breaks down and beyond the
range of applicability of the one-shot Migdal approximation.
These conclusions were drawn by comparing Boltzmann,
MA, and CE results at intermediate to high temperatures with
state-of-the-art benchmarks. It should be emphasized that,
although CE spectral functions in this temperature range did
not resolve the full multipeak structure that may be present in
the exact solution, this had a negligible impact on the mobility.
At these elevated temperatures, the mobility is primarily de-
termined by the overall shape of the spectral function, which
CE captured accurately.

At low temperatures, however, CE convergence (with re-
spect to the frequency cutoff) issues begin to appear. In
addition, for somewhat stronger electron-phonon interactions,
as the temperature is reduced, but still before the convergence
problems set in, the CE mobility tends to converge to a value
that typically underestimates the correct result. All of these
low temperature problems, as we deduced, originate due to
the fact that CE incorrectly predicts long spectral function tails
toward negative frequency, at larger momenta.

In our work, we also provided an analytic argument in-
dicating why one can expect the CE to perform well. In
particular, while the CE, by construction, coincides with the
MA (i.e., with the lowest-order Feynman diagram) in the limit
of very weak electron-phonon coupling strengths g, we addi-
tionally showed that the CE generally reproduces the exact
sum rules for n < 4, whereas the discrepancy between the CE
and exact results for n = 4 is of order O(g*). Although the
MA shares this general property, the CE offers two key ad-
vantages: (i) for the Holstein, Frohlich, and other models with
k-independent matrix elements gi q, the CE sum rule for n =
4 exactly coincides with the exact result; (ii) for higher-order
sum rules (n > 4), even in models with momentum-dependent
couplings gy q, the CE—unlike the MA—at least partially
captures contributions of orders O(g") with m > 4.

We also formulated a rule of thumb for estimating whether
the CE for mobility calculation is expected to be accurate
within a given parameter regime. Specifically, we argued that
one should examine the quantity n, = Y .- (jﬁ v D Mau(h),
which appears as the normalization in the mobility expres-
sions, and determine how many terms (in n) are needed for
convergence within the CE. If convergence requires many
terms, the discrepancies between the exact and CE sum
rules—which increase with n—will render the CE estimates
of n,, and consequently of the mobility, inaccurate. This
typically occurs for strong coupling or low temperatures, con-
sistent with the fact that in this regime the long tail of the
spectral function strongly affects higher-order sum rules. In
contrast, if convergence is reached after only a few terms,
the spectral-function tail plays a minor role. As this happens
for weaker interactions or higher temperatures, the mobility
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typically depends mainly on the overall spectral function
shape, which is well captured by the first few sum rules. This
rule of thumb is particularly appealing, since the CE sum rules
are, as we have shown, straightforward to evaluate.

Finally, since the CE approach is built upon the IPA (and
introduces additional approximations within this framework),
for a comprehensive assessment of its reliability for mobility
calculations, it was essential to analyze the magnitude of
vertex corrections—that is, the difference between the fully
numerically exact result and the exact result obtained within
the IPA (using no other approximations than IPA). For the
Peierls model, we observed that the IPA result is qualita-
tively similar to the exact mobility result. Quantitatively, the
two are of the same order of magnitude, but the discrep-
ancy remains nonnegligible, even for relatively weak coupling
strengths. In contrast, our earlier findings for the Holstein
model demonstrated that vertex corrections are rather small
even at moderate coupling strengths g, and vanish completely
in the limit g — 0 [46]. This behavior in the Holstien model
can be attributed to the local (momentum-independent) nature
of the electron-phonon coupling, which implies that the ladder
diagrams in the current-current correlation function vanish
[75]. These ladder diagrams are important, as they are known
to give vertex correction’s leading order contribution in the
weak coupling limit [54].

With this observation in mind, we note that Lihm and
Poncé recently applied the self-consistent Migdal approxima-
tion to a general electron-phonon Hamiltonian, where they
did not restrict themselves to the IPA but instead summed
all ladder diagram contributions [14]. Focusing on ladder di-
agrams is particularly advantageous—not only because they
provide the leading-order contribution in the weak-coupling
limit, but also because this choice corresponds to a charge-
conserving approximation and, from a technical standpoint,
allows for a fully self-consistent formulation of the equations.

As a result, they were able to (partially) capture the effects
of vertex corrections, which in practice led to highly accurate
results. This approach is crucial for achieving quantitatively
precise mobility values, as our findings clearly demonstrate
that vertex corrections in a general electron-phonon system
cannot a priori be assumed negligible, even at relatively weak
electron-phonon coupling strengths.
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Here, we supplement the results of the main text by providing additional numerical and analytical results.

A. QUASIPARTICLE PROPERTIES FOR THE PEIERLS MODEL
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FIG. S1. Renormalized mass m* and ground-state
energy E, for wo = 1.0 and T' = 0.
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FIG. S3. Renormalized mass m™ and ground-state
energy I, for wo =3.0 and T'= 0.
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FIG. S2. Renormalized mass m* and ground-state
energy E, for wg = 0.044 and T' = 0.
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FIG. S4. Lifetime 7, within the CE method for J =1, T = 2 and
g=1.
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In Sec. IV A 1 of the main text, we showed the cumulant expansion (CE), self-consistent Migdal approximation
(SCMA), Migdal approximation (MA), and generalized Green’s function cluster expansion (GGCE) benchmark
predictions for the band-mass to renormalized-mass ratio mg/m* (note that my = 1/(2J)) and the ground-state
energy I, for wy = 0.5 and 7' = 0. Here, in Figs. S1- S3 we additionally show results for wy = 1.0, wy = 0.044, and
wp = 3.0. Also, in Fig. S4 we illustrate CE lifetime for J =g =1, T = 2; see Eq. (63) from the main text.

B. SPECTRAL FUNCTIONS IN THE PEIERLS MODEL

In Fig. 5 of the main text, we presented single-particle spectral functions Ag(w) obtained using CE, SCMA, and
the numerically exact hierarchical equations of motion (HEOM) method, for wy = 0.5, A = 0.25, and T' = 1.0. We
concluded that CE captures the overall shape of the exact solution but fails to resolve the multipeak structure, if
such is present in the exact result. In contrast, SCMA typically yields significantly better agreement with HEOM.
We also noted that CE exhibits an unphysically long tail extending towards negative frequencies, which is most
apparent on a logarithmic scale. To demonstrate that these observations are not limited to this particular choice
of parameters, but are in fact generic, in Figs. S5— S12 we provide additional spectral-function results covering a
wide range of regimes.
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FIG. S5. Comparison of the spectral functions for J =1, wgp = 0.5, A = 0.25, T'=0.5.
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FIG. S6. Comparison of the spectral functions for J = 1, wo = 0.5, A = 0.25, T' = 2.0.
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FIG. S7. Comparison of the spectral functions for J =1, wo = 0.5, A = 0.25, T" = 10.0.
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FIG. S8. Comparison of the spectral functions for J =1, wo = 0.5, A = 0.5, T'=0.5.
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FIG. S9. Comparison of the spectral functions for J =1, wo = 0.5, A = 1.0, T'=0.5.
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FIG. S11. Comparison of the spectral functions for J =1, wg = 1.0, A = 0.05, T' = 10.0.
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C. SPECTRAL SUM RULES

In Sec. IV B of the main text, we presented the exact expressions for the sum rules M, (k), as well as their
counterparts obtained within the CE method, for n < 4, considering a general electron—phonon Hamiltonian with
a single electronic band and a single optical phonon mode. Here, in Sec. C1, we provide both the exact and CE
sum rules for the Holstein model up to n < 9. For the Peierls model (Sec. C2), we present only the CE sum rules
up to n < 10.

We note that the exact and CE sum rules were calculated using Egs. (82) and (88) from the main text, respectivelly.

1. Holstein model

The exact sum rules for the Holstein model read as follows:

Mo(k) = (S1)
M (k) = (52)
Mz (k) =g <2nph +1) + e (S3)
M3 (k) = 2¢%(2npn + D)ex + g2wo + €3 (S4)
Ma(k) = 3¢* (2npn +1)% + g°(2npn + 1)(3ef + 265 + wg) + 29°woek + e (S5)
Ms(k) = Tg* (2npn + 1)%ex + g2 (Bwoep + 6tawo + wi) + (2npn + 1)(10g%wo + ¢ (4t3ek + 2wiex + 4dep)) + e (S6)
Mg (k) = 155 (2npn + 1)% + ¢* (2npn + 1)2 (1267 + 1813 + 15w?) + 10g*wi + g*(12t3woek + dwoey + 2wier)

+ (2npn + 1)(22¢%woek + g% (6t3er + 3wieq + bep + 12t3ws + 6t + wy)) + €5 (S7)
Mz(k) = 3695 (2npn + 1)%ex + 219 wier + g (18t2woeh + 3wied + bwoet + 20t2wi 4 30tgwo + wi)
+ (2npn + 1)2(105¢%wg + g*(41t3ex + 32waex + 18e3)) + (2npn + 1)g* (36woet + 1082wy + 56w3)
+ (2npn + 1)g° (2ex (1263w3 + 65 + wg) + Stdep + dwiep + 6ep) + ef. (S8)
Ms(k) = 1056%(2npn + 1)* + ¢%(2npn + 1)%(64e2 + 16063 + 210w3) + g*(33wieq + 158t2ws + 56wg)
+ g* (24t3woes + 40t2wier + 60tgwoek + bwoeq, + dwier + 2wier)
+ (2npn + 1)3(236¢%woek + g* (6813t + 5lwier + 256y + 258t2wa + 94t5 4 63wy))
+ 280(2npn + 1)g%w2 + (2npn + 1)g* (240t3woexk + 52woep + 116wiex)
+ 3(2npn + 1)gPep(12t3ws + 6t5 + wi)
+ (2npn + 1)g%(10t3eg + bwicy + Teh + 90taws + 30t5wy + 20t + wl) + i (S9)
Mo (k) = 24965 (2np, + 1) ek + 280¢5wi + g*(346t3wier + 114wiey + 46wiey)
2(60t§w35i + 30tawoek + 90tawoer + 3wier + bwier + Twoed)
g2 (423w + 210t5wd + 140t5wo + wi) + (2npn + 1)3(1260g%w0 + ¢°(384t3ex + 456wiex + 100e))
(2nph +1)?¢5(396woei + 1632t3wo + 1638w3)
+ (2npn + 1)2g*(564t3waey + 99taes + 213t5ex + T2wiey + 129wjexk + 33¢q)
4 600(2npn + 1)g%wiek + (2npn + 1)g* (388t2woet + T0woer + 180wied + 2wo (660t2ws + 404ty + 123wy))
+ (2npn + 1)g? (4ef (1263w3 + 6tg + wp) + 261 (905w + 30t2ws + 20t5 + wf))
+ (2npn + 1)g% (123}, + 6wiel + 8ef) + p (S10)

The CE sum rules M$E (k) coincide with the exact result for n < 4. For n > 4, the difference MSE(k) — M,, (k)
is given by:
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MEE(k) — M5(k) = —2¢" (2npn + 1)%ex (S11)
6(k) = _2g4<2nph + 1) (_6(2nph + 1) + 6woek + (anh + l)ai) (812)
MFP(k) = Mz(k) = —g* [ — 88(2npn + 1)wo + €k (9(2nph +1)*(3+ 4% (2npn + 1))

<
SQ
e
E
|
<

+ (21 + 25(2npn + 1)2)wd + 4(2npn + 1er(2wo + (2npn + 1)5k))] (S13)

MGE(k) — Mg(k) = g* | 178w + 2(2npn + 1)%(107 + 13092 (2npn + 1) + 109w2)

—

( — 8(2npn + 1)wo(37 + 4792 (2npn + 1) + 18w2)
- gk( — 2(2npn + 1)%(8 + 392 (2npn + 1))
+ (54 9(2npn + 1)2)w? + 4(2npn + Dex(6wo + (2npn + 1)51{)))} (S14)
MSE(K) — My(k) = —g [ — 4(2npn + Do (572 + 78992 (2npn + 1) + 354w?2)
+ex (3(2nph +1)2(179 + 462 (2npn + 1)(116 + 47¢%(2npn + 1))
+10 (85 + 48(2npn + 1)(2(2npn + 1) + % (3 4 2(2npn + 1)%))) wi + 6(33 + 34(2npn + 1))w
+ sk( — 2(2npn + 1)wo(130 + 159g%(2npn + 1) + 6w?)
¥ ex (46w§ + (2npn + 1)2(63 + 128¢2(2npn + 1) + 54w?)

+2(2npn + Dex(8wo + 3(2npn + 1)@))))} (S15)

2. Peierls model

For the Peierls model, the CE sum rules read as follows:

M§EK) =1 (S16)
MEE(K) = o (s17)
MESE (k) = g*(4 + 8npn) + €2 — 29°(1 + 2npp) cos 2k (S18)
MgE(k) =¢&p +49°% (wo + 2ex + dnphek) — 29%(wo + 26 + 4npnek) cos 2k (S19)
MGE (k) = 549" (1 + 2npn)? + e + 297 (1 + 2npn) (3 + 2w3) + dwoek + 6(1 + 2npn)ep)

— 2% (24(g + 2gnpn)* + (14 2np0) (2 + w§) + 2woek + 3(1 + 2npy)eq ) cos 2k
+ 69*(1 + 2n,)? cos 4k (520)
MEE (k) = e +90g* (1 + 2npn) (2wo + €k + 2npnEK)
+ 2¢% (2w§ + 4wl (e + 2npnex) + 2(1 + 2npn)ex (3 + 4dep) + wo(9 + 6e4))
— 2% (wo (6 + 80g° (1 + 2npn) + wg) + 2(1 + 2npK) (2 + 2097 (1 + 2npn) + wi)ek
+ 3woeg, + 4(1 + 2npy)ey) cos 2k
+ 10g*(1 + 2np1) (2wo + €k + 2npnek) cos 4k (S21)
MEE(k) = 1320¢5(1 + 2np,)% + b
+ 297 (2(1 + 2npn) (4 + 9wg + wi) + 2wo(9 + 2w ek + 3(1 + 2npn) (3 + 2wp )ep
+ 8woep + 10(1 + 2npn)ek)
+ 309" (14 + 15w + 4npn (1 + npn) (14 + 9wg) + 6(1 + 2npn)woek + 6(ex + 2nphek)?)
— 22 (765g" (1 + 2npn)* 4+ (1 + 2np0) (6 4+ 1205 + wj) + 2wo(6 + wi ek
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+3(1 + 2np0) (2 + wi)ep + dwoep + 5(1 + 2npn)ep
+10g% (21 4 20w + 12055 (1 + 1pn) (7 + 4w) + 8(1 + 2npn)woek + 8(ek + 2npnek)?) ) cos 2k
+10g* (6 + 369 (1 + 2npn)* + 5wy + 2(61pn (1 + 1p0) (2 + wi) + (1 + 2npn)woek + (5k + 2nphek)?)) cos 4k
—30g%(1 + 2npn)* cos 6k (S22)
MEE(k) = 9240¢5(1 4 2npn)%wo + f.
+ 14g* (1 + 2npn) (72w) + 9w (ex + 2nphek) + 2(1 + 2npn)ew(7 4 9ep) + 4wo(49 + 9et))
+ 2¢” (2wg + 4wj (ex + 2npnex) + 6wd (5 4 e3) + 4(1 + 2npn)wger (9 + 263
+ wo (40 4 27e, + 10ey) + 4(1 + 2npn)ex(4 + 3(e + i)
— 2¢% (wo (30 4 5355g* (1 + 2npn)? + 20w + wy + 289 (1 + 2npn) (49 + 16w))
+2(1 + 2n,0) (6 + 12w + wj + Tg%(1 + 21,0 ) (7 + 4wd) e
+wo(2249%(1 + 2npn) + 3(6 + wj))eie
+ 4(1 4 2np0) (2 + 2897 (1 + 2npn) + wi)ep + Swoey + 6(1 + 2npn)eh) cos 2k
+ 14¢* (1 + 2np1) (8wi + w§ (e + 2npnex) + 2(1 + 2npn)ew(l + 3)
+ 4dwo (7 + 457 (1 + 2npp) + €3)) cos 4k — 15¢7 (1 + 2n,n)wp cos 6k) (S23)

MEE(k) = 476706% (1 4 2npn)* + 5
+ 14¢* (262 + 1048npn + 1048n2), + 812wg + 1904nypwi + 1904n2) wi + 153wg
+ 324npnwg + 324n2,w) — 4(1 + 2npn)wo (14 + 9wd)ex
+ 6(14 + 15w + 4npn (1 + npn) (14 + 9w5))eq, + 36(1 + 2npn)woey. + 27(1 + 2np,) e )
+ 29 ((1 4 2np1) (25 + 120w] + 45w + 2wl) + 4w (20 + 15w§ + wy ek
+6(1 + 2npn) (4 + 9wg + wy)eq + 4wo (9 + 2wp el
+ 5(1 4 2np1) (3 + 2w( ey, + 12woey, + 14(1 + 2npy)ey)
+280¢°(1 + 2npn) (7(15 + 22w3) + 12050 (1 + npn ) (35 4 22w5)
— 44(1 4 2npn)woek + 22(ex + 2npnex)?)
—2¢%(31920¢° (1 + 2npn)* + (1 + 2np1) (20 4+ 90wg + 30ws + w)
+ 2w (30 + 20w + wp)ex + 3(1 + 2npn) (6 + 1203 + w)er
+ 4w (6 4+ wd)ep + 5(1 + 2npn) (2 4+ wd)ek + 6woey + T(1 + 2npn)en
+ 289 (70 + 280n,n (1 + 1pn) + 203wh + 476050 (1 + npn)wg + 2(17 4 361pn (1 + npn) Jwy
— 2(1 + 2npn)wo (7 + 4wd)ex + (21 + 20w2 + 1205, (1 + npn) (7 + 4w3))el
+ 8(1 + 2npn)woey, + 6(1 + 2npn)%ex)
+210g* (1 + 2npn) (86 + 119wg + 4npn (1 + npn ) (86 + 51wg)
— 34(1 4 2npn)woek + 17(ek + 2npnex)?)) cos 2k
+ 14g* (44 + 176npn + 17602, + 1500(g + 2gnpn)* + 116w] + 272npnwh + 27202, wh
+ 17w + 36npnwi + 36n2,wg — 4(1 + 2npn)wo (2 + wi)ex
+2(6 + 5wd + 12050 (1 + npn) (2 + wd))er + 4(1 + 2npn)woep + 3(1 + 2npn) el
+60g%(1 + 2npn) (11 + 14wd + 4npn (1 + npn) (11 + 6wg) — 4(1 4 2npn )woek
+ 2(ex + 2nphek)?)) cos 4k
— 10g°(1 4 2npK) (6 + 249° (1 + 2npn)° + Twf + 1200 (1 + npn) (2 4 w§)
— 2(1 + 2npn)woek + (ex + 2npnek)?) cos 6k + 15(g + 2gn,n)* cos 8k) (S24)
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MSE(k) = ) — 14301065 (1 + 2npn)? (—4wo + £k + 2npnex)
+ 569°(22(137 4 468npn (1 + npn) )wy — 1056(2 + npn (7 + Inpn + 6n2y,) Jwper
— 4(1+ 2npn) ek (315 + 11eg) + 3(1 + 2npn)*wo (1995 + 374e},))
+ 297 (2w§ + 4wl (e + 2npnek) + 2(1 + 2npn)wiek (45 + 4ef,) + wi (63 + 6ep)
+ 12(1 + 2npn)wier (20 + 663 + e1) + 10ws (28 + 923 + e )
+ 2(1 + 2npn)ex (25 + 166f + 9es + 8¢8)
+ wo (175 + 120ef,. + 45¢,, + 14e))
+ 69 (738(1 + 2npn)wg — 9(53 + 100m,4 (1 + npn) Jwhek
+ 48(1 + 2npn)wi (133 + 126) + (1 + 2npn) 2ex(—614 + 84ef + 81ep)
+ 2(1 + 2npn)wo (3058 + T56e% + 8ley)
+ 6wiek (—350 — 616mpn (1 4+ npn) + 9(ek + 2npnek)?))
— 2¢% (w§ + 2w{ (e + 2nprek) + 3w (14 + 65697 (1 + 2npp) + c3)
+ dwger (=692 (53 + 100n,n (1 + npn)) + (1 + 2n50) (15 + £3))
+ w3 (T14g* (137 + 46800 (1 + npn)) + 4892 (1 + 2npn) (399 + 32e2) + 5(42 + 1263 + 1))
+4(1 + 2npp)ex (10 — 2394095 (1 4 2np1)3 + 667 + 3ep + 268
— 21g* (1 + 2npn)%(516 4 17¢2) 4 39g%(1 + 2npn) (—166 + 21cf + 18¢1))
+ wo (140 + 383040¢°(1 + 2npn)> + 90ei + 30y + Tep
+126g* (1 + 2n,,)% (1634 + 289¢3 ) + 24¢% (1 + 2npn) (818 + 189¢f + 18¢1))
+ 6wper(—5712g" (2 4+ npn (7 + Inpy + 6n2y,)) + (1 + 2np,) (30 + 8 + £3)
+ 69°(—7(25 + 44n,n (1 + npy)) + 4(ck + 2npnek)?))) cos 2k
+ 69 (82(1 + 2npn)wy — (53 + 100n,L (1 + npn ) Jwoek
+ 6wher(—50 — 88npn(1 + npn) — 448¢%(2 + npn(7 + Inpn + 6n2)) + (ex + 2nprek)?)
— (14 2npn)%ex (105009 (1 + 2npn)? — 96 — 12(—9 + e3) + 1126%(1 + 2np0) (33 + £2))
+ 8w (7% (137 + 468npn (1 + npn)) + 2(1 4 20,0 ) (57 + 4et))
+ 6(1 + 2npn)wo (172 + 7000g™ (1 + 2npn) + 36§, + 3y + 1497 (1 + 2np1) (209 + 3427))) cos 4k
— 28¢°((137 + 468npn(1 + npn))wf — 48(2 + npu (7 + Inpn + 6n2)) )wiex
—2(1 + 2np1)3ek (36 + 180g2(1 + 2npn) + 1)
+ 3(1 4 2npn)°wo (114 + 4809 (1 + 2np,) + 1763)) cos 6k
— 630g%(1 + 2npn)3 (—4wo + ex + 2npnek) cos 8k (S25)



MSE (k) = 22906809 (1 + 2np1)° + £

+ 280g° (3(1 + 2npn) (T08(1 + 2npn)? + 35(79 + 132054 (1 + npn) Jwp
+ 11(65 + 84,1 (1 + npn) )wg) — 44w (105 + 58w + 121,y (1 4 npn ) (35 + 16w3) )ex
+ 6(1 + 21,0 ) (175 + 286w + 20n,n (1 + npn) (35 + 22w7 ) )ep
— 396(1 + 2npn) woep, + T7(1 + 2npn) %))

+ 69" (6000 + 240001, + 2400002, + 36366w] + 81800n,nw] + 8180012, wh
+ 19138w; + 40040n,nw) + 4004002, wh + 1503wl + 3060n,,w] + 306012, w)
— 2(1 4 2npn)wo (5786 + 6356w5 + 819wp )k
+ 2(1358(1 + 2npn)2 + 84(51 4 1120, (1 4 npn))wa + 9(95 + 1960, (1 + npn))wi)ep
— 24(1 4 2npp)wo(28 + 15w )ep
+ 27(14 + 15w32 + 4npn (1 4 npn) (14 + 9wd))ep + 162(1 + 2npn)woeh
+108(1 + 2npp)%e})

+ 29 (2(1 + 2npn) (42 + 350w + 280wy + 42w§ + wf)
+ 2w0 (175 + 280w + 63wg + 2wS)ex
+ 3(1 + 2npn) (25 + 12002 + 45w 4 2wS)ed
+ 8w (20 + 15w + wg)es + 10(1 + 2npn) (4 + 9w + wy)ex
+ 6wo (9 + 2w3)ep + T(1 + 2npn) (3 + 203 el + 16woel
+ 18(1 + 2npn)ey)

+ 31509° (1 + 2npn)? (732(1 + 2npn)* 4+ 454(3 + 4npn (1 + npn) )wg
— 908(1 + 2npn)woek + 227(ek + 2npnek)?)

— 297 (16726509% (1 + 2np1)° + (1 + 2npn) (70 4 560wg + 420w) + 56wf + wp )
+ 200 (140 + 210w + 42w) + wl)ex
+ 3(1 + 2npn) (20 4+ 90w + 30wy + wd)er
+ 4w (30 + 20w + wg)es 4+ 5(1 + 2npn) (6 + 12w3 + wy)ex
+ 6w (6 + wd)ep + T(1 + 2npn) (2 + wd)ed + Swoep
+9(1 + 2npn)eh
+ 105" ((1 + 2np1) (3612(1 + 2np,)° + 172(79 + 13204, (1 + npn) )w]
+ 51(65 + 84n,, (1 + npn))wp) — 8wo(946(1 + 2npp)?
+ 17(29 + 9611 (1 + npn) )ws ek
+ 4(1 + 2np1) (430 + 663w + 20npn (1 + npn) (86 + 51w5) )ep
— 612(1 + 2np,)%woep, + 119(1 + 2n,n)3ey)
+ 697 (3355 + 13420n,p + 1342002, + 19476w + 43760n,nwg + 4376002, wg
+ 9569w + 20020npnw; + 20020n2,w) + 668w) + 1360n,nwh + 136017, w0
— 4(1 + 2npn)wo (1558 + 1589w + 182w ek
+4(364(1 4 2npn)? + 21(51 + 1121, (1 + npn))ws + 2(95 + 1961, (1 + npn))wi e
— 16(1 + 2npp)wo (21 + 10w3)ep
+9(21 + 20w + 121, (1 + npn) (7 4 4w3))eg + 72(1 + 2npn)woch
+ 48(1 + 2npn)%el)
+6300g° (1 + 2npn)? (253 + 456w + 4npn (1 4 npn) (253 + 152w])
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— 304(1 + 2npn)woek + T6(ck + 2npnek)?)) cos 2k
+ 69" (1140 + 4560n,p + 456002, + 226800¢°(1 + 2npn)° + 6162w;
+ 13800n,nwi + 1380002 wi + 2734w + 5720n,nwy + 572002 wg
+ 167wl + 340npnwg + 34002, w§ — 2(1 + 2np,)we (1002 + 908ws + 91wy ek
+2(231(1 + 2npn)? 4+ 12(51 + 112054 (1 + npn))wi + (95 + 1961, (1 + npn))wi et
— 8(1 + 2npn)wo(12 + 5wd)ep + 9(6 + 5wd + 1210 (1 + npn) (2 + wd) )ex
+ 18(1 + 2npn)woep + 12(1 + 2npn) %l
+ 1409% ((1 + 2np1) (246(1 + 2npn)* + 11(79 + 13205, (1 + npn))Jwy
+ 3(65 + 84npn (1 + npn))wy) — 4wo (121 + 58wi + 4npn (1 + npn ) (121 + 48w3) ek
+ 2(1 + 2npn) (55 + 78w + 20npn (1 + npn) (11 + 6w3))er
— 36(1 + 2npn)°wocy + 7(1 + 2npn)°cy)
+2100g* (1 + 2npn)2 (88(1 + 2npn)? + 50(3 + 4npn (1 + npn) )wi
—100(1 + 2nph)woek + 25(ck + 2npnek)?)) cos 4k
— 709°(4455¢* (1 4 2npn)° + 3(1 + 2npn) (96(1 + 2npn)?
+4(79 + 1320, (1 + npp) )ws + (65 + 84n,, (1 + npn ) )wy)
— 8w (66 + 29w + 24n,n (1 + npy) (11 4 4w2))ex
+ 12(1 + 2np4) (10 + 13wg + 20npn (1 + 1pn) (2 + w3) e
—36(1 + 2npn)%woey + 7(1 + 2npn) el
+180(g + 2gnpn)” (3(5 + 8wg) + 4(npn(1 + npy) (15 + 8w)
— 4(1 + 2npn)woek + (ex + 2npnek)?)) cos 6k
+ 31509% (1 + 2npn)? (4 + 1267 (1 + 2npn)? + 6wg + 8npn (1 + 1pn) (2 + wi)
— 4(1 4 2npn)woek + (ex + 2npnek)?) cos 8k
— 1890g"° (1 + 2n,1,)° cos 10k (S26)

D. SPECTRAL FUNCTIONS IN THE FROHLICH MODEL

In the main text, the results for the Frohlich model were presented in Sec. IV C, where a few CE and SCMA
spectral functions were shown in Fig. 10 using a logarithmic scale. Here, we extend those results by presenting
spectral functions at room temperature (T = 300,K) for electron—phonon coupling strengths « representative of
the conduction bands in the three polar semiconductors discussed in the main text: GaAs, GaN, and ZnO.
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FIG. S13. CE and SCMA spectral functions for the Frohlich model with « corresponding to the conduction bands of three
polar semiconductors: GaAs, GaN, ZnO. Results are shown for five different momenta: k = 0.01, & = 1.01, k£ = 2.01,

k=3.01, k = 4.01.
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