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1 Introduction

Holographic studies of strongly correlated electron systems are presently a somewhat forgotten
field, although at some point they were among the most popular directions in AdS/CFT [1–3].
Although holography has given rise to a number of important ideas, such as semilocal quantum
liquids [4, 5], fractionalized vs. coherent fermionic matter [6] and the holographic lattices [7–9],
our impression is that surprisingly little has been revealed on the fundamental issue of how
exactly robust Fermi surfaces and robust fermionic phases (be it Fermi liquids or strange
metals) arise from the basic properties of the system such as symmetries and thermodynamics.
This is supposed to be the strong point of holography: without describing the microscopics
of finite-density systems (QCD, heavy ions, superfluids, (non-)Fermi liquids. . . ), it provides
an effective field-theory description in the form of a “scaling atlas” [10–13]. It is clear that
the field needs a fresh start, from the viewpoint of an effective field theory which is able
to directly capture the key phenomenology of Fermi surfaces. But before we are ready for
such an endevaour, we want to fully understand the extant holographic Fermi surface models,
and pinpoint what exactly they are missing.

More specifically, we want to understand the physics of the simplest holographic Fermi
liquid model — the electron star — by studying its hydrodynamic response. For all we
know, electron stars represent something like multiplets of flavored Lifshitz Fermi liquids.
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We may indeed call them Fermi liquids as they have a sharp Fermi surface and long-living
quasiparticles, but they are certainly not Landau Fermi liquids — the thermodynamic
quantities and the self-energy of the quasiparticle scale very differently, and there is a large
number (strictly speaking infinity) of Fermi surfaces. So far, works in this direction include
the brief consideration of conductivity in the original paper [14] and the study of quasinormal
modes and hydrodynamics in [15, 16]. In [16], the authors consider the hydrodynamic response
in the longitudinal sector but the focus is on modes with Robin boundary conditions encoding
for a double-trace deformation corresponding to a plasmon [17, 18]. Nevertheless, even
with standard (Dirichlet) boundary conditions, [16] finds some modes with exotic dispersion
relations (non-diffusive scaling, modes hitting the real axis at specific momenta, etc), a hint
that some unusual phenomena might be expected. In [15], the author studies the diffusive
quasinormal mode and finds an anomalous temperature dependence of the diffusion coefficient.

On the other hand, the linear response of AdS2 metals, where the fermionic response is
dominated by the universal near-horizon AdS2 region of the Reissner-Nordstrom (RN) black
hole, is very well studied [19–22] and is known to be hydrodynamic even at zero temperature,
likely because of the excess of massless modes due to the near-horizon SL(2,R) symmetry.
The Lifshitz geometry is likewise known to exhibit hydrodynamic response [23, 24]. Electron
stars at finite temperature (electron clouds) essentially combine these two sectors — is there
anything new in their response compared to Lifshitz and RN?

Inspired by these works, we systematically compute the response functions and dispersion
relations of the transverse sector (as we mention above, the longitudinal sector was studied
in [15, 16] and will be studied further in a separate work) for various fermion charges and
various temperatures, including T = 0. Our intention is to learn about the true nature of
this somewhat pathological large-N system using the hydrodynamic response as a diagnostic
tool. While we do not think that the electron star as such is a very realistic model of any
condensed matter system, it is important to understand its workings in order to construct
a more meaningful model. In hindsight, we will find some big surprises, in particular an
instability at intermediate temperatures, suggesting that the simple fluid approximation is
a false vacuum in some parameter range.

At this place it is useful to fix some terminology. The zero-temperature solution is
universally called the electron star. The finite-temperature variant was originally called
simply the electron star at finite temperature [25] but later on, e.g. in [16, 26], it was called
the electron cloud, a more illustrative term as it captures the fact that at finite temperature
the electron density is only nonzero at some distance from the horizon. We thus exclusively
use the term electron cloud for the thermal case and reserve the name electron star solely
for the zero-temperature case.

The structure of the paper is the following. In section 2 we briefly recapitulate the story
of electron stars and electron clouds from [14, 25] and describe their numerical construction.
In section 3 we construct the linearized fluctuation equations in the transverse sector, define
the boundary conditions and compute the response functions. Section 4 brings the main
physical results: the structure of the response functions, the presence of the hydrodynamic
response and the instability. These numerical findings are largely analytically reproduced
in section 5. Section 6 summarizes the conclusions.
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2 Electron star backgrounds

2.1 The fluid limit and the equations of motion

It is known that a charged AdS black hole in the presence of a fermionic field becomes
unstable [27]: it explodes into a charged star, which is thermodynamically preferred to the
charged black hole because the electric repulsion of a less compact object is less energetically
costly. The approach taken in [14] that makes calculations easy is to consider the Thomas-
Fermi limit for the fermions: they become a semiclassical fluid and their stress-energy tensor
is easy to write, requiring no loop calculations. The quantumness of the fluid is present only
through its equation of state, otherwise it is a classical object with sharp boundaries, called
electron star at zero temperature or electron cloud at finite temperature.

To realize the above idea, one starts from the microscopic Einstein-Maxwell-Dirac action
in asymptotically AdS4 spacetime of radius L:

S = Sg + SEM + SDirac, (2.1)

where the Einstein, Maxwell and Dirac component are given respectively by

Sg = 1
2κ2

∫
d4x

√
−g

(
R + 6

L2

)
, (2.2)

SEM = − 1
4e2

∫
d4x

√
−gFµνF µν , (2.3)

SDirac = −L2

κ2

∫
d4x

√
−gΨ̄ (ΓµDµ − mL)Ψ. (2.4)

Here, Ψ is the Dirac spinor with charge e and mass m, the covariant derivative includes the
spin connection as Dµ = ∂µ + ωµABΓAB/4− i(eL/κ)Aµ, and κ is the gravitational coupling
constant. Taking the Tolman-Oppenheimer-Volkov fluid approximation yields the electron
star, the charged AdS analogue of the familiar neutron star, which is appropriate when
the number of occupied levels is very large. In this limit we can replace the microscopic
Dirac action by the action of a fluid with energy density ρ, charge density σ and pressure
p, given in [14]:

Sfluid =
∫

d4x
√
−g

(
−ρ (σ) + σuµ (∂µϕ + Aµ) + λ

(
u2 + 1

))
. (2.5)

Here, ϕ is the auxiliary (Clebsch) potential and λ is a Lagrange multiplier (for details see [14];
we will not make explicit use of this action). In the ideal fluid approximation, the above
general fluid action further simplifies to just the pressure p of the fluid when calculated
on-shell. The summation over the Fermi sea (i.e., over the occupied levels of the fermions)
now becomes the integration, yielding closed-form expressions for densities and pressure:1

ρ̂ = β̂

∫ µ̂loc

m̂
ϵ2
√

ϵ2 − m̂2dϵ, σ̂ = β̂

∫ µ̂loc

m̂
ϵ
√

ϵ2 − m̂2dϵ, −p̂ = ρ̂ − µ̂locσ̂, (2.6)

1In this approximation the results for ρ, σ and p are not sensitive to curvature and have the same form as
in flat space [14].
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where the hats denote dimensionless quantities, defined as

p̂ = L2κ2p, ρ̂ = L2κ2ρ, σ̂ = eL2κσ, β̂ = e4L2

κ2 β, m̂2 = κ2

e2 m2, µ̂loc =
κ

e
µloc, (2.7)

and where we define the local bulk chemical potential as [14]

µloc =
At√
−gtt

. (2.8)

We thus have two microscopic free parameters to vary: the fermion mass m̂ and the level
density constant of the fermion β̂. The fermion mass must satisfy the inequality 0 ≤ m̂ < 1 [14],
while β̂ is in principle arbitrary, but cannot be too large if the fluid approximation is to be
valid [28]. Taking into account the requirement of string theory that the gravitational coupling
equals the square of the Maxwell coupling, we may assume that in the classical gravity regime:

e2 ∼ κ

L
≪ 1, (2.9)

which means that β̂ ∼ 1 [14].
One last ingredient we need before solving the equations of motion is the counterterm

to the action (2.1): S 7→ S + Sct. The counterterm ensures that we have a good action
principle and eliminates divergences. It reads [29]:

Sct = − 1
κ2

∫
d3x

√
−γ

(
K + 2

L
+ L

2 R(3)
)

. (2.10)

Here γ, R(3) and K are the induced metric and the Ricci scalar on the boundary and the trace of
extrinsic curvature, respectively. While not necessary for the on-shell (background) solution,
the counterterm is crucial for the computation of two-point correlators from fluctuation
equations.

We can now adopt an ansatz for the solution to construct the equations of motion.
Assume the following form for the metric and gauge field:

ds2 = L2
(
−f(r)dt2 + g(r)dr2 + 1

r2 (dx2 + dy2)
)

, A = eL

κ
h(r)dt. (2.11)

This ansatz encapsulates the most general radially symmetric static solution, homogeneous and
isotropic along the transverse coordinates (x, y), with no magnetic field or stationary current.
The AdS boundary is located at r = 0. Now, finally, from eqs. (2.1), (2.5) and (2.6)–(2.8)
and the above ansatz, the equations of motion are found to be [14]:

1
r

(
f ′

f
+ g′

g
+ 4

r

)
+ ghσ̂√

f
= 0, (2.12)

f ′

rf
− h′2

2f
+ g(3 + p̂)− 1

r2 = 0, (2.13)

h′′ + gσ̂√
f

(
rhh′

2 − f

)
= 0. (2.14)

We will now discuss their solutions at zero temperature and at finite temperature.
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2.2 Solutions

2.2.1 Zero-temperature solutions: electron stars

At zero temperature, the only infrared (IR) boundary condition is the smoothness of the
solution in the interior (r → ∞). The low-energy (large-r) behavior of such solution is
well-known: it is a perturbed Lifshitz geometry with the scaling exponent z (1 ≤ z < ∞) [14].
It is obtained by solving the equations of motion (2.12)–(2.14) order by order in the large-r
limit and reads:

fin =
1

r2z
(1+f1rα+. . .), gin =

g∞
r2 (1+g1rα+. . .), hin =

h∞
rz

(1+h1rα+. . .). (2.15)

The constants g∞, h∞, g1, h1 and the power α are obtained by solving an algebraic set
of equations and depend on z, m̂ and β̂ (which is an implicit function of z and m̂ itself),
while f1 has to be negative and can be otherwise set in an arbitrary way. Following [14], we
set f1 ≡ −1, at the expense of rescaling the coordinates. This geometry is to be matched
numerically with that of the outer sector. The edge of the star, where the matching is to
be done, is at the radius rs where the local chemical potential cannot accommodate even a
single fermion anymore. Its radius is thus determined by the relation

h(rs)√
f(rs)

= m̂. (2.16)

Having zero matter density, the outer sector is naturally described by the RN geometry:

fout = c2
( 1

r2 − M̂r + 1
2Q̂2r2

)
, gout =

c2

r4fout(r)
, hout = c(µ̂ − Q̂r). (2.17)

The speed of light c had to be included because of the rescaled time coordinate, while
the dimensionless constants M̂ , Q̂ and µ̂ are the total mass and the total charge of the
star and the field theory chemical potential, respectively.2 The star solution is given in
figures 1 and 2 (left panels).

2.2.2 Finite-temperature solutions: electron clouds

At finite temperature the star is not a ball anymore, but rather a spherical shell surrounding
a black hole. It is appropriately called “electron cloud” in [16, 17], so we have adopted this
terminology. Its interior is described by the RN solution [25]:

fin = 1
r2 −

(
1

r2
+
+ µ̂2

0
2

)
r

r+
+ µ̂2

0
2

(
r

r+

)2
, gin = 1

r4fin(r)
, hin = µ̂0

(
1− r

r+

)
, (2.18)

where µ̂0 is a constant unrelated to the chemical potential in field theory, while r+ is the
outer event horizon of the RN black hole. Without loss of generality we can set r+ = 1. The
inner boundary of the star (cloud) is located at a radius r1 where the local chemical potential
equals the fermion mass (this is when we start filling the Fermi sea, as one can see from
the expressions (2.6)). Likewise, the outer boundary of the star is located at the radius r2

2Note that for the outer RN sector we use the conventions of [25].
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where the local chemical potential can no longer accommodate fermions (being determined in
the same way as rs at T = 0), and the outer sector (r < r2) is again described by the RN
geometry (2.17). The dimensionless constants M̂ and Q̂ now correspond to the total mass and
the total charge, respectively, of the partially fractionalized system black hole + fermion fluid.

When everything is said and done, we have the solution as

(f, g, h) =


(fin, gin, hin) , 1 > r ≥ r1
(fES, gES, hES) , r1 ≥ r ≥ r2
(fout, gout, hout) , r2 ≥ r > 0

(2.19)

The two RN solutions (inner and outer) are given by the analytical expressions (2.18)
and (2.17), while the star solution (fES, gES, hES) has to be determined numerically and
sewed together with the inner and the outer region.

The electron cloud exists for 0 < T < Tc, where Tc is some critical temperature. At Tc the
cloud vanishes and only the RN black hole remains. This means that for T > Tc all the charge
is distributed over the horizon. The holographic dual of this phase is interpreted as the fully
fractionalized semilocal quantum liquid, conjectured to describe a strange metal [1, 4, 30].

At the critical temperature we have r1 = r2 ≡ rc. It turns out [25] that the critical
radius and the critical temperature are given by the condition that the cloud contains just
a single fermion, located at the maximum of the bulk chemical potential. This yields the
equations for rc and Tc:

hin(µ̂0(Tc), rc)√
fin(µ̂0(Tc), rc)

= m̂,
d
dr

hin(µ̂0(Tc), rc)√
fin(µ̂0(Tc), rc)

= 0, (2.20)

where it is actually understood that one first finds the critical values of µ̂0 and r satisfying
the above equations, and then the critical temperature Tc, using the relation

T = |f ′(r+)|
4πc

. (2.21)

The speed of light is included again because of the normalization of the IR solution, i.e. the
inner solution (2.18). Since we do not know its value in advance, when we calculate the
background functions numerically, we do it by setting the ratio T/Tc. That is why we need
to take the relations (2.20) into account: by setting T/Tc, we determine (the non-critical)
µ̂0, whence we determine the inner radius r1 of the star. An example of the electron cloud
solution is given in the right panel of the figures 1 and 2.

3 Fluctuation equations and response functions

3.1 Fluctuation equations

We now follow the well-known path of studying the fluctuations and hydrodynamic response
of a holographic system. We perturb the metric and the gauge field by perturbations δgµν

and δAµ, respectively:

gµν 7→ gµν + δgµν , δgµν ∼ L2eikx−iωthµν(r), (3.1)

Aµ 7→ Aµ + δAµ, δAµ ∼ eL

κ
eikx−iωtaµ(r). (3.2)
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Figure 1. The background functions f , g and h (blue, red, green) for z = 4, for T = 0 (left) and
T/Tc = 0.65 (right).
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Figure 2. The dimensionless star density σ̂ for z = 4, for T = 0 (left) and T/Tc = 0.65 (right).

In this paper we are interested in the transverse (vector) sector, which is expected to contain
the diffusion pole.3 We choose the radial gauge: hrν = 0, ar = 0. By symmetry, the
non-vanishing components are hty, hxy and ay, and the linearized fluctuation equations
for them read:4

hy′′
t − 1

2

(
f ′

f
+ g′

g
+ 8

r

)
hy′

t −
(

k2r2g + 2rghσ̂

r
√

f − 1

)
hy

t − ωkr2ghx
y + 2r2h′a′

y = 0, (3.3)

hx′′
y + 1

2

(
f ′

f
− g′

g
− 4

r

)
hx′

y + g

f
(ω2hx

y + ωkhy
t) = 0, (3.4)

a′′
y + 1

2

(
f ′

f
− g′

g

)
a′

y − g

(
k2r2 − ω2

f

)
ay + h′

r2f
hy′

t +
gσ̂

r2√f − r
hy

t = 0. (3.5)

Additionally, there is also a first-order constraint stemming from the gauge choice:

2r2h′ay + hy′
t +

kr2f

ω
hx′

y = 0. (3.6)

3The perhaps more interesting longitudinal (scalar) sector, containing the zero sound mode, will be addressed
in a separate work. Some results can be found in [16].

4Although the general form of the fluctuations in eq. (3.1)–(3.2) is given for hµν and aµ, we find it more
convenient to work with the fields with one index raised.
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However, there is some residual gauge freedom left. Diffeomorphisms and a U(1) transfor-
mation generated by a vector ξ = L2ξµdxµ and a scalar λ give:

δhµν = −2∇(µξν), δAµ = ∇µλ. (3.7)

Requiring that the radial gauge and the symmetry remain unaffected by these transformations
gives λ = 0 and ξy ∝ 1/r2. We get δhyt = iωξy and δhxy = −ikξy. Therefore, we can define
gauge-invariant linear combinations:

X = khy
t + ωhx

y, Y = ay, (3.8)

and the system (3.3)–(3.6) reduces to

X ′′+
(

rghσ̂

2
√

f
− 2k2rf2+ω2f ′

f(k2r2f−ω2)

)
X ′−g

(
k2r2−ω2

f

)
X+

+2kr2h′Y ′+2k

(
r2√fgσ̂− ω2(r2f)′h′

f(k2r2f−ω2)

)
Y =0, (3.9)

Y ′′+1
2

(
f ′

f
− g′

g

)
Y ′+

(
2ω2h′2

f(k2r2f−ω2)−g

(
k2r2−ω2

f

)
−
√

fgσ̂

h

)
Y + kh′

k2r2f−ω2 X ′=0.

(3.10)

These equations can be further simplified by defining a new field:

Z = 1
k2r2f − ω2

√
f

g

(
X ′

r2 + 2kh′Y

)
. (3.11)

The fluctuation equations now become:(
r2
√

f

g
Z ′
)′

− r2
(
k2r2f − ω2

)√ g

f
Z + 2kr2h′Y = 0, (3.12)

(√
f

g
Y ′
)′

−
((

k2r2f − ω2
)√ g

f
+ 2h′2

√
fg

+
f
√

gσ̂

h

)
Y + kr2h′Z = 0. (3.13)

One final simplification of the equations is possible if we define:

U(r) ≡ Z(r)r, (3.14)

leading to

U ′′ + 1
2

(
f ′

f
− g′

g

)
U ′ −

(
g

(
k2r2 − ω2

f

)
+ 1

2r

(
f ′

f
− g′

g

))
U + 2krh′

√
g

f
Y = 0,

(3.15)

Y ′′ + 1
2

(
f ′

f
− g′

g

)
Y ′ −

(
g

(
k2r2 − ω2

f

)
+ 2h′2

f
+

√
fgσ̂

h

)
Y + krh′

√
g

f
U = 0.

(3.16)
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At T = 0 the function Z behaves as Z ∼ 1/r in both the IR and the ultraviolet (UV) limit
and it turns out very convenient to use U instead of Z, since it increases the efficiency of the
numerical integration. Yet, at finite temperature the integration of the equations (3.12)–(3.13)
works faster; therefore, we solve the system (3.12)–(3.13) at finite temperature and the
system (3.15)–(3.16) at zero temperature. In appendix A we show that each of these systems
is parity-invariant. Thus we find it sufficient to work only with positive k.

3.1.1 Asymptotic master fields

One might expect that further transformations of eqs. (3.12)–(3.13) or (3.15)–(3.16) could
lead to full decoupling of the fluctuation equations in terms of master fields, as in [19], but
this is not the case. It is only possible to decouple the equations in the outer region, where
we have the RN geometry: in the RN regions the equations are equivalent to those in [19].
The master fields in the outer RN region then read:

Φ± = − krf

k2r2f − ω2 X ′ + c

 2k2Q̂r3f

k2r2f − ω2 − 3M̂

2Q̂

1±
√
1 + 8k2Q̂2

9M̂2

Y, (3.17)

and satisfy the equations

(r2fΦ′
±)′ − c2

k2 − ω2

r2f
+ 2Q̂2r2 − 3

2M̂

1∓
√
1 + 8k2Q̂2

9M̂2

Φ± = 0. (3.18)

In order to obtain these results, following [19], we have used the ansatz Φ± = a(r)Z + b±Y ,
and found that a(r) = r. Then we tried to determine the master fields for the whole bulk
in a similar manner: we employed the ansatz Φ± = a(r)Z + b±(r)Y (allowing b± to depend
on r). It turns out that we must set a(r) = r again, since for any other function it must
be b±(r) ∝ a(r), which merely amounts to an overall rescaling of a single function. For the
equations to decouple, we find that b±(r) must have vanishing first derivatives, i.e. they
must be constant just like in the RN case. However, the expressions we eventually obtain
are not constants, and we end up with a contradiction, from which we conclude that the
presence of the star makes the decoupling of the equations impossible.5 Consequently, we
refer to (3.17) as asymptotic master fields (as opposed to true master fields). Although we
will not solve them, we will still find them useful when computing the correlation functions
from the UV asymptotics.

3.2 UV asymptotics and Green’s functions

The solution in the UV region is sought for in the form of a power series, as usual with AdS
asymptotics. Leaving details for appendix B, we note that:

U(r → 0) = U (0) + U (1)r + . . . , (3.19)

Y (r → 0) = Y (0) + Y (1)r + . . . . (3.20)
5Although these arguments cannot be considered a firm proof that the decoupling of the equations cannot

be done, our conclusion certainly does not contradict what is known about the Kodama-Ishibashi formalism
up to date [31].
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The coefficients U (0), U (1), Y (0) and Y (1) are complex constants to be determined from the
numerical integration and can easily be expressed in terms of the coefficients that appear
in the expansions of hx

y, hy
t and ay.

Since the far UV region certainly belongs to the outer RN part of the background
solution, it allows us to use the asymptotic master fields from eq. (3.17), which also have
the asymptotic expansion:

Φ±(r → 0) = Φ(0)
± +Φ(1)

± r + . . . (3.21)

Following [19], we use these fields to define:

G±(ω, k) =

 1√
1 + 8k2Q̂2

9M̂2

± 1

 Φ(1)
−

Φ(0)
−

−

 1√
1 + 8k2Q̂2

9M̂2

∓ 1

 Φ(1)
+

Φ(0)
+

. (3.22)

We will refer to G± as to the auxiliary Green’s functions. We can express G± either as functions
of the gauge-dependent coefficients of hx

y, hy
t and ay, or as functions of the numerically

obtained gauge-invariant quantities U (0), U (1), Y (0) and Y (1). In the latter case they read:

G+ =
3M̂Y (0)U (1) + Q̂k

(
U (0)U (1) − 2Y (0)Y (1)

)
3M̂Y (0)U (0) + Q̂k

(
U (0)2 − 2Y (0)2) , (3.23)

G− = −
3M̂Y (1)U (0) + Q̂k

(
U (0)U (1) − 2Y (0)Y (1)

)
3M̂Y (0)U (0) + Q̂k

(
U (0)2 − 2Y (0)2) . (3.24)

In this way, we are able to express any gauge-dependent response in terms of (numerically
calculated) G+ and G− and its sources. Since we are dealing with operator mixing, this
proves to be a necessary step when we calculate the boundary action. Note that G± are
parity-invariant.

We determine the renormalized, on-shell boundary action and hence the field-theory
correlation functions of Tyt, Txy and Jy using the prescription from [32]. Neglecting contact
terms, we find:

Gytyt(ω, k) = −k2

2c
G+(ω, k), (3.25)

Gytxy(ω, k) = ωk

2c
G+(ω, k), (3.26)

Gxyxy(ω, k) = −ω2

2c
G+(ω, k), (3.27)

Gyty(ω, k) = Q̂

3M̂
k2 (G+ (ω, k) + G− (ω, k)) , (3.28)

Gxyy(ω, k) = − Q̂

3M̂
ωk (G+ (ω, k) + G− (ω, k)) , (3.29)

Gyy(ω, k) = cG−(ω, k). (3.30)

The dimensionless long-wave transverse conductivity and the dimensionless viscosity are
then given by the following relations [14, 25]:

σ̂y(ω) ≡ e2σy(ω) =
ic

ω
Gyy(ω, 0), η̂ ≡ κ2

L2 η = − lim
ω→0

1
ω

Im Gxyxy(ω, 0). (3.31)
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Since the dimensionless entropy density at finite temperature reads ŝ = 2π [25], we expect
to obtain η̂ = 1/2 at finite temperature.

We are now ready to perform the calculations: we have specified the equations of motion,
we have found the UV boundary conditions which also specify the prescription for the
correlators, while the IR boundary conditions are found from the deep interior or near-horizon
expansion at T = 0 and T > 0, respectively — we give them in appendix C. Numerical
calculations of the fluctuations are in principle straightforward: we solve an initial value
problem in Mathematica using the command NDSolve. We set the boundary condition at
the horizon at finite T and in deep IR at T = 0 (introducing a large but finite IR cutoff).
In both cases we normalize the IR solutions to unity.6

There are, however, numerous practical difficulties with stability and convergence. In
the first place, it is important to use the maximally simplified equations: (3.12)–(3.13) at
finite T and (3.15)–(3.16) at T = 0, because of the factor k2r2f − ω2, which appears in
denominators of the system (3.9)–(3.10), leading to singularities (for every real ω and k there
is a point r such that this factor equals zero). Furthermore, one needs to carefully adjust
the precision of the numerics. For example, at finite T we had to set WorkingPrecision
→ 30. On the other hand, at T = 0 it is enough to set WorkingPrecision → 12, but the
frequencies must not be too high: for ω too large the solutions undergo rapid oscillations
throughout the bulk, becoming indistinguishable from noise.

4 Results: correlation functions and hydrodynamics

In order to compute the correlation functions for a given species of fermions in the bulk, we
solve the equations of motion for temperatures ranging from T = 0 to T = Tc for a fixed β̂.
Keeping β̂ fixed ensures that we deal with the same kind of fermions at all temperatures,
while a systematic temperature increase accounts to tracing the system from the pure electron
star to a thin shell, eventually supposed to disappear at Tc in favor of the RN black hole.
Practically, this means that we choose the mass m̂ and the Lifshitz exponent z at T = 0,
calculate β̂, and keep using this β̂ at all temperatures. Different choices of z then yield
different families of solutions (sourced by different species of fermions). We are interested in
small, intermediate and large values of z, where the last case is of particular interest since
the limit z → ∞ corresponds to the RN metal.

We have found it most convenient to fix m̂ = 0.1 and work with z = 2.5, z = 4 and
z = 20 at T/Tc ∈ {0, 0.05, 0.23, 0.35, 0.65, 0.95}. Numerical integration of the background
equations of motion (2.12)–(2.14) proves to be challenging for some parameter values: we
were unable to generate the zero-temperature background for z = 20, while the lowest finite
temperatures we were able to reach are T/Tc = 0.35 for z = 2.5, T/Tc = 0.23 for z = 4
and T/Tc = 0.05 for z = 20. Although we may not have enough information on the limit
T → 0, the insight from the remaining temperatures is nevertheless extremely rich. As a
sanity check, we have calculated the viscosity coefficient for all finite temperatures, obtaining
η̂ = 0.5 (i.e. η̂/ŝ = 1/4π) to high accuracy, as expected.

6The overall normalization of solutions is usually unimportant; however, we will see in section 5.1 that the
normalization of Y turns out crucial for understanding of its behavior near the boundary.
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Figure 3. The real part (left) and the negative imaginary part (right) of Gytyt for z = 4, for T/Tc = 0
and a range of momenta k/µ̂ ∈ [0.01, 0.14] (from blue to red; top) and for T/Tc = 0.23 and a range of
momenta k/µ̂ ∈ [0.001, 0.091] (from blue to red; bottom). For these temperatures we see the typical
diffusion peak in ImGytyt.

Apart from the single exception of z = 20 at T/Tc = 0.05,7 similar results are obtained
for all three z values so we choose to present the results for z = 4. Since all the correlators
depending on G+ exhibit similar properties, we present only Gytyt. Figures 3–5 show its
frequency dependence for various momenta and five different temperatures: T/Tc = 0,
T/Tc = 0.23 (figure 3), T/Tc = 0.35, T/Tc = 0.65 (figure 4) and T/Tc = 0.95 (figure 5).8 The
bottom row in figure 5 is again for T/Tc = 0.95 but for the RN black hole for comparison.
The corresponding k-ω density plots are shown in figures 6–8 (for these figures we sometimes
use denser momentum grids in order to show the full 2D energy-momentum dependence).
We express ω and k in the units of the field theory chemical potential.9

The data shown suggest the following conclusions:

1. At zero and low temperatures (figures 3 and 6) we recognize the characteristic form of
a diffusion correlator, i.e. hydrodynamic response.

2. At high temperatures (figures 5 and 8) we likewise see nice hydrodynamic diffusion,
just like for the RN case which is known to be hydrodynamic [19, 21].

7This case exhibits very peculiar features and generally does not follow any of the trends common to the
rest of the solutions. It might be that such behavior emerges when one approaches the zero temperature in
general, but for now we are not able to give any definite answer to this puzzle.

8The imaginary parts are given with a negative sign since −Im Gytyt is always positive.
9There are two scales in our theory: the field theory chemical potential µ̂ and the temperature T . We have

found the former more convenient to work with.
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Figure 4. The real part (left) and the negative imaginary part (right) of Gytyt for z = 4, for
T/Tc = 0.35 and a range of momenta k/µ̂ ∈ [0.03, 0.6] (from blue to red; top) and for T/Tc = 0.65 and
a range of momenta k/µ̂ ∈ [0.02, 0.78] (from blue to red; bottom). In the top panels the typical form of
a diffusive correlator is visibly deformed. In the bottom panels the diffusion pole vanishes completely.

3. At intermediate temperatures (figures 4 and 7) the correlation functions look very
different and clearly cannot be described by (normal) hydrodynamics.

It is not that difficult to understand the above points on a qualitative level. At low tem-
peratures, the horizon is small (at T = 0 it is nonexistent) and the response of the system
is dominated by the electron star. The fact that it is a fluid system, that it has metallic
conductivity as found in [14] and that it is approximately described by Lifshitz geometry
in IR, which is known to exhibit hydrodynamic behavior at finite (but arbitrarily small)
temperatures at least for z > 2 [23, 24] all suggest that it could have a hydrodynamic response.
At high temperatures the horizon is large and the electron cloud is small, hence the system
should not deviate much from the RN hydrodynamics. The RN hydrodynamics is very well
studied [21], and this is why we make a comparison between the electron cloud and the pure
RN black hole at T/Tc = 0.95. The comparison is handily eased by the fact that in the pure
RN case µ̂ = µ̂0 ≈ 0.65, while in the presence of the cloud µ̂ ≈ 0.67.10

10Another way to compare the two geometries is to recast eq. (3.13) into a Schrödinger form by setting
Z = 0 and analyze the resulting effective potential. The effective potentials in the two cases agree in the
asymptotic regions (in the IR they are the same), but may differ considerably in the region occupied by the
electron cloud. In general, the effective potential in the presence of the cloud is deeper and admits more bound
states, which agrees with the core definition of the electron star.
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Figure 5. The real part (left) and the negative imaginary part (right) of Gytyt for z = 4 and
T/Tc = 0.95, for a range of momenta k/µ̂ ∈ [0.05, 0.95] (from blue to red; top) and for the RN
case at T/Tc = 0.95, for a range of momenta k/µ̂ ∈ [0.05, 1.4] (from blue to red; bottom). At high
temperature the hydrodynamic diffusion is restored.

At intermediate temperatures, both subsystems (the horizon and the cloud) are non-
negligible and their interplay drastically changes the picture. It looks as if the diffusion pole
moves towards higher frequencies and momenta as the temperature increases (until it increases
so much that we re-enter the hydrodynamic regime). For now, this is just a handwaving
claim based on the visual inspection of the figures; in section 5.1 we will corroborate this
analytically. In any case, there is no sign of a hydrodynamic regime at intermediate T/Tc. In
fact, things are even more bizarre at intermediate temperatures. In the next section we will
see that this state is unstable — a pole develops in the upper half of the complex frequency
plane, signaling that the electron cloud solution might be a false vacuum in this regime.

Transverse conductivity σ̂y is given in figure 9. It has a similar profile at all temperatures
and for all Lifshitz exponents. The only difference is the value of Re σ̂y in the limit ω → 0,
which grows with temperature for every z.11 Otherwise, the conductivity is mainly featureless.
Specifically, there is no sign of a diffusion or any other pole at low frequencies, so we infer
that G− (see eq. (3.30)) is a holomorphic function in the entire complex frequency plane. In
section 5.1 we will confirm analytically that this is true at least in the low-energy limit.

11It is understood that extending Re σ̂y to ω = 0 gives a δ-function.

– 14 –



J
H
E
P
1
0
(
2
0
2
5
)
1
5
2

0

20

40

60

80

0

2.5

5.0

7.5

10.0

0

50

100

150

0

5

10

15

20

Figure 6. Density plots of the real part (left) and the negative imaginary part (right) of Gytyt for
z = 4, for T/Tc = 0 (top) and T/Tc = 0.23 (bottom). The diffusive behavior ω ∝ −ik2 is obvious
(compare to figure 3).

5 Semianalytical low-energy expansion

It is possible to solve the equations of motion in the limit of small ω and k at finite temperature
following the lines of [33–36]. As we are going to see, a fully analytical approach is impossible
in the presence of the cloud, meaning that we still have to find the boundary values of Y

numerically. Nevertheless, we will be able to determine closed-form expressions for Z and
Y and get insight into the structure of Green’s functions.

We start by switching from the radial coordinate r to the tortoise coordinate r∗, defined as:

r∗(r) =
∫ r

0

√
g(r′)
f(r′)dr′. (5.1)

In the UV limit we have r∗ ≈ r/c, while in the IR limit:

r∗(r → 1) ≈ − log(1− r)
4πcT

, T > 0, (5.2)

r∗(r → ∞) ≈
√

g∞

z
rz, T = 0. (5.3)
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Figure 7. Density plots of the real part (left) and the negative imaginary part (right) of Gytyt for
z = 4, for T/Tc = 0.35 (top) and T/Tc = 0.65 (bottom). Just like in the linear plots in figure 4, the
diffusive behavior disappears.

Next, we factor out the singular parts of the infalling solutions at the horizon:

Z(r∗) = ζ(r∗)eiωr∗ , Y (r∗) = υ(r∗)eiωr∗ , (5.4)

so that the equations of motion become

(r2ζ ′)′ + 2iωr(rζ)′ − k2r4fζ + 2kr2h′υ = 0, (5.5)
υ′′ + 2iωυ′ − (V + k2r2f)υ + kr2h′ζ = 0, (5.6)

where for clarity we define

V = 2h′2

f
+ f3/2σ̂

h
, (5.7)

and where all the derivatives are with respect to r∗, while r is understood to be a function of r∗.
Assume now that the equations and their solutions can be expanded in a small parameter

ϵ, so that

ζ(r∗) = ζ0(r∗) + ζ1(r∗) + ζ2(r∗) + . . . , (5.8)
υ(r∗) = υ0(r∗) + υ1(r∗) + υ2(r∗) + . . . , (5.9)
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Figure 8. Density plots of the real part (left) and the negative imaginary part (right) of Gytyt for
z = 4 and T/Tc = 0.95 (top) and for the RN case at T/Tc = 0.95 (bottom); hydrodynamics re-emerges,
cf. figure 5.

with ζn ∼ υn ∼ ϵn for an integer n ≥ 0. We assume that k ∼ ϵ and ω ∼ ϵγ for some real
parameter γ, γ ≥ 1. In this way we allow that ω ∼ |k|γ need not satisfy the normal diffusive
dispersion relation. However, this immediately poses a difficulty: because of the scaling
ω ∼ ϵγ we cannot know in advance at which order in the ϵ-expansion the ω-dependent terms
should appear. These terms may be of order ϵ, ϵ2, or somewhere “in-between” — γ is not
known in advance and need not be an integer. But this will turn out irrelevant as we will
eventually see, since the structure of the equations allows the leading ω-term to be captured.
Thus, we expand the equations assuming first that ω ∼ ϵ. Then to second order we get:

(r2ζ ′0)′ = 0, (5.10)

(r2ζ ′1)′ = −2kr2h′υ0 − iω(r2ζ ′0 + (r2ζ0)′), (5.11)

(r2ζ ′2)′ = k2r4fζ0 − 2kr2h′υ1 − iω(r2ζ ′1 + (r2ζ1)′) (5.12)
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Figure 9. The real part (left) and the imaginary part (right) of the transverse conductivity σ̂y for
z = 4, for T/Tc = 0 (top) and T/Tc = 0.65 (bottom). The conductivity is rather featureless, as it
depends solely on G−.

and

υ′′
0 − V υ0 = 0, (5.13)

υ′′
1 − V υ1 = −kr2h′ζ0 − 2iωυ′

0, (5.14)

υ′′
2 − V υ2 = k2r2fυ0 − 2iωυ′

1 − kr2h′ζ1. (5.15)

The equations (5.10)–(5.12) have a nice property that they can be solved by quadratures —
this is the advantage of switching to the tortoise coordinate. We obtain ζ by integrating these
equations twice and by choosing the integration constants in such a way that the solutions
are regular at the horizon (i.e. so that the logarithmic divergences at the horizon cancel),
and assuming that υ(r∗ → ∞) ≈ const. The result is

ζ(r∗)=
[
1+
∫ ∞

r∗

(
−iω+

∫ ∞

r′
∗

(k2r4f−2|k|r2(υ0+υ1)h′)dr′′∗

) dr′∗
r2

]
k

|k|
+O(ωk). (5.16)

We normalize the solution to unity at the horizon (up to the sign of k) in order to match the
boundary conditions for the numerical integration, conserving the parity (see appendix A).12

Equations (5.13)–(5.15) can also be easily solved provided that we know two independent
solutions to eq. (5.13) (let us call them υ

(1)
0 and υ

(2)
0 ), since the homogeneous parts of all three

equations have the same form. However, as we mentioned above, these solutions can only be
12We assume that k ≠ 0.
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found numerically. In order to distinguish the two numerical solutions, we set independent
initial conditions at the horizon. We find:

υ
(1)
0 (r∗ → ∞) = I0

(
µ̂0

√
2

πcT
e−2πcT r∗

)
, (5.17)

υ
(2)
0 (r∗ → ∞) = K0

(
µ̂0

√
2

πcT
e−2πcT r∗

)
, (5.18)

where I0 and K0 are the modified Bessel functions (the I0 branch equals unity at the horizon
and agrees with the IR expansion used as the initial condition for the numerics, cf. eq. (C.1)).
Again, we determine the constants of integration demanding that the solution at the horizon
is regular and correctly normalized (equal to unity in our conventions). We obtain:

υ(r∗) = υ
(1)
0 − υ

(1)
0

∫ ∞

r∗

υ
(2)
0

W1,2

(
2iωυ

(1)
0

′
+ kr2(ζ0 + ζ1)h′ − k2r2fυ

(1)
0

)
dr′∗+

+ υ
(2)
0

∫ ∞

r∗

υ
(1)
0

W1,2

(
2iωυ

(1)
0

′
+ kr2(ζ0 + ζ1)h′ − k2r2fυ

(1)
0

)
dr′∗ +O(ωk), (5.19)

where W1,2 is the Wronskian of υ
(1)
0 and υ

(2)
0 . Now that we have the full solution, we can come

back to our comment after eqs. (5.8)–(5.9) about the difficulties arising from the fact that γ

is not known in advance. The difficulties are resolved by the fact that all inhomogeneous
equations contain a pure ω-term (i.e., without multiplication by k), so whatever the scaling
of ω with k, the leading terms with ω will be included at every order in k.

The solutions we have found consist of integrals which, in principle, have to be solved
numerically. However, in the UV limit we can determine their primitive functions and thus
obtain the asymptotic expansions of ζ and υ. Since eiωr∗ → 1 at the boundary, these are
equivalent to the expansions of Z and Y . Therefore we find that in this approximation:

U (0) =
(

k2

3 − iω

)
k

|k|
+ 2

3 µ̂0k, U (1) = k

|k|
, Y (0) = υ0(0), Y (1) = cυ′

0(0). (5.20)

Note that there is no boundary contribution from the integrals in (5.19), since the terms
linear in r (i.e. r∗) cancel out. Also, in both solutions we discard the terms of order ωk

since we assume γ ≥ 1, so ωk never dominates over k2. If ω ∼ k, i.e. γ = 1, the k2 terms
should also be neglected.

Finally, we give a brief comment on zero-temperature expansions. In principle, one
might hope to repeat this procedure and find approximate low-energy solutions at T = 0.
However, this proves to be extremely challenging. The main difficulty arises when one has
to cancel divergences in the IR, since r → ∞ is a branch point. Namely, each term of the
solution in the IR limit has a different (non-integer) scaling exponent, so that one cannot
collect together the terms with the same exponent. A possible solution to this issue could
be a regularization of the infinity; yet, it turns out to be very delicate and unreliable, and
we decided not to pursue it. Instead, we can rely on our qualitative conclusion about the
hydrodynamics at T = 0 and estimate the diffusion constant numerically. We have found
D = 0.14 for z = 4 and D = 0.41 for z = 2.5.
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z = 2.5
T/Tc 0.35 0.65 0.95
Y (0) 11183 7.12 1.38
Y (1) −725815 −16.18 −0.46
D1 153.77 1.64 0.09

z = 4
T/Tc 0.23 0.35 0.65 0.95
Y (0) 5281 47.54 5.30 1.36
Y (1) −88000 −204.34 −8.51 −0.41
D1 251.42 7.48 1.30 0.07

z = 20
T/Tc 0.05 0.23 0.35 0.65 0.95
Y (0) −6.02 · 10−8 22.65 11.41 3.65 1.32
Y (1) 1.20 · 10−7 −33.40 −14.82 −3.23 −0.33
D1 −1.59 6.77 3.26 0.75 0.04

Table 1. The UV expansion coefficients of the gauge field Y and the linear term coefficient from the
dispersion relation obtained in the semianalytical approximation at finite temperatures.

5.1 Analytical Green’s functions and instability

Plugging the relations (5.20) into eqs. (3.23) and (3.24), we obtain approximate low-energy
auxiliary Green’s functions:

G+ = −1− 2Y (0)Q̂/(3M̂)|k|+ C0k2 +O(ωk)
iω + D1|k| − D2k2 +O(k3) , (5.21)

G− = −Y (1)

Y (0)
iω + D1|k| − (D2 + C1)k2 +O(ωk)

iω + D1|k| − D2k2 +O(k3) , (5.22)

where

C0,1 = 2Q̂µ̂0

9M̂Y (0,1)
, D1 = 2

3

(
Q̂

M̂
Y (0) − µ̂0

)
, D2 = 1

3 . (5.23)

We immediately notice that

lim
ω,k→0

G− = −Y (1)

Y (0) , (5.24)

implying that G− does not posses low-energy singularities (unless specifically Y (0) = 0).
This observation agrees with the numerical results, and explains the somewhat featureless
profile of the conductivity (remember that the conductivity is determined solely by G−,
according to eq. (3.30)). Therefore, we are not much interested in studying G−, and we
focus on G+ instead. The properties of the correlation functions (3.25)–(3.29) are then
deduced straightforwardly (although one should be careful that multiplying an expression
by k2, ω2 or ωk changes its series expansion).

We find that at the highest temperature T/Tc = 0.95 the approximation (5.21) is in
excellent, even quantitative agreement with the numerical results (figure 10). At T/Tc = 0.65
(figure 11), the agreement is not as good, and as the temperature decreases further the
analytical approximation becomes less and less satisfying. In general, the analytical and
numerical results at low temperatures agree only for very small frequencies and momenta.
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Figure 10. Density plots of the real part (left) and the negative imaginary part (right) of G+ for
z = 2.5 and T/Tc = 0.95. The figure shows a comparison between the numerical (top) and analytical
results (bottom). The results agree pretty well.

This might have something to do with the fact that, as the temperature decreases, Y (0)

and Y (1) drastically increase (table 1).
But precisely the fact that Y (0) and Y (1) become very large can be exploited to learn

something about the low-temperature correlation functions. In that regard, let us assume
that there is a momentum scale k0 (k0 ≪ 1), such that |k|Y (0,1) → ∞ for |k| ≫ k0 and
|k|Y (0,1) → 0 for |k| ≪ k0 as Y (0,1) → ∞. Then:

G+ =


Y (1)

Y (0) , |k| ≫ k0
1

U(0) , |k| ≪ k0
. (5.25)

From eq. (5.20) we see that for small enough momenta G+ indeed develops a singular structure,
while otherwise it becomes real. This might explain the agreement between the numerical
and analytical results in the narrow domain of lowest energies, as well as the cases where at
low energies the spectral function vanishes (see e.g. figure 7), thus supporting our claim.
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Figure 11. Density plots of the real part (left) and the negative imaginary part (right) of G+ for
z = 2.5 and T/Tc = 0.65. The figure shows a comparison between the numerical (top) and analytical
results (bottom). The agreement is decent, although not as good as for T/Tc = 0.95.

Before we proceed with the analysis of properties of the correlation functions, a few words
about Y and its dependence on temperature are in order. Eq. (5.13) can be understood as a
zero-energy Schrödinger equation for the perturbation υ0 ∼ Y . The potential V is positive
everywhere and its height grows considerably as the temperature decreases. Consequently,
the amplitude of Y must decrease with temperature as the field propagates through the
potential towards the black hole. Since we set it to unity at the horizon in both the numerical
and the analytical calculations, the integration of eq. (5.13) must give us the boundary value
of Y that is commensurately rescaled. This explains why at low temperatures Y (0) and
Y (1) are large. In what is to follow, we will see how the magnitude of Y (0) also controls
the analytic structure of G+.

Now we reap the main fruits of our semianalytic expansion. From eqs. (5.21) and (5.22)
the dispersion relation reads:

ω = iD1|k| − iD2k2 +O(k3). (5.26)
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There is both a linear and a quadratic term: the latter corresponds to diffusion and the
former can either be a drift, if negative, or something else, if positive. In fact, it turns out
that D1 > 0 in most cases, so when k → 0 there is a pole in the upper half-plane! For general
k, the position and nature of the pole depend on the ratio of the linear and the quadratic
term in (5.26). In other words, they depend on the competition between the two. It means
that for each D1 there exists a critical momentum

kc ≡
|D1|
D2

= 3|D1|, (5.27)

which splits the two regimes:13

ω ∼
{

k, |k| < kc

k2, |k| > kc
. (5.28)

Thus, if |k| > kc, diffusive transport dominates; otherwise, the pole is in the upper half-plane
and we have an instability. However, taking into account the numerical values of D1 (table 1),
we conclude that the competition between D1 and D2 only exists at high temperatures. As
the temperature is reduced, D1 (governed by Y (0)) and consequently kc become so large that
for |k| > kc the low-energy approximation no longer makes sense. Therefore, at intermediate
temperatures, the low-momentum poles are expected to occur only in the upper half-plane.14

At still lower temperatures, our approximation does not work very well, as we have seen,
so we cannot analytically reproduce the re-entrance to the hydrodynamic regime seen in
the numerics (figures 3 and 6).

The presence of the linear term might explain why [15] finds an unexpected temperature
dependence of the diffusion constant for certain parameter regimes: in [15] it is assumed
that the dispersion relation describes conventional hydrodynamics, with purely quadratic
diffusion. We find instead even more unexpected behavior, with a linear term that can give
rise to an instability. On the other hand, [15] also studies the quasinormal modes, which
we do not examine in this work.

In order to check our analytical predictions, we numerically solve the fluctuation equations
for a range of pure imaginary frequencies for a couple of backgrounds. In figure 12 we
show three representative examples for three temperature regimes, confirming that our
conclusions are correct. What we could not predict analytically is that, as we mentioned
above, diffusion poles do exist at low temperatures along with those in the upper half-plane
(until at T/Tc = 0.05 (z = 20) only a diffusion pole remains). Although it could not be
inferred from the preceding analysis, it is by no means surprising: according to what we argue
in section 4 one actually does expect the hydrodynamics to reemerge at low temperatures,
and these results support those observations.

Importantly, our instability lives in deep IR: the pole lies on the positive imaginary axis
for arbitrarily small k. At high temperatures there is a critical value kc such that the pole
moves to the negative imaginary axis for |k| > kc, in accordance with our semianalytical

13Here we again recognize the issue we encountered when we were expanding the equations of motion in
small ϵ in eqs. (5.10)–(5.15) when we had to deal with the ambiguity of γ, assuming ω ∼ |k|γ .

14Of course, this does not mean that there are no poles in the lower half-plane at all, only that they do not
exist at small momenta.
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Figure 12. The pole structure of the real part (left) and the imaginary part (right) of G+ for
three temperature regimes: T/Tc = 0.95, for z = 2.5 and k = 0.1, 0.2, 0.3 (from blue to red; top),
T/Tc = 0.65, for z = 4 and k = 0.1, 0.3, 0.5 (from blue to red; middle) and T/Tc = 0.23, for z = 20 and
k = 0.01, 0.03, 0.05 (from blue to red; bottom). The instability occurs at all temperatures. However,
the intermediate-temperature low-energy poles arise exclusively in the upper half-plane!

prediction (figure 13). At T = 0 the pole never emerges in the upper half-plane, hence
there is no instability.

Therefore, the electron cloud, while interpolating between two stable systems (the zero-
temperature electron star and the RN black hole), corresponds to an unstable state in the
boundary QFT. This is surprising: we know that the RN black hole itself has an instability
in the presence of fermions, leading to the formation of a hairy black hole or (in the pure
fluid limit) the electron star/cloud; it is unexpected that the cloud itself is not the true
ground state. Although at this point we do not understand the meaning of this instability in
field theory, we can gain at least some intuition in the bulk. The linear term in (5.26) stems
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Figure 13. Tracing of the pole of the auxiliary Green’s function G+ at T/Tc = 0.95 for z = 2.5 (left)
and z = 4 (right). We have found the pole positions by examining the maxima of G+ at given k.

from the terms which couple Z and Y in the system (3.12)–(3.13).15 We have mentioned
that for RN black hole the equations can be completely decoupled; therefore, it is the very
presence of the cloud that gives rise to the linear term and eventually the instability.16 There
must be a different finite-density solution where this is not the case; in the final section
we will discuss what it might be.

6 Discussion and conclusions

We have looked at the transverse channel of the linear response of the electron star, a
simplified model of holographic Fermi surfaces. The significance of the electron star lies in
the fact that it has provided insight into presumably stable fermionic holographic matter
early on. The fluid limit taken in this model is somewhat pathological, and the field theory
outcome — an infinity of Fermi surfaces with exponentially small self-energies — presents a
highly unusual Fermi-liquid-like system of non-Landau type. Our goal was to understand
better the physics of the system and the limits of the fluid (Thomas-Fermi) approximation.

It turns out that a big surprise lurks in this system. At high temperatures, near the
transition point to the semilocal quantum liquid of the RN black hole, the response is
expectedly hydrodynamic and close to that of RN. At low temperatures, the response is
again dominated by the hydrodynamic diffusion; similar behavior is seen even at T = 0,
although here we expect the non-analytic contributions of the Lifshitz sector to modify the
hydrodynamic pole.17 But overall, this is not a big mystery either.

The big mystery is the presence of a pure imaginary pole in the upper frequency half-plane
at intermediate temperatures. This signals an instability. Moreover, it is an IR instability
(starting at arbitrarily small k), which implies that the electron cloud is not the true ground
state, and hence likely not a viable holographic dual of a Fermi liquid at finite temperature.
Understanding this instability is the main goal for future work in this direction. It might
come (1) from the pathologies of the fluid limit — once the non-classical tails and WKB

15Another way to understand this is to note that the coefficient D1 depends mainly on Y (0), which is
determined by the potential barrier V , which in turn stems from the presence of fermionic matter in the bulk
and depends on temperature.

16This also means that the proof of stability from [19, 37] does not apply to our system.
17We thank Blaise Gouteraux for discussions on this point.
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corrections [38] are taken into account, the system might become stable (2) simply from the
existence of some other, thermodynamically preferred, solution of the (nonlinear) Einstein-
Maxwell system (2.12)–(2.14).18 So far we have not been able to confirm either of the above
scenarios; we also cannot discard other possibilities. In dual field theory this instability, present
for a range of temperatures, could imply that the system corresponds to a quantum critical
phase. One could expect that the instability should also manifest itself as a critical point or
region in free energy. However, in order to see it one would need to add another operator
which presumably condenses (acquires a VEV) at the transition point. Since we do not know
what this operator is, we cannot perform this kind of analysis. In other words, we do not know
what to compare with the star/cloud free energy. A possible alternative to thermodynamic
analysis would be the study of quantum information measures such as those in [39].

We note in passing that the internal RN region of the electron cloud has been shown to be
unstable to scalar hair formation in [40]. It is not clear if our instability is related to this, but
it does hint toward the conclusion that the configuration RN-cloud-RN is inherently fragile.

An encouraging aspect is the fact that low-ω, low-k expansion can be performed analyti-
cally and confirms all the key findings of the numerics, including the instability. This, together
with the fact that we have reproduced the known ES-RN phase diagram and the known RN
response from [19–21], makes us confident in our findings. Achieving a full understanding of
the mysterious instability is now an important task for future work. However, it also prompts
us to look for a substantially different approach toward holographic (non-)Fermi liquids.
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A Parity-invariance

Let us define: khx
y(ω, k; r) ≡ |k|h̃x

y(ω, k; r), for k ̸= 0. We write explicit dependence on ω

and k in order to distinguish solutions corresponding to different sign of momentum. Then,
if k < 0, eqs. (3.3)–(3.6) give same solutions for hy

t(ω, k; r), h̃x
y(ω, k; r) and ay(ω, k; r) as

if k were positive:

hy
t(ω, k; r) = hy

t(ω, |k|; r), h̃x
y(ω, k; r) = hx

y(ω, |k|; r), ay(ω, k; r) = ay(ω, |k|; r), (A.1)

which means that hx
y(ω, k; r) = −h̃x

y(ω, k; r) = −hx
y(ω, |k|; r) when k < 0. Same logic

applies to X, Z and U . Then the asymptotic master fields (3.17) and, consequently, the
auxiliary Green’s functions (3.22), as well as the boundary action (B.9)–(B.10) are invariant

18One possibility is that the true solution is more compact while the electron star has a Jeans instability.
This would nicely match with the IR nature of the instability. We thank Sean Hartnoll for this idea.
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under the exchange k → −k. Alternatively, we could have defined khy
t(ω, k; r) = |k|h̃y

t(ω, k; r)
and kay(ω, k; r) = |k|ãy(ω, k; r), in which case Y and Φ± would change their sign. In both
cases the theory remains parity-invariant.

B UV asymptotics

The raw, gauge-dependent expansions read:

hx
y(r → 0) = h(0)

xy + ω

2c2 (ωh(0)
xy + kh

(0)
yt )r2 + h(3)

xy r3 + . . . (B.1)

hy
t(r → 0) = h

(0)
yt − k

2 (ωh(0)
xy + kh

(0)
yt )r2 +

(
2
3cQ̂a(0)

y − c2k

ω
h(3)

xy

)
r3 + . . . (B.2)

ay(r → 0) = a(0)
y + a(1)

y r + a
(0)
y

2

(
k2 − ω2

c2

)
r2 + . . . , (B.3)

leading to the following expansions for the gauge-invariant fields:

X(r → 0) = X(0) − X(0)

2

(
k2 − ω2

c2

)
r2 + X(3)r3 + . . . , (B.4)

Y (r → 0) = Y (0) + Y (1)r + Y (0)

2

(
k2 − ω2

c2

)
r2 + . . . , (B.5)

where

X(0) = kh
(0)
yt + ωh(0)

xy , X(3) = 2
3cQ̂ka(0)

y + 1
ω
(ω2 − c2k2)h(3)

xy , a(0,1)
y = Y (0,1). (B.6)

In a similar manner we obtain

U(r → 0) = U (0) + U (1)r + U (0)

2

(
k2 − ω2

c2

)
r2 + . . . , (B.7)

where

U (0) = −X(0)

c
, U (1) = −2kc2Q̂Y (0) − 3cX(3)

(c2k2 − ω2) . (B.8)

All higher-order coefficients are determined straightforwardly. We have obtained the expan-
sions up to eighth order and we keep them in Mathematica notebooks.

We use these expansions in order to determine the boundary action. The renormalized,
on-shell boundary action (obtained by using the prescription of [32]) reads

Son−shell
bdy = lim

r→0

L2

κ2

∫ dω

2π

∫ dk

2π

∫
dy

(
ay(−ω,−k)

(
r2fa′

y(ω, k) + h′hy
t(ω, k)

)
+

+ 1
2r2

(
hx

y(−ω,−k)(r2fhx
y(ω, k))′ − hy

t(−ω,−k)hy
t
′(ω, k)

)
−

− 2
r3

(
1− c

r
√

f

)(
r2fhx

y(−ω,−k)hx
y(ω, k)− hy

t(−ω,−k)hy
t(ω, k)

)
−

− c

2r2√f
(ωhx

y(−ω,−k) + khy
t(−ω,−k))(ωhx

y(ω, k) + khy
t(ω, k))

)
. (B.9)
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Upon Taylor expanding (B.9) in small r and applying the constraint (3.6), we get

Son−shell
bdy = L2c2

κ2

∫ dω

2π

∫ dk

2π

∫
dy

(
a(0)

y (−ω,−k)a(1)
y (ω,k)+

+3
2h(0)

xy (−ω,−k)h(3)
xy (ω,k)+ 3k

2ω
h

(0)
yt (−ω,−k)h(3)

xy (ω,k)
)
+contact terms.

(B.10)

We use the auxiliary Green’s functions (3.23)–(3.24) to express the responses h
(3)
xy and a

(1)
y in

terms of h
(0)
xy , h

(0)
yt and a

(0)
y and to obtain an action that is bilinear in sources. Finally, we

take its functional derivatives in order to get the field-theory correlation functions.

C IR asymptotics

The IR boundary conditions differ between the zero-temperature and finite-temperature star.
At finite temperature the far IR is just the inner RN region, and we can employ the Frobenius
method, following the standard procedure for an RN horizon. For any fluctuating quantity,
denoted generically by C(r), we assume solutions in form

C(r) = (rh − r)−iν
∞∑

n=0
cn(rh − r)n. (C.1)

The branch-point exponent ν is found by solving the indicial polynomial and reads ν =
ω/(4πcT ). The expansion coefficients cn are then found by solving the equations order by
order. The result is of course identical to the previous calculations in [19–21], so there is no
reason to repeat it here. We normalize the solutions setting c0 = 1. We have determined
the expansions up to sixth order.

The T = 0 case is slightly more involved. We solve the gauge dependent equations (3.3)–
(3.5) in the limit r → ∞, taking into account that z > 1. At leading order we obtain

ay = A0eiω
√

g∞rz/z, hy
t = B0r3−2zeiω

√
g∞rz/z, hx

y = −B0
ω

k
reiω

√
g∞rz/z, (C.2)

where A0 and B0 are arbitrary complex constants. In the deep IR limit we are able to
determine X and Y with power series corrections to the leading order assuming that the
functions take the following form

C(r) = S1(r)ei
√

g∞ωrz/z+S2(r), (C.3)

where S1 and S2 are series expansions in r with non-analytic powers. The powers and series
coefficients are again determined order by order by solving a system of algebraic equations.
However, several difficulties arise because different powers of r compete depending on the
value of z, and one is unable to order the corrections from lower to higher for general z. In
addition, higher-order terms in the expansion (C.3) also require higher-order corrections to
the background itself to be taken into account for the whole calculation to be consistent.
Fortunately, these complications turn out to be irrelevant because it is much more convenient
to solve the equations with U and Y (eqs. (3.15)–(3.16)). This set of equations is simpler
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than the original one; finding the IR behavior is now much easier, and we can include
the background corrections from the beginning. We follow the logic of [14] and find the
corrections as a power series in rα. We obtain:

U(r → ∞) = Y (r → ∞) =
(
1 +

i
√

g∞ω(3− 2g1 − g2
1)rz+2α

8(z + 2α) + . . .

)
e

i
√

g∞ω

(
rz

z
+ (1+g1)rz+α

2(z+α)

)
.

(C.4)
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