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One Patrticle
Setup

» Time evolution of density operator
6(t) = e 11! 5(0) eF it

» Coordinate representation

01 (Xo, X5 t) = /an/an’ (Xo, t[Xa, 0) 01 (Xa, X ; B) (Xar, O X, 1)

01 0.1 ) = -7 O B )
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One Patrticle
Setup

» Time evolution of density operator
o(t) =& #19t g (0) eF Hfe!

» Coordinate representation

01 (Xo, X3 1) = /an/an’ (%, t]Xa, 0) 01 (Xa, Xar5 3) (Xar, O]Xiy , t)
1

01 (Xa, X3 3) = L)

(Xa; B|%a, 0)

» Imaginary-time evolution amplitude

Mw Mw
O, B, 0) = | T sinn (Be) eXp{_Zh

» Real-time evolution amplitude: (Xa, B]Xa, 0) flin (Xb, t|Xa, 0)

(34 + X&) cosh(hfw) — 2 XaXar
sinh(7fw)

sinh(hBw) — i sin(wt)
cosh(hfw) — cos(wt)
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One Patrticle

Result and Interpretation

» Perform 2-D Gaussian integral
» Diagonal elements:  p1(Xp, Xo; t) =

> Width O’%(t; T) = UZ(T) f(t)

oA(T) = ﬁ coth (hﬁ—w)

_n_
2Mw

1 i 1 i
f =35 (1+ %) +5 <l - %) cos(20t)
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N Particles
Setup and Result

» N-particle harmonic oscillator density matrix

1
ON (X1a~,~~~,XNa§X1a/-,~~~7XNa/Z,ﬂ) = 7(Xla,...,XNa;ﬁ|X1a/,...,XNa/;O)S

ZN(B)

» Density matrix

N N
QN(le,...7XNb;X1b/,...7XNb/;t) :/d Xa/d Xa (le,...7XNb;t‘X1a,...7XNa;O)S
X oN (Xt - -+, XNai Xaar s - - -5 X5 ) (Xaars -+ a3 O Xy, -+ -, Xy 5 £)°

» N-particle amplitudes

(X1b7 -« 5 XNb3 t|X1a, ooy XNaj O)s Z (XP(l)b7 t|X1a7 O) s (XP(N)b7 t‘XNeu 0)
P

N!

» Evaluation yields with one-particle density matrix:

ZNp) 1
ON(Xab, - - -y XNb; Xapy 5 - -+ Xa 3 1) = ;((g)) NI Z 01(Xp(1)b, X1 3 1) - - - 01 (Xe(N)bs XNt 5 1)
TP

Z
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Partition Function
Setup

» Trace of density matrix: Normalisation
1= /d'&b ON(Xtb, - - -, XNb; Xab, - - - , XNb; T)

Mw Mw

A coth(7iw) b= ——— sinh(hfw) "

30
Zn(B) % Z /d’&b exp{—a (be +-F Xl%lb) +b (le Xp(1)b + - -+ + Xnb XP(N)b)}
TP

» Abbreviate: a=
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Partition Function
Setup

» Trace of density matrix: Normalisation
1= /dl&b ON(Xtb, - - -, XNb; Xab, - - - , XNb; T)

. Mw Mw
> . =
Abbreviate: a A0 coth(hfw) b= 0] sinh(hfw) ™"

~ Z /d’&b EXP{ 1b R Xﬁb) +b (le Xp(1)b + - -+ XNb XP(N)b)}

. . Lo ) ot _ ™
» N-Dimensional Gaussian integral: /d“& exp{ X A(P)X} = \/@
]

Problem: Permutation dependent matrices: A(P) = adj — g [Pij + Pii
Determinant?

Solution: detA(P) decomposes into product of fixed per-cycle sub-determinants
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Partition Function

Matrices and Determinants

» Use simplest one-cycle matrix to

. b
calculate per n-cycle subdeterminant a —3 0 0
b b
a —3 0 -3 - g a - g 0 0
b b
-5 a -2 0 0 0 -5 a -p
Th=
o -3 a -8 0 -2 a
detA(n) = .
0 3 a _g
-3 0 0 -5 a
b b
-3 0 -3 a

» Recursion relation:
» Laplace expansion along first row:

b b
detA(n) =aTh_1+ ECn_l + (7l)n§Dn_1

» We only need to know Th:
2

detA(n) = T — bZTn,2 —2(b/2)"

b 2
Tn+2 = aTn+1 - (é) Tn
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Partition Function

Recursion Relation and Result

> Z-Transform:  Z{Ta} =T(2)=>» Taz", To sequence
n=0

» Qurcase: Tn=

1 [(a+ Va2 — )" — (a— \/H)”“]

2n+1 a2 _ b2

> Result: T,= [;x(f)]n znsinH‘l(h,Bw) [Zl(iﬁ)r
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Partition Function

Recursion Relation and Result

v

Z-Transform:  Z{T,} = T(z ZT" ,  Tn sequence

» Qurcase: Tn=

1 [(a+ \/m)“rl —(a— \/H)”“]

on+1 2 — p?
Mw 1" 1 1)
> : = -
Result: Tn [hf(t)] 27 Sini (1) [zl(nm]
» Inserting yields canonical partition function in cycle representation

3hCin=N o
Cn
rAGENDSE| ncnc, [Z1(nB)]
(Cq,...,.Cn) n=1
mult|pl|cny factor

v

n : cycle length, C,: number of n-cycles
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One-Particle Reduced Density Matrix
Setup and Result
» Partial trace (X = Xy forn=2,...N, leave xip # Xy ):

oo
N—1
()(X1b,X1b/ t) :/ d™ " "Xp on(X1b, Xab, - - ., XNb; Xab? , X2b, - - -, Xnp; 1)
—oo

» Pull out broken cycle:

N
1
()(le,Xm' t) = / dV Ql(le,Xzb,t)"'Ql(XNb, X5 1) Zn-n(B)

N ZN ~ s N —
broken n-cycle (N — n)-cycle
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One-Particle Reduced Density Matrix
Setup and Result
» Partial trace (X = Xy forn=2,...N, leave xip # Xy ):

oo
N—1
()(X1b,X1b/ :/ d™ " "Xp on(X1b, Xab, - - ., XNb; Xab? , X2b, - - -, Xnp; 1)

» Pull out broken cycle:

N
1
()(le,Xm' t) = / dV Ql(le,Xzb,t)"'Ql(XNb, X5 1) Zn-n(B)

N ZN ~ s N —
broken n-cycle (N — n)-cycle

» Integrating broken cycles: Master integral

Z1(B)Zu(B) / dxep 01(Xb, Xeb; t, ) 01 (Xew, Xar 5 £, B)
=Zi(B+ B') o1 (xaw, X5 t, (B4 5'))
» One-particle reduced density matrix

1 1
N Zu(B)

0 (X, Xapr ;1) =

N
> 010w, Xa 5 1,13) Z1(nB3) Zn-n(3)
n=1
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Reduced One-Particle Width

» Equilibrium reduced one-particle width

; 1 1 <
ai )2(07 B) = N Zu(3) ;Uf(oy nB) Z1(nB) Zn-n(B)

> Time dependence factorizes  o"*(t, T) = 0\"%(0, T) f(t)
» Oscillating time dependence

1 2 1 2
) =3 (1+ %) +5 <1 - %) cos(20t)

20,1

2Mw
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Outlook

» Comparison with Grand-Canonical Ensemble

» Quench with interactions:
Oscillation? Damping? Emergence of collective motion

» Quench: Interaction between two BECs
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