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One Particle
Setup

I Time evolution of density operator

%̂(t) = e−
i
~ ĤΩ t %̂ (0) e+ i

~ ĤΩ t

I Coordinate representation

%1 (xb, xb′ ; t) =

Z
dxa

Z
dxa′(xb, t|xa, 0) %1 (xa, xa′ ; β) (xa′ , 0|xb′ , t)

%1 (xa, xa′ ; β) =
1

Z1(β)
(xa, β|xa′ , 0)

I Imaginary-time evolution amplitude

(xa, β|xa′ , 0) =

s
Mω

2π ~ sinh(~βω)
exp

(
−Mω

2~

"�
x2

a + x2
a′
�

cosh(~βω)− 2xaxa′

sinh(~βω)

#)

I Real-time evolution amplitude: (xa, β|xa′ , 0)
~β→it−→ (xb, t|xa, 0)

sinh(~βω) −→ i sin(ωt)

cosh(~βω) −→ cos(ωt)

2 / 10



One Particle
Setup

I Time evolution of density operator

%̂(t) = e−
i
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One Particle
Result and Interpretation

I Perform 2-D Gaussian integral

I Diagonal elements: %1(xb, xb; t) =
1p

2π σ2
1(t; T)

exp

�
− x2

b

2σ2
1(t; T)

�
I Width σ2

1(t; T) = σ2(T) f (t)

σ2(T) =
~

2Mω
coth

�
~βω

2

�

classical lim
it

T

Ñ

2 M Ω

Σ
2HTL

f (t) =
1
2

�
1 +

ω2

Ω2

�
+

1
2

�
1− ω2

Ω2

�
cos(2Ωt)

Ω > W

t0

1

������
Ω2

W2

fHtL

3 / 10



N Particles
Setup and Result

I N-particle harmonic oscillator density matrix

%N (x1a, . . . , xNa; x1a′ , . . . , xNa′ ; β) =
1

ZN(β)
(x1a, . . . , xNa; β|x1a′ , . . . , xNa′ ; 0)s

I Density matrix

%N(x1b, . . . , xNb; x1b′ , . . . , xNb′ ; t) =

Z
dNxa

Z
dNxa′ (x1b, . . . , xNb; t|x1a, . . . , xNa; 0)s

× %N (x1a, . . . , xNa; x1a′ , . . . , xNa′ ; β) (x1a′ , . . . , xNa′ ; 0|x1b′ , . . . , xNb′ ; t)s

I N-particle amplitudes

(x1b, . . . , xNb; t|x1a, . . . , xNa; 0)s =
1
N!

X
P

�
xP(1)b, t|x1a, 0

�
· · ·
�
xP(N)b, t|xNa, 0

�
I Evaluation yields with one-particle density matrix:

%N(x1b, . . . , xNb; x1b′ , . . . , xNb′ ; t) =
ZN

1(β)

ZN(β)

1
N!

X
P

%1(xP(1)b, x1b′ ; t) · · · %1(xP(N)b, xNb′ ; t)
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Partition Function
Setup

I Trace of density matrix: Normalisation

1 =

Z
dNxb %N(x1b, . . . , xNb; x1b, . . . , xNb; t)

I Abbreviate: a =
Mω

~ f (t)
coth(~βω) b =

Mω

~ f (t)
sinh(~βω)−1

ZN(β) ∼ 1
N!

X
P

Z
dNxb exp

n
−a

�
x2

1b + · · ·+ x2
Nb

�
+ b

�
x1b xP(1)b + · · ·+ xNb xP(N)b

�o

I N-Dimensional Gaussian integral:
Z

dNx exp
n
−x†A(P)x

o
=

s
πN

detA(P)

Problem: Permutation dependent matrices: A(P) = aδij − b
2 [Pij + Pji ]

Determinant?

Solution: detA(P) decomposes into product of fixed per-cycle sub-determinants

5 / 10



Partition Function
Setup

I Trace of density matrix: Normalisation

1 =

Z
dNxb %N(x1b, . . . , xNb; x1b, . . . , xNb; t)

I Abbreviate: a =
Mω

~ f (t)
coth(~βω) b =

Mω

~ f (t)
sinh(~βω)−1

ZN(β) ∼ 1
N!

X
P

Z
dNxb exp

n
−a

�
x2

1b + · · ·+ x2
Nb

�
+ b

�
x1b xP(1)b + · · ·+ xNb xP(N)b

�o

I N-Dimensional Gaussian integral:
Z

dNx exp
n
−x†A(P)x

o
=

s
πN

detA(P)

Problem: Permutation dependent matrices: A(P) = aδij − b
2 [Pij + Pji ]

Determinant?

Solution: detA(P) decomposes into product of fixed per-cycle sub-determinants

5 / 10



Partition Function
Matrices and Determinants

I Use simplest one-cycle matrix to
calculate per n-cycle subdeterminant

detA(n) =

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

a − b
2 0 . . . . . . − b

2

− b
2 a − b

2 0 . . . 0

0 − b
2 a − b

2

...
... 0 − b

2 a
. . .

...
...

. . .
. . . − b

2

− b
2 0 . . . − b

2 a

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

I Laplace expansion along first row:

detA(n) = aTn−1 +
b
2

Cn−1 + (−1)n b
2

Dn−1

I We only need to know Tn:

detA(n) = Tn −
b2

4
Tn−2 − 2(b/2)n

Tn =

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

a − b
2 0 . . . . . . 0

− b
2 a − b

2 0 . . . 0

0 − b
2 a − b

2

...
... 0 − b

2 a
. . .

...
...

. . .
. . . − b

2

0 0 . . . − b
2 a

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

I Recursion relation:

Tn+2 = aTn+1 −
�

b
2

�2

Tn

T1 = a , T2 = a2 −
�

b
2

�2
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Partition Function
Recursion Relation and Result

I Z-Transform: Z{Tn} = T(z) =

∞X
n=0

Tn z−n , Tn sequence

I Our case: Tn =
1

2n+1

�
(a +

√
a2 − b2)n+1 − (a−

√
a2 − b2)n+1

√
a2 − b2

�

I Result: Tn =

�
M ω

~ f (t)

�n 1
2n sinhn (~βω)

�
1

Z1(nβ)

�2

I Inserting yields canonical partition function in cycle representation

ZN(β) =

P
n Cnn=NX

(C1,...,CN)

∞Y
n=1

1
nCn Cn!| {z }

multiplicity factor

[Z1(nβ)]Cn

I n : cycle length, Cn: number of n-cycles
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One-Particle Reduced Density Matrix
Setup and Result

I Partial trace (xnb = xnb′ for n = 2, . . . N, leave x1b 6= x1b′ ):

%
(r)
1 (x1b, x1b′ ; t) =

Z ∞

−∞
dN−1xb %N(x1b, x2b, . . . , xNb; x1b′ , x2b, . . . , xNb; t)

I Pull out broken cycle:

%
(r)
1 (x1b, x1b′ ; t) =

1
N

NX
n=1

Zn
1(β)

ZN(β)

Z ∞

−∞
dN−1xb %1(x1b, x2b; t) · · · %1(xNb, x1b′ ; t)| {z }

broken n-cycle

ZN−n(β)| {z }
(N − n)-cycle

I Integrating broken cycles: Master integral

Z1(β)Z1(β
′)

Z ∞

−∞
dx2b %1(x1b, x2b; t, β)%1(x2b, x1b′ ; t, β′)

= Z1(β + β′) %1
�
x1b, x1b′ ; t, (β + β′)

�
I One-particle reduced density matrix

%
(r)
1 (x1b, x1b′ ; t) =

1
N

1
ZN(β)

NX
n=1

%1(x1b, x1b′ ; t, nβ) Z1(nβ) ZN−n(β)
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Reduced One-Particle Width
I Equilibrium reduced one-particle width

σ
(r)2
1 (0, β) =

1
N

1
ZN(β)

NX
n=1

σ2
1(0, nβ) Z1(nβ) ZN−n(β)

I Time dependence factorizes σ
(r)2
1 (t, T) = σ

(r)2
1 (0, T) f (t)

I Oscillating time dependence

f (t) =
1
2

�
1 +

ω2

Ω2

�
+

1
2

�
1− ω2

Ω2

�
cos(2Ωt)

N=1

N=2
N=4

N=8

T

Ñ

2 M Ω

Σ1
HrL 2H0,TL
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Outlook

I Comparison with Grand-Canonical Ensemble
I Quench with interactions:

Oscillation? Damping? Emergence of collective motion
I Quench: Interaction between two BECs
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