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Abstract

The electron-phonon interaction signi�cantly affects the properties of semiconducting materials. Be-
cause of it, the phononic cloud can renormalize electrons, which leads to the emergence of polarons -
a new quasiparticle that now, instead of the electron, plays the role of the current carrier in our system.
The consequences of polaron formation are most easily studied using simpli�ed models of electron-
phonon systems. Among these models, the simplest one is the Holstein model, which successfully
reproduces the most important polaronic effects. In practice, the Holstein model is used for testing
and developing various theoretical methods that can subsequently be applied to more complex models
or even real materials. The goal of this dissertation is to investigate the single-particle and transport
properties of the Holstein model using different methods.

Until recently, it was widely accepted that the dynamical mean-�eld theory (DMFT) provides a
good description of the single-particle properties of the Holstein model only in the cases of three-
dimensional or even higher-dimensional systems. However, our results show that DMFT actually
provides an excellent description of single-particle properties even in the one-dimensional case, re-
gardless of the regime, which is determined by temperature, phonon frequency, and electron-phonon
coupling strength. We have reached these conclusions by comparing the results obtained using this
method, with the most reliable results currently available in the literature. Although DMFT is approxi-
mate, it is also a nonperturbative method that is exact in two different limits: in the weak coupling limit
and in the atomic limit. Having in mind that DMFT neglects non-local correlations, which are most
pronounced in the one-dimensional case, our conclusions about the high reliability of this method are
expected to continue to hold in an arbitrary number of dimensions as well. This has been explicitly
veri�ed on the example of the effective mass in one-, two-, and three-dimensional cases. In addition,
we have also presented a numerical procedure for the application of DMFT that requires very little
computational resources. Therefore, this method allows us to easily generate a large amount of reliable
results in different regimes, which can now be used to assess the quality of any other method. One
such method that we intend to investigate more thoroughly is the cumulant expansion (CE) Method.

In contrast to DMFT, the CE is a perturbative method that does not rely on Dyson's equation for
the calculation of the single-particle properties. Although CE does not provide reliable results in all
regimes, the advantage of this method in comparison to the DMFT is that it can be easily applied
to signi�cantly more complex models, and even to real materials. Therefore, it is very important to
determine in which parameter regimes can CE be expected to give an adequate description of the
observed physical system. In this dissertation, this was investigated on the example of the Holstein
model, by comparing the CE with the DMFT results, which we have already established as reliable.
It turns out that, although CE is exact only in the weak coupling and atomic limits, reliable approxi-
mate predictions of this method are possible even for moderate interactions, where the corresponding
spectral function accurately reproduces both the quasiparticle and the �rst satellite peak. This is signif-
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icantly better than what would be obtained using the lowest-order perturbation theory. In addition, the
high-temperature results of the CE look promising, although we proved, using the spectral sum rules,
that this method cannot be exact in the limitT ! 1 .

For the study of transport properties, we focused on calculating mobility and a somewhat more
general quantity, the optical conductivity. Within the framework of linear response theory, both of these
quantities can be represented as the sum of the so-called bubble term, determined by the single-particle
properties, and vertex corrections. The bubble term for mobility� was calculated numerically, and
detailed comparisons were made between the DMFT and CE predictions. We established that at high
temperatures, the charge mobility assumes a power law� / T � 2 in the case of very weak coupling,
and� / T � 3=2 for somewhat stronger coupling. We analytically proved that in the weak coupling
and atomic limits of the Holstein model, the vertex corrections of mobility are vanishing. In all other
regimes, the contribution of vertex corrections was examined numerically, by calculating the bubble
term using the DMFT and by comparing it to the exact result from the literature.

Keywords: Holstein model, electron-phonon interaction, spectral functions, quasiparticle properties,
dynamical mean �eld theory, cumulant expansion method, mobility, optical conductivity, vertex
corrections, spectral sum rules

Research �eld: Physics

Research sub�eld: Condensed matter physics

UDC number: 538.9
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Chapter 1 - Polaron Physics

1
Polaron Physics

1.1 Electron-Phonon Interaction in General

Capturing the full many-body effects in systems with electron-phonon interaction remains one of the
major ongoing challenges of the solid state physics [1–3]. Because of its ubiquity and importance for a
wide range of phenomena, understanding the impact of electron-phonon interaction continues to attract
considerable attention for both fundamental research and technical applications. The electron-phonon
interaction is responsible for the temperature dependence of carrier mobility in semiconductors, Cooper
pairing in superconductors, and a plethora of other phenomena as well [4–6]. It also enables the use of
silicon in solar cells by allowing the absorption of visible light through phonon-assisted indirect gap
transitions of electrons, which is crucial since the direct band gap of silicon is too large [7, 8]. These
and many other examples justify a widespread interest in the study of the effects of electron-phonon
interaction in a broad class of materials.

The electron-phonon system is described by the following Hamiltonian1 [1, 2]

H =
X

nk

"nk cy
nk cnk +

X

q�

! q� ay
q� aq� +

1
p

N

X

k ;q
mn�

gmn� (k; q)cy
mk + qcnk

�
aq� + ay

� q�

�
; (1.1)

where the phonon-phonon coupling and the higher order electron-phonon coupling2 (with respect to
atomic displacements) are neglected. The �rst term represents the free electron part of the Hamil-
tonian, with"nk andcnk being the non-interacting dispersion relation and the electron annihilation
operator, respectively. The second term is the free phonon part of the Hamiltonian. Here,! q� is the
phonon frequency, whileaq� is the phonon annihilation operator. The last term in Eq.(1.1)describes
the electron-phonon interaction, whereN is the total number of unit cells of our crystal lattice and
gmn� (k; q) is the electron-phonon coupling strength.

While the electron-phonon systems can be studied both by using theab initio methods [2] and
model Hamiltonians, this thesis will be focused on the latter. In this approach, the parameters from
Eq.(1.1)"nk , ! q� , andgmn� (k; q) are modeled such that the corresponding Hamiltonian in Eq.(1.1)
captures the most signi�cant properties of the system we are investigating. For example, in the case
when an electron couples to long wavelength acoustical phonons, the electron-phonon coupling con-
stant is of the following formgmn� (k; q) /

p
jqj. Although this type of interaction is present in every

crystal, this is often neglected if there is a stronger electron-phonon coupling mechanism, such as the
piezoelectric couplinggmn� (k; q) / 1p

jqj
or the Fröhlich couplinggmn� (k; q) / 1

jqj [9, 10]. The latter

is responsible for the emergence of new quasiparticles, called thepolarons, which represent one of the
central themes of this thesis.

1We set~ = 1 .
2These are important for describing the temperature-dependent band structures.
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1.2 - Polaron Concept

1.2 Polaron Concept

In ionic solids and polar semiconductors, the strongest electron-phonon coupling mechanism is the
Fröhlich coupling. It arises due to the longitudinal optical oscillations of charged ionic cores which
create an electric dipole moment that strongly couples to electrons. In the �eld-theoretical description,
we say that the electron is renormalized due to its interaction with the cloud of phononic excitations,
thus creating a new quasiparticle called the polaron. The introduction of the polaron concept led
to a paradigm shift in which this new quasiparticle, characterized by its effective mass (which is
different from the electron band mass) and lifetime, is now the current carrier in the system and hence
signi�cantly affects the transport properties of the material.

Historically, the origins of polaron physics can be traced back to Landau's 1933 seminal paper
[11] in which he predicted the possibility of electron strongly distorting the crystal lattice, via the
Coulomb interaction, and getting self-trapped in thus created potential well3. Although immobile, the
electron, together with its surrounding potential well, can be recognized as an early manifestation of
what would be later termed a polaron. This work was continued by Solomon Pekar who devised the
�rst macroscopic semiclassical model of the polaron. Furthermore, he was the one who coined the term
polaron and realized that this quasiparticle is actually mobile [12–15]. While the polaron's effective
mass was also calculated within this semiclassical model [16], it was clear that further progress required
a fully quantum mechanical and microscopic description of the polaron. In today's research, the most
studied quantum models are the Fröhlich model [9, 17] and the Holstein model [18], but it should also
be noted that there were also other early attempts of quantum approaches by Pekar [19], Bogoliubov
[20] and Tyablikov [21].

1.3 Holstein Model

Although we motivated the polaron concept using the Fröhlich coupling (i.e., the Fröhlich model), the
study of polarons in this thesis will actually be conducted in theHolstein model. This is the simplest
electron-phonon model in which both the coupling and the phonon frequency from Eq.(1.1)are just
constant numbers (i.e., momentum independent) [18]. This model was most commonly used to develop
and test a variety of different many-body methods [22], which can then subsequently be used in more
complex models. Nevertheless, the Holstein molecular crystal model is also very important in order to
understand the role of polarons in real materials [23]. This is still a very active �eld of research fueled
by new directions in theoretical studies [4, 24–31] and advances in experimental techniques [32].

The Holstein Hamiltonian is de�ned as follows

H = � t0

X

hij i

�
cy

i cj + H:c
�

| {z }
H el

� g
X

i

ni

�
ay

i + ai

�

| {z }
H el � ph

+ ! 0

X

i

ay
i ai

| {z }
H ph

: (1.2)

Here,cy
i (a

y
i ) are the electron (phonon) creation operators,t0 is the hopping parameter,g is the electron-

phonon coupling strength,! 0 is the frequency of the dispersionless optical phonons,ni = cy
i ci , and

the sum
P

hij i goes only over the nearest neighborsi andj . We note that the parameterst0, ~, kB and
lattice constant will be set to1. Furthermore, we restrict ourselves to the case when the concentration
of electrons in the system is vanishingly small4, and we treat the electrons as spinless. This is relevant
for the study of weakly doped semiconductors.

Within this model, there are four important energy scales: the temperatureT, the hopping parameter
t0, the phonon frequency! 0, and the electron-phonon coupling constantg. The interplay of these

3It should be noted that Landau's original goal was to explain the F-centers.
4As we will see in the next chapter, this can also be interpreted as if there is only a single electron in the whole crystal.
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1.3 - Holstein Model

Figure 1.1: Schematic plot of different regimes of the 1D Holstein model in the(
; � ) parameter
space.

energy scales leads to a large number of parameter regimes. As shown in Fig. 1.1, to characterize these
regimes it is common to introduce two dimensionless parameters5

� =
g2

! 0W=2
; 
 =

! 0

W=2
; (1.3)

whereW=2 is the half bandwidth. Each of these parameter regimes is characterized by different single-
particle and transport properties which, in this thesis, are investigated using the Green's function
formalism [1, 33, 34].

1.3.1 Single Particle Properties

The central quantity for investigating the single-particle properties is the spectral functionAk(! ). If the
interaction is not too strong and the temperature is not too high, the spectral function typically consists
of a sharp quasiparticle peak (i.e., thepolaron peak) and incoherent background; see Fig. 1.2. The
incoherent part can be structureless or exhibit clearly separated features which are called satellite peaks
[35]. The spectral functionAk(! ) can be interpreted as a probability density for an electron to have
an energy! . In addition, quasiparticle properties (ground state energy, effective mass, lifetime) are
easily extracted from it (see Fig. 1.2). Furthermore, this quantity is also related to the spectrum of the
angle-resolved photoelectron spectroscopy (ARPES) experiment [32, 35–37]. This is an experimental
technique for probing a material's band structure, in which electrons, ionized by an incident photon
beam, are analyzed in a detector. By measuring the number of detected electrons as a function of their
kinetic energy and emission angle, it extracts the information about the momentum and binding energy
of the electrons prior to ejection [35].

For the Holstein model, spectral functions can be evaluated analytically only in the weak coupling
and the atomic limits [1, 38, 39]. Other regimes have, over the years, been investigated using a large
number of numerical approaches. In particular, reliable numerical results for the ground state energy
and quasiparticle effective mass were obtained in the late 1990's using the density matrix renormal-
ization group (DMRG) [40, 41] and path integral quantum Monte Carlo (QMC) methods [42], and
also within variational approaches [43–45]. At the time, numerically exact spectral functions for a
one-dimensional (1D) system were restricted only to theT = 0 case, and were obtained only within
the DMRG method [40, 41]. The main drawback of the QMC method is that it gives correlation func-
tions in imaginary time and obtaining spectral functions and dynamical response functions is often

5In the 1D caseW=2 = 2t0, which is what we show in Fig. 1.1.
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1.3 - Holstein Model

Figure 1.2: Schematic plot of the spectral function fork = 0 andT = 0, which illustrates some
of the useful properties that can be easily extracted from the spectral function. For example, we see
that the position of the polaron peak determines the ground state energyEp, while its spectral weight
determines the renormalization of the electron mass. We note that the polaron peak is actually a Dirac
delta function in the Holstein model, but we used a Lorentzian broadening to make the �gure more
illustrative.

impossible since the analytical continuation to the real frequency is numerically ill-de�ned procedure.
Interestingly, at �nite temperatures the spectral functions were obtained only very recently using �nite-
T Lanczos (FTLM) [46] and �nite-T DMRG [47] methods. All these methods have their strengths
and weaknesses depending on the parameter regime and temperature. As usually happens in a strongly
interacting many-body problem, a complete physical picture emerges only by taking into account the
solutions obtained with different methods.

1.3.2 Transport Properties

Transport properties represent a step further from the investigation of just single-particle properties.
One of the most important transport properties are the charge mobility6 and more generally, the optical
conductivity. While both of these quantities are easily connected to experiments, their theoretical
calculation is a notoriously dif�cult task. One of the ways to calculate these quantities in more general
systems is by using the Boltzmann kinetic equation. A drawback of this approach is the fact that its
domain of validity is not very large. For example, recently studied SrTiO3 [48] and MoS2 [32] have
suf�ciently strong electron-phonon interaction to fall outside the range where the Boltzmann approach
is expected to give reliable results. These shortcomings of the Boltzmann approach were overcome by
Kubo's linear response theory, which relates the optical conductivity to the current-current correlation
function. However, it should be noted that although our task within this approach is thus reduced to the
calculation of two-particle correlation functions, the linear response theory by itself does not provide
a straightforward prescription to calculate them. In the Holstein model, various approaches have been
used for the calculation of these quantities, such as the Hierarchical equations of motion [49], Quantum
Monte Carlo [50], and many other methods as well [51–53]. However, obtaining reliable results in
real materials still presents a challenge.

In Green's functions formalism, it is natural to express the current-current correlation function as

6The charge mobility is de�ned as a DC conductivity normalized to the concentration of charge carriers, and their unit
charge.
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1.4 - Thesis Outline

a sum of two terms: the so-calledbubble termand the so-calledvertex corrections. The bubble term
is solely determined by the single-particle Green's function and is thus, in conjunction with some
other single-particle methods, often applied even in real materials. However, the contribution of vertex
corrections is largely unknown and is often neglected without justi�cation. This is why it is important
to examine both the capabilities of different methods to calculate the bubble part, as well as determine
the signi�cance of vertex corrections. To answer these important questions, the Holstein model, due
to its simplicity, presents an ideal starting point.

1.4 Thesis Outline

This thesis is divided into three parts. In the remaining portion of this part, we give an overview of
some of the most basic known results concerning the single-particle properties of the Holstein model.
We consider the two limiting cases (the weak coupling limit and the atomic limit) where the exact
analytic solution is possible, and also show how the spectral sum rules are calculated in principle. In
addition, we also brie�y review the mathematical formalism that we use.

In Part II, the single-particle properties are studied in detail. Motivated by the highly local (i.e.,
almostk-independent) self-energy observed in Ref. [46], an idea arose to apply the DMFT in the
Holstein model. A detailed review of this method is given in Chapter 1. In Chapter 2, we apply
and thoroughly examine the DMFT in the Holstein model. We �nd that it provides an excellent,
numerically cheap, approximate solution for the spectral functions and quasiparticle properties in the
whole range of parameters, in an arbitrary number of dimensions. Surprisingly, a remarkable agreement
with reliable benchmarks is observed even in 1D, where the nonlocal correlations are the strongest.
In Chapter 3, another interesting many-body technique is examined - the cumulant expansion (CE)
method. For this analysis, the DMFT was now used as a benchmark, which is justi�ed because of our
earlier �ndings. Due to the perturbative nature of the CE, it is not expected that it could outperform
the DMFT. However, unlike the DMFT, the CE method is easily applied in any system, even in real
materials, in a numerically inexpensive way. This is why it is extremely important to examine the
range of validity of this increasingly popular method. As it turns out, the Holstein model is particularly
useful for this purpose.

The transport properties are studied in Part III of this thesis. In Chapter 1, we brie�y review Kubo's
linear response theory [54]. This review is continued in Chapter 2 which focuses more speci�cally
on the calculation of the optical conductivity. Here, we derive a variety of useful results such as the
different relations between the current-current correlation function (both in real and in imaginary time)
and the optical conductivity, the optical sum rule, the expression for the optical conductivity in the
bubble approximation in terms of the spectral functions, the proof that there are no vertex corrections
in the DMFT solution of optical conductivity, etc. The numerical results for the mobility in the bubble
approximation are presented in Chapter 3. We compare the predictions of the CE, DMFT, as well as
the (self-consistent) Migdal approximation. In addition, we analytically prove that the temperature
dependence of mobility, at high temperatures, assumes a power law behavior. In Chapter 4 we prove
the �nite-temperature version of the Ward identity, and then using this result in Chapter 5 show that the
bubble approximation within the MA and SCMA is actually in accordance with the conservation of
charge. Furthermore, we demonstrate that the vertex corrections of mobility are vanishing in the cases
of weak coupling and atomic limits. The vertex corrections in other regimes are studied numerically
in Chapter. 6.
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Chapter 2 - Exploring the Holstein Model: Mathematical Foundations and Basic Results

2
Exploring the Holstein Model: Mathematical Foundations and

Basic Results

In Sec. 1.3, we introduced the Holstein model: we de�ned the corresponding Hamiltonian, explained
why this model continues to attract signi�cant interest, and gave an overview of the most important
results. In this chapter, we give formal mathematical de�nitions of the physical quantities that represent
the backbone of this work1, and also review some basic, already known [38, 55], analytic results which
are essential for understanding the rest of this thesis.

2.1 Mathematical Foundations

The ground state energy, effective mass, spectral function, and correlation function in imaginary time
are among the most important physical properties that characterize many physical systems. All of
these quantities can be easily calculated if the one-particle Green's functionGk (t) is known. Even
the optical conductivity, within the so-called bubble approximation, can be expressed usingGk (t).
Therefore, it is of paramount importance to establish reliable methods of calculating this quantity
within the Holstein model, for arbitrary values of parameters! 0; g andT. A detailed discussion of
these different methods will be postponed until Part II of this thesis. For now, we will give a de�nition
of this quantity, show how it simpli�es when the electron concentration is vanishingly small, which is
the case of our interest, and brie�y review howGk (t) is connected to other physical quantities.

2.1.1 One-Particle Green's Function: De�nition

The retarded one-particle Green's function2 is de�ned as

Gk (t) = � i� (t)
Dn

ck (t) ; cy
k

oE

T
; (2.1)

whereh: : : i T denotes the average value in the grand canonical ensemble at temperatureT, the curly
bracketsf ; g denote the anticommutator, while

ck (t) = eiKt ck e� iKt ; and K = H � ~� N̂ : (2.2)

Here,N̂ is the electron number operator. Although in some methods, such as the cumulant expansion,
Green's function is calculated directly on the real-time axis, it is much more common to work with

1Except for the transport properties - these are introduced in Part III of this thesis.
2For the remainder of this thesis, the abbreviated term "Green's function" refers to the one-particle Green's function,

unless explicitly speci�ed otherwise.
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2.1 - Mathematical Foundations

methods where the calculation is predominantly carried out in the frequency space

Gk (! ) = lim
" ! 0+

Z 1

�1
dt ei (! + i" )t Gk (t) : (2.3)

In fact, perturbation expansion is also usually performed in the Fourier space. The corresponding
Feynman rules can be read off directly from the Hamiltonian in Eq.(1.2), and are summarized in
Fig. 2.1.

Figure 2.1: Feynman rules for the Holstein model. The quantity� ferm is equal to unity if the loop is
fermionic, white being zero otherwise.

Furthermore, the Fourier spaceGk (! ) enables us to easily �nd the spectral function

Ak (! ) = �
1
�

ImGk (! ); (2.4)

which is closely connected to experiments through ARPES measurements. It is important to emphasize
that throughout this whole thesis, we assume that the electron concentration is vanishingly small
ne ! 0. Some important simpli�cations arise in this limit, which we now investigate. In fact, we will
see that this limit formally allows us to work in the canonical ensemble, with only a single electron in
the entire system.

2.1.2 One-Particle Green's Function: Simpli�cations in the Limit of Vanish-
ingly Small Electron Concentration ne ! 0

In the grand canonical ensemble, the limit of vanishingly small concentration can be formally obtained
by setting the chemical potential to be far below the conduction band~� ! �1 . This limit gives
rise to some important simpli�cations. For example, it turns out that the phononic propagator remains
unrenormalized [56]. This is easily understood because the creation and annihilation of electron-hole
pairs are responsible for the renormalization of the phononic propagator, and there are no holes in the
limit ne ! 0. As a consequence, the most general self-energy Feynman diagram consists of a single
fermion line, and an arbitrary number of attached phonon propagators. Another simpli�cation arising
in the limit ne ! 0 is that we can formally rede�ne the Green's function, as if there is only a single
electron in the whole system. We discuss this further in the following text.
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Rede�nition of the Green's Function

Starting from Eq. (2.1), let us expand that expression in the energy basis, i.e., let us use the Lehmann
spectral representation

Gk (t) = � i� (t)hck (t)cy
k i T � i� (t)hcy

k ck (t)i T (2.5a)

=
� i� (t)

Z

X

n

hnje� �K eiKt ck e� iKt cy
k jni �

i� (t)
Z

X

n

hnje� �K cy
k eiKt ck e� iKt jni : (2.5b)

HereZ = Tr
�
e� �K

�
is the partition function, andjni is the energy basisK jni = K n jni . This can be

further simpli�ed as follows

Gk (t) =
� i� (t)

Z

X

n

e� �K n eiK n thnjck 1e� iKt cy
k jni �

i� (t)
Z

X

n

e� �K n e� iK n thnjcy
k 1eiKt ck jni : (2.6)

In the previous expression, we introduced the identity operator1, which we now expand as1 =P
m jmihmj, and obtain

Gk (t) =
� i� (t)

Z

X

n;m

e� �K n ei (K n � K m )thnjck jmihmjcy
k jni

�
i� (t)

Z

X

n;m

e� �K n e� i (K n � K m )thnjcy
k jmihmjck jni : (2.7)

Sincee� �K n = e� � (En � ~� N̂ ) , only the terms wherejni has zero electrons and an arbitrary number of
phonons can give a nonzero contribution toGk (t). The second line of Eq.(2.7) thus has to be zero,
since it containsck jni . We are left with only the �rst line of Eq.(2.7), which corresponds to the �rst
term on the right-hand side of Eq. (2.5a). Hence, we conclude that

Gk (t) =
� i� (t)

Z

X

n;m

e� �K n ei (K n � K m )t jhnjck jmij 2 (2.8a)

=
� i� (t)

Z

X

n

hnje� �K eiKt ck e� iKt cy
k jni (2.8b)

Furthermore, we note that the statesjni with zero electrons and an arbitrary number of phonons are
also the only ones that give a contribution to the partition function

Z =
X

n

hnje� �K jni =
X

n

e� �K n =
X

n

e� �E n e� ~� N̂ : (2.9)

This is seen as a consequence of the factore� ~� N̂ , which suppresses the contribution of states with a
non-zero number of electrons in the~� ! 1 limit. In the following text, this partition function, with
only the phononic contribution, will sometimes be denoted byZ p.

From Eq. (2.8a), we see that the Green's function in Fourier space can be calculated as

Gk (! ) = �
i
Z

X

n;m

jhmjcy
k jnij 2e� �K n

Z 1

0
dteit (! + K n � K m ) : (2.10)

The corresponding spectral functionAk (! ) = � 1
� ImGk (! ) can be obtained using the following

identity Z 1

0
dteitx = �� (x) + i� P

1
x

; (2.11)
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giving

Ak (! ) =
1
Z

X

n;m

e� �K n jhmjcy
k jnij 2� (! + K n � K m ): (2.12)

We note that the statesjmi have to contain exactly one electron, for the matrix element in Eq.(2.12)
to be nonzero. Having in mind that the statesjni have zero electrons, it follows thatK n � K m =
En � Em + ~� . Since~� ! �1 , we can ensure that the spectral weight ofAk (! ) occurs at �nite
frequencies if we rede�ne the spectral function at the end of our calculation, using the following
prescriptionAk (! ) ! Ak (! + ~� ). An equivalent way to obtain the same result is to simply change
K ! H . The rede�ned spectral function now reads as

Ak (! ) =
1
Z

X

n;m

e� �E n jhmjcy
k jnij 2� (! + En � Em ): (2.13)

The corresponding Green's function on a real-time axis can be directly read off from Eq.(2.8b)by
substitutingK ! H . We note that, since the statesjni have zero electrons, we can also substitute
e� �H ! e� �H ph . Hence

Gk (! ) =
� i� (t)

Z p

X

n

hnje� �H ph eiHt ck e� iHt cy
k jni = � i� (t)hck (t)cy

k i T;0; (2.14)

whereck (t) is now given byck (t) = eiHt ck e� iHt , while h: : : i T;0 denotes the thermal average over the
states with no electrons and an arbitrary number of phonons

hxi T;0 =
P

nhnje� H ph =Txjni
P

nhnje� H ph =T jni
: (2.15)

We see that with these new de�nitions of Green's (and spectral) function, it is as if there is only a single
electron in the system. When using these de�nitions, we will say that we are working in a canonical
ensemble. In the remainder of this thesis, depending on the problem, we will often switch back and
forth between the canonical and grand canonical ensemble, but we will always take into account the
prescriptionAk (! ) ! Ak (! � ~� ) that is needed to relate these two.

2.2 Weak Coupling Regime: Migdal Approximation

As we already illustrated in Fig. 1.1, the Holstein model possesses quite a few parameter regimes. In
general, �nding a universal method that gives reliable results in all of these regimes is a challenging
task. This is one of the goals of this thesis. However, the aim of this chapter is to get familiar with
some already known results, originally derived by Migdal [55], which will help us to build an intuition
and a foundation upon which other approaches will be based on.

Here, we explore the weak coupling limit of the Holstein model. In this case, a perturbative
approach is possible. Ifg is very small, it is suf�cient to take into account only the lowest-order
Feynman diagram of the self-energy. This is known as theMigdal approximation(MA) [ 55]. In the
grand canonical ensemble, the corresponding self-energy can be expressed as

� k (i! n ) = (2.16)

= �
g2

�N

X

q;� n

1
i! n � i� n � � k � q

2! 0

(i� n )2 � ! 2
0
; (2.17)
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2.2 - Weak Coupling Regime: Migdal Approximation

where� k = " k � ~� . The sum over Matsubara frequencies can be performed using the well-known
formula:

1
�

X

� n

F (i� n ) =
X

poles of F

Res[� b(z)F (z)] (2.18)

whereb(z) = 1
e�z � 1 is the Bose function. In our case:

F (z) =
1

i! n � z � � k � q

2! 0

z2 � ! 2
0

=
� 1

z � i! n + � k � q

�
1

z � ! 0
�

1
z + ! 0

�
:

Thus, Eq. (2.17) simpli�es to:

� k (i! n ) =
g2

N

X

q

�
� b(! 0)

! 0 � i! n + � k � q
+

b(� ! 0)
� ! 0 � i! n + � k � q

�

�
g2

N

X

q

�
b(i! n � � k � q )

i! n � � k � q � ! 0
�

b(i! n � � k � q )
i! n � � k � q + ! 0

�

The last expression can be further simpli�ed if we use the following properties

b(� ! 0) = � 1 � b(! 0); (2.19a)

b(i! n � � k � q ) = � f (� � k � q ) = � 1 + f (� k � q ); (2.19b)

where we introduced the Fermi functionf (z) = 1
e�z +1 , and take into account that we are working in

the limit of vanishing electron concentration~� ! �1 , in which casef (� k � q ) � 0. Hence

� k (i! n ) =
g2

N

X

q

�
nph + 1

i! n � � k � q � ! 0
+

nph

i! n � � k � q + ! 0

�
; (2.20)

where we introducednph = b(! 0). We note that the right-hand side of the above expression is actually
independent ofk. This is because the summation overq permits us to use a substitutionq ! k � q.
Furthermore, if we perform the Wick rotationi! n ! ! + i0+ , and use a prescription from Sec. 2.1.2
to formally switch to the canonical ensemble (i.e., the formalism when there is only a single electron
in the system), the self-energy acquires the following form

�( ! ) =
g2

N

X

q

�
nph + 1

! � "q � ! 0 + i0+
+

nph

! � "q + ! 0 + i0+

�
: (2.21)

By using the density of states� (" ), we can get rid of the summation over the momenta, and rewrite
the self-energy in the following form3

�( ! ) = g2
Z

d"
�

nph + 1
! � " � ! 0 + i0+

+
nph

! � " + ! 0 + i0+

�
� (" ): (2.22)

In Part. II of this thesis, we will see that the integrals of this type are quite relevant for a variety of
methods. These will be studied in Secs. 1.8.2 and 1.8.3 of Part II. In particular, both of the terms in
Eq.(2.22)are a special case of the much more general integral in Eq.(1.98)of Part II. Since Sec. 1.8.2
in Part II can be read independently of the other sections, we will not repeat the derivation of the
solution and just use the end result. In the case of a 1D system with only the nearest neighbor hopping,
we can use the solution in Eq.(1.108)of Part II, where we should substituteB = ! � ! 0+ i 0+

2t0
and

B = ! + ! 0+ i 0+

2t0
for the �rst and the second term in Eq. (2.22), respectively.

3We set the volume of the unit cell to1.
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Remark 1. Expressions in Eq.(1.106)of Part II can also be used as a solution of the integral we are
examining. However, then we always need to take into account the termi0+ . In contrast, Eq.(1.108)
in Part II permits thei0+ term to be dropped. This is why the latter form of the solution is much more
convenient for numerical implementations.

We note that the solution we obtained for�( ! ) can also be written in a more compact form

�( ! ) = g2(nph + 1) S(! � ! 0) + g2nph S(! + ! 0); (2.23)

whereS(! ) is determined by the following set of relations

S(! ) = ( ! 2 � 4t2
0)� 1=2; for ! > 0; (2.24)

ReS(� ! ) = � ReS(! ); for ! > 0; (2.25)

ImS(� ! ) = Im S(! ); for ! > 0: (2.26)

Remark 2. The self-energy within the Migdal approximation can also be calculated in the 2D case.
However, the analytic solution is not necessarily attainable on a general lattice. The dif�culty lies
in the calculation of the real part of�( ! ). In contrast,Im�( ! ) can always be expressed in terms of
the noninteracting density of states. This is easily seen from Eq.(2.22), since the Plemelj-Sokhotski
theorem

1
x + i0+

= P
1
x

� i�� (x): (2.27)

directly implies that

Im�( ! ) = � �g 2(nph + 1) � (! � ! 0) � �g 2nph � (! + ! 0): (2.28)

2.3 Atomic Limit

The atomic limit corresponds to a regime where the atomic sites are completely decoupled, i.e.,t0 = 0.
As a result, we can concentrate on just a single site, meaning that the relevant Hamiltonian reads as

H = � gcyc(ay + a) + ! 0aya: (2.29)

In this case, is is known that this Hamiltonian can be diagonalized by using a unitary, Lang-Fisrov
transformation [1, 38]

U = e
g

! 0
cyc(a� ay ) � eS; where S �

g
! 0

cyc(a � ay): (2.30)

To explicitly check this, let us �rst investigate how does this unitary transformation affectc anda.
Using the Baker–Campbell–Hausdorff theorem, we see that

eSce� S = c + [ S; c] +
1
2!

[S;[S; c]] +
1
3!

[S;[S;[S; c]]] + : : : (2.31)

Each of these terms is calculated straightforwardly

[S; c] =
�

gcyc(a � ay)
! 0

; c
�

= �
g
! 0

(a � ay)f cy; cgc = �
g
! 0

(a � ay)c

[S;[S; c]] =
�

gcyc
! 0

(a � ay); �
g
! 0

(a � ay)c
�

=
�

�
g(a � ay)

! 0

� 2

c

...

[S;[S; : : :[S; c]]]
| {z }

n times

=
�

�
g(a � ay)

! 0

� n

c: (2.32)
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Hence, we obtain

eSce� S = exp
�

�
g
! 0

(a � ay)
�

c: (2.33)

Fora, the analysis is even simpler

eSae� S = a + [ S; a] +
1
2!

[S;[S; a]] +
1
3!

[S;[S;[S; a]]] + : : :

[S; a] =
gcyc
! 0

[a � ay; a] =
gcyc
! 0

[S;[S; a]] = 0; (2.34)

giving

eSae� S = a +
gcyc
! 0

: (2.35)

Therefore, the Hamiltonian is transformed as

eSHe� S = � geScye� SeSce� S
�
eSaye� S + eSae� S

�
+ ! 0eSaye� SeSae� S

= � gcye
g

! 0
(a� ay )e� g

! 0
(a� ay )c

�
ay +

gcyc
! 0

+ a +
gcyc
! 0

�

+ ! 0

�
ay +

gcyc
! 0

� �
a +

gcyc
! 0

�

= ! 0aya �
g2cyc
! 0

; (2.36)

where we used the fact that(cyc)2 = cyc. As we see, the Hamiltonian has been diagonalized. Its
ground-state energy can be directly read-off, and is given by

Ep = �
g2

! 0
: (2.37)

One can now proceed with the calculation of the Green's function. This is actually not completely
trivial, even though the Hamiltonian has been diagonalized, due to the fact thateSce� S andeSae� S

do not commute with each other. Nevertheless, this calculation is possible to perform completely
analytically using the Feynman disentangling of operators [1], and the result reads as

G(! ) =
1X

n=0

� 2ne� � 2

n!
1

! � n! 0 � Ep + i0+
; for T = 0; (2.38a)

G(! ) =
1X

n= �1

I n

�
2� 2

p
nph(nph + 1)

�

! � n! 0 � Ep + i0+
e� (2nph +1) � 2+ n ! 0

2T ; for T 6= 0: (2.38b)

Here,nph = ( e! 0=T � 1)� 1, while I n are the modi�ed Bessel functions of the �rst kind. AtT = 0, we
see that the spectrum4 consists of the polaron (ground state) delta peak at! = Ep, which is the lowest
energy peak, and a series of delta functions at a distance! 0 from each other. Additionally, at �nite
temperatures, more delta peaks emerge even below the polaron peak.

4The spectrumA(! ) = � 1
� ImG(! ) is most easily obtained using Eq. (2.27).
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2.4 Spectral Sum Rules

Thenth spectral sum rule is de�ned as follows

M n (k) =
Z 1

�1
d!A k (! )! n : (2.39)

In principle, knowing all the sum rules is equivalent to knowing the exact spectral function. Therefore,
an important characteristic of a given method is its ability to correctly reproduce the spectral sum rules.
However, as discussed by Ref. [53], it is much more important for a method to satisfy all the sum rules
with decent accuracy, than to be able to reproduce only the �rst few of them exactly. Nevertheless,
even the �rst few sum rules can give an important insight. In Part II of this thesis, we will use these to
show that the so-called cumulant expansion method is not exact in the high-temperature limit.

Within the Holstein mode, it turns out that the arbitrary sum rule can be calculated analytically. One
of the ways to do this is using the equation of motion technique, which we brie�y review following
along the line of Ref [57]. To apply this technique, we �rst notice that Eq. (2.39) can be rewritten as

M n (k) =
�

i
d
dt

� n Z 1

�1
d!e � i!t Ak (! )

�
�
�
�
�
t ! 0

: (2.40)

Using Eq. (2.13), we obtain

M n (k) =
�

i
d
dt

� n 1
Z

X

n;m

e� �E n hnjck jmihmjcy
k jni e� it (Em � En )

�
�
�
�
�
t ! 0

=
�

i
d
dt

� n 1
Z

X

n;m

e� �E n hnjeiHt ck e� iHt jmihmjcy
k jni

�
�
�
�
�
t ! 0

=
�

i
d
dt

� n

hck (t)cy
k i

�
�
�
�
�
t ! 0

: (2.41)

As a consequence of the Heisenberg equation of motiondck

dt = � i [ck ; H ], the above expression can
be cast into a following form

M n (k) =

*

[: : : [[ck ; H ] ; H ] : : : ; H ]
| {z }

n times

cy
k

+

T

: (2.42)

Within the Holstein model, this can be evaluated for arbitraryn [57]. Although cumbersome, this
calculation is completely straightforward. The end results for0 � n � 8 are listed in Sec. 2.3 of
Part II.
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Single particle properties
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1
Dynamical Mean-Field Theory

1.1 Introduction

The DMFT is a simple non-perturbative technique that has emerged as a method of choice for the
studies of the Mott physics within the Hubbard model [33, 58]. It was developed in the early 1990's
[58] and has since signi�cantly contributed to our understanding of the systems with strong electronic
correlations [33]. This method fully takes into account local quantum �uctuations and it becomes
exact in the limit of in�nite coordination number (i.e., the limit of in�nite dimensionsd ! 1 ), when
the correlations become completely local, meaning that the self-energy�( ! ) becomesk-independent.
It is approximate in the case of �nite-dimensional systems, but its predictions are often reliable in 3D,
where the coordination number is already quite large, such asZ = 6 in the case of a simple cubic
lattice, orZ = 12 in the case of a face-centered cubic lattice.

It turns out that the DMFT can also be applied to the Holstein modeldirectly on the real frequency
axis [56], completely avoiding the use of numerically unstable analytical continuation. It was soon
recognized [59, 60] that the DMFT gives qualitatively correct spectral functions and conductivity for
the 3D Holstein model. Lowering the number of dimensions of the system increases the importance
of non-local correlations. Thus, one might expect that the DMFT solution would not be as accurate
in lower-dimensional systems, particularly in 1D. However, this was never explicitly checked, and
only the DMFT solution for the Bethe lattice was used in comparisons with the numerically exact
results for the ground state properties in one dimension [43, 61]. The quantitative agreement was
rather poor suggesting that the DMFT cannot provide a realistic description of the low-dimensional
Holstein model due to the importance of nonlocal correlations [39, 43, 61]. It turns out that this is
actually a misconception. The FTLM results from Ref. [46] showed that the self-energy has only small
k dependence in the 1D Holstein model, for the regime when the electron-phonon coupling strength is
comparable to the phonon frequency and the hopping parameter. Guided by this indication, we applied
the DMFT in the case of a Holstein model for the �nite-dimensional hypercubic lattice [62]. We
solved the numerical instabilities that emerged, constructed a highly ef�cient numerical scheme, gave
a comprehensive analysis of this method, and thus explicitly demonstrated that the DMFT can in fact
give an accurate description of the single particle properties of the Holstein model in 1D. Having in
mind that 1D is the least favorable case for the DMFT since the non-local correlations are the strongest,
it is expected that reliable predictions of this method will persist inanynumber of dimensions as well.

In the subsequent sections of this chapter, we present a detailed review of the dynamical mean-�eld
theory, following Refs. [58, 63] and references therein.
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Figure 1.1: (a) Our original Holstein lattice problem. Blue and green balls represent lattice sites and
electrons, respectively. Phonons are represented as little waves on blue balls. (b) In thed ! 1 limit
we can focus on just one single site, regarding everything else as an electron reservoir. In this limit the
problem is fully characterized using only the local Green's functionGii and local self-energy� ii . (c)
In thed ! 1 limit the problem can be fully mapped to the impurity problem. The �gure shows one
possible scenario of the impurity's time evolution. Since the impurity problem is characterized by the
impurity Green's functionGimp and impurity self-energy� imp , the mapping is realized by equating
Gii = Gimp and� ii = � imp .

1.2 Getting to Know DMFT: An Intuitive Approach

Before giving a formal derivation of the DMFT equations in the subsequent sections, let us �rst try
to understand the foundational concepts using a less rigorous approach1. Since DMFT is, as noted in
Sec. 1.1, exact whend ! 1 , this limit will be used to motivate the main ideas behind this method.
Let us start with the �nite-dimensional Holstein lattice problem on a hypercubic lattice, shown in
Fig. 1.1(a). Since all lattice sites are equivalent, let us focus on one arbitrary lattice site, which we
call theimpurity. One could now ask themselves, how does the impurity perceive its surroundings?
In 1D, 2D, and 3D cases, it sees a discrete set of sites with a �nite number (2d) of nearest neighbors.
However, if we keep increasing the number of dimensions, the impurity's surroundings starts to acquire

1This is also a convenient place to introduce the terminology that is standardly used.
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a structureless form, which we call the (electron)reservoir. Thus, it is intuitively clear2 that in the limit
d ! 1 , our original Holstein lattice problem is equivalent (i.e., reduces to) an effective single-site
problem, called the (Holstein-Anderson)impurity problem; see Fig. 1.1(b). This is simpler than the
original problem, but much more sophisticated than the regular mean-�eld theory which reduces the
original problem to a single-particle problem. In fact, the dynamics of the impurity problem is quite
rich, and is illustrated in Fig. 1.1(c). We see that the electrons can hop back and forth between the
impurity and the reservoir, and this dynamics can be described by introducing the so-calledWeiss
�eld G0(! ), playing the role of the dynamical (i.e., frequency-dependent) mean-�eld. Furthermore,
the impurity site can also accompany an arbitrary number of phonons, where the phonon frequency
and electron-phonon coupling strength remain the same as in the lattice formulation of the problem,
shown in panel 1.1(a).

The electron-phonon interaction on the impurity site is not taken into account byG0(! ), which can
thus be interpreted as a free propagator. The complete description of the impurity problem, therefore,
requires the introduction of another quantity: the full (or interacting) Green's functionGimp (! ), which
(in the time domain) represents the probability amplitude that the electron will stay at the impurity
site. The interpretation ofG0(! ) andGimp (! ) as the free and interacting Green's function suggests
that we could also de�ne the impurity self-energy using the Dyson equation

� imp (! ) = G� 1
0 (! ) � G� 1

imp (! ): (1.1)

Although this seems unnecessary at this point, this enables us to connect the lattice problem from
panel 1.1(a) to the impurity problem from panels 1.1(b) and 1.1(c). To accomplish this, it is natural to
require that� imp (! ) andGimp (! ) coincide with the corresponding quantitites from the original lattice
problem� ii (! ) andGii (! ) respectively. This allows us to make the notation simpler in the following
text by dropping the subscripts and simply writing

� imp (! ) = � ii (! ) = �( ! ); Gimp (! ) = Gii (! ) = G(! ) (1.2)

While all of this will be mathematically justi�ed in the sections to come, it is important to note that
none of this would be possible if the electron-phonon interaction was not local, meaning that all
creation and annihilation operators of the interaction terms have to correspond to the same lattice
site. Otherwise, there would be some more complicated interaction between the impurity site and the
rest of the lattice, so we could not describe the full dynamics using only the two quantities which are
connected via the Dyson equation: the self-energy� imp (describing the interaction on the impurity
site) and the Weiss �eldG0 (describing the hopping, i.e., hybridization between the impurity and the
rest of the system).

We have now successfully rewritten our original lattice problem as an impurity problem. However,
two questions arise:

1. The Weiss �eldG0(! ) is still unknown. How can we calculate this quantity?

2. OnceG0(! ) is known, how can we solve the impurity problem? Stated differently, how is the
self-energy�( ! ) calculated in the impurity problem ifG0(! ) is given?

2Although we give a rigorous proof of all of these statements in the following sections, this statement becomes much
more apparent if we note that the self-energy becomes local� ij (! ) = � ii (! )� i;j in the limit d ! 1 . This will be proved
in Sec. 1.4 using the skeleton expansion of the self-energy and the fact that it features the Green's functions that scale as
Gj 1 j 2 / 1=

p
Z j 1 j 2 , whereZ j 1 j 2 represents the number of sitesj 2 which are equivalent to sitej 1. This scaling can be seen

as a consequence of the fact thatGj 1 j 2 is interpreted as the probability amplitude for a particle to hop from between sites
j 1 andj 2.
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Starting with the second question, it turns out that the impurity problem can actually be solved com-
pletely analytically in terms of the continued fraction expansion. These can also be expressed as
recursion relations which are much more convenient for numerical implementations. The derivation
will be presented in Sec. 1.9, but for now we just list the results:

�( ! ) = G� 1
0 (! ) � G� 1(! ); (1.3a)

G(! ) =
1X

n=0

(1 � e� ! 0=T )e� n! 0=T

G� 1
0 (! ) � A (0)

n (! ) � B (0)
n (! )

; (1.3b)

A (p)
n (! ) =

(n � p)g2

G� 1
0 (! + ( p + 1) ! 0) � A (p+1)

n (! )
; (1.3c)

B (p)
n (! ) =

(n + p + 1) g2

G� 1
0 (! � (p + 1) ! 0) � B (p+1)

n (! )
; (1.3d)

A (n)
n (! ) = 0 ; B (1 )

n (! ) = 0 : (1.3e)

Eq.(1.3)is known as theimpurity solver: it takesG0(! ) as an input, and provides�( ! ) as an output. To
use it, we �rst need to calculate the quantitiesA (0)

n andB (0)
n , which are determined recursively, starting

from (1.3e)and going back to(1.3d)and(1.3c). Then,G(! ) is calculated using(1.3b), which enables
us to use Dyson Eq.(1.3a)to obtain�( ! ). ForT = 0 the equations simplify and the self-energy can
be written as

�( ! ) = B (0)
0 (! ): (1.4)

Rewriting it as a continued fraction,A (0)
n (! ) represents just a �nite fraction that takes into account

the emission of phonons, whileB (0)
n (! ) is an in�nite continued fraction, which takes into account the

absorption of phonons.
Let us now go back to the �rst question. The Weiss �eldG0(! ), and thus the self-energy�( ! )

can be determined using the self-consistency loop, as shown in Fig. 1.2. We start by using some
initial guess forG0, and calculate�( ! ) using the impurity solver. Then, we calculate the full Green's
functionG(! ) using

G(! ) = Gii (! ) =
1
N

X

k

1
! � �( ! ) � " k

=
Z 1

�1

� (" ) d"
! � �( ! ) � "

; (1.5)

whereN is the number of lattice sites," k is the noninteracting dispersion relation, and� (") is the
noninteracting density of states. Then, the Weiss �eld in the next interactionGnew

0 (! ) can be calculated
via the Dyson equation. Now, we check whether

jGnew
0 (! ) � G0(! )j < " tol ; (1.6)

where" tol is a �xed predetermined value of tolerance which is typically somewhere around" tol � 10� 4

or smaller. If Eq.(1.6) is satis�ed, the DMFT loop terminates and� , G0 andG are found. Otherwise,
Gnew

0 is used in the impurity solver and the procedure is repeated until convergence is reached.
We note that the density of states� (" ) in Eq. (1.5) is the only place where the lattice type comes

into play. Hence, even though the DMFT equations were formally derived in the limitd ! 1 , the
algorithm in Fig. 1.2 can also be used in �nite-dimensional case, with appropriately chosen� ("). Of
course, DMFT should then be regarded as an approximate method.
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Figure 1.2: Visualization of the DMFT algorithm which connectsG0(! ), �( ! ) and G(! ) self-
consistently. The self-energy�( ! ) takes into account all many-body effects on the impurity site,
whereasG0(! ) is the "free" impurity propagator which incorporates the effects of all other sites.G(! )
is the local Green's function.

It should also be mentioned that Eq.(1.5)admits an exact solution in 1D and 2D square lattices with
nearest neighbour hopping (see Sec. 1.8):

G1D(! ) = Re
1

2t0aB(! )
q

1 � 1
B (! )2

+ i Im
� i

2t0a
p

1 � B(! )2
: (1.7)

G2D(! ) =
K

�
2

B (! )

�

B (! )�t 0
; (1.8)

whereK (k) �
R�= 2

0 d�=
p

1 � k2 sin2 � is the complete elliptic integral of the �rst kind, while

B(! ) = ( ! � �( ! ))=2t0: (1.9)

In the rest of this chapter, we present a detailed derivation of the DMFT equations. We start by
discussing the limitd ! 1 .
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1.3 Renormalization of the Physical Quantities in the Limit of
In�nite Number of Dimensions d ! 1

Building upon the heuristic treatment from Secs. 1.1 and 1.2, we now present a more formal analysis
of the limit d ! 1 [58, 63, 64]. To begin with, it is important to note that this limit cannot be
performed completely straightforwardly. Otherwise, as we will see, the kinetic energy might become
in�nitely larger than the potential energy, making this limit trivial. To avoid this, we will show that it
is necessary to renormalize the hopping parameter as followst0 ! t0=

p
2d. This will turn out to have

direct consequences on the scaling of the Green's functions (with respect tod), and most importantly
on the self-energy which ultimately proves to be momentum-independent in thed ! 1 limit.

1.3.1 Renormalization of the Hopping Parameter in the Limitd ! 1

Before starting our analysis it is important to point out that all energy quantities need to be normalized
with respect to the number of lattice sites (or volume) and the concentration of charge carriersne

in order to make them �nite. This is not a property of thed ! 1 limit, and needs to be done in
the �nite-dimensional case as well. The normalization with respect to the concentration of charge
carriers is necessary since we are working in the limit when the chemical potential3 is ~� ! �1 . In
the following text, we will make our phrasing concise by simply using the term (kinetic or potential)
energy, assuming that the given quantity is normalized appropriately.

Let us now determine the scaling of potential and kinetic energy with respect tod. Since the
electron-phonon interaction is local in the Holstein model, we see that the potential energy scales as
O(d0). However, the electron kinetic part is different. The corresponding noninteracting kinetic energy
can be written as

Ekin

Nne
=

R1
�1 d! !e � �! � (! )
R1

�1 d! e � �! � (! )
; (1.10)

where� (! ) is the density of states, which in the case of hypercubic lattice ind dimensions can be
expressed as follows

� (! ) =
1
N

X

k

� (! � " k ) =
1
N

X

k

�

 

! + 2t0

dX

j =1

coskj

!

=
Z 2�

0
� � �

Z 2�

0

ddk
(2� )d

�

 

! + 2t0

dX

j =1

coskj

!

; (1.11)

where we used that the noninteracting dispersion is" k = � 2t0
P d

j =1 coskj . Let us now interpretki as
a random variable with a probability distributionp(ki ) = 1

2� . Then," k can be written as a sum

" k =
dX

j =1

Yj ; (1.12)

whereYj = � 2t0 coskj are also random variables, while Eq. (1.11) can be is the expectation value

� (! ) =

*

�

 

! �
dX

j =1

Yj

!+

; (1.13)

3In the case when the chemical potential is �nite, the normalization with respect tone is unnecessary.
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which can be interpreted as the expectation value of the random variable" k =
P d

j =1 Yj . Hence,
according to the central limit theorem [65], in the limit d ! 1 , the density of states becomes a
Gaussian

� (! ) =
1

�
p

2�
e� ! 2

2� 2 ; (1.14)

where the variance is determined by

� 2 = d


Y 2

�
= 4dt2

0

Z 2�

0

dk
2�

cos2 k = 2dt2
0: (1.15)

Plugging all of this back into Eq.(1.10), we see that the kinetic energy, in the limit of in�nite number
of dimensions, becomes

Ekin

Nne
=

� �� 2e
� 2 � 2

2

e
� 2 � 2

2

= � �� 2: (1.16)

We conclude that, in order to make the kinetic energy scale the same way as the potential energyO(d0),
and in order keep the Gaussian variance �nite, we need to renormalize the hopping parameter

t0 !
t0p
2d

; (1.17)

or equivalently to introduce a parametert � that is �nite by de�nition and equal tot � = 2dt2
0.

1.3.2 Renormalization of the Green's Function in the Limitd ! 1

Let us now inspect what are the consequences of the scalingt0 / 1=
p

d on the Green's functions
Gij (! ). Before we start, we note that in this section we will consider that the chemical potential is
a large, but �nite, negative number (instead of~� ! �1 ). For all our purposes, this is physically
equivalent, but makes the analysis somewhat easier since the energy now only needs to be normalized
with respect to the number of lattice sites, and not with respect to the charge carrier concentration. We
could have also done this in the previous section, in which case we would conclude thatEkin =N is
�nite if we renormalize the hopping parameter such thatt0 / 1=

p
d.

1.3.2.1 Renormalization ofGij (! ) when i and j are Nearest Neighbours

The kinetic energy can be written as

Ekin = � t0

X

i

X

j 2 � i

hcy
i cj i = it 0

X

i

X

j 2 � i

Gij (t ! 0� ); (1.18)

where� i denotes the sites that are nearest neighbours to sitei . Since the system is translationally
invariant, we conclude thatGij = Gj i � j j , implying that the sum overi in Eq.(1.18)actually contains
N identical terms. Thus, we conclude that

Ekin

N
= it 0

X

j 2 � i

Gj i � j j(t ! 0� ): (1.19)

Since the left hand side scales asO(d0), t0 is scaled asO(d� 1
2 ), and the sum

P
j 2 � i

scales asO(d),
we deduce that

Gij /
1

p
d

; (1.20)

in the case wheni andj are nearest neighbours.
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1.3.2.2 Renormalization ofGij (! ) in the Case of Arbitrary i and j

We �rst note that the scaling of Green's function with respect tod should not depend on the strength
of electron-phonon coupling or the temperature. Hence, the scaling ofGij can be determined by
inspecting the free propagator atT = 0, which can be written as a resolvent [63]

Gij (! ) =
D

i
�
�
�

1

! 1 � t̂

�
�
� j

E
; (1.21)

where1 is the identity matrix, and̂t is the hopping matrix4. The scaling of the Green's functionGij

with respect tod is thus solely a consequence of its functional dependence ont0. Therefore, one of the
ways to proceed is to calculate the leading terms, with respect tot0, of the co-factors and determinant
of the matrix! 1 � t̂. The ratio of these two quantities represents the leading term of Eq.(1.21). These
are most easily calculated using

�
�
�
�
�
�
�
�
�
�
�

a11 a12 a13 a14 : : :
a21 a22 a23 a24 : : :
a31 a32 a33 a34 : : :
a41 a42 a43 a44 : : :
...

...
...

...
...

�
�
�
�
�
�
�
�
�
�
�

=
X

�

sign(� )a1� (1) a2� (2) a3� (3) a4� (4) : : : ; (1.22)

where we sum over all possible permutations� . Using this, we get

Gij / d� 1
2 kR i � R j k; (1.23)

wherekR � R 0k denotes the so-called Manhattan distance. It is de�ned by

kR � R 0k =
dX

r =1

jR r � R 0
r j: (1.24)

This result could have been expected since it is in line with our physical intuition: since the hopping
part of the Hamiltonian connects only the nearest neighbors, the particle needskR i � R j k hops in order
to get from sitei to sitej . Due to the fact that the Green's function between nearest neighbors scales
as1=

p
d (see Eq.(1.20)), we could anticipate thatGij / (1=

p
d)kR i � R j k. However, it is important to

note that we cannot setGij ! 0, even in the strict limitd ! 1 . This is because, althoughGij gives
in�nitely small contribution, there are in�nitely many paths that an electron can take. Thus, the overall
contribution can be �nite.

Our next task is to see what kind of implications does the scaling law of Green's function has on
the self-energy.

1.4 Self-energy in the Limit of an In�nite Number of Dimensions

The self-energy can be written as a sum of one-particle irreducible Feynman diagrams, as shown in
the �rst row of Fig. 1.3. Since the Green's functions are scaled as in Eq.(1.23), it is expected that
this will have direct consequences on the self-energy: in fact, it turns out that the self-energy is local
� ij (! ) = � ii (! ) � � i;j . In other words, the self-energy is momentum independent in the Fourier space
� k (! ) = �( ! ). This was originally proved by Metzner and D. Vollhardt. Here, we review the proof
of that statement.

In the �rst row of Fig. 1.3, the self-energy is written as a functional of the free propagator�[ G0].
It is also possible to express it as functional of the interacting propagator�[ G], by replacing the solid

4Hopping matrix looks the same as the Hamiltonian matrix if we setg ! 0 and! 0 ! 0.
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Figure 1.3: Feynman diagrams for the self-energy.

lines (noninteracting propagators) with double solid lines (interacting propagators), and omitting the
diagrams that have the self-energy insertions (for example, see Fig.1.4(a)) in order to avoid double
counting of the diagrams. As a result, we get the so-calledskeleton expansion, which is shown in
the second row of Fig. 1.3. In Fig. 1.4 we show some diagrams that are omitted in the skeleton

Figure 1.4: Examples of diagrams that are not included in the skeleton expansion of the self-energy.
Panel (a) is not included as the fermion line has self-energy insertion. Panels (b) and (c) do not
contribute in the limit of vanishing electron concentration, which is the case we are considering.
Otherwise, these diagrams would be included. The diagram in panel (d) is not contributing in the limit
of vanishing electron concentration, and in addition, it also has a self-energy insertion.

expansion, either due to the self-energy insertions or due to the fact that they do not contribute in
the limit of vanishing electron concentration. We note that the derivation that we present (about the
k-independence of the self-energy) will also work in the case when the electron concentration is �nite,
i.e., in the case when the diagrams in Figs. 1.4(b)– 1.4(c) would be included.

To proceed, we �rst prove that every two vertices of the self-energy skeleton diagrams have to be
connected by at least three distinct paths. We will prove this by contradiction. Suppose that there exist
two verticesi andj (see panel 1.5(a)), in the skeleton expansion of the self-energy, that are connected
by two or less distinct paths. We immediately see that a path between these necessarily has to exist,
in order for the diagram to be connected; see Fig. 1.5(b). In fact, there also needs to be a second path
betweeni andj . Otherwise, the diagram would not be one-particle irreducible. All three possibilities
in which two paths can connecti andj are shown in Figs. 1.5(c1)-1.5(c3). Now, we need to establish
what happens to the rest of the fermion lines that are not connected to anything. From the form of
the bare electron-phonon vertex, we see that each fermion line is connected to either a vertex or to an
ingoing/outgoing line. Thus, two fermion lines from Figs. 1.5(c1)-1.5(c3) have to be connected to an
ingoing/outgoing line (there is only one ingoing and one outgoing line), while other two are somehow
connected. As we supposed that there is no third path that connectsi andj , Figs. 1.5(d1)-1.5(d4)
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Figure 1.5: Visual proof that every two vertices (here denoted byi andj ) have to be connected by
at least three distinct paths (the blue dotted line denotes one distinct path, which does not have to go
directly fromi to j , and may traverse intermediate vertices in between.).

illustrate all forms that a diagram might assume. However, each of these diagrams has a self-energy
insertion see Figs. 1.5(e1)-1.5(e4). Hence, these are not skeleton diagrams, which is a contradiction.
We conclude that the assumption must have been false, which means that there are at least three distinct
paths between each two vertices of the self-energy skeleton diagrams.

Let us now choose arbitrary vertexi , and keep it �xed. Then, for every other internal vertexj ,
we need to take into account at least three distinct paths betweeni andj , and the summation overj .
The sitesj , and thus the summation overj , can be divided into classes, such that each class consists
of mutually equivalent sites. In each of these classes,kR i � R j k is constant. Thus, the contribution
of propagators, going fromi to j is of the order ofO(d� 3

2 kR i � R j k), or less if we pass through some
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additional sites betweeni andj (see Eq.(1.23)). Furthermore, the contribution of the sum over the
class we are considering can be at most of the order ofO(dkR i � R j k). The overall contribution fori 6= j
is thus of the order ofO(d� 1

2 kR i � R j k), or less, while it is of the order ofO(d0) for i = j . From here,
we can deduce that all propagators in the skeleton expansion of the self-energy are local propagators
Gii (! ). As a consequence, we do not have to worry about the conservation of momentum at the vertices.
Furthermore, we can also see that the self-energy is diagonal in coordinate representation� ij (! ) =
� ii (! )� i;j , i.e., momentum independent in Fourier space� k (! ) = �( ! ). This can be further con�rmed
from the de�nition of Fourier transform, using the translational invariance� i;j (! ) = � i � j (! )

� k (! ) =
X

j

ei kR j � j (! ): (1.25)

As before, we can break the sum into the sum over different classes, and a sum within each class. Then,
� j (! ) scales asO(d� 3

2 kR j k), as there are at least three paths between site0andj . Furthermore, the sum
over the elements of one class scales asO(dkR j k). Hence, only the termj = 0 gives a nonvanishing
contribution in the limitd ! 1 , proving that the self-energy is indeed local.

Our next step is to prove that the Holstein lattice model can be mapped onto the impurity problem,
in the limit d ! 1 . Before we do that, let us �rst reduce the number of degrees of freedom by
integrating out the phonons. This way, the rest of the derivation will be completely analogous to the
derivation in the Hubbard model.

1.5 Integrating out the Phononic Degrees of Freedom

The Hamiltonian in Eq.(1.2) de�nes the Holstein model. Equivalently, we can also switch to the
functional formalism, where the partition function can be written as a path integral over the electronic
and phononic degrees of freedom ofe� S, whereS is the action of our theory. As we will see, the
integral over the phononic degrees of freedom can be performed exactly as a consequence of the fact
that the Hamiltonian(1.2) is linear with respect toay anda. As a result, we get an effective action,
where only the electronic degrees of freedom are left. Now the resulting electron-electron interaction
is much more complicated: although still local, it is now time (i.e., frequency) dependent. These
retardation effects are a compensation for the phonons5. Nevertheless, we will see that we can still
perform an exact mapping to the impurity problem in the limitd ! 1 . This is a consequence of the
fact that DMFT can capture temporal correlations exactly, while spatial correlations are neglected.

Let us now be more mathematically formal. Let� be phononic �eld, and Grasmann electron
�eld. Then, the partition function can be written as follows [66, 67]

Z =
Z

D[ � ;  ]
Z

D[ ��; � ] exp
�

� Sel[ � ;  ] � Sph [ ��; � ] � Sel� ph [ ��; �; � ;  ]
	

; (1.26)

where

Sel[ � ;  ] =
Z �

0
d�

"
X

j

� j (� )
�

@
@�

� ~�
�

 j (� ) + Hel( � ;  )

#

; (1.27a)

Sph [ ��; � ] =
Z �

0
d�

"
X

j

�� j (� )
@
@�

� j (� ) + Hph( ��; � )

#

; (1.27b)

Sel� ph [ ��; �; � ;  ] =
Z �

0
d�H el� ph [ ��; �; � ;  ]: (1.27c)

5The analogous situation happens in a more familiar example of electrodynamics.
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Hel( � ;  ), Hph( ��; � ), andHel� ph [ ��; �; � ;  ] are given by6 Eq.(1.2), after we perform the substitution
c !  (� ), cy ! � (� ), a ! � (� ), anday ! �� (� ), which works both in the coordinate and Fourier
space. Let us write these out explicitly:

Hel = � t0

X

hij i

� � i (� ) j (� ) + � j (� ) i (� )
�

=
X

k

" k
� k (� ) k (� ); (1.28a)

Hph = ! 0

X

i

�� i (� )� i (� ) = ! 0

X

k

�� k (� )� k (� ); (1.28b)

Hel� ph = � g
X

i

� i (� ) i (� )
� �� i (� ) + � i (� )

�

= �
g

p
N

X

k ;q

� k + q (� ) k (� )
� �� � q (� ) + � q (� )

�

= �
g

p
N

X

q

n� q (� )
� �� � q (� ) + � q (� )

�
; (1.28c)

wherenq =
P

k
� k  k + q is the Fourier transform ofni = � i  i . Let us now rewrite Eq. (1.26) as

Z =
Z

D[ � ;  ]e� Sel [ � ; ]
Z

D[ ��; � ] exp
�

� Sph [ ��; � ] � Sel� ph [ ��; �; � ;  ]
	

| {z }
Z 1

: (1.29)

If we integrate over�� and� , we can introduceS1 such thatZ 1 = const � e� S1 [ � ; ], and the whole
partition function can be written as

Z = const �
Z

D[ � ;  ]e� Sel [ � ; ]e� S1 [ � ; ] � const �
Z

D[ � ;  ]e� Se� [ � ; ]: (1.30)

Here, we introduced the so-called effective actione� Se� [ � ; ], where the phononic degrees of freedom
have been integrated out. Calculating this quantity is the main task of this section.

To do so, we �rst perform the Fourier transform of the �eld operators from the imaginary time�
to the Matsubara frequency space, in order to get rid of the derivative with respect to� in Eq. (1.27)

� q;n =
1

p
�

Z �

0
d� � q (� )ei� n � ; � q (� ) =

1
p

�

X

n

� q;ne� i� n � ; (1.31a)

 q;n =
1

p
�

Z �

0
d�  q (� )ei! n � ;  q (� ) =

1
p

�

X

n

 q;ne� i! n � ; (1.31b)

where� n = 2n�T and! n = (2 n + 1) �T are the bosonic and fermionic Matsubara frequencies
respectively. Sincen� q consists of two fermionic operators, it is a bosonic operator. Hence:

n� q (� ) =
1

p
�

X

n

n� q;ne� i� n � ; (1.32a)

n� q;n =
1

p
�

Z �

0
d�n � q (� )ei� n � =

1
p

�

Z �

0
d�

X

k

� k + q (� ) k (� )ei� n � : (1.32b)

6We note that Eq.(1.2) is written in the 1D case, while now we need to work in thed dimensional case. This is only

re�ected inHel , which in this case reads asHel = � t0
P

hij i

�
cy

i cj + H :c:
�

= �
P

ij t ij cy
i cj , wheret ij = t0 if i andj

are nearest neighbours, while otherwise beingt ij = 0 .
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Now, plugging Eqs.(1.32), (1.31)into Eq.(1.28), and all of this into Eq.(1.27), we see thatZ 1 from
Eq. (1.30) can be straightforwardly calculated as follows

Z 1 =
Z

D[ ��; � ] exp

(

�
X

q;n

�� q;n (! 0 � i� n )� q;n +
g

p
N

X

q;n

n� q;n
�
� q;� n + �� � q;n

�
)

: (1.33)

The factorg=
p

N multiplies two terms: let us make the substitutionn ! � n in the �rst of those terms
and a substitutionq ! � q in the second of those terms

Z 1 =
Z

D[ ��; � ] exp

(

�
X

q;n

�� q;n (! 0 � i� n )� q;n +
g

p
N

X

q;n

�
n� q;� n � q;n + nq;n

�� q;n
�
)

: (1.34)

This is now a standard Gaussian integral that is calculated as follows
Z

D[�v; v]e� �vAv + �wv+�vw0
=

1
detA

e�wA � 1w0
: (1.35)

ThusZ 1 reduces to

Z 1 =
Y

q;n

1
! 0 � i� n

exp

(
g2

N

X

q;n

n� q;� nnq;n

! 0 � i� n

)

=
Y

q;n

1
! 0 � i� n

exp

(
g2

N

X

q;n

! 0

! 2
0 + � 2

n
n� q;� nnq;n

)

; (1.36)

where the last equality is obtained using the fact that
P

q;n
i� n

! 2
0 + � 2

n
n� q;� nnq;n is vanishing. This is seen

as a consequence of the fact that the expression under the summation is an odd function ofn. Hence,
we �nally obtain an expression forSe� from Eq. (1.30)

Se� [ � ;  ] = Sel[ � ;  ] + S1[ � ;  ] = Sel[ � ;  ] � ln Z 1

= Sel[ � ;  ] �
g2

N

X

q;n

! 0

! 2
0 + � 2

n
n� q;� nnq;n +

X

q;n

ln (! 0 � i� n ) : (1.37)

The �rst and the last term represent the free electron and the free phonon action respectively, while
the middle term represents the effective electron-electron interaction. Since we are interested in the
electron Green's function, the free phonon action is unimportant, and will hence be dropped in the
further analysis.

Let us now concentrate on the effective electron-electron interaction

Sel� el
e� [ � ;  ] = �

g2

N

X

q;n

! 0

! 2
0 + � 2

n
n� q;� nnq;n : (1.38)

If we go back to the� domain, we can explicitly see the retarded nature of effective electron-electron
interaction

Sel� el
e� [ � ;  ] = �

g2

N

X

q

! 0

! 2
0 + � 2

n

1
p

�

Z �

0
d� 1

X

k 1

� k 1 � q (� 1) k 1 (� 1)ei� n � 1

�
1

p
�

Z �

0
d� 2

X

k 2

� k 2+ q (� 2) k 2 (� 2)e� i� n � 2 : (1.39)
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If we now recall that the phonon propagator reads as

Dq (� � � 0) � �
D

T̂�

�
aq (� ) + ay

� q (� )
� �

aq (� 0) + ay
� q (� 0)

�E

=
1
�

X

n

2! 0

(i� n )2 � ! 2
0
e� i� n (� � � 0) � D(� � � 0); (1.40)

then Eq. (1.39) can be straightforwardly transformed to

Sel� el
e� [ � ;  ] =

g2

2N

Z �

0
d� 2

Z �

0
d� 1

X

q;k 1 ;k 2

D(� 2 � � 1) � k 2+ q (� 2) � k 1 � q (� 1) k 1 (� 1) k 2 (� 2): (1.41)

If we now also go back from the momentum to coordinate space, the wholeSe� can be written as7

Se� [ � ;  ] =
Z �

0
d�

(
X

j

� j (� )
�

@
@�

� ~�
�

 j (� ) � t0

X

hij i

� � i (� ) j (� ) + � j (� ) i (� )
�

+
g2

2

Z �

0
d� 0D(� � � 0)

X

j

� j (� ) � j (� 0) j (� 0) j (� )

)

(1.42)

In order to see how this effective action is connected to the impurity problem, we use the so-called
cavity method.

1.6 Cavity Method

1.6.1 Overview

In this section, we start analyzing how is our original lattice problem connected to the impurity
problem, and how the exact mapping can be performed in the limitd ! 1 . To do this, we start from
the effective action in Eq.(1.42) (see Fig. 1.6(a)) and separate the contribution from one arbitrary
site (see Fig. 1.6(c)), its connection to the other sites (see Fig. 1.6(d)), and the rest of the lattice
(see Fig. 1.6(b)). The site we selected plays the role of the impurity site, and everything else will be
integrated over, in the functional formalism. Later, we will show that the resulting action coincides
with the action of the impurity problem in the limitd ! 1 . This approach is known as thecavity
method. Let us now present a more formal, mathematical derivation.

Figure 1.6: Illustration of the cavity method.

7As we discussed, the free phonon part will be dropped.
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1.6.2 Cavity Construction

As we explained above, the effective actionSe� can be rewritten as follows

Se� = S(0) + S0 + � S; (1.43)

where

S(0) =
Z �

0
d�

(
X

i 6=0

� i (� )
�

@
@�

� ~�
�

 i (� ) �
X

i;j 6=0

t ij
� i (� ) j (� )

+
g2

2

Z �

0
d� 0D(� � � 0)

X

i 6=0

� i (� ) � i (� 0) i (� 0) i (� )

)

(1.44a)

S0 =
Z �

0
d�

�
� 0(� )

�
@
@�

� ~�
�

 0(� ) +
g2

2

Z �

0
d� 0D(� � � 0) � 0(� ) � 0(� 0) 0(� 0) 0(� )

�
(1.44b)

� S = �
Z �

0
d�

X

i

�
t i 0

� i (� ) 0(� ) + t0i
� 0(� ) i (� )

�

| {z }
�� � S(� )

=
Z �

0
d� � S(� ): (1.44c)

In order to make the notation somewhat simpler, we introduced� S(� ) and alsot ij , that is nonzero
only wheni andj are nearest neighbors, in which case it is equal tot0. Now, we want to integrate over
all  i and � i for i 6= 0 in Eq. (1.30). It is thus natural to rewrite the partition function as follows

Z =
Z

D[ � 0;  0]e� S0

Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S: (1.45)

While this cannot be calculated analytically in general, it is possible to express it in terms of the
Green's functions. This can be done as follows

Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S =
Z Y

i 6=0

D[ � i ;  i ]e� S(0)
exp

�
�

Z �

0
d� � S(� )

�

=
Z Y

i 6=0

D[ � i ;  i ]e� S(0)

� exp

( Z �

0
d�

X

j

�
t j 0

� j (� ) 0(� ) + t0j
� 0(� ) j (� )

�
)

: (1.46)

Using the fact thatt j 0 = t0j , and introducing� j � t j 0 0, the previous expression becomes
Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S =
Z Y

i 6=0

D[ � i ;  i ]e� S(0)

� exp

( Z �

0
d�

X

j

�
�� j (� ) j (� ) + � j (� )� j (� )

�
)

: (1.47)

We derived that the right-hand side of Eq.(1.47) is actually a generating functional [67, 68] of a
lattice with a cavity, where� j and �� j represent the source terms. It is thus possible to immediately
express

RQ
i 6=0 D[ � i ;  i ]e� S(0) � � S in terms of the Green's functions. However, we will employ a more

pedestrian approach.
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1.6.3 Expressing the Generating Functional in Terms of the Green's Functions

In general, ifS is the action of the theory8, then the Green's functions are de�ned as

(� 1)nG(n)(� 1� 1 : : : � n � n j� 2n � 2n : : : � n+1 � n+1 )

=
1
Z

Z Y

i

D[ � � i ;  � i ]e
� S[ � � i ; � i ] � 1 (� 1) : : :  � n (� n ) � � n +1 (� n+1 ) : : : � � 2n (� 2n )

=
1
Z

Tr
h
e� � (H � ~� N̂ ) T̂� c� 1 (� 1) : : : c� n (� n )cy

� n +1
(� n+1 ) : : : cy

� 2n
(� 2n )

i

=
D

T̂� c� 1 (� 1) : : : c� n (� n )cy
� n +1

(� n+1 ) : : : cy
� 2n

(� 2n )
E

: (1.48)

In the last two lines, we listed the corresponding expressions in the operator formalism. These can be
used to easily switch between the functional and operator formalisms.

Going back to Eq. (1.47), we can expand the second line in the Taylor series

Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S

=
Z Y

i 6=0

D[ � i ;  i ]e� S(0)
1X

n=0

1
n!

"
X

j

Z �

0
d�

�
�� j (� ) j (� ) + � j (� )� j (� )

�
#n

: (1.49)

If we switched back to the operator formalism, there would be averaging over the �eld operators for
i 6= 0, but not fori = 0, due to the factor

RQ
i 6=0 D[ � i ;  i ]e� S(0)

. Hence, terms with oddn in Eq.(1.49)
are necessarily vanishing, as they have odd number of creation/annihilation operators that are averaged
over. Thus

Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S

=
Z Y

i 6=0

D[ � i ;  i ]e� S(0)
1X

n=0

X

j 1 :::j 2n

Z �

0
d�~j 1

� � �
Z �

0
d�~j 2n

1
(2n)!

�
�
�� j 1 (� ~j 1

) j 1 (� ~j 1
) + � j 1 (� ~j 1

)� j 1 (� ~j 1
)
�

: : :
�
�� j 2n (� ~j 2n

) j 2n (� ~j 2n
) + � j 2n (� ~j 2n

)� j 2n (� ~j 2n
)
�

(1.50)

In the last line, when we multiply everything out, there are22n terms (note that(2n)! > 22n for n > 1).
However, only terms with an equal number of creation and annihilation operators are nonzero, and
there are only

� 2n
n

�
= (2 n)!=(n!)2 of these. Furthermore, all of these terms are equal. This can be seen

as a consequence of: i) the fact that both�� and � � are bosonic (i.e., commuting); ii) the fact that we
sum overj 1 : : : j 2n and integrate over� ~j 1

: : : � ~j 2n
, thus we can always perform arbitrary permutation of

indices. Hence, our expression simpli�es as follows
Z Y

r 6=0

D[ � r ;  r ]e� S(0) � � S

=
Z Y

r 6=0

D[ � r ;  r ]e� S(0)
1X

n=0

1
(2n)!

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

�
�

2n
n

�
�� i 1 (� ~i 1

) : : : �� i n (� ~i n
) i 1 (� ~i 1

) : : :  i n (� ~i n
) � j 1 (� ~j 1

) : : : � j n (� ~j n
)� j 1 (� ~j 1

) : : : � j n (� ~j n
): (1.51)

8We are here just stating a general de�nition of Green's function. This is still not restricted to the case of the lattice
with a cavity.
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We will now move the source terms� to the left and rename the indicesj 1 : : : j n ! j n : : : j 1, such that
we obtain

Z Y

r 6=0

D[ � r ;  r ]e� S(0) � � S

=
Z Y

r 6=0

D[ � r ;  r ]e� S(0)
1X

n=0

1
(n!)2

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

� �� i 1 (� ~i 1
) : : : �� i n (� ~i n

)� j n (� ~j n
) : : : � j 1 (� ~j 1

) i 1 (� ~i 1
) : : :  i n (� ~i n

) � j n (� ~j n
) : : : � j 1 (� ~j 1

): (1.52)

Then = 0 term is just the partition function for the lattice with a cavity

Z (0) =
Z Y

i 6=0

D[ � i ;  i ]e� S(0)
: (1.53)

If we separate this term, Eq. (1.52) becomes
Z Y

r 6=0

D[ � r ;  r ]e� S(0) � � S

= Z (0) + Z (0)
1X

n=1

1
(n!)2

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

� �� i 1 (� ~i 1
) : : : �� i n (� ~i n

)� j n (� ~j n
) : : : � j 1 (� ~j 1

)

�
1

Z (0)

Z Y

r 6=0

D[ � r ;  r ]e� S(0)
 i 1 (� ~i 1

) : : :  i n (� ~i n
) � j n (� ~j n

) : : : � j 1 (� ~j 1
): (1.54)

Using Eq.(1.48), we see that the last line of the previous expression represents the cavity Green's
function. Hence

Z Y

r 6=0

D[ � r ;  r ]e� S(0) � � S

= Z (0) � Z (0)
1X

n=1

(� 1)n+1

(n!)2

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

� �� i 1 (� ~i 1
) : : : �� i n (� ~i n

)� j n (� ~j n
) : : : � j 1 (� ~j 1

)G(0)
i 1 :::i n ;j 1 :::j n

(� ~i 1
: : : �~i n

; � ~j 1
: : : � ~j n

); (1.55)

whereG(0) represents the cavity Green's function.

1.6.4 Expressing the Generating Functional in Terms of the Connected Green's
Functions

We managed to express the left-hand side of Eq.(1.55)in terms of the cavity Green's function. As we
already noted, this was expected, as the left-hand side is actually a generating functional. Here, we
will be more precise and de�ne the generating functionalZ (0) [��; � ] with a proper normalization9

Z (0) [��; � ] =
1

Z (0)

Z Y

i 6=0

D[ � i ;  i ]e� S(0) � � S: (1.56)

9The generating functional is normalized such thatZ (0) [0; 0] = 1
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Let us remind ourselves that we started from Eq.(1.45), with the goal to calculate the effective action10

that is obtained when the integrals over all i , except fori = 0, have been carried out. It is thus much
better to expressZ (0) [��; � ] as an exponential of some function. In that sense, the result we obtained in
Eq. (1.55)is not suitable in this particular form. Luckily, the solution to our problem is provided by
the linked cluster theorem [68]: it tells us that the generating functionalZ (0) [��; � ] can also be written
as an exponential of the second term in Eq.(1.55), if we substituteZ (0) ! 1 andG(0) ! G(0;c) , where
G(0;c) is the connected Green's function

Z Y

r 6=0

D[ � r ;  r ]e� S(0) � � S = Z (0) Z (0) [��; � ]

= Z (0) � exp

(
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1X

n=1

(� 1)n+1

(n!)2

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

� �� i 1 (� ~i 1
) : : : �� i n (� ~i n

)� j n (� ~j n
) : : : � j 1 (� ~j 1

)G(0;c)
i 1 :::i n ;j 1 :::j n

(� ~i 1
: : : �~i n

; � ~j 1
: : : � ~j n

)

)

: (1.57)

If we now go back to Eq. (1.45), we �nally obtain

~Se� = S0 +
1X

n=1

(� 1)n+1

(n!)2

X

i 1 :::i n

X

j 1 :::j n

Z �

0
d�~i 1

� � �
Z �

0
d�~i n

Z �

0
d�~j 1

� � �
Z �

0
d�~j n

� �� i 1 (� ~i 1
) : : : �� i n (� ~i n

)� j n (� ~j n
) : : : � j 1 (� ~j 1

)G(0;c)
i 1 :::i n ;j 1 :::j n

(� ~i 1
: : : �~i n

; � ~j 1
: : : � ~j n

): (1.58)

1.6.5 Simpli�cations in the Limit d ! 1

So far, all expressions that we derived are exact. Here, we can introduce the approximation such that
only S0 and then = 1 term is kept in Eq.(1.58), while everything else is neglected. It turns out that
in the limit d ! 1 this is not an approximation, but actually an exact result. The main task of this
section will be to prove this statement.

First of all, we note thati 1 : : : in ; j 1 : : : j n are all nearest neighbors to site0. This can be seen from
the fact that� i = t i 0 0, andt i 0 is nonzero only ifi and0 are nearest neighbors. Let us now use the
scaling laws (with respect tod) of the hopping parameter and the Green's function, to see how then-th
term in Eq. (1.58) behaves is the limitd ! 1 .

Then = 1 term contains X

ij

�� i � j G
(0;c)
ij : (1.59)

Each source term is of the form� i = t i 0 0, wheret i 0 / 1=
p

d, while G(0;c)
ij / d�k R i � R j k=2. As i and

j are both nearest neighbours to site0, and the lattice is hypercubic, we conclude: i) that we need at
least two hops to go fromi to j , which implies thatG(0;c)

ij / 1=d; ii) that
P

ij / d2. Combining all of
this, we deduce that then = 1 term scales as

X

ij

�� i � j G
(0;c)
ij / d2 1

p
d

1
p

d

1
d

/ O (d0); (1.60)

which is �nite in the limit d ! 1 .
A similar analysis can be conducted for then = 2 term

X

i 1 ;i 2 ;j 1 ;j 2

�� i 1 �� i 2 � j 2 � j 1 G(0;c)
i 1 i 2 j 1 j 2

: (1.61)

10We note that we use the term effective action for both the action that is obtained by integrating out the phononic
degrees of freedom and also for the action when we further integrate over i for i 6= 0 . In mathematical expressions these
will be denoted bySe� and ~Se� , respectively. In the text, the context will make it clear to which one we are referring.
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The only nontrivial part is to determine how doesG(0;c)
i 1 i 2 j 1 j 2

scale with respect tod. We will illustrate
this using the lowest-order Feynman diagram, shown in Fig. 1.7. From the diagram, we can read off

Figure 1.7: Lowest order Feynman diagram for connected two-particle Green's functionG(0;c)
i 1 i 2 j 1 j 2

.

G(0;c)
i 1 i 2 j 1 j 2

/
X

r

G(0)
i 1 r G

(0)
i 2 r G

(0)
j 1 r G

(0)
j 2 r : (1.62)

We note thati 1; i2; j 1; j 2 are all nearest neighbors to site 0, as seen from Eq.(1.61)and the fact that
� i / t i 0. If we taker from Eq. (1.62) to also be a nearest neighbor of site0, such that it does not
coincide with any of the indicesi 1; i2; j 1; j 2, then we can conclude that: i)

P
r / d; ii) we need exactly

two hops to go fromr to any one ofi 1; i2; j 1; j 2, meaning thatG(0)
i 1 r / 1=d, G(0)

i 2 r / 1=d, G(0)
j 1 r / 1=d,

G(0)
j 2 r / 1=d. Thus, the two-particle Green's function from Eq.(1.62)scales asG(0;c)

i 1 i 2 j 1 j 2
/ 1=d3. Going

back to Eq.(1.61), we see that in this case, the whole term
P

i 1 ;i 2 ;j 1 ;j 2
�� i 1 �� i 2 � j 1 � j 2 G(0;c)

i 1 i 2 j 1 j 2
scales as

/ d4( 1p
d
)4 1

d3 = 1
d , which vanishes in the limitd ! 1 . The same conclusion would be reached even

if r was not the nearest neighbor of site0. Let us now analyze what happens ifr coincides with one
of the indicesi 1; i2; j 1; j 2. Without the loss of generality, let us assume thatr coincides withi 1. Then,
Eq. (1.62) implies that

G(0;c)
i 1 i 2 j 1 j 2

/
1

p
dkR i 1 � R i 2 k

1
p

dkR i 1 � R j 1 k

1
p

dkR i 1 � R j 2 k
: (1.63)

If i 1; i2; j 1; j 2 are all different, thenkR i 1 � R i 2 k = kR i 1 � R j 1 k = kR i 1 � R j 2 k = 2, implying
thatG(0;c)

i 1 i 2 j 1 j 2
/ 1=d3. This is completely analogous to the case we previously analyzed, so we can

immediately conclude that Eq.(1.61)scales as1=d, which vanishes in the limit of an in�nite number
of dimensions. Ifi 1 = i 2 6= j 1 6= j 2, then the Green's function falls off slowerG(0;c)

i 1 i 2 j 1 j 2
/ 1=d2, but

the sum in Eq.(1.61)now contributes only asd3. Hence, the scaling of Eq.(1.61)remains the same
/ 1=d. The same results are obtained even fori 1 = i 2 = j 1 6= j 2, or i 1 = i 2 = j 1 = j 2. In these cases,
the Green's function is falling off even slower (as thed is increased), but this is compensated by the
fact that we are summing over fewer indices, so the contribution of the sum is smaller. We conclude
that then = 2 term completely vanishes in the limitd ! 1 .

Analogous reasoning can be used to show that alln > 1 terms in Eq.(1.58)vanish in the limit of
an in�nite number of dimensions, giving

~Se� = S0 +
X

ij

Z �

0
d�~i

Z �

0
d�~j �� i (� ~i )� j (� ~j )G

(0;c)
ij (� ~i ; � ~j )

=
Z �

0
d�

�
� 0(� )

�
@
@�

� ~�
�

 0(� ) +
g2

2

Z �

0
d� 0D(� � � 0) � 0(� ) � 0(� 0) 0(� 0) 0(� )

�

+
X

ij

Z �

0
d�

Z �

0
d� 0t i 0

� 0(� )G(0;c)
ij (� � � 0) 0(� 0)t0j : (1.64)
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Let us now transform the �rst term, to be of the same form as the third term
Z �

0
d� � 0(� )

�
@
@�

� ~�
�

 0(� ) =
Z �

0
d� � 0(� )

�
@
@�

� ~�
� Z �

0
d� 0� (� � � 0) 0(� 0)

=
Z �

0
d�

Z �

0
d� 0� 0(� )

��
@
@�

� ~�
�

� (� � � 0)
�

 0(� 0): (1.65)

Hence, the effective action can be written as

~Se� =
Z �

0
d�

Z �

0
d� 0� 0(� )

" �
@
@�

� ~�
�

� (� � � 0) +
X

ij

t i 0t0j G
(0)
ij (� � � 0)

#

 0(� 0)

+
g2

2

Z �

0
d�

Z �

0
d� 0D(� � � 0) � 0(� ) � 0(� 0) 0(� 0) 0(� ); (1.66)

where we substitutedG(0;c)
ij ! G(0)

ij , since the one-particle Green's function is necessarily connected.
In the following, we will see that this action has exactly the same form as the action for the Holstein-
Anderson impurity problem. Thus, our next task is to precisely de�ne what is the Holstein-Anderson
impurity problem and to prove that its effective action coincides with Eq.(1.66). This will prove that
the mapping of the lattice model to the impurity problem is exact in the limitd ! 1 .

1.7 Holstein-Anderson Impurity Problem

In this section, we will review the model in which a site, called theimpurity site, is submerged into
the so-calledelectron bath. The electrons in the bath are mutually noninteracting, but there exists
a hybridization between them and the impurity site. Furthermore, the impurity site can contain an
electron and phonons, while the interaction between them is of the Holstein type. Such a model is
called theHolstein-Anderson impurity problem[56]. The main goal of this section is to convince
ourselves that the action of the Holstein-Anderson impurity problem has exactly the same form as
Eq.(1.66), meaning that there exists an exact mapping between the lattice problem in the limitd ! 1 ,
and the impurity problem. In the following sections, we will see that the impurity problem admits an
exact analytic solution in terms of the continued fraction expansion [56]. This implies that thed ! 1
lattice problem can also be solved exactly.

The Hamiltonian of the Holstein-Anderson impurity problem is given by

H =
X

k

Ek cy
k ck

| {z }
H res

+
X

k

�
Vk cy

k d + �Vk dyck

�

| {z }
H hybrid

+ ! 0aya| {z }
H ph

� gdyd(a + ay)
| {z }

H int

: (1.67)

Here, we explicitly see the contribution of the electrons in the bathH res, hybridization between the
impurity site and the bathHhybrid , the free phononsHph , and the interaction between the phonons and
the electrons on the impurity siteH int . Let us proceed in the functional formalism

Z =
Z

D[ ��; � ]
Z

D[ � k ;  k ]
Z

D[ ��; � ]e� S[ � k ; k ; ��;�; ��;� ]; (1.68)

whereS is the action, which can be written as

S[ � k ;  k ; ��; �; ��; � ] = Simp [ ��; � ] + Sres[ � k ;  k ] + Shybrid [ � k ;  k ; ��; � ]

+ Sph [ ��; � ] + Sint [ ��; �; ��; � ]; (1.69)
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where

Simp [ ��; � ] =
Z �

0
d� �� (� )

@
@�

� (� ); (1.70a)

Sres[ � k ;  k ] =
Z �

0
d�

X

k

� k (� )
�

@
@�

+ Ek

�
 k (� ); (1.70b)

Shybrid [ � k ;  k ; ��; � ] =
Z �

0
d�

X

k

�
Vk

� k (� )� (� ) + �Vk �� (� ) k
�

; (1.70c)

Sph [ ��; � ] =
Z �

0
d� �� (� )

�
@
@�

+ ! 0

�
� (� ); (1.70d)

Sint [ ��; �; ��; � ] = � g
Z �

0
d� � (� )

�
� (� ) + �� (� )

�
: (1.70e)

Here,� (� ) = �� (� )� (� ), while  ; �; � represent the �elds of the free electrons in the bath, phonons,
and electrons on the impurity site, respectively.

Let us �rst integrate Eq.(1.68)over the phononic degrees of freedom� . These are present only
in termsSph andSint . As in Sec. 1.5, we will rewrite these in the Matsubara frequency space (see
Eqs. (1.31) and (1.32))

Sph [ ��; � ] =
X

n

�� n (! 0 � i� n )� n ; (1.71)

Sint [ ��; �; ��; � ] = � g
X

n

� n
�
� � n + �� n

�
: (1.72)

Hence

Z =
Z

D[ ��; � ]
Z

D[ � k ;  k ]e� Sres [ � k ; k ]� Shybrid [ � k ; k ; ��;� ]� Simp [ ��;� ]

�
Z

D[ ��; � ] exp

(

�
X

n

�� n (! 0 � i� n )� n + g
X

n

� � n � n + g
X

n

� n
�� n

)

: (1.73)

The integral in the bottom line is completely analogous to the one in Eq. (1.34). Thus, we can simply
read off the solution from Eq. (1.36)

Z =
Z

D[ ��; � ]
Z

D[ � k ;  k ]e� Sres [ � k ; k ]� Shybrid [ � k ; k ; ��;� ]� Simp [ ��;� ]

�
1

Q
n (! 0 � i� n )

exp

(

g2
X

n

! 0

! 2
0 + � 2

n
� n � � n

)

: (1.74)

Next, we want to integrate over . As before, we �rst expressSres andShybrid in Matsubara frequency
space

Sres[ � k ;  k ] =
X

k ;n

� k ;n (Ek � i! n ) k ;n ; (1.75)

Shybrid [ � k ;  k ; ��; � ] =
X

k ;n

�
Vk

� k ;n � n + �Vk �� n  k ;n
�

: (1.76)
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Plugging this back into Eq. (1.74)

Z =
1

Q
n (! 0 � i� n )

Z
D[ ��; � ] exp

(

g2
X

n

! 0

! 2
0 + � 2

n
� n � � n

)

e� Simp [ ��;� ]

�
Z

D[ � k ;  k ] exp

(

�
X

k ;n

� k ;n (Ek � i! n ) k ;n �
X

k ;n

�
Vk

� k ;n � n + �Vk �� n  k ;n
�
)

; (1.77)

where the bottom line is again the Gaussian integral. However, this time we need to take into account
that is a Grasmann variable, so

Z
D[ � ;  ]e� � A +�� + � � = det A � e��A � 1 � : (1.78)

Hence, we obtain

Z =

Q
k ;m (Ek � i! m )
Q

n (! 0 � i� n )

Z
D[ ��; � ] exp

(

� Simp [ ��; � ] + g2
X

n

! 0

! 2
0 + � 2

n
� n � � n

+
X

k ;n

jVk j2 �� n
1

Ek � i! n
� n

)

: (1.79)

If we also expressSimp [ ��; � ] in Matsubara frequency space

Simp [ ��; � ] =
X

n

�� n (� i! n )� n ; (1.80)

then we can simply read off the effective impurity action

Se� = �
X

n

�� n

"

i! n �
X

k

jVk j2

i! n � Ek

#

� n

| {z }
��

P
n �� n G� 1

0 (i! n )� n

� g2
X

n

! 0

! 2
0 + � 2

n
� n � � n ; (1.81)

where we got rid of the terms in Eq.(1.79)that correspond to free phonons and free electrons from the
reservoir, which is justi�ed as we are interested only in the Green's function of the electrons on the
impurity site. As indicated by the underbrace, the �rst term in Eq.(1.81)determines the free Green's
functionG0, which on the real-frequency axis reads as

G� 1
0 (! ) = ! �

X

k

jVk j2

! � Ek
: (1.82)

Let us now prove that Eq.(1.81) is of the same form as Eq.(1.66). To do so, we will rewrite
Eq.(1.81)in terms of the �elds� in the� domain. The �rst term in Eq.(1.81)can thus be expressed
as follows

�
X

n

�� nG� 1
0 (i! n )� n = �

Z �

0
d�

Z �

0
d� 0�� (� )G� 1

0 (� � � 0)� (� 0): (1.83)

Remark 3. The last expression de�nesG� 1
0 (� � � 0) as an inverse Fourier transform ofG� 1

0 (i! n ).
Although it would be clearer if these quantities were denoted differently, this is standardly done in the
literature.
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The second term in Eq.(1.81)has the same form as the right-hand side of Eq.(1.38). Therefore, using
the result in Eq. (1.41), we deduce that

� g2
X

n

! 0

! 2
0 + � 2

n
� n � � n =

g2

2

Z �

0
d�

Z �

0
d� 0�� (� ) �� (� 0)� (� 0)� (� )D(� � � 0); (1.84)

whereD(� � � 0) is given by Eq. (1.40). Putting all of this together

Se� = �
Z �

0
d�

Z �

0
d� 0�� (� )G� 1

0 (� � � 0)� (� 0)

+
g2

2

Z �

0
d�

Z �

0
d� 0�� (� ) �� (� 0)� (� 0)� (� )D(� � � 0): (1.85)

Comparing Eqs. (1.81) and (1.66), we see that they have exactly the same form if we impose that

G� 1
0 (� � � 0) = �

�
@
@�

� ~�
�

� (� � � 0) �
X

ij

t i 0t0j G
(0)
ij (� � � 0): (1.86)

1.8 Self-consistency Condition

1.8.1 Derivation of the Self-consistency Condition

While Eq.(1.86)connects the quantitiesG0 andG(0)
ij , neither of these quantities are initially known.

As we will see, this requires the introduction of the self-consistently relation, which will be derived in
this section.

We start from Eq. (1.86) in Fourier space11:

G� 1
0 (i! n ) = ~� + i! n �

X

ij

t i 0t0j G
(0)
ij (i! n ): (1.87)

While on the left-hand side we haveG� 1
0 , which is a characteristic of the impurity problem, on the

right-hand side there isG(0)
ij , which represents the Green's function of the lattice with a cavity. We

want to relate that quantity to the quantity we started from: the Green's function of a lattice without
cavity [58]

G(0)
ij (i! n ) = Gij (i! n ) �

Gi 0(i! n )G0j (i! n )
G00(i! n )

: (1.88)

This formula can be actually traced back to Hubbard [69]. Formally, it can be proved using the
expansion around the atomic limit [58, 70], but it is also quite easy to understand it intuitively: the
Green's functionGij is interpreted as probability amplitude for the particle to propagate fromj to i .
This is also true forG(0)

ij , but the electron in this case cannot propagate through site0, because this

site was removed. Hence,G(0)
ij can be obtained fromGij by subtracting the paths that go through

0. Furthermore, in the limit we are consideringd ! 1 , it turns out that we only need to take into
account the paths that go once through0, and these are given byGi 0(i! n )G0j (i! n ). This last expression,
however, has some double counting which is most easily explained using the example in the� domain
as follows: if the electron was to propagate fromj at � = 0 to i at � = ~� , then one possible path
is to �rst hop to site0 at � = ~�=3, "wait" on the site0 until � = 2~�=3, and then hop to sitei .
As we explained, this contribution needs to be subtracted fromG(0)

ij . However, in the expression
Gi 0G0j , the termGi 0 takes into account paths in which the electron waits on the site0 in the interval

11See Remark 3.
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� 2 (~�=3; ~�=3 + � t), while G0j takes into account paths in which waiting on the site0 happens in the
interval� 2 (~�=3 + � t; 2~�=3). But this is an overcounting, as all of these paths for different� t, such
that0 � � t � ~�=3, physically represent the same path in which the electron waits at the site0 in the
interval � 2 (~�=3; 2~�=3). This overcounting can be easily taken into account in frequency space by
using the normalizationG� 1

00 (i! n ), as we did in Eq. (1.88).
Plugging Eq. (1.88) in Eq. (1.87), we get

G� 1
0 (i! n ) = ~� + i! n �

X

ij

t i 0t0j Gij (i! n ) + G� 1
00 (i! n )

 
X

i

t i 0Gi 0(i! n )

!  
X

j

t0j G0j (i! n )

!

= ~� + i! n �
X

ij

t i 0t0j Gij (i! n ) + G� 1
00 (i! n )

 
X

j

t j 0Gj 0(i! n )

! 2

: (1.89)

This can be further simpli�ed if we use the Fourier representation of the Green's function as
X

j

t j 0Gj 0(i! n ) =
X

j

t j 0
1
N

X

k

e� i kR j Gk (i! n ) =
X

k

Gk (i! n )
1
N

X

j

t j 0e� i kR j

| {z }
" k

=
1
N

X

k

" k Gk (i! n ); (1.90)

and
X

ij

t i 0t0j Gij (i! n ) =
X

j 1 j 2

t j 10t0j 2

1
N

X

k

e� i k (R j 1 � R j 2 )Gk (i! n )

=
1
N

X

k

Gk (i! n )

 
X

j 1

t j 10e� i kR j 1

! 2

| {z }
" k

2

=
1
N

X

k

"2
k Gk (i! n ); (1.91)

where" k is the noninteracting dispersion relation. Furthermore, since we proved that the self-energy
is local, the Green's function is given by

Gk (i! n ) =
1

i! n � " k � �( i! n ) + ~�
=

1
� � " k

; (1.92)

where we introduced thek independent parameter� � i! n + ~� � �( i! n ). Now, Eqs.(1.91)and(1.90)
can be rewritten in terms of the local Green's functionGii =

P
k Gk (i! n )=N as

1
N

X

k

" k Gk (i! n ) =
1
N

X

k

" k � � + �
� � " k

=
1
N

X

k

[� 1 + �G k (i! n )]

= � 1 + �
1
N

X

k

Gk (i! n ) = � 1 + �G ii (i! n ) (1.93)

and

1
N

X

k

"2
k Gk (i! n ) =

1
N

X

k

"2
k

1
� � " k

=
1
N

X

k

" k (" k � � ) + " k �
� � " k

=
�
N

X

k

" k

� � " k
=

�
N

X

k

" k Gk (i! n ) = � � + � 2Gii (! n ); (1.94)
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where we used the fact that the noninteracting dispersion relation is symmetric, i.e.
P

k " k = 0. Let us
now use all of these results in Eq. (1.89), to obtain

G� 1
0 (i! n ) = ~� + i! n �

�
� � + � 2Gii (! n )

�
+ G� 1

00 (! n ) [� 1 + �G ii (i! n )]2 : (1.95)

As a consequence of the translational symmetryGii = G00, so the previous expression simpli�es and
becomes

G� 1
0 (i! n ) = �( i! n ) + G� 1

ii (i! n ): (1.96)

This is the self-consistency relation we were looking for. It is actually just a Dyson equation. Since
we are formulating our DMFT loop completely on the real-frequency axis, this result can be simply
analytically continued by substitutingi! n ! ! .

As we know, the local Green's functionGii (! ) reads as

Gii (! ) =
1
N

X

k

Gk (! ) =
1
N

X

k

1
! � " k � �( ! ) + ~�

: (1.97)

However, as we explained in Sec. 2.1.2 of Part I, in the limit (which we are considering) of vanishing
electron density, we need to set the chemical potential far below the conduction band~� ! �1 , and at
the end of the calculation rede�ne�( ! ) ! �( ! + ~� ), G(! ) ! G(! + ~� ). If we apply this prescription
to Eq.(1.97), and use the substitution! ! ! � ~� , we would obtain the result that looks the same as if
the chemical potential~� was simply erased

Gii (! ) =
1
N

X

k

1
! � " k � �( ! )

=
Z

d"
� (" )

! � �( ! ) � "
: (1.98)

In the last equality, we rewrote the result using the noninteracting density of states� (" ). Although this
result is exact in the limitd ! 1 , it actually enables us to easily apply DMFT as an approximate
method in the �nite-dimensional case as well. We just need to use the appropriate noninteracting
density of states� (" ).

Remark 4. The DMFT formalism is applicable both to the case of a �nite and in�nite number of
lattice sitesN . The �rst equality in Eq.(1.98)is much better suited for the case of a �niteN , whereas
the second equality is better for the thermodynamic limit (N ! 1 ).

In the following, we will see that the integral in Eq.(1.98)can be solved exactly in the case of a 1D
system and the 2D square lattice in thermodynamic limit.

1.8.2 Local Green's Function in the 1D Case

The straightforward numerical implementation of Eq.(1.98)may encounter issues, arising from the
fact that we are working on a real frequency axis and the denominator can be very close to zero for
certain" . In Sec. 1.8.4 we will derive a numerical scheme that solves this problem. However, in 1D
this problem can be solved even more directly, by explicitly solving the integral in Eq. (1.98).

To do so, we �rst need an expression for the 1D density of states� (" ). It is given by

� (� ) =
� (4t2

0 � � 2)

�
p

4t2
0 � � 2

; (1.99)

where� is the Heaviside step function. Plugging this into Eq.(1.98)and using the substitution� =
2t0 sinx, we obtain

G(! ) =
1

4t0�

Z �

� �

dx
B(! ) � sinx

; (1.100)
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where we introduced an auxiliary quantity

B(! ) =
! � �( ! )

2t0
: (1.101)

Additional substitutionz = eix leads us to

G(! ) =
1

4t0�

I

jzj=1

dz
iz

1
B(! ) � 1

2i (z � 1
z )

=
1

2t0�

I

jzj=1

dz
� z2 + 2izB (! ) + 1

: (1.102)

As we see, we obtained a counterclockwise complex integral over the unit circlejzj = 1. This integral
can be solved using the method of residues. To do so, we express the polynomial in the denominator
of Eq. (1.102) in its factorized form

� z2 + 2izB (! ) + 1 = � (z � z+ )(z � z� ); (1.103)

wherez� are given by
z� = iB (! ) �

p
1 � B(! )2: (1.104)

Then,G(! ) becomes

G(! ) = �
1

2t0�

I

jzj=1

dz
(z � z+ )(z � z� )

: (1.105)

Lastly, to apply the method of residues, we need to determine which poles of the subintegral function
are inside the contour we are integrating over, i.e., we need to �nd out whetherz� are inside the
complex unit circlejzj = 1 or not. It turns our thatjz+ j < 1, while jz� j > 1, meaning that only the
pole atz+ gives a non-vanishing contribution to the Eq.(1.105). This can be proved as a consequence
of the causalityIm�( ! ) < 0, since it implies thatImB(! ) > 0. Hence, the result is given by

G(! ) =
� i
t0

1
z+ � z�

=
� i

2t0

p
1 � B(! )2

| {z }
� GI (B )

=
1

2t0B(! )
q

1 � 1
B (! )2

| {z }
GII (B )

: (1.106)

In Eq.(1.106), we wrote the solution in two ways:GI andGII . They are completely equivalent in our
case whenImB(! ) > 0, but can otherwise give different results. SinceB(! ) can be arbitrarily close
to the real axis, it is important to ensure additional numerical stability by requiring that the expression
for G(! ) satis�es that theImB(! ) = 0 solution coincides with the solution in the limitImB(! ) ! 0.
Neither expression in Eq. (1.106), fully satis�es this property. However, it turns out that

Re lim
Im B ! 0

G(B) = ReGII (ReB) 6= ReGI (ReB) (1.107a)

Im lim
Im B ! 0

G(B) = Im GI (ReB) 6= Im GII (ReB) (1.107b)

This is illustrated in Fig. 1.8. Hence, the desired property can be obtained by combining the imaginary
and the real parts of different solutionsGI andGII , as follows

G(! ) = Re
1

2t0B(! )
q

1 � 1
B (! )2

+ i Im
� i

2t0

p
1 � B(! )2

: (1.108)
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Figure 1.8: Two different solutions for the local Green's function in 1D. (a) Illustration that
Re lim" ! 0 G(B + i" ) = ReGII (B ) 6= ReGI (B ). (b) Illustration thatIm lim " ! 0 G(B + i" ) =
ImGI (B ) 6= Im GII (B ). In both panelsB 2 R.

1.8.3 Local Green's Function in the Case of 2D Square Lattice

Before presenting a numerical scheme for numerical implementation of Eq.(1.98), let us show that
this integral can also be solved in the case of 2D square lattice as well.

First, let us rewrite Eq. (1.98) using the Fourier representation of the density of states12

G(! ) =
Z 1

�1
d"

1
! � �( ! ) � "

�
Z 1

�1
dxeix" �̂ (x): (1.109)

If we now interchange the order of integrals, and use the auxiliary parameterB(! ) that we de�ned in
Eq. (1.101), the previous expression becomes

G(! ) = �
Z 1

�1
dx�̂ (x)

Z 1

�1
d"

eix"

" � 2t0B(! )
: (1.110)

The integral over" can be solved using the residue theorem. It is thus important to notice that the
subintegral function has only a single pole at"pole = 2t0B(! ), that is situated at the upper half-plane,
i.e. ImB(! ) > 0 (sinceIm�( ! ) < 0). Hence

G(! ) = � 2�i
Z 1

�1
dx�̂ (x)e2ixt 0B (! ) � (x): (1.111)

Up to now, everything was general. The only place where we actually specify the lattice we are
working with is through a mathematical form of�̂ (x), which we now calculate

�̂ (x) =
1

2�

Z 1

�1
d"e� ix" � (" )

=
1

2�

Z 1

�1
d"e� ix" �

1
N

X

k

� (" � " k )

=
1

2�

Z 1

�1
d"e� ix" �

1
(2� )2

Z 2�

0
dkx

Z 2�

0
dky � (" + 2t0 coskx + 2t0 cosky)

=
1

(2� )3

Z 2�

0
dkx

Z 2�

0
dkye� ix (� 2t0 coskx � 2t0 cosky ) =

1
2�

�
1

2�

Z 2�

0
dke2it 0x cosk

� 2

: (1.112)

12The Fourier transform of� (" ) will be denoted bŷ� (x)
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Hence, recognizing the integral representation of the Bessel functionJ0 of the �rst kind of order zero,
we get

�̂ (x) =
J0(2t0x)2

2�
: (1.113)

Plugging this back into Eq. (1.111), we �nally obtain

G(! ) =
K

�
2

B (! )

�

B (! )�t 0
; (1.114)

whereK (k) �
R�= 2

0 d�=
p

1 � k2 sin2 � is the complete elliptic integral of the �rst kind.

1.8.4 Numerical Scheme for Calculating the Local Green's Function in General
case

Here we �nally present a numerical procedure for the calculation of the local Green's function (1.98)
for arbitrary density of states� (� ), that completely eliminates the potential numerical singularity that
can arise at� = ! � �( ! ).

Let us suppose that the self-energy and the density of states are known only on a �nite, equidistant
grid ! 0; ! 1:::! N � 1, where� ! = ! i +1 � ! i . Further, suppose that the density of states is vanishing
outside some closed interval[D1; D2] and that the grid is wide enough so that there are at least a couple
of points outside that closed interval:� (! 0) = ::: = � (! 3) = 0 and� (! N � 1) = ::: = � (! N � 4) = 0 .
These are quite general assumptions that are always satis�ed in the systems we are examining. The
local Green's function can now be rewritten as

G(! ) =
N � 2X

i =0

Z ! i +1

! i

d�
� (� )

! � �( ! ) � �
: (1.115)

At each sub-interval[! i ; ! i +1 ] the density of states is only known at the endpoints, so it is natural to
approximate it using a linear function

� (� ) = ai + bi (� � ! i ); (1.116)

where13 ai = � (! i ), bi = ( � (! i +1 ) � � (! i ))=� ! . Plugging this into Eq.(1.115), and introducing a
shorthand notation� = ! � �( ! ), we analytically evaluate that

G(! ) =
N � 2X

i =0

bi (! i � ! i +1 )

+
N � 2X

i =0

ai [ln(� � ! i ) � ln(� � ! i +1 )]

+
N � 2X

i =0

bi (� � ! i ) [ln( � � ! i ) � ln(� � ! i +1 )] : (1.117)

The �rst line is just a telescoping series that is vanishing

N � 2X

i =0

bi (! i � ! i +1 ) = � (! 0) � � (! N � 1) = 0 : (1.118)

13Since we used a grid where the �rst and the last few points are outside of the interval where� is nonzero, then
a0 = aN � 2 = b0 = ::: = b3 = bN � 3 = ::: = bN � 1 = 0 .
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The second line in Eq.(1.117)can be transformed by separating the two terms, shifting the indices
i + 1 ! i in the �rst term, and using the fact thata0 = aN � 2 = 0

N � 2X

i =0

ai [ln(� � ! i ) � ln(� � ! i +1 )] =
N � 2X

i =1

ai ln(� � ! i ) �
N � 3X

i =0

ai ln(� � ! i +1 )

=
N � 3X

i =0

ai +1 ln(� � ! i +1 ) �
N � 3X

i =0

ai ln(� � ! i +1 )

=
N � 3X

i =0

[ai +1 � ai ] ln(� � ! i +1 )

=
N � 3X

i =0

(! i +1 � ! i )bi ln(� � ! i +1 )

(1.119)

In the last line, we used the identityai � ai � 1 = ( ! i � ! i � 1)bi � 1. Plugging this back into Eq.(1.117)
and using the fact thatbN � 2 = 0, we get:

G(! ) =
N � 3X

i =0

(! i +1 � ! i )bi ln(� � ! i +1 )

+
N � 2X

i =0

bi (� � ! i ) ln( � � ! i ) �
N � 3X

i =0

bi (� � ! i ) ln( � � ! i +1 )

=
N � 3X

i =0

bi (! i +1 � � ) ln( � � ! i +1 ) +
N � 2X

i =0

bi (� � ! i ) ln( � � ! i ) (1.120)

By shifting the index in the �rst term, and using thatb0 = 0, we get:

G(! ) =
N � 2X

i =1

(bi � bi � 1)( � � ! i ) ln( � � ! i ): (1.121)

Since we are using the equidistant grid, it follows that

bi � bi � 1 =
� (! i +1 ) � 2� (! i ) + � (! i � 1)

� !
: (1.122)

Finally, we obtain

G(! ) =
N � 2X

i =1

� (! i +1 ) � 2� (! i ) + � (! i � 1)
� !

(! � ! i � �( ! )) ln ( ! � ! i � �( ! )) (1.123)

This expression now has no numerical instabilities. This is most easily seen from the fact that it has
the formx ln x which is well de�ned even in the limitx ! 0, where it vanishes. Of course, the results
were obtained by using the linear interpolation of the density of states. This is completely justi�ed
if � (� ) is smooth or has �nitely many cusps. However, the presence of van Hove singularities in� (� )
may require some special analytical treatment around them.
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1.9 Impurity Solver

Holstein-Anderson impurity problem was introduced in Sec. 1.7. Its Hamiltonian is de�ned by
Eq. (1.67). We showed that the corresponding effective action of this problem can be written as
in Eq.(1.85), where the noninteracting Green's functionG0 was de�ned in Eq.(1.82). Now, our task
is to �nd the impurity Green's function (i.e., the corresponding self-energy) for a givenG0. We will
use the same notation, as in Sec. 1.7, along with some new quantities that we now introduce

K = H � ~� ~N (1.124a)
~N = dyd (1.124b)

H0 = H � H int (1.124c)

K 0 = K � H int : (1.124d)

Remark 5. In Sec. 1.7, we integrated out the phononic degrees of freedom (that were present inHph

andH int ) and obtained the retarded electron-electron interaction. Then, we integrated out the free
electrons, and obtained the free Green's functionG0. Hence, the free Green's functionG0 corresponds
to the HamiltonianK � H int � Hph = K 0 � Hph (from our notation, one might expect that the Green's
functionG0 corresponds to the HamiltonianK 0, but this is not the case.).

1.9.1 Expressing Green's Function in Terms of a Resolvent ofK

By de�nition, impurity Green's function is given by

G(t) = � i� (t)hfd(t); dygiT ; (1.125)

whered(t) = eiKt de� iKt , f ; g is the anticommutator, andh: : : i T denotes the average value in the grand
canonical ensemble at temperatureT. As explained in Sec. 2.1.2, in the limit of vanishing electron
concentration~� ! �1 , the Green's function can also be written as

G(t) = � i� (t)hd(t); dyi T =
� i� (t)

Z

X

n

hnje� �K eiKt de� iKt dyjni ; (1.126)

Z =
X

n

hnje� �K jni =
X

n

e� �K n ; (1.127)

wherejni , in both Eqs.(1.126)and(1.127), represents the eigenstates ofK with zero electrons and
an arbitrary number of phonons, whileK n are the corresponding eigenvaluesK jni = K n jni . Hence

G(t) =
� i� (t)

Z

X

n

e� �K n hnjd e� i (K � K n )t dyjni : (1.128)

In the Fourier space, the corresponding relation reads as14

G(! ) =
1
Z

X

n

e� �K n hnjd
1

! � (K � K n ) + i0+
dyjni : (1.129)

In the case of the Holstein modelK n = n! 0, giving

Z =
X

n

e� �! 0n =
1

1 � e� �! 0
; (1.130)

14The easiest way to see this, without calculation, is to notice that Eq.(1.128)has the same functional form as the Green
function of the free particleG(t) = � i� (t)e� i" k t . Since the corresponding quantity in the Fourier space is known to be
G(! ) = 1

! � " k + i 0+ , we can deduce Eq. (1.129).
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and
G(! ) = (1 � e� �! 0 )

X

n

e� �! 0nhnjd
1

! + n! 0 � K + i0+
dyjni : (1.131)

Sincejni is purely phononic state, it can be expressed asjni = (ay )n
p

n!
j0i . Furthermore, if we introduce

auxiliary quantitiesGn;m (! ), such that

Gn;m (! ) =
D

0
�
�
�

an

p
n!

d
1

! � K + i0+
dy (ay)m

p
m!

�
�
�0

E
; (1.132)

then the impurity Green's function can be written as

G(! ) = (1 � e� �! 0 )
X

n

e� �n! 0 Gn;n (! + n! 0): (1.133)

In this expression, we represented the Green's function in terms ofGn;n , while these are connected to
the resolvent. However,Gn;n are still unknown. This will be solved by rewritingGn;n using a resolvent
of the free Hamiltonian, and then expressing such quantity in terms ofG0(! ).

1.9.2 Expressing Green's Function in Terms of a Resolvent ofK 0

Let us now try to express 1
! � K + i 0+ from Eq.(1.132)in terms of 1

! � K 0+ i 0+ . To accomplish this, we
start from this trivial identity, which is a consequence of Eq. (1.124d)

! + i0+ � K 0 = ! + i0+ � K + H int : (1.134)

Then, we multiply both sides from the left by 1
! + i 0+ � K 0

and from the right by 1
! + i 0+ � K . We obtain

1
! + i0+ � K

=
1

! + i0+ � K 0
� g

1
! + i0+ � K 0

dy1d(a + ay)
1

! + i0+ � K
; (1.135)

where we used the de�nition ofH int from Eq.(1.67), and conveniently placed the identity operator1
that will be useful later. Now, the expression forGn;m can be obtained by multiplying both sides of
Eq. (1.135)from the left byhnjd and bydyjmi from the right, withjni (jmi ) being a state with zero
electrons andn (m) phonons

hnjd
1

! + i0+ � K
dyjmi

| {z }
= Gn;m (! )

= hnjd
1

! + i0+ � K 0
dyjmi

� ghnjd
1

! + i0+ � K 0
dy1d(a + ay)

1
! + i0+ � K

dyjmi : (1.136)

By expanding the identity operator1 =
P

p jpihpj, the bottom line becomes

� ghnjd
1

! + i0+ � K 0
dyd(a + ay)

1
! + i0+ � K

dyjmi

= � g
X

p

hnjd
1

! + i0+ � K 0
dyjpihpjd(a + ay)

1
! + i0+ � K

dyjmi : (1.137)

While jni andjmi are purely phononic states,jpi is initially entirely general. However, upon closer
examination of Eq.(1.137), we see that it too has to be purely phononic. This is most easily seen from
the scalar product in the bottom line

hnjd
1

! + i0+ � K 0
dyjpi ; (1.138)
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and the fact thatK 0 conserves the number of electrons, whilejni is purely phononic. If we now use
the fact that the �eld operatorsa andd commute, and utilize

ayjpi =
p

p + 1jp + 1i ; (1.139)

ajpi =
p

pjp � 1i ; (1.140)

Eq. (1.137) becomes

� ghnjd
1

! + i0+ � K 0
dyd(a + ay)

1
! + i0+ � K

dyjmi

= � g
X

p

hnjd
1

! + i0+ � K 0
dyjpi

 
p

p + 1hp + 1jd
1

! + i0+ � K
dyjmi

+
p

php � 1jd
1

! + i0+ � K
dyjmi

!

: (1.141)

The �rst term in the round brackets is
p

p + 1Gp+1 ;m (! ), while the second term is
p

pGp� 1;m (! ).
Hence

� ghnjd
1

! + i0+ � K 0
dyd(a + ay)

1
! + i0+ � K

dyjmi

= � g
X

p

hnjd
1

! + i0+ � K 0
dyjpi

� p
p + 1Gp+1 ;m (! ) +

p
pGp� 1;m (! )

�
: (1.142)

Plugging this into Eq. (1.136), we �nd that

Gn;m (! ) = hnjd
1

! + i0+ � K 0
dyjmi

� g
X

p

hnjd
1

! + i0+ � K 0
dyjpi

� p
p + 1Gp+1 ;m (! ) +

p
pGp� 1;m (! )

�
: (1.143)

In the following text, we will see how the resolventhnjd 1
! + i 0+ � K 0

dyjmi can be expressed in terms of
G0. Hence, we will have a recurrence relation forGn;m that will turn out to be solvable.

1.9.3 Expressing a Resolvent ofK 0 in Terms of a Free Green's FunctionG0

Just as we explained in Remark 5, the free Green's functionG0(! ) corresponds to the Hamiltonian
K 0 � Hph . This Hamiltonian does not have any phonons. Hence, analogous to the derivation we
presented in Sec. 1.9.1, we deduce thatG0(! ) must satisfy

G0(! ) = h0jd
1

! + i0+ � (K 0 � Hph)
dyj0i ; (1.144)

as seen from Eq.(1.129)when the phononic degrees of freedom are removed. Our task is to explore
the relationship between the resolventhnjd 1

! + i 0+ � K 0
dyjmi and Eq. (1.144):

hnjd
1

! + i0+ � K 0
dyjmi = hnjd

1
! + i0+ � (K 0 � Hph) � Hph

dyjmi

= h0jd
� n;m

(! � n! 0) + i0+ � (K 0 � Hph)
dyj0i

= � n;m G0(! � n! 0); (1.145)

where in the second line we used that
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• jni andjmi are purely phononic and eigenstates ofHph , i.e.,Hph jni = n! 0jni .

• [K 0; Hph ] = 0

• There are no phonons in the HamiltonianK 0 � Hph

1.9.4 Recurrence Relation forGn;m

If we plug Eq. (1.145) into Eq. (1.143), we �nally obtain a Recurrence relation forGn;m

Gn;m (! ) = � n;m G0(! � n! 0) � g
X

p

� n;pG0(! � n! 0)
� p

p + 1Gp+1 ;m (! ) +
p

pGp� 1;m (! )
�

= � n;m G0(! � n! 0) � gG0(! � n! 0)
� p

n + 1Gn+1 ;m (! ) +
p

nGn� 1;m (! )
�

= � n;m G0(! � n! 0) � gG0(! � n! 0)
X

p

� p
p� n;p� 1 +

p
p + 1� n;p+1

�
Gp;m (! ): (1.146)

If we use a shorthand notation

Gn;m � Gn;m (! )

G0n � G0(! � n! 0) (1.147a)

X n;p �
p

p + 1� n;p+1 +
p

p� n;p� 1; (1.147b)

then Eq. (1.146) can be written as

Gn;m = G0n � n;m � g
X

p

G0nX n;pGp;m : (1.148)

Furthermore, if we introduce the matrices~G; ~G0, and ~X , such that their elements in then-th row and
m-th column of the matrix are given byGn;m , G0n � n;m , andX n;m , respectively, then the recurrence
relation acquires the following form

~G = ~G0 � g ~G0
~X ~G: (1.149)

This looks like the Dyson equation. We solve it by rewriting it as
�

1 + g ~G0
~X

�
~G = ~G0; (1.150)

and multiplying this whole expression by~G� 1
0 from the left and by~G� 1 from the right

~G� 1 = ~G� 1
0 + g ~X

=

2

6
6
6
6
6
6
6
4

G� 1
0 (! ) g

p
1 0 0 0 : : :

g
p

1 G� 1
0 (! � ! 0) g

p
2 0 0 : : :

0 g
p

2 G� 1
0 (! � 2! 0) g

p
3 0: : :

0 0 g
p

3 G� 1
0 (! � 3! 0) g

p
4 : : :

0 0 0 g
p

4 G� 1
0 (! � 4! 0) : : :

...
...

...
...

...
...

3

7
7
7
7
7
7
7
5

: (1.151)

Hence,Gn;m is found by inverting this large matrix.
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1.9.5 Final Solution of the Impurity Problem

Finite-Temperature Case

Let us now go back to Eq.(1.133). We see that we actually only needGn;m for n = m. To �nd these,
we need to invert the matrix in Eq.(1.151)and take itsn-th diagonal element. But this matrix is a
symmetric tridiagonal matrix! A detailed solution of this problem, for a general symmetric tridiagonal
matrix, was already presented in Appendix. D. Therefore, we apply Eq.(D.12), settingb2

n = ng2 and
an = G� 1

0 (! � n! 0), and �nally obtain the solution of the impurity problem in terms of the continued
fraction expansion.

G(! ) = (1 � e� �! 0 )
X

n

e� �n! 0 Gn;n (! + n! 0); (1.152a)

Gn;n (! + n! 0) =
1

G� 1
0 (! ) � An (! ) � Bn (! )

; (1.152b)

An (! ) =
ng2

G� 1
0 (! + ! 0) � (n� 1)g2

G� 1
0 (! +2 ! 0 )� ( n � 2) g2

...
G � 1

0 ( ! +( n � 1) ! 0 ) � g2

G � 1
0 ( ! + n! 0 )

; (1.152c)

Bn (! ) =
(n + 1) g2

G� 1
0 (! � ! 0) � (n+2) g2

G� 1
0 (! � 2! 0 )� ( n +3) g2

G � 1
0 ( ! � 3! 0 ) � ( n +4) g2

...

: (1.152d)

At last, the self-energy is obtained via the Dyson equation

�( ! ) = G� 1
0 (! ) � G� 1(! ): (1.153)

Zero-Temperature Case

In the limit T ! 0 (i.e., � ! 1 ), only then = 0 term is contributing. SinceA0(! ) = 0 , we conclude
that

G(! ) = G0;0(! ) =
1

G� 1
0 (! ) � B0(! )

: (1.154)

Furthermore, using the Dyson equation, the self-energy reads as

�( ! )
�
�
�
T =0

=
g2

G� 1
0 (! � ! 0) � 2g2

G� 1
0 (! � 2! 0 )� 3g2

G � 1
0 ( ! � 3! 0 ) � 4g2

...

: (1.155)

Remark 6. In the atomic limit (t0 = 0), the Holstein lattice problem actually reduces to the Holstein-
Anderson impurity problem, de�ned by Eq.(1.67), with Ek = Vk = 0. Hence, the expressions that we
derived in this section actually represent the exact solution in the atomic limit, if we setG� 1

0 (! ) = ! ,
as seen from Eq.(1.82).

1.9.6 Numerical Implementation of the Impurity Solver

The solution of the impurity problem(1.152) requires the calculation of continued fractions. Nu-
merically, these quantities are calculated using iterative procedures that we formulate in the form of
theorems:
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Theorem 1. Let

• A (n)
n (! ) � 0 andA (k)

n (! ) � 0, for k � n.

• A (p)
n (! ) = (n� p)g2

G� 1
0 (! +( p+1) ! 0 )� A ( p+1)

n (! )
; for p < n ,

ThenAn (! ) = A (0)
n (! ).

Proof. Formally, this is proved using the method of induction. However, we will be less rigorous

A (0)
n (! ) =

ng2

G� 1
0 (! + ! 0) � A (1)

n (! )
=

ng2

G� 1
0 (! + ! 0) � (n� 1)g2

G� 1
0 (! +2 ! 0 )� A (2)

n (! )

= : : :

=
ng2

G� 1
0 (! + ! 0) � (n� 1)g2

G� 1
0 (! +2 ! 0 )� ( n � 2) g2

...
G � 1

0 ( ! +( n � 1) ! 0 ) � A
( n � 1)
n ( ! )

=
ng2

G� 1
0 (! + ! 0) � (n� 1)g2

G� 1
0 (! +2 ! 0 )� ( n � 2) g2

...
G � 1

0 ( ! +( n � 1) ! 0 ) � g2

G � 1
0 ( ! + n! 0 )

: (1.156)

This completes our proof.

Theorem 2. Let

• B (k= 1 )
n (! ) � 0,

• B (k)
n (! ) = (n+ k+1) g2

G� 1
0 (! � (p+1) ! 0 )� B ( k +1)

n (! )

ThenBn (! ) = B (0)
n (! ).

Proof. This is also formally proved using the method of induction, but for the sake of brevity, we
employ a less rigorous approach

B (0)
n (! ) =

(n + 1) g2

G� 1
0 (! � ! 0) � B (1)

n (! )
=

(n + 1) g2

G� 1
0 (! � ! 0) � (n+2) g2

G� 1
0 (! � 2! 0 )� B (2)

n (! )

= : : :

=
(n + 1) g2

G� 1
0 (! � ! 0) � (n+2) g2

G� 1
0 (! � 2! 0 )� ( n +3) g2

G � 1
0 ( ! � 3! 0 ) � ( n +4) g2

...

= Bn (! ): (1.157)

This completes our derivation of DMFT equations.
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2
Dynamical Mean-Field Theory: Numerical Results

The results that we present in this chapter are a product of our work that we published in Ref. [62].

2.1 Quasiparticle Properties

The quasiparticle properties (the ground state energy and the effective mass) are simple, yet important
characteristics of a given physical system. There are various ways to obtain these quantities, but we
will calculate them from the Green's functions formalism, as it will help us in assessing the quality of
the DMFT method.

The DMFT method gives thek-independent self-energy�( ! ), from which the Green's function
can be calculated as

Gk (! ) =
1

! � " k � �( ! )
: (2.1)

The quasiparticle properties are encoded in the pole structure of this quantity, as guaranteed by the
Lehmann spectral representation. Since there is only a single electron in the band, the Fermi wavevector
is zero. Hence, to evaluate the ground-state energyEp, we need to �nd the smallest! , which we denote
by Ep, such that the real part of the denominator of Eq. (2.1), atT = 0, is vanishing

Ep = " k =0 + Re�( ! = Ep): (2.2)

On the other hand, to �nd the renormalized massm� , we �rst introduce the renormalized energyE(k)
by generalizing Eq. (2.2) for arbitraryk, and impose that it should be quadratic for small momenta

E(k) = " k + Re�( ! = E(k)) � const: +
k2

2m�
; around jkj � 0: (2.3)

A practical way to calculatem� is to notice that around the bottom of the bandr k E(k) � k=m� .
Hence, from Eq. (2.3) we deduce that aroundjkj � 0 it holds that1

k
m�

= r k E(k) = r k " k + r k Re�( ! = E(k)) �
k

m0
+

@Re�( ! )
@!

�
�
�
�
�
! = Ep

r k Ek ; (2.4)

where we introduced the band massm0 analogous tom� in Eq.(2.3), when the renormalized energy
is substituted with the nonrenormalized dispersionE(k) ! " k . Going back to Eq.(2.4), we see that
m� can be expressed in terms of the self-energy as follows

m� = m0

0

@1 �
@Re�( ! )

!

�
�
�
�
�
! = Ep

1

A : (2.5)

1We use thatE(k = 0) = Ep.

54



Figure 2.1:a) Comparison of the DMFT and DMRG (taken from Refs. [40, 43]) renormalized electron
mass in the 1D system, atT = 0. (b) Comparison of the ground state energy from the DMFT and the
global-local variational approach (taken from Ref. [43]) in the 1D system, atT = 0.

In the case of a tight-binding model on a hypercubic lattice ind dimensions, the band massm0 can be
calculated using

" k = � 2t0

dX

i =1

coski � � 2t0

dX

i =1

(1 �
k2

i

2
) = const: + t0

X

i

k2
i = const: + t0k2: (2.6)

From here, it directly follows thatm0 = 1=(2t0), and this remains true irrespective of the number of
dimensions.

Let us now examine some numerical results. We apply the DMFT algorithm from Fig. 1.2 to
calculate the self-energy, and then use Eqs.(2.5) and(2.2) to calculate the quasiparticle properties.
In Fig. 2.1(a) we show the DMFT results in 1D for the electron effective mass over a broad range
of parameters, covering practically the whole parameter space in the(
; � ) plane. We see that the
mass renormalization is in striking agreement with the DMRG result [40, 43] which presents the best
available result from the literature. Small discrepancies are visible only for stronger interaction with
small ! 0. A similar level of agreement can be seen in the comparison of the ground state (polaron)
energyEp in Fig. 2.1(b). Here, the results obtained with variational global-local method [43, 44]
are taken as a reference. While the agreement in the weak coupling and in the atomic limit could
be anticipated since the DMFT becomes exact in these limits, we �nd the quantitative agreement
in the crossover regime between these two limits rather surprising, bearing in mind that the DMFT
completely neglects nonlocal correlations.

We have also calculated the effective mass for two- and three-dimensional lattices (see Fig. 2.2(a)).
We observe an excellent agreement with the continuous-time path-integral quantum Monte Carlo
(QMC) calculation from Ref. [42], which has the reported numerical accuracy of0:1%� 0:3%. This
was now expected since the importance of nonlocal correlations decreases in higher dimensions.

It is interesting to note that none of this was not observed earlier. In the standard reference of
Ciuchi et al. [56], the DMFT is applied only to the Bethe lattice, and this result was often used in
comparison with other reliable results obtained on �nite-dimensional lattices. Used in this way, it
seems that the DMFT provides only a qualitative description of the Holstein model [23, 39, 43, 61, 71].
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Figure 2.2: (a) Continuous-time QMC (taken from Ref. [42]) vs. DMFT mass renormalization in 1D,
2D and 3D, with! 0 = 1. (b) Comparison of the DMFT mass renormalization on different lattices.
Here, the half-bandwidthW=2 is set to unity.

We illustrate this in Fig. 2.2(b), where we compare the renormalized mass results on a Bethe lattice,
with the results obtained on 1D, 2D, and 3D lattices.

Remark 7. The difference between the DMFT algorithm on different lattices lies in the self-consistency
condition. In the 1D and 2D cases, these conditions are given by Eqs.(1.108)and(1.114), respectively.
In the 3D case, we do not have a nice analytic solution, but Eq.(1.123)nevertheless gives a nice and
stable result. A self-consistency condition for the Bethe lattice reads as

G0(! ) =
�

! �
(W=2)2

4
G(! )

� � 1

; (2.7)

whereW=2 is the half bandwidth.

It is rather surprising that there is a striking agreement between the effective mass for 2D and the
Bethe lattice as shown in Fig. 2.2(b), even though the noninteracting densities of states are different.
To make this analysis even more complete, we also provide comparisons between the 1D and 2D
spectral functions with the spectral functions on a Bethe lattice; see Fig. 2.3. The Bethe lattice lacks
a dispersion relation since it has no translational symmetry. Therefore in Fig. 2.3 we compare only
the local spectral functionsA(! ) = � 1

� ImG(! ) = � 1
� Im 1

N

P
k Gk (! ) of the Bethe, and �nite-

dimensional lattices. For small couplings, the spectral functions resemble the noninteracting density
of state and we �nd a large discrepancy, as shown in panels (a) and (b). However, as the interaction
increases the spectral functions become more alike. The agreement between 2D and Bethe results is
very good, even for moderate interactions. Although these �ndings are completely unexpected, we
will not delve further into their analysis, as our main focus is establishing the quality of DMFT method
for the prediction of single-particle properties within the Holstein model.
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(i) 1D vs Bethe (ii) 2D vs Bethe

Figure 2.3: Comparison of DMFT local spectral functions on different lattices

2.2 Spectral Functions for Weak Electron-phonon Coupling

In the previous section, we demonstrated that the DMFT gives extremely accurate predictions of the
quasiparticle properties. In doing so, we used a variety of different benchmarks from the literature.
Since we now want to investigate the accuracy of DMFT spectral functions in the weak coupling
limit, some benchmark methods are also needed here as well. One such promising candidate is the
self-consistent Migdal approximation (SCMA).

2.2.1 Benchmark Method: Self-Consistent Migdal Approximation

In Sec. 2.2 of Part I, we introduced the one-shot Migdal approximation. It is a perturbative method
that takes into account only the lowest-order Feynman diagram in the self-energy; see Eq.(2.17)of
Part I. As such, it is accurate only for very small couplingsg, and thus it is not a reliable benchmark
for assessing the quality of the DMFT results in a somewhat broader range of parameter regimes.
Luckily, a signi�cant improvement can be easily constructed by generalizing the Migdal approximation,
such that the noninteracting fermion propagator in Eq.(2.17)from Part I is substituted with the full
(interacting) propagator; see the top row of Fig. 2.4. This equation needs to be supplemented by the
Dyson equation, which relates the full Green's function back to the self-energy� SCMA . Hence, these
equations need to be solved self-consistently. This constitutes the SCMA method. We note that some
further insight about this method can be gained if we expand the full Green's function in terms of the
noninteracting Green's function: as shown in the bottom row of Fig. 2.4, in addition to the Migdal
diagram in panel 2.4(b), SCMA consists of a series of non-crossing diagrams; see panels 2.4(c)–(e).
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Figure 2.4: Feynman diagrams for the self-consistent Migdal approximation.

However, despite the fact that this series is in�nite, it fails to reproduce even some low-order diagrams;
see Fig. 2.5. This is one of the shortcomings of this method.

Figure 2.5: The lowest Feynman diagram missing in the SCMA.

Let us now derive the SCMA equations that are needed for the application of this method in
practice. This derivation will be performed in the grand canonical ensemble. We will concentrate on
the calculation of the self-energy since all single-particle properties are easily obtained from it. Using
the Feynman rules (see Sec. 2.1.1 of Part I), we see that the self-energy from Fig 2.4(a) can be written
as:

� k (i! n ) = �
g2

�N

X

q;� n

Gk � q (i! n � i� n )
2! 0

(i� n )2 � ! 2
0
; (2.8)

whereGk (i! n � i� n ) is the full electron propagator. The frequency dependence of this quantity can
be expressed explicitly using the spectral representation

Gk (i! n � i� n ) =
Z

d�
Ak (� )

(i! n � i� n � � )
; (2.9)

whereAk is the spectral function. Plugging this back into Eq.(2.8), we can perform the sum over
Matsubara frequencies� n using a well-known trick

1
�

X

� n

F (i� n ) = �
Z

C

dz
2�i

F (z)b(z); (2.10)

whereb(z) = 1 =(e�z � 1) is the Bose function andC is a counterclockwise contour around the poles
and branch cuts ofF (z). Integral overz is easy to solve using the residue theorem, giving

� k (i! n ) =
g2

N

X

q

Z
d�A k � q (� )

�
b(! 0) � b(i! n � � )

i! n � ! 0 � �
�

b(� ! 0) � b(i! n � � )
i! n + ! 0 � �

�
: (2.11)

This expression can be further simpli�ed, using the properties of the Bose functionb(i! n � � ) =
� f (� � ) andb(� ! 0) = � 1 � b(! 0), where we introduced the Fermi function asf (z) = 1 =(e�z + 1) .
Furthermore, one should notice that the subintegral function in Eq.(2.11)is actually vanishingly small,
unless� is extremely large. This is a consequence of the fact that the spectral functionAk (� ) vanishes
when we are very far away from� = � (k) = "(k) � ~� , and in our case~� ! �1 . Hence, we can
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restrict the integration in Eq.(2.11) to a domain of very large� . In that case we can approximate
f (� ) � 0 andf (� � ) � 1. Combining all of these insights, we obtain

� k (i! n ) =
g2

N

X

q

Z
d�A k � q (� )

�
nph + 1

i! n � ! 0 � �
+

nph

i! n + ! 0 � �

�
; (2.12)

where we introducednph = b(! 0). Once again, using the spectral representation from Eq.(2.9), the
above expression can be written as

� k (i! n ) =
g2(1 + nph)

N

X

q

Gk � q (i! n � ! 0) +
g2nph

N

X

q

Gk � q (i! n + ! 0): (2.13)

The right-hand side can be cast into an even simpler form if we use the fact that the local Green's func-
tion G(! ) can be written asG(! ) = 1

N

P
q Gk � q (! ). Furthermore, since this quantity is momentum-

independent, we conclude that SCMA self-energy is alsok-independent. Therefore, after performing
the Wick rotationi! n ! ! + i0+ we �nally obtain

�( ! ) = g2(1 + nph)G(! � ! 0) + g2nphG(! + ! 0): (2.14)

The local Green's function on the right-hand is actually the same quantity that we already examined in
Secs. 1.8.2, 1.8.3, and 1.8.4. Hence, depending on the lattice we are examining, Eqs.(1.108),(1.114),
or (1.123), represent another relation between the Green's function and the self-energy. Each of these,
in conjunction with Eq.(2.14), constitute a set of equations that are solved self-consistently. In prac-
tice, we start from the self-energy in the Migdal approximation and, depending on the lattice, use
Eqs.(1.108),(1.114), or (1.123)to calculate the local Green's function. Then, Eq.(2.14)can be used
to obtain the self-energy in the next interaction. This procedure is repeated over and over again, until
the self-energy has converged.

2.2.2 DMFT vs. SCMA in the Weak Coupling Limit

A comparison of the DMFT and SCMA spectral functions, for weak electron-phonon coupling, is
shown in Fig. 2.6. We note that no arti�cial broadening was used in any of the plots. As we see, the
results almost fully coincide. This proves that DMFT is in fact reliable in the weak-coupling regime.

2.3 Spectral Sum Rules

2.3.1 Introduction

In the Sec. 2.4 of Part I, we de�ned the spectral sume rules in Eq.(2.39). Here, we will be examining
the �rst few sum rules within the DMFT and SCMA. This analysis is relevant when the parameters
g; T are not too large. This is because the spectral functions, in this case, have a simple one or two
peak structure, as we already saw in Fig. 2.6. Hence, our goal is to support and somewhat extend the
conclusions of the previous chapter.

In the previous sections, we always had a benchmark method that assessed the quality of our results.
Since the spectral sum rules in the Holstein model can be calculated exactly [57], we will use these as
our benchmark.
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Figure 2.6: DMFT vs. SCMA spectral functions in the weak coupling regime.
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2.3.2 Spectral Sum Rules: Exact Results

The spectral sum rules can be obtained using the expression we obtained in Eq.(2.42)of Part I. The
results for0 � n � 8 read as

M 0(k) = 1 ; (2.15a)

M 1(k) = " k ; (2.15b)

M 2(k) = (2 nph + 1) g2 + "2
k ; (2.15c)

M 3(k) = 2(2 nph + 1) g2" k + g2! 0 + "3
k ; (2.15d)

M 4(k) = 3 g4(2nph + 1) 2 + g2(2nph + 1)
�
3"2

k + 2t2
0 + ! 2

0

�
+ 2g2! 0" k + "4

k ; (2.15e)

M 5(k) = 7 g4(2nph + 1) 2" k + g2
�
3! 0"2

k + 6t2
0! 0 + ! 3

0

�

+ (2 nph + 1)
�
10g4! 0 + g2

�
4t2

0" k + 2! 2
0" k + 4"3

k

��
+ "5

k ; (2.15f)

M 6(k) = "6
k + 15g6(2nph + 1) 3 + g4(2nph + 1) 2

�
12"2

k + 18t2
0 + 15! 2

0

�

+ 10g4! 2
0 + g2

�
12t2

0! 0" k + 4! 0"3
k + 2! 3

0" k
�

+ (2 nph + 1)
�
22g4! 0" k + g2

�
6t2

0"2
k + 3! 2

0"2
k + 5"4

k + 12t2
0! 2

0 + 6t4
0 + ! 4

0

��
; (2.15g)

M 7(k) = 36g6(2nph + 1) 3" k + 21g4! 2
0" k

+ g2
�
18t2

0! 0"2
k + 3! 3

0"2
k + 5! 0"4

k + 20t2
0! 3

0 + 30t4
0! 0 + ! 5

0

�

+ (2 nph + 1) 2
�
105g6! 0 + g4

�
41t2

0" k + 32! 2
0" k + 18"3

k

��

+ (2 nph + 1) g4
�
36! 0"2

k + 108t2
0! 0 + 56! 3

0

�

+ (2 nph + 1) g2
�
2" k

�
12t2

0! 2
0 + 6t4

0 + ! 4
0

�
+ 8t2

0"3
k + 4! 2

0"3
k + 6"5

k

�
+ "7

k ; (2.15h)

M 8(k) = 105g8(2nph + 1) 4 + g6(2nph + 1) 3
�
64"2

k + 160t2
0 + 210! 2

0

�

+ g4
�
33! 2

0"2
k + 158t2

0! 2
0 + 56! 4

0

�

+ g2
�
24t2

0! 0"3
k + 40t2

0! 3
0" k + 60t4

0! 0" k + 6! 0"5
k + 4! 3

0"3
k + 2! 5

0" k
�

+ (2 nph + 1) 2
�
236g6! 0" k + g4

�
68t2

0"2
k + 51! 2

0"2
k + 25"4

k + 258t2
0! 2

0 + 94t4
0 + 63! 4

0

��

+ 280(2nph + 1) g6! 2
0 + (2 nph + 1) g4

�
240t2

0! 0" k + 52! 0"3
k + 116! 3

0" k
�

+ 3(2nph + 1) g2"2
k

�
12t2

0! 2
0 + 6t4

0 + ! 4
0

�

+ (2 nph + 1) g2
�
10t2

0"4
k + 5! 2

0"4
k + 7"6

k + 90t4
0! 2

0 + 30t2
0! 4

0 + 20t6
0 + ! 6

0

�
+ "8

k : (2.15i)

We note that the results for0 � n � 4 originally appeared in Ref. [57], n = 5 result was calculated in
Ref. [62], while the results forn = 6; 7; 8 are presented here for the �rst time.

2.3.3 Spectral Sum Rules: SCMA Predictions

Berciu and collaborators [53, 72] introduced a nice method for determining how many sum rules a
method we are examining satis�es, if we know its diagrammatic expansion (see Fig. 2.4) and the
lowest order diagram that is missing from that expansion (see Fig. 2.5). We now brie�y review that
method, in the case of SCMA. Let

fM n (k) �
Z

d! ! n Gk(! ): (2.16)

Now, the spectral sum rules can be written as

M n (k) =
Z

d! ! n Ak(! ) = �
1
�

Im fM n (k): (2.17)

We note that the real part of thefM n can even be in�nite or unde�ned, since it is only the imaginary
part that we are interested in. The Green's functon from Eq.(2.16)can now be rewritten in terms of
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the self-energy, using the Dyson equation2

Gk(! ) =
1

G� 1
0 (! ) � � k(! )

= G0(! )
�
1 + G0(! )� k(! ) + ( G0(! )� k(! ))2 + : : :

�
; (2.18)

while the self-energy itself can be expanded in the series with respect to the electron-phonon coupling
strengthg

� k(! ) = g2� (2) (! ) + g4� (4) (! ) + : : : (2.19)

where� (n)(! ) denotes the SCMA self-energy terms which have exactlyn vertecies. Plugging all of
this back into (2.16), we get:

fM n =
Z

d! ! n G0(! )
| {z }

I

+ g2
Z

d! ! n G0(! )2� (2) (! )
| {z }

II

+ g4
Z

d! ! n G0(! )2� (4) (! )
| {z }

III

+ g4
Z

d! ! n G0(! )3(� (2) (! ))2

| {z }
IV

+ : : : (2.20)

Let us now see how much does each of these terms contribute to the spectral sum rules. Before we
do that, we �rst need to notice that each of these terms has an integrand which is completely analytic
in the upper-half complex! plane. Hence, if the integrand is decaying faster than1

! , for ! ! �1 ,
we can close the complex contour from the upper half side3. Since there are no complex poles in the
upper-half plane, the integral is vanishing. Hence, we conclude that if the integrand is decaying faster
than 1

! for ! ! �1 , the corresponding term does not contribute to the spectral sum rule. Our task is
thus reduced to �nding the asymptotic expansion for each of the subintegral functions in Eq. (2.20).

In order to do this, we �rst note thatG0(! ) / 1
! , for ! ! �1 . Hence, the integrand inI behaves

as/ ! n� 1, and this term contributes to spectral sum rules for arbitraryn. Before we analyze the
second term, we �rst note thatg2� (2) (! ) corresponds to the diagram shown in Fig. 2.4(b). This term
has a single electron propagator, and hence contributes as� (2) (! ) / 1

! , for ! ! �1 . The whole
subintegral termII thus behaves as/ ! n� 3. We conclude thatII contributes only forn � 2. Similarly,
we see that� (4) (! ) / 1

! 3 , and hence both subintegral terms inIII andIV behave as! n� 5. These
terms contribute forn � 4. However, SCMA does not faithfully reporoduce all diagrams of fourth
order. The one in Fig. 2.5 is missing. Hence, SCMA correctly predicts the spectral sum rules for
n = 0; 1; 2; 3.

2.3.4 Spectral Sum Rules: DMFT Predictions

Within the DMFT, the spectral sum rules are calculated numerically. Results, over a large number of
parameter regimes, are presented in Tables F.1–F.17, in Appendix F. We see a striking agreement with
the exact results for all the sum rules that we calculated (0 � n � 8). This con�rms our earlier �ndings
that the DMFT is in fact reliable in the weak coupling limit.

2.4 Atomic Limit

The atomic limit is de�ned as a parameter regime where the hopping is vanishingt0 = 0. In this case,
the Holstein problem admits an exact analytic solution; see Sec. 2.3 in Part I. In fact, the DMFT should

2This is justi�ed as we know that the spetral sum rules have the same, polynomial expression, irrespective of the
coupling strength. Hence, if we derive the spectral sum rules for weak coupling, where this expansion is valid, we know
that the sum rules continue to be valid eve for other regimes.

3We could also close the contour from the lower-half side as well, but the upper half-side turns out to be much more
convenient. This is allowed since the length of the contour grows linearly2�R and there is no exponential term
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also predict the exact solution. This can be seen as follows: in Chapter 1, we gave a detailed derivation
of the DMFT equations and proved that they predict an exact result in the limit of in�nite coordination
numberZ ! 1 . However, in the atomic limit, the sites are decoupled. This means that the result is
independent ofZ , enabling us to formally take the limitZ ! 1 . Since DMFT is exact in theZ ! 1
limit, it follows that it also has to be exact in the atomic limit as well.

Here, we supplement this analysis by numerically investigating the DMFT solution close to the
atomic limit. In addition, we will be discussing the predictions of the SCMA at the atomic limit.

2.4.1 Atomic Limit at T = 0: DMFT Predictions

In theT = 0 case, the exact Green's function in the atomic limit was already presented in Part I; see
Eq. (2.38a). The corresponding spectral function is given by a series of delta peaks

A(! ) =
1X

n=0

� 2ne� � 2

n!
� (! � n! 0 � Ep) ; (2.21)

whereEp is given by Eq.(2.37). We now want to compare this with the DMFT predictions close to
the atomic limit (t0 = 0:05 andt = 10� 5), in the regime! 0 = g = 1. Since Eq.(2.21) is given
by a sum of Dirac delta functions, plotting this would require introducing some kind of arti�cial
broadening. Instead, the comparison between DMFT and the exact result can be made using the
momentum-averaged integrated spectral weights

I (! ) =
1
N

X

k

I k(! ); (2.22a)

I k(! ) =
Z !

�1
Ak(� )d�: (2.22b)

The exact result for this quantity is a direct consequence of Eq. (2.21), and is given by

I exact(! ) =
1X

n=0

� 2ne� � 2

n!
� (! � n! 0 � Ep) ; (2.23)

where� is the Heaviside step function. However, calculatingI (! ) within DMFT is not completely
straightforward. This is because DMFT, atT = 0 predicts that the polaron peak is a true Dirac delta
function. In addition, there can be additional delta peaks in the DMFT solution. These delta peaks,
without the use of arti�cial broadening, cannot be represented on a �nite frequency grid, which is
how Ak(� ) is stored on a computer. Hence, the information about the delta peaks will be missing if,
in our numerical implementation, we simply calculate the spectral function as4 Ak = � 1

� ImGk(! ).
Therefore, a straightforward numerical integration of Eq.(2.22b)would sometimes seemingly lead to
the conclusion that the spectral sum ruleI k(1 ) = 1 is violated. This problem needs to be solved if
we want to reliably calculate the expressions in Eq. (2.22).

Let us now present a numerical scheme that overcomes these issues. This is achieved by calculating
I k(! ) directly from the self-energy5 �( ! ). Let us suppose that the self-energy dataf � 0; � 1:::� N � 1g
are known on a dense gridf ! 0; ! 1:::! N � 1g, such that� ! q = ! q+1 � ! q is small enough. The integrated
spectral weight can then be rewritten as

I k(! l ) = �
1
�

Im
Z ! l

�1

d�
� � �( � ) � " k

� �
1
�

Im
l � 1X

q=0

Z ! q+1

! q

d�
� � �( � ) � " k

: (2.24)

4Of course, if we could perform the calculation analytically, delta peaks would be present.
5The self-energy keeps the information about the location of the delta peaks; see the text below Eq. (2.24).
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At each interval[! q; ! q+1 ] the self-energy is known only at the endpoints. The linear interpolation of the
subintegral function at each interval[! q; ! q+1 ] would correspond to trapezoid integration, which cannot
take into account the already mentioned delta peaks. The delta peaks occur whenever our subintegral
function is (in�nitely) close to the singularity, i.e. whenIm�( � ) ! 0� and� � Re�( � ) � " k � 0.
Hence, these will be accounted for if we use the linear interpolation of the denominator itself instead
of the whole subintegral function.

I k(! l ) � �
1
�

Im
l � 1X

q=0

Z ! q+1

! q

d�
� � " k �

�
� q + � 0

q(� � ! q)
� ; (2.25)

where� 0
q = (� q+1 � � q)=(! q+1 � ! q). This can now be evaluated analytically6

I k(! l ) = �
1
�

Im
l � 1X

q=0

1
1 � � 0

q
ln

�
! q+1 � " k � � q+1

! q � " k � � q

�
: (2.26)

Equation(2.26)is the solution to our problem, as it, by construction, correctly takes into account both
the contribution of the Dirac delta peaks and the contribution of the rest of the spectral function.

Remark 8. It is easy to see that the contribution of the term, which corresponds to the interval
(! q; ! q+1 ), to Eq.(2.26)is equal to

1

1 � � q+1 � � q

! q+1 � ! q

�
1

1 � @! �
; (2.27)

if the interval contains a delta peak, whereas it is

�
1
�

Im
�

1
1 � � 0

q
ln

�
1 + � ! q

1 � � 0
q

! q � " � � q

��
� � � ! q

1
�

Im
�

1
! q � " k � � q

�
(2.28)

otherwise. If we analytically took into account the contribution of the delta peak, it would coincide
with Eq.(2.27), while Eq.(2.28) is exactly the term we would get using the standard Riemann sum
in Eq.(2.22b). Having in mind that the Riemann sum approach is completely justi�ed in the absence
of delta peaks, we now explicitly see that the integration scheme presented in Eq.(2.26)is perfectly
well-suited for the calculation of the integrated spectral weight.

Using the numerical scheme we just presented (see Eq.(2.26)), we can �nally calculate the inte-
grated spectral weight within the DMFT, and compare it to the exact analytical result from Eq.(2.23).
The results are shown in Fig. 2.7, where we observe a remarkable agreement. We see thatI (! ) features
jumps at frequencies whereA(! ) has peaks and the height of those jumps is equal to the weight of
the peaks. Nonzero hopping in the DMFT solution introduces small momentum dependence ofI k(! ),
which is why Fig. 2.7 shows the result averaged over all momenta. A more detailed comparison is
presented in Table 2.1. It shows the numerical values of the DMFTI (! ) at the positions of delta
peaks (for a givenk and averaged over manyk) in comparison with the analyticalt0 = 0 result
from Eq.(2.23). These delta peaks, positioned atn! 0 + Ep, have the weights equal to� 2ne� � 2

=n! for
n = 0; 1: : : . As expected, the DMFT is fully capable of reproducing the results at the atomic limit.

6For the calculation of this integral it is useful to exploitln x � ln y = ln( x=y), which does not hold in general, but it
can be used in our case sinceIm� q < 0 (for everyq).
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Figure 2.7: DMFT integrated spectral weight fort0 = 0:05(shaded) andt0 = 10� 5 (red dashed line)
averaged over all momenta,I (! ) = 1

N

P
k

R!
�1 Ak(� )d� , in comparison to the exactt0 = 0 result

(blue solid line).

Table 2.1: Integrated spectral weightI (! ) for different momenta and hopping parameters atT = 0
and! 0 = g = 1. The exact atomic limit corresponds tot0 = 0:00, and the corresponding results are
depicted as shaded cells. Fort0 = 10� 5 the DMFT solution has nok-dependence within the speci�ed
accuracy, which is why the correspondingk-values are denoted as 'all'. We denote thek-values to be
'av.' if the answer is averaged over all momenta.

k
t0

!
-2 -1 0 1 2 3

0:00 0:00 0:37 0:74 0:92 0:98 1:0
all 10� 5 0:00 0:37 0:74 0:92 0:98 1:0
av. 0:05 0:00 0:37 0:73 0:92 0:98 1:0
0 0:05 0:00 0:40 0:76 0:94 0:99 1:0

�= 2 0:05 0:00 0:37 0:74 0:92 0:98 1:0
� 0:05 0:00 0:33 0:71 0:91 0:98 0:99

2.4.2 Atomic Limit at T 6= 0: DMFT Predictions

Let us now consider theT 6= 0 case. At the atomic limit, Eq.(2.38b)from Part I implies that the
spectral function is given by

A(! ) =
1X

n= �1

I n

�
2� 2

q
nph(nph + 1)

�
e� (2nph +1) � 2+ n ! 0

2T � (! � n! 0 � Ep) ; (2.29)

while the corresponding integrated spectral weight reads as

I (! ) =
1X

n= �1

I n

�
2� 2

q
nph(nph + 1)

�
e� (2nph +1) � 2+ n ! 0

2T � (! � n! 0 � Ep) : (2.30)

The peaks are located atn! 0 + Ep, wheren can now be both positive and negative integer.
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Figure 2.8: DMFT spectral functionsA(! ) = 1
N

P
k Ak(! ) for ! 0 = 1, g = 1, t0 = 0:05.

Table 2.2:Spectral weights of individual peaks located at! = n! 0 + Ep for n = � 2; � 1; 0; 1; 2; 3.
The DMFT spectra, obtained fort0 = 0:05, are averaged overk. The atomic limit values (t0 = 0:00)
are obtained from the analytical formula and are depicted as shaded cells. Here! 0 = 1, g = 1.

T
t0

!
-2 -1 0 1 2 3

0:4 0:00 0:03 0:34 0:35 0:19 0:07 0:02
0:4 0:05 0:03 0:34 0:34 0:18 0:07 0:02
0:6 0:00 0:06 0:30 0:33 0:19 0:08 0:02
0:6 0:05 0:06 0:30 0:33 0:19 0:08 0:02
0:8 0:00 0:09 0:27 0:30 0:19 0:09 0:03
0:8 0:05 0:09 0:27 0:30 0:19 0:09 0:03
1:0 0:00 0:10 0:25 0:28 0:19 0:09 0:04
1:0 0:05 0:10 0:25 0:28 0:19 0:10 0:04
1:2 0:00 0:11 0:23 0:26 0:19 0:10 0:04
1:2 0:05 0:11 0:23 0:26 0:19 0:10 0:04
1:4 0:00 0:12 0:21 0:24 0:19 0:11 0:05
1:4 0:05 0:12 0:21 0:24 0:19 0:11 0:05

Let us now compare these exact results for various temperatures with the DMFT predictions, in
the parameter regime! 0 = g = 1. The DMFT spectra, averaged overk, are shown in Fig. 2.8. Even
though no arti�cial broadening was used, these peaks have nonzero width, as a consequence of the
nonzero hoping parameter (t0 = 0:05). We note that the peaks themselves, at low temperature, do not
have the Lorentzian shape. Instead, they are characteristically fork-shaped, which is the consequence
of the 1D density of states (see Fig. 2.3i(a)). This property is only noticeable at small temperatures
because the larger temperatures tend to smear it out. The weight of the peaks are very close to the
analytical resultI n (2� 2

p
nph(nph + 1)) e� (2nph +1) � 2+ n ! 0

2T , as seen from Table 2.2. This con�rms the
ability of the DMFT to correctly reproduce the results at the atomic limit.
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2.4.3 Atomic Limit at T = 0: SCMA Predictions

Here, we present a formal proof that SCMA does not predict correct results at the atomic limit. We
restrict our derivation to theT = 0 case. In the atomic limit (t0 = 0) atT = 0, it holds thatnph ! 0.
Hence, the SCMA Eq. (2.14) reduces to

�( ! ) = g2G(! � ! 0): (2.31)

In addition, since the SCMA self-energy isk-indepedent, and the noninteracting dispersion vanishes
in the atomic limit" l = � 2t0 cosk ! 0, we see that in this limit the Green's function also loses itsk
dependence. Hence, the local Green's function from Eq. (2.31) can be written as

G(! ) =
1

! � �( ! )
: (2.32)

Combining Eqs. (2.31) and (2.32), we obtain

�( ! ) = g2G(! � ! 0) =
g2

! � ! 0 � �( ! � ! 0)
=

g2

! � ! 0 � g2

! � 2! 0 � �( ! � 2! 0 )

= � � � =
g2

! � ! 0 � g2

! � 2! 0 � g2

! � 3! 0 � g2

...

: (2.33)

However, this does not coincide with the exact solution which is given by Eq.(1.155), where we should
substituteG(! ) ! ! � 1, as explained in Remark 6. Therefore, SCMA cannot be exact in the atomic
limit. Some numerical results of the SCMA in this limit will be given in the next section, and also in
Sec. 3.4.4.

2.5 Spectral Function at Intermediate and Strong Electron-Phonon
Coupling

2.5.1 Benchmark Method: Hierarchical Equations of Motion

The hierarchical equations of motion (HEOM) method is a numerically exact technique that has
recently gained popularity in the chemical physics community [73–76]. It has been used to explore
the dynamics of an electron (or exciton) which is linearly coupled to a Gaussian bosonic bath. One of
the advantages of this method is that the correlation functions are calculated directly on the real-time
(real-frequency) axis [77], avoiding the numerically ill-de�ned analytical continuation. However, the
existence of numerical instabilities stemming from the discreteness of phonon bath on a �nite lattice,
explain why its application for the study of the Holstein model [78–82] were not more widespread
in the past. Recently, these limitations were overcome using the momentum-space HEOM method,
which was developed by Janković in Ref. [83]. He was the one who generated all the HEOM results,
that we will be using as a benchmark, in this thesis.

Let us now give a brief overview of this method. Within HEOM, the central quantity that is calcu-
lated is the time-dependent greater Green's function, which is de�ned asG> (k; t) = � ihck(t)cy

k i T;0. It
turns out that we can represent it as a rootG> (k; t) = G>; 0

0 (k; t) of an in�nite hierarchy of the so-called
auxiliary Green's functions (AGFs)G(>;n )

n (k� kn ; t). Here,n � 0 is the number of the electron-phonon
interaction events starting from the free-electron state of momentumk, while n is a vector of nonneg-
ative integers that fully describes each event (the phonon momentum and whether it is absorbed or
emitted). The net momentum exchange between the electron and the phonons aftern events is denoted
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by kn . The AGFs are mutually dependent: the equation of motion for the AGFs at depthn includes
also the terms with AGFs at depthsn � 1, with factors that are proportional to the electron-phonon
coupling constant and to the phonon absorption/emission factors1

2 [coth(! 0=(2T)) � 1]. As a result, an
in�nite hierarchy of the equations for the AGFs is constructed. In practice, the hierarchy is truncated
at a certain maximum depthD, so that all AGFs withn > D are set to zero, after which the obtained
set of differential equations is solved numerically.

Since the exact solution would theoretically correspond toD ! 1 , it is always necessary to check
that the chosenD (which for numerical reasons has to be �nite) was large enough so that the results
have fully converged. In addition, HEOM method can only be applied to a system with a �nite number
of lattice sitesN . Thus, if we want to describe the system in a thermodynamic limit (i.e.,N ! 1 ),
we also need to keep increasingN until the convergence of the results, with respect to this parameter,
is reached as well. However, we note that in practiceN andD cannot be too large, due to computer
memory issues. In addition, HEOM is computationally expensive. This is the price one has to pay for
the results of such high quality that this method produces. The concrete values ofN andD which one
needs to take vary depending on the regime. For example, there is not much electron-phonon scattering
in the weak coupling limit, which is why this regime requires largeN and smallD. In contrast, smaller
N would be suf�cient in the strong coupling limit, but the depthD should be much larger. In the case
of intermediate electron-phonon coupling, which is the most relevant for us, Ref. [83] showed that
even relatively smallN (between 5 and 10) are representative of the thermodynamic limit.

2.5.2 Results at Finite Temperature

Typical results for thek = 0 andk = � spectral functions are shown in Fig. 2.9, while additional
results for other momenta and other parameters are shown in Figs. 2.10 and 2.11. We note that the
convergence of the HEOM results with respect toN andD was always checked. Table 2.3 displays
the values of these parameters, that are deemed suf�ciently large for the results to be considered
converged.

The agreement between DMFT and HEOM spectral functions is excellent for! 0 = g = 1; see pan-
els Fig. 2.9(a)– 2.9(b), where we note that the DMFT solution is a bit smoother than HEOM, due to the
�nite-size effects of the HEOM solution. Moreover, in this regime, even the SCMA method provides
decent results: the weight of the SCMA quasiparticle (QP) peak is nearly equal to the DMFT/HEOM
QP weight, and the overall agreement of spectral functions is rather good. This is not the case for
stronger electron-phonon coupling (see panels 2.9(c)– 2.9(h)) where the SCMA poorly approximates
the true spectrum. In particular, we now see the numerical predictions of the SCMA near the atomic
limit 7 (see panels 2.9(g)– 2.9(h)), complementing the results of Sec. 2.4.3. As expected, it gives
completely incorrect predictions, in contrast to the DMFT which provides very reliable results.

However, the regime forg =
p

2 seems to pose some problems to the DMFT. We observe that for
g =

p
2 andk = � (see panel 2.9(d)) the DMFT and HEOM satellite peaks are somewhat shifted with

respect to one another. This is the most challenging regime for the DMFT, representing a crossover
(� = 1) between the small and large polaron. Nevertheless, the agreement remains very good near
the quasiparticle peak fork = 0 (see panel 2.9(c)), which will be the most important for transport in
weakly doped systems.

Up to now, we have analyzed the DMFT solution for weak couplings (in Sec. 2.2), for intermediate
couplings (in Figs. 2.9(a)–2.9(d)), and near the atomic limit (in Figs. 2.9(g)–2.9(h) and Sec. 2.4). To
complete this analysis, let us now turn to the results at the strong coupling regime. The case when
g = 2 should be a good representative of this regime. This can be concluded from Fig. 2.1, which
shows that in this case, there is a strong renormalization of electron massm� =m0 � 10. Unfortunately,
the HEOM benchmark cannot easily converge in this regime with respect to maximum depthD, due
to computer memory issues. In order to �nd an adequate benchmark, capable of providing reliable
results for this regime, we �rst analyze the DMFT results, applied on a �nite system withN sites (see

7Since we measure! 0 andg in term oft0, the atomic limit corresponds to the regime of large! 0 andg.
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Chapter 1 and Remark 4 therein). The results are shown in Fig. 2.12. In the regimeg = 2, ! 0 = 1, we
see that there is very little difference between the results forN = 4, N = 6, and the thermodynamic
limit. Therefore, in this case, a lattice as small asN = 4 can be considered suf�ciently large to be
representative of the thermodynamic limit. This insight opens a pathway for the introduction of the
exact diagonalization (ED) method as a benchmark in this regime. In the case of a lattice withN > 4,
the application of the ED method would require too much computer memory. Luckily, as we have now
demonstrated,N = 4 is suf�cient in this case. We note that all the ED results were implemented by
Nenad Vukmirovíc [62], and we just use them as a benchmark.

Remark 9. Within the ED method, the spectral functions are calculated by diagonalizing the Holstein
Hamiltonian in the space spanned by the vectorsUcy

i jn1n2 : : : nN i , whereni is the number of phonons
at site i 2 1; : : : ; N , satisfying

P
i ni < n max , while U is the unitary operator of the Lang-Firsov

transformation [38] given as

U = e
g

! 0

P
i cy

i ci (ai � ay
i ) : (2.34)

BothN andnmax need to be increased until convergence is reached. The spectral function is then
calculated as8

Ak (! ) =
1

Z p

X

mp

e� �E m p
X

me

� (! + Emp � Eme)jhmpjck jmeij 2; (2.35)

wherejmpi denotes purely phononic states, the energy of which isEmp , jmei denotes the states with
one electron and arbitrary number of phonons, the energy of which isEme andZ p =

P
p e� �E m p is

the phononic partition function. It turns out that the convergent results, for the spectral function when
g = 2, ! 0 = 1, N = 4, are obtained fornmax = 16.

The results are shown in Figs. 2.9(e)– 2.9(f). We see a remarkable agreement between DMFT and
ED, even though this regime is far away from both the atomic and weak coupling limits, where the
DMFT is exact. The spectral functions in Figs. 2.10 and 2.11 can be analyzed analogously. Overall,
we conclude that the agreement of DMFT and HEOM/ED spectra is very good, which implies that the
nonlocal correlations are not pronounced.

Remark 10. We note that the HEOM and ED methods impose periodic boundary conditions on a �nite
lattice. Hence, the momentak can only take the values that are integer multiples of2�=N . Although
additional values ofk are obtained using the twisted boundary conditions, arbitrary values ofk are
not available. This is why different panels in Figs. 2.10 and 2.11ii do not always have the same values
of momenta. Nevertheless, this is suf�cient for our comparisons, since DMFT and SCMA are applied
in the thermodynamic limit, meaning that we can easily calculate the results for arbitraryk.

Table 2.3:Number of lattice sitesN and the maximum hierarchy depthD used for the application of
the HEOM method in different regimes at �nite temperature

Parameters N D
! 0 = 1 g = 1 T = 0:7 10 6
! 0 = 1 g = 1 T = 1 10 6
! 0 = 1 g =

p
2 T = 0:4 8 8

! 0 = 1 g =
p

2 T = 0:6 8 7
! 0 = 1 g =

p
2 T = 0:8 8 7

! 0 = 3 g =
p

12 T = 1 6 9

8Plotting this result requires the introduction of some arti�cial broadening, due to the delta functions.
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