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➒❡♥✉ /,$✉❦,✉$✉ ✉ ♦❦✈✐$✉ ❣❡♦♠❡,$✐❥/❦✐ ♦❣$❛♥✐↔❡♥❡ /$❡❞✐♥❡✳ ■♥,❡$❛❦❝✐❥❛ ❦♦❥❛

♣♦/,♦❥✐ ✐③♠❡➒✉ /✈❛❦♦❣ ♣❛$❛ ♠❛❣♥❡,♥✐❤ ↔❡/,✐❝❛ ❥❡/,❡ ♠❛❣♥❡,/❦❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛

✐♥,❡$❛❦❝✐❥❛ ❬✶❪✳ ?$✐♠❡♥❡ /,$✉❦,✉$❛ ❢♦$♠✐$❛♥✐❤ ♦❞ ♠❛❣♥❡,♥✐❤ ↔❡/,✐❝❛ /✉ ❜$♦❥♥❡✳

■③❞✈❛❥❛❥✉ /❡ ♣$✐♠❡♥❡ ✉ ♥❛♥♦❡❧❡❦,$♦♥✐❝✐✱ ♥❛♥♦♠❡❞✐❝✐♥✐ ✐ ❜✐♦,❡❤♥♦❧♦➨❦✐♠ ❞✐/♣✲

❝✐♣❧✐♥❛♠❛✳ ◆❛ ♣$✐♠❡$✱ ✉ ♥❛♥♦,❡❤♥♦❧♦❣✐❥✐✱ ♠❡➨❛✈✐♥❡ /❛♠♦♦$❣❛♥✐③♦✈❛♥✐❤ ♠❛❣✲

♥❡,♥✐❤ ♥❛♥♦↔❡/,✐❝❛ ♠♦❣✉ ❞♦✈❡/,✐ ❞♦ ❢♦$♠✐$❛♥❥❛ ✈❡♦♠❛ ❥❛❦✐❤ ♠❛❣♥❡,❛ ❬✷✱✸❪✳

■♥,❡$❛❦❝✐❥❛ ✐③♠❡➒✉ ♠❛❣♥❡,♥✐❤ ♣❧❛♥❛$♥✐❤ /❧♦❥❡✈❛ ♠♦➸❡ ❞♦✈❡/,✐ ❞♦ ✐③✉③❡,♥✐❤

,$♦❞✐♠❡♥③✐♦♥❛❧♥✐❤ ✭✸❉✮ /,$✉❦,✉$❛ /❛ ✈❡❧✐❦✐♠ ♣♦,❡♥❝✐❥❛❧♦♠ ③❛ ♣$✐♠❡♥✉ ✉ ♠✐✲

❦$♦❢❛❜$✐❦❛❝✐❥✐ ✸❉ ❡❧❡❦,$♦♥/❦✐❤ ♥❛♣$❛✈❛ ❬✹❪✳ ❉❡,❛❧❥♥♦ /✉ ✐/♣✐,❛♥❛ ♦/♥♦✈♥❛ /,❛✲

♥❥❛ ♠✐❦$♦/,$✉❦,✉$❛ ✉ ❢❡$♦✢✉✐❞♥✐♠ ♠♦♥♦/❧♦❥❡✈✐♠❛✱ ❣❞❡ /❡ ✉♣$❛✈♦ ♠❛❣♥❡,/❦❛

❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥,❡$❛❦❝✐❥❛ ✉③✐♠❛ ❦❛♦ ♦/♥♦✈♥❛ ✐♥,❡$❛❦❝✐❥❛ ❬✺❪✳ ❩❛♥✐♠❧❥✐✈❡ /✉

♣$✐♠❡♥❡ ✉ ❜✐♦❧♦❣✐❥✐✳ ◆❡❦❡ ❜❛❦,❡$✐❥❡ ✐♠❛❥✉ ♦/♦❜✐♥✉ /,❛❧♥❡ ♥❛♠❛❣♥❡,✐/❛♥♦/,✐

✐ ♥❛③✐✈❛❥✉ /❡ ♠❛❣♥❡,♦,❛❦,✐↔♥❡ ❜❛❦,❡$✐❥❡ ❬✻❪✳ ❯ ❜✐♦❤❡♠✐❥/❦✐♠ ❞✐/❝✐♣❧✐♥❛♠❛✱

❡❧❛/,✐↔♥❡ ✐♥,❡$❛❦❝✐❥❡ ➣❡❧✐❥❛ ♠♦❣✉ /❡ ♠♦❞❡❧♦✈❛,✐ ✐♥,❡$❛❦❝✐❥❛♠❛ /❧✐↔♥✐♠ ♠❛❣♥❡,✲

/❦♦❥ ❞✐♣♦❧✲❞✐♣♦❧♥♦❥ ✐♥,❡$❛❦❝✐❥✐ ❬✼❪✳ ❱$❛,✐♠♦ /❡ /❛ ♠♥♦❣♦❜$♦❥♥✐❤ ♣$✐♠❡♥❛ ♥❛

/,❛♥♦✈✐➨,❡ ,❡♦$✐❥/❦❡ ✜③✐❦❡✳ ?✉♥♦ $❛③✉♠❡✈❛♥❥❡ ♠❛❣♥❡,/❦✐❤ ✐♥,❡$❛❦❝✐❥❛ ❥❡ ✐③❛✲

③♦✈♥♦ ✉/❧❡❞ ,♦❣❛ ➨,♦ ❥❡ ♠❛❣♥❡,/❦❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥,❡$❛❦❝✐❥❛ ❞✉❣♦❞♦♠❡,♥❛ ✐

❛♥✐③♦,$♦♣♥❛✳ ?$❡♠❛ ,♦♠❡✱ ③❛ ,❡♦$✐❥/❦✉ ✜③✐❦✉ ❥❡ ✈❡♦♠❛ ❦♦$✐/♥♦ ✐/♣✐,✐✈❛♥❥❡ ♠✐✲

❦$♦/,$✉❦,✉$❛ ❢♦$♠✐$❛♥✐❤ ♦❞ /❛♠♦♦$❣❛♥✐③♦✈❛♥✐❤ /❢❡$✐↔♥✐❤ ♠❛❣♥❡,♥✐❤ ↔❡/,✐❝❛✳

?♦❧❛③♥❛ ,❛↔❦❛ ♦✈♦❣ ♠❛/,❡$ $❛❞❛ ❥❡/,❡ $❛❞ ❞❛, ✉ $❡❢❡$❡♥❝✐ ❬✽❪✳ ❯ ,♦♠ $❛❞✉

✐/♣✐,✐✈❛♥❡ /✉ /,$✉❦,✉$❡ ♥❛❥♥✐➸❡ ❡♥❡$❣✐❥❡ ✭♦/♥♦✈♥♦ /,❛♥❥❡✮ ❢♦$♠✐$❛♥❡ ♦❞ ♠❛❣✲

♥❡,♥✐❤ ↔❡/,✐❝❛✱ ❜❡③ ♣$✐/✉/,✈❛ /♣♦❧❥❛➨♥❥❡❣ ♠❛❣♥❡,♥♦❣ ♣♦❧❥❛✳ ❯③✐♠❛ /❡ ✉ ♦❜③✐$

/❛♠♦ ❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥,❡$❛❦❝✐❥❛ ✐③♠❡➒✉ /✈❛❦♦❣ ♣❛$❛ ↔❡/,✐❝❛✳ ?♦❦❛③❛♥♦ ❥❡ ❞❛

❥❡ ③❛ ♠❛❧✐ ❜$♦❥ ↔❡/,✐❝❛ ✭◆❁✹✮ ♦/♥♦✈♥♦ /,❛♥❥❡ ❧❛♥❛❝✳ ❩❛ /$❡❞♥❥✐ ❜$♦❥ ↔❡/,✐❝❛

✭✸❁ ◆ ❁✶✹✮✱ ❧❛♥❛❝ /❡ ③❛,✈❛$❛ ✉ ♣$/,❡♥✳ ◆❛ ❦$❛❥✉✱ ③❛ ❞♦✈♦❧❥♥♦ ✈❡❧✐❦✐ ❜$♦❥

↔❡/,✐❝❛ ✭◆❃ ✶✸✮ ♦/♥♦✈♥♦ /,❛♥❥❡ ♥❛/,❛❥❡ /❧❛❣❛♥❥❡♠ ♣$/,❡♥♦✈❛✳ ❏❛/♥♦ /❡ ✉♦✲

✹



↔❛✈❛ ♣$❡❧❛③ ✐③♠❡➒✉ ,$✐ ,✐♣❛ -,$✉❦,✉$❛ -❛ ♣♦$❛-,♦♠ ❜$♦❥❛ ↔❡-,✐❝❛ ◆✱ ♣$✐ ↔❡♠✉

❥❡ ❧❛♥❛❝ ❥❡❞♥♦✲❞✐♠❡♥③✐♦♥❛❧♥❛ ✭✶❉✮ -,$✉❦,✉$❛✱ ♣$-,❡♥ ✷❉✱ ❛ ♥❛-❧❛❣❛♥✐ ♣$-,❡✲

♥♦✈✐ ✸❉ -,$✉❦,✉$❡✳ @$❡❞♠❡, ♦✈♦❣ ♠❛-,❡$ $❛❞❛ ❥❡ ✐-♣✐,✐✈❛♥❥❡ ✸❉ -,$✉❦,✉$❛

♦-♥♦✈♥♦❣ -,❛♥❥❛ -❛♠♦♦$❣❛♥✐③♦✈❛♥✐❤ ♠❛❣♥❡,♥✐❤ ↔❡-,✐❝❛✳ @$✈♦ ➣❡ -❡ ❞❡,❛❧❥♥♦

✐-♣✐,❛,✐ ♠❛❣♥❡,-❦❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥,❡$❛❦❝✐❥❛ $❛❞✐ ❜♦❧❥❡❣ $❛③✉♠❡✈❛♥❥❛ -❛♠♦✲

♦$❣❛♥✐③❛❝✐❥❡ ♠❛❣♥❡,♥✐❤ ↔❡-,✐❝❛ ❦♦❥❡ ✐♥,❡$❛❣✉❥✉ ♦✈♦♠ ✐♥,❡$❛❦❝✐❥♦♠✳ ❯ ,♦♠

-♠✐-❧✉✱ ♣♦-♠❛,$❛➣❡ -❡ ❞✈❡ ♠❛❣♥❡,♥❡ ↔❡-,✐❝❡ ❦♦❥❡ ✐♥,❡$❛❣✉❥✉ ♦✈♦♠ ✐♥,❡$❛❦✲

❝✐❥♦♠ ✐ ,♦ ✉ ❞✈❛ -❧✉↔❛❥❛✿ ✶✮ ◆❛ ③❛❞❛,♦♠ $❛-,♦❥❛♥❥✉ ❦♦❥❡ ❥❡ ✜❦-✐$❛♥♦✱ ❛❧✐

-❡ ♠❡➒✉-♦❜♥❛ ♦$✐❥❡♥,❛❝✐❥❛ ❞✐♣♦❧♥✐❤ ♠♦♠❡♥❛,❛ ♠♦➸❡ ♠❡♥❥❛,✐✳ ✷✮ ❙❛ ③❛❞❛✲

,✐♠ ✜❦-✐$❛♥✐♠ ❞✐♣♦❧♥✐♠ ♠♦♠❡♥,✐♠❛✱ ❛❧✐ -❡ $❛-,♦❥❛♥❥❡ ♠♦➸❡ ♠❡♥❥❛,✐✳ ❯ ,❡③✐

➣❡ ❜✐,✐ ✐-♣✐,❛♥♦ ❦❛❞❛ -❡ ❥❛✈❧❥❛ ♣$✐✈❧❛↔♥❛✱ ❛ ❦❛❞❛ ♦❞❜♦❥♥❛ ✐♥,❡$❛❦❝✐❥❛ ✐③♠❡➒✉

❞✈❛ ❞✐♣♦❧❛✳ ❚♦ ❥❡ ✈❛➸♥♦ ③❛ $❛③✉♠❡✈❛♥❥❡ ❦❛❦♦ -❡ ↔❡-,✐❝❡ -❧❛➸✉ ♠✐♥✐♠✐③✉❥✉➣✐

♣♦,❡♥❝✐❥❛❧♥✉ ❡♥❡$❣✐❥✉ -,$✉❦,✉$❡✳ @♦-,♦❥❡ ,$✐ -♣❡❝✐✜↔♥❛ ♥❛↔✐♥❛ -❧❛❣❛♥❥❛ ♣$✲

-,❡♥♦✈❛ ✭❆❆✴❆❇✴❆❈ -❧❛❣❛♥❥❡✮✱ ,❡ $❛③♠❛,$❛♠♦ ❆❆✱ ❆❇ ✐ ❆❈ ,✉❜❡✳ ❖-✐♠

,✉❜❛✱ $❛③♠❛,$❛♠♦ ✐ ❤❡❧✐❦-❡✳ ❚✉❜❡ -✉ ❞❡✜♥✐-❛♥❡ ♣♦❧✉♣$❡↔♥✐❦♦♠ ♣$-,❡♥❛ ✐❧✐

❜$♦❥❡♠ ↔❡-,✐❝❛ ✭♣♦-,♦❥✐ $❡❧❛❝✐❥❛ ❦♦❥❛ ❥❡❞♥♦③♥❛↔♥♦ ♣♦✈❡③✉❥❡ ♦✈❛ ❞✈❛ ♣❛$❛♠❡✲

,$❛✮✱ ❛ ❤❡❧✐❦-✐ -✉ ❞❡✜♥✐-❛♥✐ ♣♦❧✉♣$❡↔♥✐❦♦♠ ✐ ❦♦$❛❦♦♠ ③❛✈♦❥♥✐❝❡ ❞✉➸ ♣$❛✈❝❛

♦$✐❥❡♥,❛❝✐❥❡✳ ●❡♦♠❡,$✐❥-❦♦ ♦❣$❛♥✐↔❡♥❥❡ ✐③ ♥❛-❧♦✈❛ $❛❞❛ ③♥❛↔✐ ❞❛ -✉ -,$✉❦,✉$❡

❦♦♥✜♥✐$❛♥❡ ✉♥✉,❛$ ♦❞$❡➒❡♥♦❣ ♣♦❧✉♣$❡↔♥✐❦❛✳ ❈✐❧❥ ❥❡ ♥❛♣$❛✈✐,✐ ♦❞$❡➒❡♥✉ -,$✉❦✲

,✉$✉ ✐ ♣$♦$❛↔✉♥❛,✐ ♥❥❡♥✉ ❡♥❡$❣✐❥✉ ✉-❧❡❞ ♠❛❣♥❡,-❦✐❤ ❞✐♣♦❧✲❞✐♣♦❧♥✐❤ ✐♥,❡$❛❦❝✐❥❛

-✈❛❦♦❣ ♣❛$❛ ↔❡-,✐❝❛ ,❡ -,$✉❦,✉$❡✳ @$❛✈❧❥❡♥❥❡ -,$✉❦,✉$❡ ③♥❛↔✐ ❞❛ ,$❡❜❛ -✈❛✲

❦♦❥ ↔❡-,✐❝✐ ❞♦❞❡❧✐,✐ ❦♦♦$❞✐♥❛,❡ ♣♦❧♦➸❛❥❛ ✐ ❦♦♠♣♦♥❡♥,❡ ♠❛❣♥❡,-❦♦❣ ❞✐♣♦❧♥♦❣

♠♦♠❡♥,❛✱ ✉ ❉❡❦❛$,♦✈♦♠ ❦♦♦$❞✐♥❛,♥♦♠ -✐-,❡♠✉✳ ❯ $❛❞✉ ❦♦❥✐ ♥❛♠ -❧✉➸✐ ❦❛♦

♣♦❧❛③♥❛ ♦-♥♦✈❛ ♣♦❦❛③❛♥♦ ❥❡ ❞❛ ♣$-,❡♥ ✐♠❛ ♠✐♥✐♠❛❧♥✉ ❡♥❡$❣✐❥✉ ❦❛❞❛ -✉ ❞✐♣♦❧♥✐

♠♦♠❡♥,✐ ↔❡-,✐❝❛ ♦$✐❥❡♥,✐-❛♥✐ ,❛❦♦ ❞❛ ♣$❛✈❡ ③❛,✈♦$❡♥✉ ♣❡,❧❥✉✳ ❚✐♠❡ -❡ ♠✐♥✐✲

♠✐③✉❥❡ ✉❦✉♣♥✐ ✈❡❦,♦$ ♠❛❣♥❡,✐③❛❝✐❥❡ -,$✉❦,✉$❡ ✐ ♣♦-,✐➸❡ ♠✐♥✐♠❛❧♥❛ ❡♥❡$❣✐❥❛✳

◆❛➨❛ ❤✐♣♦,❡③❛ ❥❡ ❞❛ ✐ ✸❉ -,$✉❦,✉$❡ ✐♠❛❥✉ ♠✐♥✐♠❛❧♥✉ ❡♥❡$❣✐❥✉ ③❛ ✐-,✉ ♦$✐❥❡♥✲

,❛❝✐❥✉ ♠❛❣♥❡,-❦✐❤ ♠♦♠❡♥❛,❛ ↔❡-,✐❝❛✳ @$✈♦ ➣❡ ❜✐,✐ ♣♦,✈$➒❡♥❛ ♦✈❛ ❤✐♣♦,❡③❛✱ ❛

♣♦,♦♠ ➣❡ ❜✐,✐ ♣$❛✈❧❥❡♥❡ -,$✉❦,✉$❛ -❛ ,❛❦✈✐♠ ♦♣,✐♠✐③♦✈❛♥✐♠ ❦♦♠♣♦♥❡♥,❛♠❛

❞✐♣♦❧♥♦❣ ♠♦♠❡♥,❛✳ ❖-✐♠ ❡♥❡$❣✐❥❡✱ ❞❡✜♥✐-❛♥ ❥❡ ♣❛$❛♠❡,❛$ ❣✉-,✐♥❡ ♣❛❦♦✈❛♥❥❛

❦♦❥✐ ♦❞$❡➒✉❥❡ ❦♦❧✐❦✐ ❥❡ ❢❛❦,♦$ ✐-♣✉♥❡ ③❛❞❛,♦❣ ♦❣$❛♥✐↔❡♥♦❣ ♣$♦-,♦$❛ ↔❡-,✐❝❛♠❛

❞❛,❡ -,$✉❦,✉$❡✳ @♦,$❡❜♥♦ ❥❡ ✉,✈$❞✐,✐ ❞❛ ❧✐ ♣♦-,♦❥✐ ❦♦$❡❧❛❝✐❥❛ ✐③♠❡➒✉ ❡♥❡$❣✐❥❡ ✐

❣✉-,✐♥❡ ♣❛❦♦✈❛♥❥❛✳ ❍✐♣♦,❡③❛ ❥❡ ❞❛ -,$✉❦,✉$❛ ♥❛❥✈❡➣❡ ❣✉-,✐♥❡ ♣❛❦♦✈❛♥❥❛ ✐♠❛

♠✐♥✐♠❛❧♥✉ ❡♥❡$❣✐❥✉ ♦-♥♦✈♥♦❣ -,❛♥❥❛✳ ❯ -✉➨,✐♥✐✱ ♥❛❥❜✐,♥✐❥✐ ❝✐❧❥ ❥❡-,❡ ♣♦$❡➒❡♥❥❡

❡♥❡$❣✐❥❛ ❆❆ ,✉❜❡✱ ❆❇ ,✉❜❡ ✐ ❤❡❧✐❦-❛ ♥❛ ✜❦-♥♦♠ ♣♦❧✉♣$❡↔♥✐❦✉✳ ❚❛❦♦ -❡ ♠♦➸❡

♣$♦✈❡$✐,✐ ❞❛ ❧✐ ❥❡ ✐ ❦❛❞❛✱ ❤❡❧✐❦- ❡♥❡$❣❡,-❦✐ ♣♦✈♦❧❥♥✐❥❛ -,$✉❦,✉$❛ ♦❞ ,✉❜❛✳ ▼❡✲

,♦❞❡ $❛❞❛ ✉❦❧❥✉↔✉❥✉ ♣$♦✉↔❛✈❛♥❥❡ ✜③✐❦❡ -✐-,❡♠❛✱ ✐③✈♦➒❡♥❥❡ ❛♥❛❧✐,✐↔❦✐❤ ✐③$❛③❛ ③❛

♣$♦$❛↔✉♥ ❡♥❡$❣✐❥❡✱ ❛ ♣♦,♦♠ ♥❥✐❤♦✈✉ ✐♠♣❧❡♠❡♥,❛❝✐❥✉ ✉ ♥❡❦♦♠ ♣$♦❣$❛♠-❦♦♠

❥❡③✐❦✉ ✐❧✐ ♣❛❦❡,✉✳ ❖❞❧✉↔✐❧✐ -♠♦ -❡ ③❛ ♣$♦❣$❛♠✐$❛♥❥❡ ♥✉♠❡$✐↔❦✐❤ -✐♠✉❧❛❝✐❥❛ ✉

♣$♦❣$❛♠-❦♦♠ ♣❛❦❡,✉ ▼❆❚▲❆❇✳ ▲✐-,✐♥❣ -✈✐❤ ♥❛♣✐-❛♥✐❤ ❦♦❞♦✈❛ ❞❛, ❥❡ ✉ ●❧❛✈✐

✼ ✐ ♥✉♠❡$✐-❛♥ ❥❡ ♥❡③❛✈✐-♥♦ ♦❞ ♦-,❛,❦❛ $❛❞❛ $❛❞✐ ❧❛❦➨❡ ♣$❡❣❧❡❞♥♦-,✐✳

✺



●❧❛✈❛ ✷

▼❛❣♥❡)*❦❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛

✐♥)❡1❛❦❝✐❥❛

■♥"❡$❛❦❝✐❥❛ ❦♦❥♦♠ ♠♦❞❡❧✉❥❡♠♦ /❛♠♦♦$❣❛♥✐③♦✈❛♥❥❡ ♠❛❣♥❡"♥✐❤ /❢❡$♥✐❤ ↔❡✲

/"✐❝❛ ❥❡/"❡ ♠❛❣♥❡"/❦❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥"❡$❛❦❝✐❥❛✳ 9♦/"♦❥✐ ✐③♠❡➒✉ ❞✈❡ ↔❡/"✐❝❡

♠❛❣♥❡"/❦✐❤ ♠♦♠❡♥❛"❛

−→m1 ✐

−→m2✳ 9♦"❡♥❝✐❥❛❧♥❛ ❡♥❡$❣✐❥❛ "❡ ✐♥"❡$❛❦❝✐❥❡ ✐♠❛

/❧❡❞❡➣✐ ♦❜❧✐❦✿

Udd (
−→r12) = C

[

(−→m1 · −→m2)

r3
− 3

(−→m1 · −→r12) (−→m2 · −→r12)
r5

]

✭✷✳✶✮

❯ ❣♦$♥❥♦❥ ❥❡❞♥❛↔✐♥✐✱ ❦♦♥/"❛♥"❛ ❈ ✐③♥♦/✐ C = µ0

4π
= 10−7H/m✱ ❞♦❦ ❥❡ ✈❡❦"♦$

♠❡➒✉/♦❜♥♦❣ ♣♦❧♦➸❛❥❛ ❦♦❥✐ /♣❛❥❛ ♣♦/♠❛"$❛♥❡ ❞✈❡ ♠❛❣♥❡"♥❡ ↔❡/"✐❝❡✿

−→r12 =
−→r1 − −→r2 ✳ ❘❛/"♦❥❛♥❥❡ ✐③♠❡➒✉ ↔❡/"✐❝❛ ❥❡ ♠♦❞✉♦ ♦✈♦❣ ✈❡❦"♦$❛✱ |−→r12| = r✳ 9♦✲

❥❡❞♥♦/"❛✈✐➣❡♠♦ ♣♦"❡♥❝✐❥❛❧ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥"❡$❛❦❝✐❥❡ ✐③✈♦❞❡➣✐ ❣❛ ③❛ /❧✉↔❛❥ ❞❛

/❡ ♠❛❣♥❡"/❦✐ ♠♦♠❡♥"✐

−→m1 ✐

−→m2 ♥❛❧❛③❡ ✉ ✐/"♦❥ $❛✈♥✐✳ ❚❛❞❛ /✈❛❦✐ ♦❞ ♥❥✐❤ ✐♠❛

❞✈❡ ❦♦♠♣♦♥❡♥"❡✱ ❥❡❞♥✉ ♥♦$♠❛❧♥✉ ♥❛ ♣$❛✈❛❝ ✈❡❦"♦$❛

−→r12✱ mn ✐ ❥❡❞♥✉ ♣❛$❛❧❡❧♥✉

♥❥❡♠✉✱ mp✳ 9♦➨"♦ ✈❛➸✐

−→m1 · −→r12 = m1pr12
−→m2 · −→r12 = m2pr12
−→m1 · −→m2 = m1nm2n +m1pm2p

❚❛❦♦ ❞❛ /❡ ③❛ ♣♦"❡♥❝✐❥❛❧♥✉ ❡♥❡$❣✐❥✉ ❞♦❜✐❥❛✿

Udd = C
(m1nm2n +m1pm2p)

r3
− 3

m1pm2pr
2

r5

=> Udd = C
m1nm2n − 2m1pm2p

r3

◆❛ /❧❡❞❡➣♦❥ /❧✐❝✐ ❞❛"❛ ❥❡ /❦✐❝❛ /✐/"❡♠❛ ❞✈❛ ❞✐♣♦❧❛ ❦♦❥❡ ❛♥❛❧✐③✐$❛♠♦✳

✻



❙❧✐❦❛ ✷✳✶✿ ❙❦✐❝❛ %✐%&❡♠❛ ❞✈❛ ❞✐♣♦❧❛ ❦♦❥✐ ✐♥&❡0❛❣✉❥✉ ♠❛❣♥❡&%❦♦♠ ❞✐♣♦❧✲❞✐♣♦❧♥♦♠

✐♥&❡0❛❦❝✐❥♦♠

■③✈❡❧✐ -♠♦ ♣♦1❡♥❝✐❥❛❧ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥1❡7❛❦❝✐❥❡ ③❛ -❧✉↔❛❥ ❞❛ -✉ ♠❛❣♥❡1-❦✐

♠♦♠❡♥1✐ ✉ 7❛✈♥✐✳ ◆♦7♠❛❧✐③✉❥♠♦ ✈7❡❞♥♦-1✐ ♣7♦♠❡♥❧❥✐✈✐❤ ✉ 1♦♠ ✐③7❛③✉✿

C = 1, |−→m1| = |−→m2| = 1,−→r1 =
[

0 0 0
]

,−→r2 =
[

0 1 0
]

❱❡❦1♦7✐

−→m1 ✐

−→m2 ③❛❦❧❛♣❛❥✉ ✉❣❧♦✈❡ θ1 ✐ θ2 -❛ ♣7❛✈❝❡♠ ✈❡❦1♦7❛

−→r12✳ ▼♦➸❡♠♦

♣✐-❛1✐ mp = m cos θ,mn = m sin θ✳ ❚❛❞❛ ✐③7❛③ ③❛ ♣♦1❡♥❝✐❥❛❧ ✐♥1❡7❛❦❝✐❥❡ ♣♦✲

-1❛❥❡✿

Udd = C
m1m2 sin θ1 sin θ2 − 2m1m2 cos θ1 cos θ2

r3
✭✷✳✷✮

■-♣✐1❛❥♠♦ ❦❛❦♦ ♣♦1❡♥❝✐❥❛❧ ③❛✈✐-✐ ♦❞ ♠❡➒✉-♦❜♥❡ ♦7✐❥❡♥1❛❝✐❥❡ ♠❛❣♥❡1-❦✐❤ ♠♦✲

♠❡♥❛1❛ ↔❡-1✐❝❛✳ ❯❣❛♦ θ1 ❥❡ ✉❣❛♦ ♣♦ ❦♦♠❡ -❡ -❦❡♥✐7❛ ✉ ✶✵✵✵ 1❛↔❛❦❛ ♥❛ ❝❡❧♦♠

♦♣-❡❣✉✱ [0, 2π]✱ ❛ ✉❣❛♦ θ2 ✉③✐♠❛ ♦❞7❡➒❡♥❡ ✈7❡❞♥♦-1✐✿ θ2 = {0, π/2, π, 3π/2}✳
◆❛ -❧❡❞❡➣♦❥ -❧✐❝✐ ♣7✐❦❛③❛♥ ❥❡ ♣♦1❡♥❝✐❥❛❧ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥1❡7❛❦❝✐❥❡ ❞✈❛ ❞✐♣♦❧❛

③❛✈✐-♥♦ ♦❞ ♥❥✐❤♦✈❡ ♠❡➒✉-♦❜♥❡ ♦7✐❥❡♥1❛❝✐❥❡✳ ❊♥❡7❣✐❥❛ ❥❡ ♠✐♥✐♠❛❧♥❛ ③❛ -❧✉↔❛❥

❞❛ -✉ ❞✐♣♦❧♥✐ ♠♦♠❡♥1✐ ♦7✐❥❡♥1✐-❛♥✐ ✉ ✐-1♦♠ ♣7❛✈❝✉ ✐ -♠❡7✉ ✐ 1♦ ♣❛7❛❧❡❧♥♦ -❛

✈❡❦1♦7♦♠

−→r12✳ ❊♥❡7❣✐❥❛ ❥❡ ♠❛❦-✐♠❛❧♥❛ ❦❛❞❛ -✉ ❞✐♣♦❧♥✐ ♠♦♠❡♥1✐ ♦7✐❥❡♥1✐-❛♥✐

✼



❙❧✐❦❛ ✷✳✷✿  ♦"❡♥❝✐❥❛❧ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥"❡-❛❦❝✐❥❡ /✐/"❡♠❛ ❞✈❛ ❞✐♣♦❧❛ ✉ ③❛✈✐/♥♦/"✐

♦❞ ♠❡➒✉/♦❜♥❡ ♦-✐❥❡♥"❛❝✐❥❡ ❞✐♣♦❧❛

♣❛)❛❧❡❧♥♦ -❛ ✈❡❦/♦)♦♠

−→r12✱ ❛❧✐ -❛ -✉♣)♦/♥✐♠ -♠❡)♦✈✐♠❛✳ ❆♥❛❧♦❣♥♦ ✈❛➸✐ ✐ ③❛

♣)❛✈❛❝ ♥♦)♠❛❧❛♥ ♥❛ ♣)❛✈❛❝ ✈❡❦/♦)❛

−→r12✱ -❛♠♦ -✉ ❛♣-♦❧✉/♥❡ ❡♥❡)❣✐❥❡ ✈)❡❞♥♦-/✐

♠❛♥❥❡✳

✷✳✶ #$✐❦❛③ ♣$✐✈❧❛↔♥❡ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥2❡$❛❦❝✐❥❡

❯ ♣)❡/❤♦❞♥♦♠ ✐③❧❛❣❛♥❥✉ )❛③♠❛/)❛♥❛ ❥❡ ♣♦/❡♥❝✐❥❛❧♥❛ ❡♥❡)❣✐❥❛ ❞✐♣♦❧✲❞✐♣♦❧♥❡

✐♥/❡)❛❦❝✐❥❡ ↔❡-/✐❝❛ ✜❦-✐)❛♥♦❣ ♣♦❧♦➸❛❥❛✱ ♣)✐ ↔❡♠✉ ❥❡ ✈❛)✐)❛♥❛ ♠❡➒✉-♦❜♥❛ ♦)✐✲

❥❡♥/❛❝✐❥❛ ♥❥✐❤♦✈✐❤ ❞✐♣♦❧♥✐❤ ♠♦♠❡♥❛/❛✳ ❙❛❞❛ -❡ )❛③♠❛/)❛❥✉ ❞✈❡ ↔❡-/✐❝❡ ♣❛✲

)❛❧❡❧♥✐❤ ♠♦♠❡♥❛/❛✱ ✉-♠❡)❡♥✐❤ ❞✉➸ ②✲♦-❡✱ ↔✐❥✐ -❡ ♠❡➒✉-♦❜♥✐ ♣♦❧♦➸❛❥ ♠❡♥❥❛✳

❷❡-/✐❝❛ ✶✱ -❛ ❞✐♣♦❧♥✐♠ ♠♦♠❡♥/♦♠

−→m1 ❥❡ ✜❦-✐)❛♥❛ ♥❛ ♣♦③✐❝✐❥✐ (x, y) = (0,−h)
❞♦❦ -❡ ↔❡-/✐❝❛ ✷✱ -❛ ❞✐♣♦❧♥✐♠ ♠♦♠❡♥/♦♠

−→m2 ♣♦♠❡)❛ ❞✉➸ ①✲♦-❡✱ -❛ ♣♦③✐❝✐❥❡

(x, y) = (−xm, 0) ♥❛ ♣♦③✐❝✐❥✉ (x, y) = (+xm, 0)✳ ◆❛ -❧❡❞❡➣♦❥ -❧✐❝✐ ♣)✐❦❛③❛♥❛

❥❡ -❦✐❝❛ )❛③♠❛/)❛♥♦❣ -✐-/❡♠❛✳

G♦➒✐♠♦ ♦❞ ✐③)❛③❛ ③❛ ♣♦/❡♥❝✐❥❛❧ ✐♥/❡)❛❦❝✐❥❡✿

Udd = C
m1nm2n − 2m1pm2p

r3
✭✷✳✸✮

✽



❙❧✐❦❛ ✷✳✸✿ ❙❦✐❝❛ %✐%&❡♠❛ ❞✐♣♦❧❛ ③❛ ♣.✐❦❛③ ♣.✐✈❧❛↔♥❡ ✐♥&❡.❛❦❝✐❥❡

❩❛ ♥♦,♠❛❧♥❡ ✐ ♣❛,❛❧❡❧♥❡ ❦♦♠♣♦♥❡♥0❡ ❞✐♣♦❧♥✐❤ ♠♦♠❡♥❛0❛ ✈❛➸✐✿

mn = m
x

r

mp = m
h

r
✭✷✳✹✮

❩❛♠❡♥❛ ✉ ✐③,❛③ ③❛ ♣♦0❡♥❝✐❥❛❧ ❞❛❥❡✿

Udd =

(

x
r

)2 − 2
(

h
r

)2

r3

=> Udd =
x2 − 2h2

r5
✭✷✳✺✮

=,✐❧✐❦♦♠ ♣,✐✈❧❛↔♥❡ ✐♥0❡,❛❦❝✐❥❡✱ ♣♦0❡♥❝✐❥❛❧ ✐♠❛ ♥❡❣❛0✐✈♥✐ ♣,❡❞③♥❛❦✳ ❙❛ ❣,❛✜❦❛

③❛✈✐B♥♦B0✐ ♣♦0❡♥❝✐❥❛❧❛ ♦❞ ①✲❦♦♦,❞✐♥❛0❡ ↔❡B0✐❝❡ ✷✱ ✈✐❞✐ B❡ ❞❛ ❥❡ ♣,✐✈❧❛↔♥❛ ✐♥0❡,✲

❛❦❝✐❥❛ ♥❛❥❥❛↔❛ ❦❛❞❛ B✉ ↔❡B0✐❝❡ ♥❛❥❜❧✐➸❡ ✐ ❞❛ B✐♠❡0,✐↔♥♦ B❧❛❜✐ B❛ ✉❞❛❧❥❛✈❛♥❥❡♠

✐③ 0♦❣ ♣♦❧♦➸❛❥❛✳ ■③ ③❛✈✐B♥♦B0✐ Udd = Udd(x) ✐③,❛↔✉♥❛✈❛ B❡ ✐♥0❡♥③✐0❡0 B✐❧❡ ❞✉➸

①✲♦B❡ ♣,❡❦♦✿

Fx = −dUdd

dx

✾



❙❧✐❦❛ ✷✳✹✿ ❩❛✈✐$♥♦$' ♣♦'❡♥❝✐❥❛❧❛ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥'❡/❛❦❝✐❥❡ ♦❞ ♣♦❧♦➸❛❥❛ ↔❡$'✐❝❡ ✷

❙❧✐❦❛ ✷✳✺✿ ❩❛✈✐$♥♦$' $✐❧❡ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥'❡/❛❦❝✐❥❡ ♦❞ ♣♦❧♦➸❛❥❛ ↔❡$'✐❝❡ ✷

✶✵



✷✳✷ "#✐❦❛③ ♦❞❜♦❥♥❡ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥1❡#❛❦❝✐❥❡

❯ ♦✈♦♠ ♣%✐♠❡%✉ ✐❧✉*+%✉❥❡♠♦ ♦❞❜♦❥♥✉ ✐♥+❡%❛❦❝✐❥✉✳ 4♦*+❛✈❦❛ ❥❡ *❧✐↔♥❛ ❦❛♦

✉ ♣%❡+❤♦❞♥♦❥ *❡❦❝✐❥✐✱ *❛♠♦ ➨+♦ ❥❡ ♣♦③✐❝✐❥❛ ↔❡*+✐❝❡ ✶✱ (x, y) = (0, 0)✳

❙❧✐❦❛ ✷✳✻✿ ❙❦✐❝❛ %✐%&❡♠❛ ❞✐♣♦❧❛ ③❛ ♣.✐❦❛③ ♦❞❜♦❥♥❡ ✐♥&❡.❛❦❝✐❥❡

4♦+❡♥❝✐❥❛❧ ✐♠❛ ❥❡❞♥♦*+❛✈♥✐ ♦❜❧✐❦✿

Udd =
1

x3
✭✷✳✻✮

❙❛❞❛ ❞♦❧❛③✐ ❞♦ ♦❞❜♦❥♥❡ ✐♥+❡%❛❦❝✐❥❡✱ +❡ ♣♦+❡♥❝✐❥❛❧ ✐♠❛ ♣♦③✐+✐✈♥✐ ♣%❡❞③♥❛❦✳

◆❛ ❣%❛✜❦✉ ③❛✈✐*♥♦*+✐ ♣♦+❡♥❝✐❥❛❧❛ ♦❞ ①✲❦♦♦%❞✐♥❛+❡ ↔❡*+✐❝❡ ✷ ✉♦↔❛✈❛ *❡ ❞❛ ❥❡

♦❞❜♦❥♥❛ ✐♥+❡%❛❦❝✐❥❛ ♥❛❥❥❛↔❛ ❦❛❞❛ *✉ ↔❡*+✐❝❡ ♥❛❥❜❧✐➸❡✳ ■*+♦ ❦❛♦ ✉ ♣%❡+❤♦❞♥♦❥

*❡❦❝✐❥✐✱ *%❛↔✉♥❛+❛ ❥❡ ③❛✈✐*♥♦*+ ✐♥+❡♥③✐+❡+❛ ①✲❦♦♠♣♦♥❡♥+❡ *✐❧❡ ♦❞ ①✲❦♦♦%❞✐♥❛+❡

↔❡*+✐❝❡ ✷✳

✶✶



❙❧✐❦❛ ✷✳✼✿ ❩❛✈✐$♥♦$' ♣♦'❡♥❝✐❥❛❧❛ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥'❡/❛❦❝✐❥❡ ♦❞ ♣♦❧♦➸❛❥❛ ↔❡$'✐❝❡ ✷

❙❧✐❦❛ ✷✳✽✿ ❩❛✈✐$♥♦$' $✐❧❡ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥'❡/❛❦❝✐❥❡ ♦❞ ♣♦❧♦➸❛❥❛ ↔❡$'✐❝❡ ✷

✶✷



●❧❛✈❛ ✸

■③✈♦➒❡♥❥❡ ♦♣➨.✐❤ ✐③1❛③❛ ③❛

2♦♣2.✈❡♥✉ ✐ ✉♥❛❦12♥✉ ❡♥❡1❣✐❥✉ ✉

▲❡❦♥❡1♦✈♦♠ ♠❡.♦❞✉

❊♥❡#❣✐❥❛ ()#✉❦)✉#❡ (❛ ❦♦♥❛↔♥✐♠ ❜#♦❥❡♠ ↔❡()✐❝❛ ♠♦➸❡ (❡ ✐③#❛↔✉♥❛)✐ ❞✐#❡❦)✲

♥✐♠ (✉♠✐#❛♥❥❡♠ ❡♥❡#❣✐❥❛ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥)❡#❛❦❝✐❥❡ (✈❛❦♦❣ ♣❛#❛ ↔❡()✐❝❛✳ ❩❛

()#✉❦)✉#❡ ❦♦❥❡ ♣♦(❡❞✉❥✉ ♣❡#✐♦❞✐↔♥♦() ❞✉➸ ♣#❛✈❝❛ ♦#✐❥❡♥)❛❝✐❥❡ ✭♦③♥❛↔❡♥ ❦❛♦

③✲♣#❛✈❛❝✮ ♣#✐♠❡♥❥✉❥❡ (❡ ▲❡❦♥❡#♦✈ ♠❡)♦❞ (✉♠✐#❛♥❥❛ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥)❡#❛❦❝✐❥❡✱

❦♦❥✐ ❞❛❥❡ ❡♥❡#❣✐❥✉ ❜❡(❦♦♥❛↔♥❡ ()#✉❦)✉#❡ ❦♦❥❛ ♣♦(❡❞✉❥❡ ♦(♥♦✈♥✉ ➣❡❧✐❥✉ ❦♦❥❛ (❡

♣❡#✐♦❞✐↔♥♦ ♣♦♥❛✈❧❥❛✳ ▲❡❦♥❡#♦✈ ♠❡)♦❞ (✉♠✐#❛♥❥❛ ❡♥❡#❣✐❥❛ ✐♥)❡#❛❦❝✐❥❡ (✐()❡♠❛

(❛ ♣❡#✐♦❞✐↔♥♦➨➣✉ ✉ ❥❡❞♥♦❥ ✐❧✐ ❞✈❡ ❞✐♠❡♥③✐❥❡ ♣#❡③❡♥)♦✈❛♥ ❥❡ ✉ #❛❞✉ ❬✾❪✳ ❯ )♦♠

#❛❞✉ ♣#✐❦❛③❛♥♦ ❥❡ ✐③✈♦➒❡♥❥❡ ✐③#❛③❛ ❦♦❥✐ ♦❞❣♦✈❛#❛❥✉ ❞✐♣♦❧✲❞✐♣♦❧♥♦❥ ✐♥)❡#❛❦✲

❝✐❥✐✳ ◆❛➨❛ ✐❞❡❥❛ ❜✐❧❛ ❥❡ ❞❛ (♣#♦✈❡❞❡♠♦ ❣❡♥❡#❛❧✐③♦✈❛♥♦ ✐③✈♦➒❡♥❥❡ ▲❡❦♥❡#♦✈♦❣

♠❡)♦❞❛ ③❛ (✐()❡♠❡ ❦♦❥✐ (✉ ♣❡#✐♦❞✐↔♥✐ ❞✉➸ ❥❡❞♥♦❣ ♣#❛✈❝❛ ✭❞✉➸ ③✲♣#❛✈❝❛✮✳

✸✳✶ ■③✈♦➒❡♥❥❡ ♦♣➨-❡❣ ✐③0❛③❛ ③❛ 2♦♣2-✈❡♥✉ ❡♥❡0✲

❣✐❥✉ ✉ ▲❡❦♥❡0♦✈♦♠ ♠❡-♦❞✉

❉❡✜♥✐➨✐♠♦ (✉♠✉ Ψ0(s)✱ ❦♦❥❛ ❥❡ ❞❡✜♥✐(❛♥❛ ③❛ (✈❡ ✈#❡❞♥♦()✐ m✱ ♦(✐♠ ③❛

m = 0

Ψ0(s) =
1

L2s
z

∑

m 6=0

|m|−2s =
1

L2s
z

( −1
∑

m=−∞
|m|−2s +

+∞
∑

m=+1

|m|−2s

)

✭✸✳✶✮

❯ ♣#❡)❤♦❞♥♦❥ ❥❡❞♥❛↔✐♥✐✱ ✈❡❧✐↔✐♥❛ Lz ✐♠❛ ✜③✐↔❦✐ (♠✐(❛♦ ❞✉➸✐♥❡✱ ♦❞#❡➒✉❥❡ ♣❡#✐✲

♦❞✉ ()#✉❦)✉#❡ ❞✉➸ ③✲♣#❛✈❝❛✳ ❑❛❦♦ ✈❛➸✐ ❥❡❞♥❛❦♦()✿

−1
∑

m=−∞
|m|−2s =

+∞
∑

m=+1

|m|−2s
✱

✶✸



♦♥❞❛ ✐③&❛③ ✐③ ❏❡❞♥✳ ✸✳✶ ♣♦-.❛❥❡✿

Ψ0(s) =
2

L2s
z

+∞
∑

m=+1

|m|−2s
✭✸✳✷✮

■③&❛③ ③❛ ✉❦✉♣♥✉ ❡♥❡&❣✐❥✉ ✐♥.❡&❛❦❝✐❥❡ ❞❛. ❥❡ ✉ ❏❡❞♥✳ ✺ ✉ &❡❢❡&❡♥❝✐ ❬✾❪✱ ♦❞❛❦❧❡

✉③✐♠❛♠♦ ✐③&❛③ ③❛ -♦♣-.✈❡♥✉ ❡♥❡&❣✐❥✉✿

Eself(s) =
1

2

N
∑

i=1

[

|−→µi |2 − 3(µz
i )

2
]

Ψ0(s)

=> Eself(s) =
1

2

N
∑

i=1

[

∣

∣

∣

−→
µρ
i

∣

∣

∣

2

− 2(µz
i )

2

]

Ψ0(s) ✭✸✳✸✮

❩❛♠❡♥♦♠ ❏❡❞♥✳ ✸✳✷ ✉ ❏❡❞♥✳ ✸✳✸ ✐ ♥❛ ♦-♥♦✈✉ ❞❡✜♥✐❝✐❥❡ ❩❡.❛ ❢✉♥❦❝✐❥❡✿

ζ(s) =
+∞
∑

m=1

m−s

❞♦❜✐❥❛ -❡ ♦♣➨.✐ ✐③&❛③ ③❛ Eself(s)✿

Eself(s) =
1

L2s
z

N
∑

i=1

[

∣

∣

∣

−→
µρ
i

∣

∣

∣

2

− 2(µz
i )

2

]

ζ(2s) ✭✸✳✹✮

✸✳✷ ■③✈♦➒❡♥❥❡ ♦♣➨-❡❣ ✐③0❛③❛ ③❛ ✉♥❛❦04♥✉ ❡♥❡0✲

❣✐❥✉ ✉ ▲❡❦♥❡0♦✈♦♠ ♠❡-♦❞✉

G♦➒✐♠♦ ♦❞ ✐③&❛③❛ ③❛ ✉♥❛❦&-♥✉ ❡♥❡&❣✐❥✉ ✐③ ❏❡❞♥✳ ✺ ✉ &❡❢❡&❡♥❝✐ ❬✾❪✿

Ecross(s) =
1

2

N
∑

i=1

N
∑

j=1,j 6=i

[−→µi
−→µjΨrij(s) + 3(−→µi · ▽ξ)(

−→µj · ▽ξ)Ξrij,ξ (s) |ξ=0] ✭✸✳✺✮

❩❛❞❛.❛❦ ❥❡ ♦❞&❡❞✐.✐ ❞✈❡ ♥❡♣♦③♥❛.❡ ❢✉♥❦❝✐❥❡ ❦♦❥❡ -❡ ♣♦❥❛✈❧❥✉❥✉ ✉ ❣♦&♥❥♦❥ ❥❡❞✲

♥❛↔✐♥✐✳ ■③ ❏❡❞♥✳ ✷ ✉ &❡❢❡&❡♥❝✐ ❬✾❪ ❞♦❜✐❥❛ -❡ ❞❡✜♥✐❝✐❥❛ -✉♠❡ Ψr(s)✿

Ψr(s) =
1

L2s
z

∑

m

[

(

ρ

Lz

)2

+

(

z

Lz

+m

)2
]−s

✭✸✳✻✮

❖✈❛ -✉♠❛ &❛↔✉♥❛ -❡ ✉♣♦.&❡❜♦♠ ✐♥.❡❣&❛❧♥❡ &❡♣&❡③❡♥.❛❝✐❥❡ ❣❛♠❛ ❢✉♥❦❝✐❥❡✿

a−s =
1

Γ(s)

+∞
∫

t=0

ts−1e−atdt ✭✸✳✼✮

✶✹



❯ ❏❡❞♥✳ ✸✳✻ ♣)❡♣♦③♥❛❥❡♠♦ ❞❛ ❥❡✿

a =

(

ρ

Lz

)2

+

(

z

Lz

+m

)2

❉❛❦❧❡✱ ❞♦❜✐❥❛♠♦ ✐③)❛③ ❦♦❥✐ 6❡ ✈)❛➣❛ ✉ ❏❡❞♥✳ ✸✳✻✿

a−s =
1

Γ(s)

+∞
∫

t=0

ts−1e
−
[

( ρ
Lz
)
2
+( z

Lz
+m)

2
]

t
dt ✭✸✳✽✮

❂❃

Ψr(s) =
1

L2s
z Γ(s)

∑

m

+∞
∫

t=0

ts−1e
−
[

( ρ
Lz
)
2
+( z

Lz
+m)

2
]

t
dt ✭✸✳✾✮

❙❛❞❛ ③❛♠❡♥✐♠♦ ♠❡6A❛ 6✉♠❡ ✐ ✐♥A❡❣)❛❧❛ ✉ ❥❡❞♥❛↔✐♥✐ ✐ ✐③❞✈♦❥✐♠♦ 6✉♠✉ ♣♦ m
✉♥✉A❛) ✐♥A❡❣)❛❧❛ ♣♦ dt✿

Ψr(s) =
1

L2s
z Γ(s)

+∞
∫

t=0

ts−1e−(
ρ
Lz
)
2
t
∑

m

e−(
z
Lz

+m)
2
tdt ✭✸✳✶✵✮

❑♦)✐6A✐♠♦ ♦♣➨A✉ ❢♦)♠✉ I♦❛6♦♥♦✈❡ 6✉♠❛❝✐♦♥❡ ❢♦)♠✉❧❡ ❦♦❥❛ ❣❧❛6✐✿

m=+∞
∑

m=−∞
e
−
(

u+c
L0

+m
)2

t
e
−iξ0L0

(

u+c
L0

+m
)

=
(π

t

)
1
2

k=+∞
∑

k=−∞
e
i2πk u+c

L0 e−
(2πk+ξ0L0)

2

4t
✭✸✳✶✶✮

I)✐♠❡♥✐♠♦ I♦❛6♦♥♦✈✉ 6✉♠❛❝✐♦♥✉ ❢♦)♠✉❧✉✱ ③❛❥❡❞♥♦ 6❛ 6❧❡❞❡➣✐♠ ❥❡❞♥❛❦♦6A✐♠❛

❞♦ ❦♦❥✐❤ 6♠♦ ❞♦➨❧✐ ♣♦6♠❛A)❛❥✉➣✐ ❏❡❞♥✳ ✸✳✶✵✱ A❛❦♦ ❞❛ 6❧❡❞✐✿

u+ c = z, L0 = Lz, ξ0 = ξz

❉♦❞❛❥✉➣✐ ↔❧❛♥

e−iξzLz( z
Lz

+m)

♣♦❞ ✉6❧♦✈♦♠ ❦♦❥✐ ♦❜❡③❜❡➒✉❥❡ ❞❛ ❥❡ ❥❡❞♥❛❦ ♥✉❧✐ ✭ξz = 0✮✿

∑

m

e−(
z
Lz

+m)
2
te−iξzLz( z

Lz
+m) =

(π

t

)
1
2

k=+∞
∑

k=−∞
ei2πk

z
Lz e−

(2πk+ξzLz)
2

4t
✭✸✳✶✷✮

=> Ψrij(s) =
1

L2s
z Γ(s)

+∞
∫

t=0

ts−1e−(
ρ
Lz
)
2
t
(π

t

)
1
2

k=+∞
∑

k=−∞
ei2πk

z
Lz e−

(2πk+ξzLz)
2

4t dt

✭✸✳✶✸✮

✶✺



❯ ♦✈♦♠ ❦♦%❛❦✉✱ ♠❡♥❥❛♠♦ ♠❡,-❛ ,✉♠❡ ✐ ✐♥-❡❣%❛❧❛ -❛❦♦ ❞❛ ✐♥-❡❣%❛❧ ♣♦ dt ✐❞❡
✉♥✉-❛% ,✉♠❡ ♣♦ k✿

=> Ψrij(s) =
π1/2

L2s
z Γ(s)

k=+∞
∑

k=−∞
ei2πk

z
Lz

+∞
∫

t=0

ts−3/2e−(
ρ
Lz
)
2
te−

(2πk+ξzLz)
2

4t dt ✭✸✳✶✹✮

❙❛❞❛ -%❡❜❛ %❡➨✐-✐ ✐♥-❡❣%❛❧✿

I =

+∞
∫

t=0

ts−3/2e−(
ρ
Lz
)
2
te−

(2πk+ξzLz)
2

4t dt ✭✸✳✶✺✮

❘❡➨❡♥❥❡ ♦✈♦❣ ✐♥-❡❣%❛❧❛ ❥❡,-❡✿

I = 23/2−s

(

(ξzLz + 2πk)2 L2
z

4ρ2

)s/2−1/4

Ks−1/2

(

|ξzLz + 2πk| ρ
Lz

)

✭✸✳✶✻✮

❖✈❛❥ ✐③%❛③ ♠♦➸❡ ,❡ ♣♦❥❡❞♥♦,-❛✈✐-✐ ♥❛ ,❧❡❞❡➣✐ ♥❛↔✐♥✿

I = 23/2−s

(

(ξzLz + 2πk)Lz

2ρ

)(2s−1)/2

Ks−1/2

(

|ξzLz + 2πk| ρ
Lz

)

❯✈❡❞✐♠♦ ,♠❡♥✉✿

|ξzLz + 2πk| ρ
Lz

= α

=> Ψrij(s) =
π1/2

L2s
z Γ(s)

k=+∞
∑

k=−∞
ei2πk

z
Lz α(2s−1)/2Ks−1/2 (α) ✭✸✳✶✼✮

F%✐♠❡♥✐♠♦ ✉,❧♦✈ ξz = 0 -❛❦♦ ❞❛ ,❡ ,✉♠❛ ♣♦ k ♠♦➸❡ ♣%❡❞,-❛✈✐-✐ ❦❛♦✿

k=+∞
∑

k=−∞
ei2πk

z
Lz

(

π2k2L2
z

ρ2

)s/2−1/4

Ks−1/2

(

|2πk| ρ
Lz

)

=
k=+∞
∑

k=−∞
ei2πk

z
Lz f(k)

✭✸✳✶✽✮

❆❦♦ ♣%❡-♣♦,-❛✈✐♠♦ ❞❛ ❥❡ f(k) ♣❛%♥❛ ❢✉♥❦❝✐❥❛ ♣♦ k✱ -❛❞❛ ✉,❧❡❞✿

cos(2πk
z

Lz

) =
ei2πk

z
Lz + e−i2πk z

Lz

2

=>
+∞
∑

k=−∞
ei2πk

z
Lz f(k) =

(

2
k=+∞
∑

k=1

cos(2πk
z

Lz

)f(k)

)

+ f(0) ✭✸✳✶✾✮

✶✻



❉❛❦❧❡✱ &'❡❜❛ ♦❞'❡❞✐&✐ f(0)✳

f(0) = lim
k→0

(

πkLz

ρ

)(2s−1)/2

Ks−1/2

(

|2πk| ρ
Lz

)

✭✸✳✷✵✮

=> f(0) =
π1/2

L2s
z Γ(s)

(

ρ

Lz

)1−2s

Γ

(

s− 1

2

)

❉❛❦❧❡✱ ♦✈❛❦♦ ✐③❣❧❡❞❛ ❦♦♥❛↔♥✐ ✐③'❛③ ③❛ 7✉♠✉ '❡➨❡&❦❡✿

Ψrij(s) =
4π1/2

L2s
z Γ(s)

+∞
∑

k=1

(

cos

(

2πk
z

Lz

)(

π2k2L2
z

ρ2

)s/2−1/4

Ks−1/2

(

2πk
ρ

Lz

)

)

+

π1/2

L2s
z Γ(s)

(

ρ

Lz

)1−2s

Γ

(

s− 1

2

)

✭✸✳✷✶✮

❉'✉❣❛ ♥❡♣♦③♥❛&❛ ❢✉♥❦❝✐❥❛ ✐③ ❏❡❞♥✳ ✸✳✺ ❥❡7&❡✿

Ξr,ξ(s) =
e−i

−→
ξρ ·−→ρ

L2s
z

∑

m

[

(

ρ

Lz

)2

+

(

z

Lz

+m

)2
]−s

e−iξz(z+mLz)
✭✸✳✷✷✮

C'✐♠❡♥✐♠♦ ✐7&✉ ♣'♦❝❡❞✉'✉ ❦❛♦ ✉ ♣'❡&❤♦❞♥♦♠ ✐③✈♦➒❡♥❥✉ ♣'✈❡ ♥❡♣♦③♥❛&❡ ❢✉♥❦✲

❝✐❥❡ 7✉♠❡ '❡➨❡&❦❡✱ &❛❦♦ ❞❛✿

Ξr,ξ(s) =
e−i

−→
ξρ ·−→ρ

L2s
z Γ(s)

∑

m

e−iξz(z+mLz)

+∞
∫

t=0

ts−1e
−
[

( ρ
Lz
)
2
+( z

Lz
+m)

2
]

t
dt ✭✸✳✷✸✮

❙❛❞❛ ❦♦'✐7&✐♠♦ ❦♦♠♣❧❡&♥✉ C♦❛7♦♥♦✈✉ 7✉♠❛❝✐♦♥✉ ❢♦'♠✉❧✉ ✭ξz 6= 0✮ ❦♦❥❛ ✈♦❞✐
❞♦✿

Ξr,ξ(s) =
e−i

−→
ξρ ·−→ρ π1/2

L2s
z Γ(s)

+∞
∫

t=0

ts−3/2e−(
ρ
Lz
)
2
t

+∞
∑

k=−∞
ei2πk

z
Lz e−

(2πk+ξzLz)
2

4t dt ✭✸✳✷✹✮

C'❡&❤♦❞♥✐ ✐③'❛③ ♠♦➸❡ 7❡ &'❛♥7❢♦'♠✐7❛&✐ ♣'❡♠❡➨&❛♥❥❡♠ 7✉♠❡ ✐③✈❛♥ ✐ '❡➨❛✈❛✲

♥❥❡♠ ✐♥&❡❣'❛❧❛✿

Ξr,ξ(s) =
e−i

−→
ξρ ·−→ρ π1/2

L2s
z Γ(s)

+∞
∑

k=−∞
ei2πk

z
Lz

+∞
∫

t=0

ts−3/2e−(
ρ
Lz
)
2
te−

(2πk+ξzLz)
2

4t dt ✭✸✳✷✺✮

✶✼



❖✈♦ ❥❡ ✜♥❛❧♥✐ ✐③+❛③ ③❛ Ξr,ξ(s)✿

Ξr,ξ(s) =
e−i

−→
ξρ ·−→ρ π1/2

L2s
z Γ(s)

+∞
∑

k=−∞
ei2πk

z
Lz

(

(ξzLz + 2πk)2 L2
z

4ρ2

)s/2−1/4

Ks−1/2 (α)

✭✸✳✷✻✮

❙❧❡❞❡➣✐ ❦♦+❛❦ ❥❡ ♣+✐♠❡♥❛ ♦♣❡+❛9♦+❛✿

(−→µi · ▽ξ)(
−→µj · ▽ξ)

❣❞❡ ✐③ +❛③❧♦❣❛ ❥❡❞♥♦;9❛✈♥♦;9✐ ✉✈♦❞✐♠♦ ♣+♦♠❡♥❧❥✐✈❡ ηz = 2πz
Lz
✐ ηρ = 2πρ

Lz
✳ =+✈♦

♣+✐♠❡♥✐♠♦ ;❦❛❧❛+♥✐ ♣+♦✐③✈♦❞✿

(−→µj · ▽ξ) =

(

µx
j

∂

∂ξx
+ µy

j

∂

∂ξy
+ µz

j

∂

∂ξz

)

✭✸✳✷✼✮

▼♦➸❡♠♦ ③❛♣✐;❛9✐ ;♠❡♥✉✿

A =

√
π

L2s
z Γ(s)

❛ ❞❡♦ ❢✉♥❦❝✐❥❡ Ξr,ξ(s) ❦♦❥✐ ③❛✈✐;✐ ;❛♠♦ ♦❞ ξz ♦③♥❛↔✐♠♦ ;❛ F (ξz)✳

=> Ξr,ξ(s) = Ae−i(ξxx+ξyy)F (ξz) ✭✸✳✷✽✮

❙❛❞❛ ❞❡❧♦✈❛♥❥❡♠ ♦♣❡+❛9♦+❛ (−→µj · ▽ξ) ♥❛ Ξr,ξ(s) ❞♦❜✐❥❛♠♦✿ ✭✶✮

µx
j

∂

∂ξx
Ξr,ξ(s) = µx

j (−ix)Ae−i(ξxx+ξyy)F (ξz) ✭✸✳✷✾✮

✭✷✮

µy
j

∂

∂ξy
Ξr,ξ(s) = µy

j (−iy)Ae−i(ξxx+ξyy)F (ξz) ✭✸✳✸✵✮

=♦♥♦✈♦ ✐③ +❛③❧♦❣❛ ❥❡❞♥♦;9❛✈♥♦;9✐ ❞❛❧❥❡❣ +❛↔✉♥❛✱ ❛+❣✉♠❡♥9 ♠♦❞✐✜❦♦✈❛♥✐❤ ❇❡✲

;❡❧♦✈✐❤ ❢✉♥❦❝✐❥❛ ❞❛9 ❥❡ ;❛✿

α =

(

|ξzLz + 2πk| ρ
Lz

)

✭✸✮

µz
j

∂

∂ξz
Ξr,ξ(s) = µz

jAe
−i

−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikη

z

[

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

(ξzLz + 2πk)(2s−2)/3 LzKs−1/2(α)+

(

(ξzLz + 2πk)Lz

2ρ

)(2s−1)/2

ρ
∂Ks−1/2(α)

∂α

]

✭✸✳✸✶✮

✶✽



❘❛❞✐ ❞♦❜✐❥❛♥❥❛ ❦♦♠♣❧❡-♥♦❣ ✐③0❛③❛ 1❛❜❡0✐♠♦ 1✈❡ -0✐ ❦♦♠♣♦♥❡♥-❡✳ 40❡ ❦♦♥❛↔✲

♥♦❣ ✐③0❛③❛ ♣♦❣♦❞♥♦ ❥❡ ③❛♣✐1❛-✐ ❞❡♦ ↔❧❛♥♦✈❛ ❦♦❥✐ ♣♦-✐↔✉ ♦❞ x, y ❦♦♠♣♦♥❡♥-✐
♦❞✈♦❥❡♥♦ ♦❞ ❞❡❧❛ ↔❧❛♥❛ ❦♦❥✐ ♣♦-✐↔❡ ♦❞ z ❦♦♠♣♦♥❡♥-❡✿

Pxy = (−i)
(

µx
jx+ µy

jy
)

(

(ξzLz + 2πk)Lz

2ρ

)(2s−1)/2

Ks−1/2(α)

Pz = µz
j

[

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

(ξzLz + 2πk)(2s−2)/3 LzKs−1/2(α)+

(

(ξzLz + 2πk)Lz

2ρ

)(2s−1)/2

ρ
∂Ks−1/2(α)

∂α

]

❉❛❦❧❡✱ ❦❛❞❛ 1❡ 1❦❛❧❛0♥✐ ♣0♦✐③✈♦❞ (−→µj · ▽ξ) ♣0✐♠❡♥✐ ♥❛ Ξr,ξ(s)✱ ❞♦❜✐❥❛ 1❡✿

(−→µj · ▽ξ)Ξr,ξ(s) = Ae−i
−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikη

z

(Pxy + Pz) ✭✸✳✸✷✮

❘❛❞✐ ❥❡❞♥♦1-❛✈♥♦1-✐ ❞❛❧❥❡❣ ✐③✈♦➒❡♥❥❛✱ ✉✈❡❞✐♠♦ 1❧❡❞❡➣❡ -0✐ ♣0♦♠❡♥❧❥✐✈❡✿

α = (|ξzLz + 2πk|) ρ

Lz

β =
(ξzLz + 2πk)Lz

2ρ

γ = (ξzLz + 2πk)

■③0❛③ ✉ ❏❡❞♥✳ ✸✳✸✷ ♠♦➸❡ 1❡ ♣♦❞❡❧✐-✐ ✉ -0✐ ❣❧❛✈♥❛ ↔❧❛♥❛✱ ❦♦❥✐ ➣❡ ❜✐-✐ ❛♥❛❧✐✲

③✐0❛♥✐ 1✈❛❦✐ ♣♦1❡❜♥♦✳

❷❧❛♥ ★✶

C1 = (−i)
−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α) ✭✸✳✸✸✮

❷❧❛♥ ★✷

C2 = Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

✭✸✳✸✹✮

✶✾



❷❧❛♥ ★✸

C3 = Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α
✭✸✳✸✺✮

❙❧❡❞❡➣✐ ❦♦1❛❦ ❥❡ ♣1✐♠❡♥❛ 5❦❛❧❛1♥♦❣ ♣1♦✐③✈♦❞❛✿

−→µi ·
−→∇ξ = µx

i

∂

∂ξx
+ µy

i

∂

∂ξy
+ µz

i

∂

∂ξz

♥❛ ❏❡❞♥✳ ✸✳✸✷✱ ❛ =♦ ❞♦✈♦❞✐ ❞♦ ♥❛5=❛♥❦❛ ♥♦✈✐❤ ↔❧❛♥♦✈❛✳ ❯ 5❦❛❧❛1♥♦♠ ♣1♦✐③✈♦❞✉

♣♦5=♦❥❡ =1✐ ♥❡③❛✈✐5♥❛ ♦♣❡1❛=♦1❛ ❦♦❥❛ ❞❡❧✉❥✉ ♥❛ 5✈❛❦✐ ♦❞ =1✐ ↔❧❛♥❛ {C1, C2, C3}
↔✐♠❡ 1❡5♣❡❦=✐✈♥♦ ♥❛5=❛❥❡ ❞❡✈❡= ♥♦✈✐❤ ↔❧❛♥♦✈❛✱ ♥✉♠❡1✐5❛♥✐❤ ❦❛♦ Cij✱ ❣❞❡ ✈❛➸✐

❞❛ ❥❡ i ∈ {1, 2, 3} , j ∈ {1, 2, 3}✳
❷❧❛♥ ✭✶✳✶✮

C11 = µx
i

∂

∂ξx

[

(−i)
−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α)

]

✭✸✳✸✻✮

E♦➨=♦ ✈❛➸✐✿

∂

∂ξx
e−i

−→
ξρ ·−→ρ = (−ix)e−i

−→
ξρ ·−→ρ

✜♥❛❧♥✐ ✐③1❛③ ③❛ ↔❧❛♥ C11 ♣♦5=❛❥❡✿

C11 = µx
i (−x)

−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α) ✭✸✳✸✼✮

❷❧❛♥ ✭✷✳✶✮

C21 = µy
i

∂

∂ξy

[

(−i)
−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α)

]

✭✸✳✸✽✮

E♦➨=♦ ✈❛➸✐✿

∂

∂ξy
e−i

−→
ξρ ·−→ρ = (−iy)e−i

−→
ξρ ·−→ρ

✜♥❛❧♥✐ ✐③1❛③ ③❛ ↔❧❛♥ C21 ♣♦5=❛❥❡✿

C21 = µy
i (−y)

−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α) ✭✸✳✸✾✮

✷✵



❷❧❛♥ ✭✶✳✷✮

C12 = µx
i

∂

∂ξx

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

]

✭✸✳✹✵✮

❑❛♦ ✉ ♣0❡2❤♦❞♥✐♠ ❦♦0❛❝✐♠❛✿

∂

∂ξx
e−i

−→
ξρ ·−→ρ = (−ix)e−i

−→
ξρ ·−→ρ

2❛❦♦ ❞❛ ✜♥❛❧♥✐ ✐③0❛③ ③❛ ↔❧❛♥ C12 ♣♦=2❛❥❡✿

C12 = µx
i µ

z
j(−ix)

[

Ae−i
−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

]

✭✸✳✹✶✮

❷❧❛♥ ✭✷✳✷✮

C22 = µy
i

∂

∂ξy

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

]

✭✸✳✹✷✮

❑❛♦ ✉ ♣0❡2❤♦❞♥✐♠ ❦♦0❛❝✐♠❛✿

∂

∂ξy
e−i

−→
ξρ ·−→ρ = (−iy)e−i

−→
ξρ ·−→ρ

2❛❦♦ ❞❛ ✜♥❛❧♥✐ ✐③0❛③ ③❛ ↔❧❛♥ C22 ♣♦=2❛❥❡✿

C22 = µy
iµ

z
j(−iy)

[

Ae−i
−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

]

✭✸✳✹✸✮

❷❧❛♥ ✭✶✳✸✮

C13 = µx
i

∂

∂ξx

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α

]

✭✸✳✹✹✮

❋✐♥❛❧♥✐ ✐③0❛③ ③❛ ↔❧❛♥ C13 ♣♦=2❛❥❡✿

C12 = µx
i µ

z
j(−ix)Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α
✭✸✳✹✺✮

✷✶



❷❧❛♥ ✭✷✳✸✮

C23 = µy
i

∂

∂ξy

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α

]

✭✸✳✹✻✮

❋✐♥❛❧♥✐ ✐③.❛③ ③❛ ↔❧❛♥ ✭✷✳✸✮ ♣♦23❛❥❡✿

C23 = µy
iµ

z
j(−iy)Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α
✭✸✳✹✼✮

❷❧❛♥ ✭✸✳✶✮

C31 = µz
i

∂

∂ξz

[

(−i)
−→
µρ
j · −→ρ Ae−i

−→
ξρ ·−→ρ

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α)

]

✭✸✳✹✽✮

❖✈❞❡ ✐♠❛♠♦ ❞✈❛ ❞❡❧❛ ❦♦❥❛ ③❛✈✐2❡ ♦❞ ξz ✐ ③❛3♦ ❞♦❜✐❥❛♠♦ ❞✈❛ 2❛❜✐.❦❛ ✉♥✉3❛.
③❛❣.❛❞❛✿

C31 = (−i)
(−→
µρ
j · −→ρ

)

µz
iAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηz

[

(2s− 1)

2
β(2s−3)/2L

2
z

2ρ
Ks−1/2(α)+

β(2s−1)/2ρ
∂Ks−1/2(α)

∂α

]

✭✸✳✹✾✮

❷❧❛♥ ✭✸✳✷✮

C32 = µz
i

∂

∂ξz

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α)

]

✭✸✳✺✵✮

❙❧✐↔♥♦✱ ✐♠❛♠♦ ❞✈❛ ↔❧❛♥❛ ❦♦❥❛ ③❛✈✐2❡ ♦❞ ξz ✐ ❞♦❜✐❥❛♠♦ ❞✈❛ 2❛❜✐.❦❛ ✉♥✉3❛.
③❛❣.❛❞❛

C32 = µz
iµ

z
jAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηz

[

Lz

2ρ

(2s−1)/2 (2s− 1

2

)(

2s− 2

3

)

γ(2s−5)/3L2
zKs−1/2(α)+

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3Lzρ
∂Ks−1/2(α)

∂α

]

✭✸✳✺✶✮

✷✷



❷❧❛♥ ✭✸✳✸✮

C33 = µz
i

∂

∂ξz

[

Ae−i
−→
ξρ ·−→ρ µz

j

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α

]

✭✸✳✺✷✮

*♦♥♦✈♦ ✐♠❛♠♦ ❞✈❛ ↔❧❛♥❛ ❦♦❥❛ ③❛✈✐4❡ ♦❞ ξz ✐ ❞♦❜✐❥❛♠♦ ❞✈❛ 4❛❜✐7❦❛ ✉♥✉9❛7
③❛❣7❛❞❛✿

C33 = µz
iµ

z
jAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηzρ

[(

2s− 1

2

)

β(2s−3)/2

(

L2
z

2ρ

)

∂Ks−1/2(α)

∂α
+

β(2s−1)/2ρ
∂2Ks−1/2(α)

∂α2

]

✭✸✳✺✸✮

◆❛❦♦♥ ❞♦❜✐❥❛♥❥❛ 4✈✐❤ ↔❧❛♥♦✈❛ Cij, i, j ∈ {1, 2, 3}✱ ♣♦97❡❜♥♦ ❥❡ ❣7✉♣✐4❛9✐
4❧✐↔♥❡ ♦❞ ♥❥✐❤✳

●7✉♣❛ ✶

❖✈❛ ❣7✉♣❛ 4❛❞7➸✐ ❢❛❦9♦7✿

(−→
µρ
i · −→ρ

)(−→
µρ
j · −→ρ

)

✳

Gr1 = C11 + C21

Gr1 = −
(−→
µρ
i · −→ρ

)(−→
µρ
j · −→ρ

)

Ae−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηzβ(2s−1)/2Ks−1/2(α) ✭✸✳✺✹✮

●7✉♣❛ ✷

❖✈❛ ❣7✉♣❛ 4❛❞7➸✐ ❢❛❦9♦7✿

(−→
µρ
i · −→ρ

)

µz
j

✳

Gr2 = C12 + C22

✷✸



Gr2 = (−i)
(−→
µρ
i · −→ρ

)

µz
jAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηz

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3LzKs−1/2(α) ✭✸✳✺✺✮

●&✉♣❛ ✸

❖✈❛ ❣&✉♣❛ -❛❞&➸✐ ❢❛❦3♦&✿

(−→
µρ
i · −→ρ

)

µz
j

✳

Gr3 = C13 + C23

Gr3 = (−i)
(−→
µρ
i · −→ρ

)

µz
jAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηzβ(2s−1)/2ρ

∂Ks−1/2(α)

∂α
✭✸✳✺✻✮

●&✉♣❛ ✹

❖✈❛ ❣&✉♣❛ -❛❞&➸✐ ❢❛❦3♦&✿

(

µz
iµ

z
j

)

✳

Gr4 = C32 + C33

8♦3&❡❜♥♦ ❥❡ ③❛♣✐-❛3✐ ✐ ❥❡❞♥✉ ③❛♠❡♥✉ ❦❛❦♦ ❜✐ ✜♥❛❧♥✐ ✐③&❛③ ❜✐♦ ♣&❡❣❧❡❞♥✐❥❡

♥❛♣✐-❛♥✱

J = ρ

[(

2s− 1

2

)

β(2s−3)/2

(

L2
z

2ρ

)

∂Ks−1/2(α)

∂α
+ β(2s−1)/2ρ

∂2Ks−1/2(α)

∂α2

]

Gr4 =
(

µz
iµ

z
j

)

Ae−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηz

{

Lz

2ρ

(2s−1)/2 (2s− 1

2

)(

2s− 2

3

)

γ(2s−5)/3L2
zKs−1/2(α)+

(

Lz

2ρ

)(2s−1)/2 (
2s− 1

2

)

γ(2s−2)/3Lzρ
∂Ks−1/2(α)

∂α
+ J

}

✭✸✳✺✼✮

✷✹



●!✉♣❛ ✺

❖✈❛ ❣!✉♣❛ )❛❞!➸✐ ❢❛❦/♦!✿

(−→
µρ
j · −→ρ

)

µz
i

✳

Gr5 = C31

Gr5 = (−i)
(−→
µρ
j · −→ρ

)

µz
iAe

−i
−→
ξρ ·−→ρ ×

+∞
∑

k=−∞
eikηz

[

(2s− 1)

2
β(2s−3)/2L

2
z

2ρ
Ks−1/2(α)+

β(2s−1)/2ρ
∂Ks−1/2(α)

∂α

]

✭✸✳✺✽✮

❉❛❦❧❡✱ ✐③✈❡❞❡♥✐ )✉ ♦♣➨/✐ ✐③!❛③✐ ❦♦❥✐ ❞❡✜♥✐➨✉ )♦♣)/✈❡♥✉ ✐ ✉♥❛❦!)♥✉ ❡♥❡!❣✐❥✉

✉ ▲❡❦♥❡!♦✈♦♠ ♠❡/♦❞✉✳ ❑❛❞❛ )❡ ❛♥❛❧✐③✐!❛ )♣❡❝✐❥❛❧♥✐ )❧✉↔❛❥ ♠❛❣♥❡/)❦❡ ❞✐♣♦❧✲

❞✐♣♦❧♥❡ ✐♥/❡!❛❦❝✐❥❡✱ ❞❛/❡ ✉ ❏❡❞♥✳ ✶ ✉ !❡❢❡!❡♥❝✐ ❬✾❪✱ ❦❛♦ ✐ ✉ ❏❡❞♥✳ ✷✳✶ ✉ ♦✈♦❥

♠❛)/❡! /❡③✐✱ ③❛ ❡❦)♣♦♥❡♥/ )❡ ✉③✐♠❛ s = 3
2
✳ ■③!❛③✐ ③❛ )♦♣)/✈❡♥✉ ✐ ✉♥❛❦!)♥✉

❡♥❡!❣✐❥✉ ❦♦❥✐ ✈❛➸❡ ♣♦❞ ♦✈✐♠ ✉)❧♦✈♦♠ ✐♠♣❧❡♠❡♥/✐!❛♥✐ ✉ ♣!♦❣!❛♠)❦♦♠ ♣❛❦❡/✉

▼❆❚▲❆❇✳

✷✺



●❧❛✈❛ ✹

%&♦&❛↔✉♥ ❣❡♦♠❡.&✐❥❡ 1.&✉❦.✉&❛

❑❛♦ ➨$♦ ❥❡ ✐($❛❦♥✉$♦ ✉ ✉✈♦❞✉✱ /❛③♠❛$/❛♠♦ ✸❉ ($/✉❦$✉/❡ ❢♦/♠✐/❛♥❡ (❛♠♦✲

♦/❣❛♥✐③❛❝✐❥♦♠ ♠❛❣♥❡$♥✐❤ ↔❡($✐❝❛✳ ❚♦ (✉ $✉❜❡ ♥❛($❛❧❡ (❧❛❣❛♥❥❡♠ ♣/($❡♥♦✈❛ ✐

❤❡❧✐❦(✐ ❦♦❥✐ (❡ ❞♦❜✐❥❛❥✉ ❦❛❞❛ (❡ ↔❡($✐❝❡ (❧♦➸❡ ✉ ❤❡❧✐❦♦✐❞✉✳ ❯ ♣♦↔❡$♥♦❥ ❛♥❛✲

❧✐③✐ ❦❧❥✉↔♥♦ ♣✐$❛♥❥❡ ❥❡($❡ ❦❛❦♦ ✐③❛❜/❛$✐ ♦/✐❥❡♥$❛❝✐❥✉ ❞✐♣♦❧♥✐❤ ♠♦♠❡♥❛$❛ $❛❦♦

❞❛ ❡♥❡/❣✐❥❛ ($/✉❦$✉/❡ ❜✉❞❡ ♠✐♥✐♠❛❧♥❛ ♠♦❣✉➣❛✳ ❯ /❛❞✉ ❦♦❥✐ ♥❛♠ (❧✉➸✐ ❦❛♦

♣♦❧❛③♥❛ ♦(♥♦✈❛ ❬✽❪✱ ♣♦❦❛③❛♥♦ ❥❡ ❞❛ ♣/($❡♥ ✐♠❛ ♠✐♥✐♠❛❧♥✉ ❡♥❡/❣✐❥✉ ❦❛❞❛ (✉

❞✐♣♦❧✐ (✈❛❦❡ ♦❞ ↔❡($✐❝❛ ♦/✐❥❡♥$✐(❛♥✐ $❛❦♦ ❞❛ ♣/❛✈❡ ③❛$✈♦/❡♥✉ ♣❡$❧❥✉✳ ❚✐♠❡ (❡

♠✐♥✐♠✐③✉❥❡ ✉❦✉♣♥✐ ✈❡❦$♦/ ♠❛❣♥❡$✐③❛❝✐❥❡ ($/✉❦$✉/❡ ✐ ♣♦($✐➸❡ ♠✐♥✐♠❛❧♥❛ ❡♥❡/✲

❣✐❥❛✳ ◆❛➨❛ ♣/❡$♣♦($❛✈❦❛ ❥❡ ❞❛ ✐ ✸❉ ($/✉❦$✉/❡ ✐♠❛❥✉ ♠✐♥✐♠❛❧♥✉ ❡♥❡/❣✐❥✉ ③❛

✐($✉ ♦/✐❥❡♥$❛❝✐❥✉ ♠❛❣♥❡♥$✐❤ ♠♦♠❡♥❛$❛ ↔❡($✐❝❛ ✭♠❛❣♥❡$♥✐ ♠♦♠❡♥$✐ (❡ ♥❛❞♦✲

✈❡③✉❥✉ ✐ ✐♠❛❥✉ ♣/❛✈❛❝ $❛♥❣❡♥❝✐❥❛❧❛♥ ♥❛ ❦♦♥$✉/✉ ($/✉❦$✉/❡✮✳ ◆❛♣/❛✈❧❥❡♥❛ ❥❡

($/✉❦$✉/❛ (❛ ❞✐♣♦❧♥✐♠ ♠♦♠❡♥$✐♠❛ ❦♦❥✐ (✉ ♦/✐❥❡♥$✐(❛♥✐ ♣♦ ♣/❡$♣♦($❛✈❝✐ ♦♣✲

$✐♠❛❧♥❡ ♦/✐❥❡♥$❛❝✐❥❡✳ ❩❛♠✐(❧✐♠♦ ❞❛ ❥❡ ✈❡❦$♦/ ❞✐♣♦❧♥♦❣ ♠♦♠❡♥$❛ (♠❡➨$❡♥ ✉

(❢❡/♥✐ ❦♦♦/❞✐♥❛$♥✐ (✐($❡♠✳ ❯✈❡❞❡♥❡ (✉ ♣♦♣/❛✈❦❡ ♦✈♦❣ ✈❡❦$♦/❛ ♣♦ ✉❣❛♦♥✐♠

❦♦♦/❞✐♥❛$❛♠❛ (❢❡/♥♦❣ ❦♦♦/❞✐♥❛$♥♦❣ (✐($❡♠❛ ✭✉❣❛♦ θ ✐ φ✮✳ ❚❡ ♣♦♣/❛✈❦❡ (✉ ✉③✲
✐♠❛❧❡ ✈/❡❞♥♦($✐ ✐③ ♣✉♥♦❣ ♦♣(❡❣❛✱ ♦❞♥♦(♥♦ θ = [0, π] ✐ φ = [−π,+π]✳ ❩❛ (✈❛❦✉
❦♦♥❦/❡$♥✉ ✈/❡❞♥♦($ ♣♦♣/❛✈❦❡ (/❛↔✉♥❛$❛ ❥❡ ❡♥❡/❣✐❥❛ ($/✉❦$✉/❡✳ I♦❦❛③❛♥♦ ❥❡ ❞❛

❥❡ ❡♥❡/❣✐❥❛ ♥❛❥♠❛♥❥❛ ❦❛❞❛ (✉ ✈/❡❞♥♦($✐ ♣♦♣/❛✈❦✐ ③❛♥❡♠❛/❧❥✐✈❡✳ ❚♦ ♣/❛❦$✐↔♥♦

③♥❛↔✐ ❞❛ ♦♣$✐♠❛❧♥❛ ❦♦♥✜❣✉/❛❝✐❥❛ ✭❦♦♥✜❣✉/❛❝✐❥❛ ♥❛❥♠❛♥❥❡ ❡♥❡/❣✐❥❡✮ ♦❞❣♦✈❛/❛

♣/❡$♣♦($❛✈❧❥❡♥♦❥✳ ❉✐♣♦❧♥✐ ♠♦♠❡♥$✐ (✉ $❛♥❣❡♥❝✐❥❛❧♥✐ ♥❛ ❦♦♥$✉/✉ ($/✉❦$✉/❡ ✐

♥❛❞♦✈❡③✉❥✉ (❡✳ ❯✈❡❞✐♠♦ $❡/♠✐♥ ③❛ ♦✈❛❦✈✉ ♦/✐❥❡♥$❛❝✐❥✉ ❞✐♣♦❧❛ ✲ ♦♣$✐♠❛❧♥❛

♦/✐❥❡♥$❛❝✐❥❛✳ I/♦✈❡/❛ ❥❡ ❦♦♥❦/❡$♥♦ ✉/❛➒❡♥❛ ♣/✐♠❡♥♦♠ ✉❣/❛➒❡♥❡ ♠❡$♦❞❡ ♦♣✲

$✐♠✐③❛❝✐❥❡ ✉ ▼❆❚▲❆❇✲✉ ✭❢✉♥❦❝✐❥❛ ❢♠✐♥❝♦♥ ❦♦❥❛ ♥❛❧❛③✐ ♠✐♥✐♠✉♠ ♥❡❧✐♥❡❛/♥❡

❢✉♥❦❝✐❥❡ ✈✐➨❡ ♣/♦♠❡♥❧❥✐✈✐❤ ♣♦❞ ③❛❞❛$✐♠ ♦❣/❛♥✐↔❡♥❥✐♠❛✮ ❬✶✵❪✳ ❑♦❞ ❝❡❧♦❣ ♣/♦✲

❣/❛♠❛ ③❛ ♦♣$✐♠✐③❛❝✐❥✉ ❞❛$ ❥❡ ✉ ●❧❛✈✐ ✼ ✭▲✐($✐♥❣ ❦♦❞♦✈❛✮✳ ◆❛❦♦♥ ♣♦$✈/❞❡ ♦

$♦♠❡ ❦❛❦♦ $/❡❜❛ ♦/✐❥❡♥$✐(❛$✐ ❞✐♣♦❧♥❡ ♠♦♠❡♥$❡✱ ♣/❡➨❧♦ (❡ ♥❛ ♣/❛✈❧❥❡♥❥❡ ➸❡❧❥❡♥✐❤

($/✉❦$✉/❛✱ $✉❜❛ ✐ ❤❡❧✐❦(❛✳ ❏❡❞♥✉ ❦♦♥❦/❡$♥✉ ❦♦♥✜❣✉/❛❝✐❥✉ $✉❜❡ ♦❞/❡➒✉❥❡ ❣❡♦✲

♠❡$/✐❥(❦✐ /❛(♣♦/❡❞ ↔❡($✐❝❛ ✐ ♦/✐❥❡♥$❛❝✐❥❛ ♥❥✐❤♦✈♦❣ ❞✐♣♦❧♥♦❣ ♠♦♠❡♥$❛✳ ❉❛❦❧❡✱
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✈❧❥❛ ❞❡♦ "#+✉❦#✉+❡ ❦♦❥✐ "❡ ♣❡+✐♦❞✐↔♥♦ ♣♦♥❛✈❧❥❛ ❞✉➸ ♣+❛✈❝❛ ♥❛+❛"#❛♥❥❛✳ ❑♦❞

❆❆ #✉❜❡ ♣+"#❡♥♦✈✐ "❡ "❧❛➸✉ ❥❡❞❛♥ ♣+❡❦♦ ❞+✉❣♦❣✱ #❛❦♦ ❞❛ "✉ ↔❡"#✐❝❡ ♣♦③✐❝✐♦♥✐✲

+❛♥❡ ❥❡❞♥❛ ✐③♥❛❞ ❞+✉❣❡✳ ◆❥❡♥❛ ♦"♥♦✈♥❛ ➣❡❧✐❥❛ ❥❡ ❥❡❞❛♥ ♣+"#❡♥ "❛ ♦♣%✐♠❛❧♥♦♠

♦&✐❥❡♥%❛❝✐❥♦♠ ❞✐♣♦❧♥✐❤ ♠♦♠❡♥❛#❛✳ ❯ ❆❇ #✉❜✐ ❥❡ "✐#✉❛❝✐❥❛ ♠❛❧♦ ❦♦♠♣❧✐❦♦✲

✈❛♥✐❥❛✳ ◆❛✐♠❡✱ ♦"♥♦✈♥✉ ➣❡❧✐❥✉ ↔✐♥❡ ❞✈❛ ♣+"#❡♥❛✳ ■③♠❡➒✉ "✈❛❦❡ ❞✈❡ ↔❡"#✐❝❡

❞♦♥❥❡❣ ♣+"#❡♥❛ ✉❣♥❥❡➸❞❡♥❛ ❥❡ ♣♦ ❥❡❞♥❛ ↔❡"#✐❝❛ ❣♦+♥❥❡❣ ♣+"#❡♥❛✳ ❉✐♣♦❧✐ "✉

#❛❦♦➒❡ ♦♣%✐♠❛❧♥♦ ♦&✐❥❡♥%✐0❛♥✐✳ ❆❈ #✉❜❛ ❣❡♦♠❡#+✐❥"❦✐ ❥❡ ✐"#❛ ❦❛♦ ❆❆ #✉❜❛✱

"❛♠♦ ➨#♦ "✉ ❞✐♣♦❧✐ ✉ "✈❛❦♦♠ ❞+✉❣♦♠ ♣+"#❡♥✉ ♦+✐❥❡♥#✐"❛♥✐ "✉♣+♦#♥♦ ♦❞ ❞✐♣♦❧❛

✐③ ♥❥❡♠✉ ♣+❡#❤♦❞♥♦❣✱ #❛↔♥✐❥❡ ❞♦❧❛③✐ ❞♦ ❛❧#❡+♥✐+❛♥❥❛ ♦+✐❥❡♥#❛❝✐❥❡ ❞✐♣♦❧❛✳ ❖♥✐

"✉ #❛♥❣❡♥❝✐❥❛❧♥✐ ✉ ♦❞♥♦"✉ ♥❛ ❦♦♥#✉+✉ "#+✉❦#✉+❡✱ ❛❧✐ ✉ "✈❛❦♦♠ ♥❡♣❛+♥♦♠ ♣+✲
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❝✐❥❛✳ ❩❛ ❆❈ !✉❜✉ ❥❡ ♦↔❡❦✐✈❛♥♦ ❞❛ ❥❡ ✐③♠❡➒✉ ♦✈❛ ❞✈❛ ❡❦ !"❡♠❛✱ ♣❛ ❥❡ ♥❛③✈❛♥❛

♠❡!❛ !❛❜✐❧♥❛ ❦♦♥✜❣✉,❛❝✐❥❛✳ ❚❛❦♦➒❡✱ ♠❛♥✐♣✉❧❛❝✐❥♦♠ ♠✐❧✐♠❡!❛" ❦✐❤ ♠❛❣♥❡!❛

✉♦↔❡♥♦ ❥❡ ❞❛  ❡ ♠❛❣♥❡!♥❡ ↔❡ !✐❝❡ ♠♦❣✉  ❧❛❣❛!✐ !❛❦♦ ❞❛ ❢♦"♠✐"❛❥✉ ❤❡❧✐❦ ✱ ♣❛

 ✉ ♣"♦✉↔❡♥✐ ✐ ❤❡❧✐❦ ✐✳ ❉❛❦❧❡✱ ❥❡❞♥♦ !❛✈♥✐♠ ❡❦ ♣❡"✐♠❡♥!♦♠  ❛ ♠❛❣♥❡!♥✐♠

↔❡ !✐❝❛♠❛ ❞♦➨❧♦  ❡ ❞♦ ✐❞❡❥❡ ♦ "❡❧❡✈❛♥!♥✐♠ ❦♦♥✜❣✉"❛❝✐❥❛♠❛ ❦♦❥❡  ✉ ♣♦!♦♠

 ✐♠✉❧✐"❛♥❡ ♥❛ "❛↔✉♥❛"✉✳ >"✈♦ ❥❡ ♣♦!"❡❜♥♦ ♦❜❥❛ ♥✐!✐ ❢♦"♠✐"❛♥❥❡  !"✉❦!✉"❛✳

❘❛❞✐ ♥♦"♠❛❧✐③❛❝✐❥❡ ✜③✐↔❦♦❣  ✐ !❡♠❛ ❦♦❥✐ "❛③♠❛!"❛♠♦✱ ✉✈❡❞❡♥❡  ✉ ❞✐♠❡♥③✐✲

♦♥❛ ✐ ❡♥❡"❣❡! ❦❛  ❦❛❧❛✳ >♦ ❞✐♠❡♥③✐♦♥♦❥  ❦❛❧✐✱ ♣"❡↔♥✐❦  ✈❛❦❡ ♦❞ ↔❡ !✐❝❛ ❥❡❞♥❛❦

❥❡ d = 1✳ ❘❛ !♦❥❛♥❥❡ ✐③♠❡➒✉ ❞✈❡ ↔❡ !✐❝❡ "❛↔✉♥❛  ❡ ♦❞ ❝❡♥!"❛ ❞♦ ❝❡♥!"❛✱ ♣❛

❥❡ !❛❦♦ "❛ !♦❥❛♥❥❡ ✐③♠❡➒✉ ❞✈❡ ↔❡ !✐❝❡ ❦♦❥❡  ✉ ✉ ↔❡♦♥♦♠ ❦♦♥!❛❦!✉ ❥❡❞♥❛❦♦

❥❡❞❛♥✳ ❙❛ ❞"✉❣❡  !"❛♥❡✱ ✈❡♦♠❛ ❥❡ ♣"❛❦!✐↔♥♦ ✉✈❡ !✐ ✐ ❡♥❡"❣❡! ❦✉  ❦❛❧✉✱ !❛❦♦ ❞❛

 ❡ ❡♥❡"❣✐❥❛ ♥❡ ✐③"❛➸❛✈❛ ✉ ❞➸✉❧✐♠❛ ✐❧✐ ❡❧❡❦!"♦♥✈♦❧!✐♠❛ ♥❡❣♦ ❦❛♦ ❬❛✳ ✉✳❪✳ ❊♥❡"✲

❣❡! ❦❛  ❦❛❧❛ ❞❡✜♥✐ ❛♥❛ ❥❡ ♣"❡❦♦ Udd ≡ Cm2

d3
❦♦❥❛ ✜③✐↔❦✐ ♣"❡❞ !❛✈❧❥❛ ♦❞❜♦❥♥✐

♣♦!❡♥❝✐❥❛❧ ③❛ ❞✈❛ ♣❛"❛❧❡❧♥❛ ❞✐♣♦❧❛ ✉ ↔❡♦♥♦♠ ❦♦♥!❛❦!✉✳ ❚❛❦♦➒❡✱ ✈"❡❞♥♦ !✐

❞✐♣♦❧♥♦❣ ♠♦♠❡♥!❛  ✉ ♥♦"♠❛❧✐③♦✈❛♥❡ !❛❦♦ ❞❛ ❥❡ |−→m| = 1✳
❙❛❞❛ ➣❡♠♦ ♦❜❥❛ ♥✐!✐ ❢♦"♠✐"❛♥❥❡ ❣❡♦♠❡!"✐❥❡  !"✉❦!✉"❛✳ ❩❛  ✈❡ !"✐ ✈" !❡

!✉❜❛ ♦ ♥♦✈❛ ❥❡ ♣" !❡♥ ❢♦"♠✐"❛♥ ♦❞ ♠❛❣♥❡!♥✐❤ ↔❡ !✐❝❛✳ ◆❛  ❧❡❞❡➣♦❥  ❧✐❝✐ ❞❛!❛ ❥❡

➨❡♠❛ ❣❡♦♠❡!"✐❥ ❦❡ ♣♦ !❛✈❦❡ ♥❛ ♦ ♥♦✈✉ ❦♦❥❡ ❥❡ ✐③✈❡❞❡♥❛ "❡❧❛❝✐❥❛ ❦♦❥❛ ♣♦✈❡③✉❥❡

♣♦❧✉♣"❡↔♥✐❦ ♣" !❡♥❛ ✐ ❜"♦❥ ↔❡ !✐❝❛✳

❯③♠✐♠♦ ❞❛ ♣" !❡♥ ❢♦"♠✐"❛ N ↔❡ !✐❝❛ ❦♦❥❡  ❡ ❞♦❞✐"✉❥✉✳ ❯❣❛♦♥✐ "❛③♠❛❦ ❞✈❡

✉③❛ !♦♣♥❡ ↔❡ !✐❝❡ ✐③♥♦ ✐ ∆θ = 2π/N ✳ ❩❛ ♣"♦✐③✈♦❧❥♥✉ ✐✲!✉ ↔❡ !✐❝✉ ❞❡✜♥✐ ❛♥

❥❡ ♥❥❡♥ ✉❣❛♦♥✐ ♣♦❧♦➸❛❥ ♠❡"❡♥ ✉ ♦❞♥♦ ✉ ♥❛ ♣♦③✐!✐✈♥✉ ①✲♣♦❧✉♦ ✉✱ θi = i2π
N

✳

>♦ ♠❛!"❛❥♠♦ ♣"❛✈♦✉❣❧✐ !"♦✉❣❛♦ ❆❇❈  ❛ ❙❧✳ ✶✵✳ ❑❛❦♦ ❥❡ "❛ !♦❥❛♥❥❡ ✐③♠❡➒✉

↔❡ !✐❝❛ ❥❡❞♥❛❦♦ ❥❡❞❛♥✱ !♦ ❥❡ ❞✉➸✐♥❛ BC = 1
2
✳ ❱❛➸❡ "❡❧❛❝✐❥❡✿

sin(α) =
1

2R

2α = 2
π

N
=> α =

π

N

❉❛❦❧❡✱ "❡❧❛❝✐❥❛ ✐③♠❡➒✉ ♣♦❧✉♣"❡↔♥✐❦❛ ♣" !❡♥❛ ✐ ❜"♦❥❛ ↔❡ !✐❝❛ ❥❡ !❡

R =
1

2sin( π
N
)

✷✽



❙❧✐❦❛ ✹✳✷✿ ❙❦✐❝❛ ♦&♥♦✈♥♦❣ ♣+&,❡♥❛

❙❛ )❧✐❦❡ )❡ ❥❛)♥♦ ✈✐❞✐ ❦❛❦♦ )❡ ♠♦❣✉ ♦❞3❡❞✐4✐ ① ✐ ② ❦♦♦3❞✐♥❛4❛ ♣3♦✐③✈♦❧❥♥❡

↔❡)4✐❝❡✳

✹✳✶ ❆❆ $✉❜❛

❖)♥♦✈♥❛ ➣❡❧✐❥❛ ❥❡ ♣3)4❡♥ )❛ ↔❡)4✐❝❛♠❛ ♦♣4✐♠❛❧♥❡ ♦3✐❥❡♥4❛❝✐❥❡ ❞✐♣♦❧❛✳ ❙❧❡✲

❞❡➣✐ )❦✉♣ ❥❡❞♥❛↔✐♥❛ ❞❡✜♥✐➨❡ ❦♦♦3❞✐♥❛4❡ ↔❡)4✐❝❛✱ i = 1, N ✳

xi =
1

2sin
(

π
N

)cos

(

2πi

N

)

yi =
1

2sin
(

π
N

)sin

(

2πi

N

)

zi = 0 ✭✹✳✶✮

✷✾



❉✐♣♦❧♥✐ ♠♦♠❡♥(✐ ❞❡✜♥✐+❛♥✐ +✉ ♥❛ +❧❡❞❡➣✐ ♥❛↔✐♥✱ i = 1, N ✳

µxi = cos

(

2πi

N
+
π

2

)

µyi = sin

(

2πi

N
+
π

2

)

µzi = 0 ✭✹✳✷✮

6❡7✐♦❞❛ ❞✉➸ ③✲♦+❡ ❦♦❥❛ +❡ ❦♦7✐+(✐ ✉ ▲❡❦♥❡7♦✈♦♠ ♠❡(♦❞✉ ❥❡ Lz✳ ❯ ♦✈♦♠

+❧✉↔❛❥✉ ✐③♥♦+✐ Lz = 1✳

✹✳✷ ❆❇ %✉❜❛

❖+♥♦✈♥❛ ➣❡❧✐❥❛ ❥❡ ♣❛7 ♣7+(❡♥♦✈❛ +❛ ↔❡+(✐❝❛♠❛ ♦♣(✐♠❛❧♥❡ ♦7✐❥❡♥(❛❝✐❥❡ ❞✐♣♦❧❛✳

■♠❛♠♦ ❞✈❛ +❦✉♣❛ ❥❡❞♥❛↔✐♥❛✱ ❥❡❞❛♥ ❥❡ +❦✉♣ ❥❡❞♥❛↔✐♥❛ ③❛ ❞♦♥❥✐ ✐ ❞7✉❣✐ ③❛ ❣♦7♥❥✐

♣7+(❡♥✳ ❩❛ ❞♦♥❥✐ ♣7+(❡♥ ❦♦♦7❞✐♥❛(❡ ↔❡+(✐❝❛ +✉ ❞❡✜♥✐+❛♥❡ ♥❛ +❧❡❞❡➣✐ ♥❛↔✐♥✿

xi =
1

2sin
(

π
N

)cos

(

2πi

N

)

yi =
1

2sin
(

π
N

)sin

(

2πi

N

)

zi = 0 ✭✹✳✸✮

❏❛✈✐♦ +❡ ♣7♦❜❧❡♠ ♦❞7❡➒✐✈❛♥❥❛ ③✲❦♦♦7❞✐♥❛(❡ ↔❡+(✐❝❛ ✉ ❣♦7♥❥❡♠ ♣7+(❡♥✉ ❦♦❥✐

❥❡ 7❡➨❡♥ ♥❛ +❧❡❞❡➣✐ ♥❛↔✐♥✳ 6♦+♠❛(7❛❥♠♦ ❞✈❡ ♣7♦✐③✈♦❧❥♥❡ ↔❡+(✐❝❡ ✐③ ❞♦♥❥❡❣

♣7+(❡♥❛ ✭↔❡+(✐❝❡ ❆ ✐ ❇✮ ✐ ❥❡❞♥✉ ↔❡+(✐❝✉ ✐③ ❣♦7♥❥❡❣ ♣7+(❡♥❛ ✭↔❡+(✐❝❛ ❈✮ ❦♦❥❛

❥❡ ✉❣♥❥❡➸❞❡♥❛ ✐③♠❡➒✉ ♥❥✐❤ ❞✈❡✳ ❑❛❦♦ ❥❡ 7❛+(♦❥❛♥❥❡ AC = BC = 1✱ (♦ +❡ ✐③
(♦❣ ✉+❧♦✈❛ ♠♦➸❡ ♦❞7❡❞✐(✐ ③❛ ❦♦❧✐❦♦ +✉ ♣♦♠❡7❡♥❡ ↔❡+(✐❝❡ ✐③ ❣♦7♥❥❡❣ ♣7+(❡♥❛ ✉

♦❞♥♦+✉ ♥❛ ↔❡+(✐❝❡ ✐③ ❞♦♥❥❡❣ ♣7+(❡♥❛✱ ❞✉➸ ③✲♣7❛✈❝❛✿

∆z =
√

1− (xA − xC)2 − (yA − yC)2

✳

❩❛ ❣♦7♥❥✐ ♣7+(❡♥ ❦♦♦7❞✐♥❛(❡ ↔❡+(✐❝❛ +✉ ❞❡✜♥✐+❛♥❡ ♥❛ +❧❡❞❡➣✐ ♥❛↔✐♥✿

xi =
1

2sin
(

π
N

)cos

(

2πi

N
+
π

N

)

yi =
1

2sin
(

π
N

)sin

(

2πi

N
+
π

N

)

zi = ∆z ✭✹✳✹✮

❩❛ ❆❇ (✉❜✉ ✈❛➸✐ Lz = 2∆z = 2
√

1− (xA − xC)
2 − (yA − yC)

2
✳

✸✵



✹✳✸ ❆❈ %✉❜❛

❖!♥♦✈♥❛ ➣❡❧✐❥❛ !❛❞,➸✐ ❞✈❛ ♣,!/❡♥❛ ❣❞❡ !✉ ↔❡!/✐❝❡ ❥❡❞♥❛ ✐③♥❛❞ ❞,✉❣❡✱ ❛❧✐

❞✐♣♦❧♥✐ ♠♦♠❡♥/✐ ❛❧/❡,♥✐,❛❥✉✳ ❩❛ ❞♦♥❥✐ ♣,!/❡♥ ✈❛➸✐✿

xi =
1

2sin
(

π
N

)cos

(

2πi

N

)

yi =
1

2sin
(

π
N

)sin

(

2πi

N

)

zi = 0 ✭✹✳✺✮

µxi = cos

(

2πi

N
+
π

2

)

µyi = sin

(

2πi

N
+
π

2

)

µzi = 0 ✭✹✳✻✮

❯ ❆❈ /✉❜✐ ❥❡ ♣❛,❛♠❡/❛, ∆z = 1✳ ❩❛ ❣♦,♥❥✐ ♣,!/❡♥ ✈❛➸✐✿

xi =
1

2sin
(

π
N

)cos

(

2πi

N

)

yi =
1

2sin
(

π
N

)sin

(

2πi

N

)

zi = ∆z ✭✹✳✼✮

µxi = −cos
(

2πi

N
+
π

2

)

µyi = −sin
(

2πi

N
+
π

2

)

µzi = 0 ✭✹✳✽✮

❑❛❦♦ ♦!♥♦✈♥❛ ➣❡❧✐❥❛ ✐♠❛ ❞✈❛ ♣,!/❡♥❛ /♦ ✈❛➸✐ Lz = 2∆z = 2✳

✹✳✹ ❍❡❧✐❦.

G,❡/❤♦❞♥♦ ✐③❧♦➸❡♥✐♠ !❦✉♣♦♠ ❢♦,♠✉❧❛ ❞❡✜♥✐!❛♥❛ ❥❡ !/,✉❦/✉,❛ /✉❜❛✳ ❙❛❞❛

➣❡♠♦ ♣,✐❦❛③❛/✐ ❦❛❦♦ !❡ ❢♦,♠✐,❛ ❤❡❧✐❦!✳ ❱✐❞❡❧✐ !♠♦ ❞❛ ❥❡ /✉❜❛ ❞❡✜♥✐!❛♥❛ !❛♠♦

✸✶



❥❡❞♥✐♠ ♣❛(❛♠❡)(♦♠✱ ❛ )♦ ❥❡ ❜(♦❥ ↔❡.)✐❝❛ ✐❧✐ ❡❦✈✐✈❛❧❡♥)♥♦ ♣♦❧✉♣(❡↔♥✐❦ )✉❜❡✳

❍❡❧✐❦. ❥❡ ❞❡✜♥✐.❛♥ ♣♦♠♦➣✉ )(✐ ♣❛(❛♠❡)(❛✱ ❛ )♦ .✉ ❜(♦❥ ↔❡.)✐❝❛✱ ♣♦❧✉♣(❡↔♥✐❦ ✐

✉❣❛♦♥✐ ♣♦♠❡(❛❥✳ ❯❣❛♦♥✐ ♣♦♠❡(❛❥ ❥❡.)❡ ✉❣❛♦♥♦ (❛.)♦❥❛♥❥❡ ✐③♠❡➒✉ ❞✈❡ .✉.❡❞♥❡

↔❡.)✐❝❡ ✉ ♣(♦❥❡❦❝✐❥✐ ❤❡❧✐❦.❛ ♥❛ ①②✲(❛✈❛♥✳ @(♦❥❡❦❝✐❥♦♠ ❤❡❧✐❦.❛ ♥❛ ①②✲(❛✈❛♥

❞♦❜✐❥❛ .❡ ♣(.)❡♥ ❦❛♦ ✐ ❦♦❞ )✉❜❛✳ ◆❛ .❧✐❝✐ ❥❡ ✉❣❛♦♥✐ ♣♦♠❡(❛❥ ♦③♥❛↔❡♥ .❛ θ✳

❙❧✐❦❛ ✹✳✸✿ ❙❦✐❝❛ ♣♦♣'❡↔♥♦❣ ♣'❡,❡❦❛ ❤❡❧✐❦,❛

❏❡❞♥♦.)❛✈♥♦ ❥❡ ♦❞(❡❞✐)✐ ① ✐ ② ❦♦♦(❞✐♥❛)✉ ♣(♦✐③✈♦❧❥♥❡ ↔❡.)✐❝❡✱ ♠❡➒✉)✐♠ ❜✐❧♦

❥❡ ♣♦)(❡❜♥♦ .❤✈❛)✐)✐ ❦❛❦♦ .❡ ♦❞(❡➒✉❥❡ ③✲❦♦♦(❞✐♥❛)❛✳ ❯ ❤❡❧✐❦.✉ ♣♦.)♦❥✐ ♣♦♠❡(❛❥

❞✉➸ ③✲♦.❡ ✐③♠❡➒✉ .✈❛❦❡ ❞✈❡ ✉③❛.)♦♣♥❡ ↔❡.)✐❝❡✳ @(✈❛ ↔❡.)✐❝❛ ✐♠❛ ③ ❦♦♦(❞✐♥❛)✉

❥❡❞♥❛❦✉ ♥✉❧❛✱ ❛ .✈❛❦❛ .❧❡❞❡➣❛ ❥❡ ♣♦♠❡(❡♥❛ ③❛ ✐.)✉ ✈(❡❞♥♦.) ∆z✳ ◆❛ ✐.)✐ ♥❛↔✐♥

❦❛♦ ❦♦❞ ❆❇ )✉❜❡ ♦❞(❡➒❡♥♦ ❥❡ ❦♦❧✐❦♦ ✐③♥♦.✐ ♦✈❛ ✈❡❧✐↔✐♥❛ ♥❛ ♦.♥♦✈✉ ✉.❧♦✈❛ ❞❛

❥❡ (❛.)♦❥❛♥❥❡ ❞✈❡ ↔❡.)✐❝❡ ❦♦❥❡ .❡ ❞♦❞✐(✉❥✉ ❥❡❞♥❛❦♦ ❥❡❞✐♥✐❝✐✳

∆z =
√

1−
[

(cosθ − cos2θ)2 + (sinθ − sin2θ)2
]

R2

✸✷



❙❧❡❞❡➣✐♠ '❦✉♣♦♠ ❢♦-♠✉❧❛ ♦❞-❡➒✉❥✉ '❡ ❦♦♦-❞✐♥❛2❡ ↔❡'2✐❝❛ ✉ ❤❡❧✐❦'✉✿

xi = Rcos (iθ)

yi = Rsin (iθ)

zi = (i− 1)∆z ✭✹✳✾✮

❉✉➸✐♥❛ ❤❡❧✐❦'❛ ♦❞-❡➒✉❥❡ ♥❥❡❣♦✈✉ ♣❡-✐♦❞✐↔♥♦'2 ❞✉➸ ③✲♦'❡✱ ♣❛ 2❛❦♦ ③❛ ❤❡❧✐❦'

♥❛♣-❛✈❧❥❡♥ ♦❞ N ↔❡'2✐❝❛ ✈❛➸✐ Lz = N∆z✳ ❑♦-✐'♥♦ ❥❡ ✉✈❡'2✐ ✈❡❧✐↔✐♥✉ M =
√

1−
(

dz
R

)2
❉✐♣♦❧♥✐ ♠♦♠❡♥2✐ '✉ ♦♣2✐♠❛❧♥♦ ♦-✐❥❡♥2✐'❛♥✐✿

µxi = Mcos
(

iθ +
π

2

)

µyi = Msin
(

iθ +
π

2

)

µzi =
∆z

R
✭✹✳✶✵✮

❇✐2♥❛ ♦'♦❜✐♥❛ ❤❡❧✐❦'❛ ❥❡'2❡ 2❛ ❞❛ 2-✐ ♣❛-❛♠❡2-❛ ❦♦❥❛ ❣❛ ❞❡✜♥✐➨✉ ♥✐'✉ ♥❡③❛✈✐'♥✐

✈❡➣ '✉ ♣♦✈❡③❛♥✐✳ ◆❛✐♠❡✱ ❥❡❞❛♥ ♥❛♠♦2❛❥ ❤❡❧✐❦'❛ ❞❡✜♥✐➨❡ ♣-'2❡♥ ✉ ♣-♦❥❡❦❝✐❥✐

♥❛ ①②✲-❛✈❛♥✳ ❆❦♦ ♣♦'2♦❥✐ ✉❦✉♣♥♦ l ♥❛♠♦2❛❥❛✱ 2❛❞❛ ❥❡ ✉❦✉♣♥✐ ❜-♦❥ ↔❡'2✐❝❛

❤❡❧✐❦'❛ ❥❡❞♥❛❦✿

N =
2π

θ
l

✳ ❖✈❞❡ ♠♦-❛ ❜✐2✐ ③❛❞♦✈♦❧❥❡♥♦ ❞❛ {N, l} ∈ N✳ ❚❛❦♦➒❡✱ ✐③❛❜-❛♥✐ ♣♦❧✉♣-❡↔♥✐❦ ✐

✉❣❛♦♥✐ ♣♦♠❡-❛❥ ♠♦-❛❥✉ ❞❛ ❜✉❞✉ 2❛❦✈✐ ❞❛ ♥❡ ❞♦❧❛③✐ ❞♦ ♣-❡❦❧❛♣❛♥❥❛ ♥❛♠♦2❛❥❛✳

❉♦➨❧✐ '♠♦ ❞♦ ③❛❦❧❥✉↔❦❛ ❞❛ '❡ ③❛ ✜❦'♥✉ ✈-❡❞♥♦'2 θ ♣♦❧✉♣-❡↔♥✐❦ ♠♦➸❡ ♥❛❧❛③✐2✐

✉ ✐♥2❡-✈❛❧✉ R ∈ [Rmin, Rmaks]✳ ■③ ✉'❧♦✈❛ ❞❛ ❥❡ ♣♦♠❡-❛❥ ❞✉➸ ③✲♦'❡ ♣♦③✐2✐✈♥❛

✈❡❧✐↔✐♥❛ ❞♦❜✐❥❛♠♦ ✉'❧♦✈ ③❛ ♠❛❦'✐♠❛❧♥✉ ✈-❡❞♥♦'2 ♣♦❧✉♣-❡↔♥✐❦❛ ♣-✐ ✜❦'♥♦♠

✉❣❛♦♥♦♠ ♣♦♠❡-❛❥✉✿

dz =
√

1−
[

(cosθ − cos2θ)2 + (sinθ − sin2θ)2
]

R2 ≥ 0

=>
[

(cosθ − cos2θ)2 + (sinθ − sin2θ)2
]

R2 ≤ 1

❉❛❦❧❡✱ ✉'❧♦✈ ③❛ ♠❛❦'✐♠❛❧♥✉ ✈-❡❞♥♦'2 ♣♦❧✉♣-❡↔♥✐❦❛ ♣-✐ ✜❦'♥♦♠ ✉❣❛♦♥♦♠ ♣♦✲

♠❡-❛❥✉ ❥❡'2❡✿

Rmaks =
1

√

(cosθ − cos2θ)2 + (sinθ − sin2θ)2

❙❛ ❞-✉❣❡ '2-❛♥❡✱ ✉'❧♦✈ ③❛ ♠✐♥✐♠❛❧♥✉ ✈-❡❞♥♦'2 ♣♦❧✉♣-❡↔♥✐❦❛ ❥❡ '❧❡❞❡➣✐✿

Rmin =

√

√

√

√

1−
(

θ
π

)2

(cosθ − cos2θ)2 + (sinθ − sin2θ)2

✸✸



◆❛ "❧❡❞❡➣✐♠ "❧✐❦❛♠❛ ♣+✐❦❛③❛♥❡ "✉ ❣❡♦♠❡1+✐❥❡ 1✉❜❛ ✐ ❤❡❧✐❦"❛✱ ❞♦❜✐❥❡♥❡ ♣+♦✲

+❛↔✉♥✐♠❛ ✉ ▼❆❚▲❆❇✲✉✳ >♦❦❛③❛♥♦ ❥❡ ❦❛❦♦ "1+✉❦1✉+❡ ✐③❣❧❡❞❛❥✉ ❣❧❡❞❛♥❡ "❛

"1+❛♥❡ ✐ ✉ ♣+♦❥❡❦❝✐❥✐ ♥❛ ①②✲+❛✈❛♥✳

✸✹



❙❧✐❦❛ ✹✳✹✿ ❆❆ !✉❜❛ ✲ &!'✉❦!✉'❛ ✉ ♣❡'&♣❡❦!✐✈✐ &❛ &!'❛♥❡

❙❧✐❦❛ ✹✳✺✿ ❆❆ !✉❜❛ ✲ ♣'♦❥❡❦❝✐❥❛ ♥❛ ①② '❛✈❛♥
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❙❧✐❦❛ ✹✳✻✿ ❆❇ "✉❜❛ ✲ '"(✉❦"✉(❛ ✉ ♣❡('♣❡❦"✐✈✐ '❛ '"(❛♥❡

❙❧✐❦❛ ✹✳✼✿ ❆❇ "✉❜❛ ✲♣(♦❥❡❦❝✐❥❛ ♥❛ ①② (❛✈❛♥
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❙❧✐❦❛ ✹✳✽✿ ❆❈ "✉❜❛ ✲ '"(✉❦"✉(❛ ✉ ♣❡('♣❡❦"✐✈✐ '❛ '"(❛♥❡

❙❧✐❦❛ ✹✳✾✿ ❆❈ "✉❜❛ ✲ ♣(♦❥❡❦❝✐❥❛ ♥❛ ①② (❛✈❛♥
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❙❧✐❦❛ ✹✳✶✵✿ ❍❡❧✐❦% ✲ %'(✉❦'✉(❛ ✉ ♣❡(%♣❡❦'✐✈✐ %❛ %'(❛♥❡

❙❧✐❦❛ ✹✳✶✶✿ ❍❡❧✐❦% ✲ ♣(♦❥❡❦❝✐❥❛ ♥❛ ①② (❛✈❛♥
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●❧❛✈❛ ✺

%&♦&❛↔✉♥ ❡♥❡&❣✐❥❡ /0&✉❦0✉&❛

❯ ♣"❡$❤♦❞♥♦♠ ♣♦❣❧❛✈❧❥✉ ♣♦❦❛③❛♥♦ ❥❡ ❦❛❦♦ 2❡ ❢♦"♠✐"❛❥✉ $✉❜❡ ✐ ❤❡❧✐❦2✐✳

❑❛❞❛ 2❡ ❢♦"♠✐"❛ 2$"✉❦$✉"❛✱ ♠♦➸❡ 2❡ ♣"❡➣✐ ♥❛ ♣"♦"❛↔✉♥ ♥❥❡♥❡ ❡♥❡"❣✐❥❡✳ <"❡

2✈❡❣❛✱ ❥❛2♥♦ 2❡ ✐③❞✈❛❥❛❥✉ ❞✈❛ ♠♦❣✉➣❛ $✐♣❛ 2$"✉❦$✉"❛✱ ❛ $♦ 2✉ ❦♦♥❛↔♥❡ ✐ ❜❡2✲

❦♦♥❛↔♥❡ ♣❡"✐♦❞✐↔♥❡✳ ❑♦❞ ❦♦♥❛↔♥❡ 2$"✉❦$✉"❡ 2❡ ❡♥❡"❣✐❥❛ 2"❛↔✉♥❛ ❥❡❞♥♦2$❛✈✲

♥✐♠ 2✉♠✐"❛♥❥❡♠ ❞✐♣♦❧✲❞✐♣♦❧♥❡ ✐♥$❡"❛❦❝✐❥❡ 2✈❛❦♦❣ ♣❛"❛ ↔❡2$✐❝❛✱ ❛ ③❛ ♣"♦"❛↔✉♥

❡♥❡"❣✐❥❡ ❜❡2❦♦♥❛↔♥✐❤ ♣❡"✐♦❞✐↔♥✐❤ 2$"✉❦$✉"❛ ❦♦"✐2$✐ 2❡ ▲❡❦♥❡"♦✈ ♠❡$♦❞✳ ◆❡❦❛

✐♥$❡"❛❣✉❥✉ ✐✲$❛ ✐ ❥✲$❛ ↔❡2$✐❝❛✳ ■③"❛③ ③❛ ♣♦$❡♥❝✐❥❛❧ ♥❥✐❤♦✈❡ ✐♥$❡"❛❦❝✐❥❡ ❥❡2$❡✿

Udd (
−→rij) =

[

(−→µi · −→µj)

r3
− 3

(−→µi · −→rij) (−→µj · −→rij)
r5

]

◆❛♣✐2❛♥❛ ❥❡ ❢✉♥❦❝✐❥❛ ❞✐♣♦❧❡✳♠ ❦♦❥❛ "❛↔✉♥❛ ♣♦$❡♥❝✐❥❛❧ ✐♥$❡"❛❦❝✐❥❡ ♣❛"❛ ↔❡2$✐❝❛✳

❇✐$♥♦ ❥❡ ♥❛♣♦♠❡♥✉$✐ ❞❛ 2❡ ❡♥❡"❣✐❥❛ ✐③"❛➸❛✈❛ ♣♦ ↔❡2$✐❝✐✳ ❚♦ ③♥❛↔✐ ❞❛ 2❡ 2✉♠✐"❛

♣♦$❡♥❝✐❥❛❧ ✐♥$❡"❛❦❝✐❥❡ 2✈❛❦♦❣ ♣❛"❛ ↔❡2$✐❝❛✱ ♣❛ 2❡ $❛ ✈"❡❞♥♦2$ ♣♦❞❡❧✐ 2❛ ❜"♦❥❡♠

↔❡2$✐❝❛✱ ❛ $✐♠❡ 2❡ ❞♦❜✐❥❛ 2"❡❞♥❥❛ ✈"❡❞♥♦2$ ❡♥❡"❣✐❥❡ ♣♦ ↔❡2$✐❝✐✱ E✳ ❖✈♦ 2❡ ♠♦"❛
✉"❛❞✐$✐ ❞❛ ❜✐ 2❡ 2$"✉❦$✉"❡ ♠♦❣❧❡ ♣♦"❡❞✐$✐ ♣♦ ♦✈❛❦♦ 2"❛↔✉♥❛$♦❥ ❡♥❡"❣✐❥✐✳ ❆❦♦

2❡ ♥❡ ❜✐ "❛↔✉♥❛❧❛ ❡♥❡"❣✐❥❛ ♣♦ ↔❡2$✐❝✐✱ ♦♥❞❛ 2❡ ♥❡ ❜✐ ♠♦❣❧❡ ♣♦"❡❞✐$✐ 2$"✉❦$✉"❡

2❛ "❛③❧✐↔✐$✐♠ ❜"♦❥❡♠ ↔❡2$✐❝❛✳ ▼❡➒✉$✐♠✱ ✉♦↔❡♥♦ ❥❡ ❞❛ ❦♦❞ ❦♦♥❛↔♥✐❤ 2$"✉❦$✉"❛

♣♦2$♦❥❡ ❡❢❡❦$✐ ❦"❛❥❡✈❛✳ ❚❛❦♦ 2❡ ❞♦➨❧♦ ♥❛ ✐❞❡❥✉ ❞❛ 2❡ "❛↔✉♥❛ ♥❡ 2❛♠♦ 2"❡❞♥❥❛

❡♥❡"❣✐❥❛ ♣♦ ↔❡2$✐❝✐✱ ✈❡➣ ✐ ❞❛ 2❡ "❛↔✉♥❛ ❡♥❡"❣✐❥❛ 2"❡❞♥❥❡ ↔❡2$✐❝❡✳ ❚♦ ③♥❛↔✐ ❞❛ 2❡

✉③✐♠❛ ↔❡2$✐❝❛ ❦♦❥❛ ❥❡ ✉ 2"❡❞✐♥✐ 2$"✉❦$✉"❡✱ ❛❦♦ ❥❡ ◆ ✉❦✉♣❛♥ ❜"♦❥✱ ♥❥❡♥ ✐♥❞❡❦2

❥❡ i = N
2
✐ 2"❛↔✉♥❛ ❞✐♣♦❧✲❞✐♣♦❧♥❛ ✐♥$❡"❛❦❝✐❥❛ $❡ 2"❡❞♥❥❡ ↔❡2$✐❝❡ 2❛ 2✈❛❦♦♠ ♦❞

♣"❡♦2$❛❧✐❤ ↔❡2$✐❝❛ 2$"✉❦$✉"❡✳ ❚❛ ❡♥❡"❣✐❥❛ ♦③♥❛↔❡♥❛ ❥❡ ✉ ❦♦❞♦✈✐♠❛ 2✐♠✉❧❛❝✐❥❛

❦❛♦ EO✳ <"❡$❤♦❞♥♦ ♣"❡❞2$❛✈❧❥❡♥✐ ♠❡$♦❞ ♣"♦"❛↔✉♥❛ ❡♥❡"❣✐❥❡ ❥❡ "❡❢❡"❡♥$❛♥
③❛$♦ ➨$♦ ♣"✐♠❡♥❥✉❥❡ ❞✐"❡❦$♥♦ 2✉♠✐"❛♥❥❡ ❞✐♣♦❧✲❞✐♣♦❧♥✐❤ ✐♥$❡"❛❦❝✐❥❛✳ ❇✐❧♦ ❥❡

❦♦"✐2♥♦ ✐♠♣❧❡♠❡♥$✐"❛$✐ ❣❛ ③❛ 2✈❡ ✐2♣✐$✐✈❛♥❡ 2$"✉❦$✉"❡ ③❛$♦ ➨$♦ 2❡ ♣♦"❡➒❡♥❥❡♠

2❛ "❡③✉❧$❛$✐♠❛ ♦✈♦❣ ♠❡$♦❞❛ ♠♦➸❡ ♣"♦✈❡"✐$✐ ✐2♣"❛✈♥♦2$ ✐♠♣❧❡♠❡♥$✐"❛♥♦❣ ▲❡❦✲

♥❡"♦✈♦❣ ♠❡$♦❞❛✳ ➆$♦ 2❡ $✐↔❡ ▲❡❦♥❡"♦✈♦❣ ♠❡$♦❞❛✱ ✉❦✉♣♥❛ ❡♥❡"❣✐❥❛ 2$"✉❦$✉"❡

❞❛$❛ ❥❡ ❦❛♦ ③❜✐" 2♦♣2$✈❡♥❡ ✭❊2❡❧❢✮ ✐ ✉♥❛❦"2♥❡ ✭❊❝"♦22✮ ❡♥❡"❣✐❥❡✳

✸✾



❙♦♣#$✈❡♥❛ ✐ ✉♥❛❦,#♥❛ ❡♥❡,❣✐❥❛ ,❛↔✉♥❛❥✉ #❡ ✉ ♦❦✈✐,✉ ♦#♥♦✈♥❡ ➣❡❧✐❥❡ ❞❛$❡

#$,✉❦$✉,❡✱ ♣,✐ ↔❡♠✉ ❥❡ N ✉❦✉♣❛♥ ❜,♦❥ ↔❡#$✐❝❛ ♦#♥♦✈♥❡ ➣❡❧✐❥❡✳ ❙♦♣#$✈❡♥❛

❡♥❡,❣✐❥❛ ,❛↔✉♥❛ #❡ ♥❛ #❧❡❞❡➣✐ ♥❛↔✐♥ ❬✾❪✿

Eself =
1

L3
z

∑N
i=1

(

1− 3µ2
zi
ζ(3)

)

N
✭✺✳✶✮

❯♥❛❦,#♥❛ ❡♥❡,❣✐❥❛ ,❛↔✉♥❛ #❡ ♥❛ #❧❡❞❡➣✐ ♥❛↔✐♥ ❬✾❪✿

Ecross =

∑

i 6=j Ucross (
−→ri ,−→rj ,−→µi ,

−→µj , Lz)

N
✭✺✳✷✮

❯ ❣♦,♥❥❡♠ ✐③,❛③✉ ❥❡ #❛ Ucross (
−→ri ,−→rj ,−→µi ,

−→µj , Lz) ♦③♥❛↔❡♥❛ ❢✉♥❦❝✐❥❛ ❦♦❥❛

,❛↔✉♥❛ ✉♥❛❦,#♥✉ ❡♥❡,❣✐❥✉ ❞✐♣♦❧♥❡ ✐♥$❡,❛❦❝✐❥❡ ↔❡#$✐❝❛ ✐✱❥ ♣,✐ ↔❡♠✉ ❥❡ i 6= j✳
❙❛❞❛ ➣❡ ❜✐$✐ ❞❡$❛❧❥♥♦ ♣,✐❦❛③❛♥❛ ♦✈❛ ❢✉♥❦❝✐❥❛✳ ❯✈❡❞✐♠♦ ♣,✈♦ #❧❡❞❡➣❡ ✈❡❧✐↔✐♥❡✿

−→ρ =
(

rxi − rxj , ryi − ryj , 0
)

z = rzi − rzj

µρ = (µx, µy, 0)

ηz =
2πz

Lz

ηρ =
2πρ

Lz

❇✐$♥♦ ❥❡ ♥❛♣♦♠❡♥✉$✐ ❞❛ ♣♦#$♦❥❡ ❞✈❡ ✈❛,✐❥❛♥$❡ ✐③,❛③❛ ③❛ Ucross ✉ ③❛✈✐#♥♦#$✐

♦❞ $♦❣❛ ❞❛ ❧✐ ❥❡ ✐#♣✉♥❥❡♥ ✉#❧♦✈

−→ρ 6= 0✳ ❯ #❧✉↔❛❥✉ ❞❛ ♣♦♠❡♥✉$✐ ✉#❧♦✈ ✈❛➸✐✱

✉♥❛❦,#♥❛ ❡♥❡,❣✐❥❛ ❞❡✜♥✐#❛♥❛ ❥❡ ♣,❡❦♦ ↔❡$✐,✐ #✉♠❡✿

Ucross = S1 + S2 + S3 + S4

❯ $✐♠ #✉♠❛♠❛ ✜❣✉,✐➨❡ ♠♦❞✐✜❦♦✈❛♥❛ ❇❡#❡❧♦✈❛ ❢✉♥❦❝✐❥❛ ❞,✉❣❡ ✈,#$❡✱ ♥✉❧$♦❣ ✐

♣,✈♦❣ ,❡❞❛ ♦③♥❛↔❡♥❛ #❛ K0(kηρ) ✐K1(kηρ) ,❡#♣❡❦$✐✈♥♦✱ ♣,✐ ↔❡♠✉ k ♣,❡❞#$❛✈❧❥❛
✐♥❞❡❦# #✉♠✐,❛♥❥❛✳

S1 =
−8π

L2
z

[

2 (−→µρi · −→ρ )
(−→µρj · −→ρ

)

ρ3
−

−→µρi · −→µρj

ρ

]

×
+∞
∑

k=1

kcos (kηz)K1(kηρ)

S2 =
−16π2

L3
z

[

(−→µρi · −→ρ )
(−→µρj · −→ρ

)

ρ2
− µziµzj

]

×
+∞
∑

k=1

k2cos (kηz)K0(kηρ)

✹✵



S3 =
2

Lz

[

2 (−→µρi · −→ρ )
(−→µρj · −→ρ

)

ρ4
−

−→µρi · −→µρj

ρ2

]

S4 =
−16π2

L3
z

(−→µρi · −→ρ )µzj +
(−→µρj · −→ρ

)

µzi

ρ
×

+∞
∑

k=1

k2sin (kηz)K1(kηρ)

❉❛❦❧❡✱ ♣'✐❦❛③❛❧✐ *♠♦ ❦❛❦♦ *❡ '❛↔✉♥❛ ✉♥❛❦'*♥❛ ❡♥❡'❣✐❥❛ ✉ *❧✉↔❛❥✉ ❞❛ ✈❛➸✐

−→ρ 6= 0✳ ❑❛❞❛ ❥❡ −→ρ = 0 ✉♥❛❦'*♥❛ ❡♥❡'❣✐❥❛ '❛↔✉♥❛ *❡ ♣'❡❦♦ ❥❡❞♥❡ *✉♠❡ ❬✾❪✿

Ucross = −
(−→µρi · −→µρj − 2µziµzj

)

L3
z

[

ψ
′′

(

z

Lz

)

+ π3cos

(

π
z

Lz

)

sin−3

(

π
z

Lz

)]

❣❞❡ ψ
′′

(

z
Lz

)

❥❡*;❡ ;❡;'❛✲❣❛♠❛ ❢✉♥❦❝✐❥❛✳ ◆❛ *❧❡❞❡➣✐♠ *❧✐❦❛♠❛ ♣'✐❦❛③❛♥❛ ❥❡

③❛✈✐*♥♦*; ❡♥❡'❣✐❥❡ ❜❡*❦♦♥❛↔♥✐❤ ♣❡'✐♦❞✐↔♥✐❤ ;✉❜❛ ♦❞ ♣♦❧✉♣'❡↔♥✐❦❛ ✐ ♦❞ ❜'♦❥❛

↔❡*;✐❝❛✳ ❑❛♦ ➨;♦ ❥❡ ✐ ♦↔❡❦✐✈❛♥♦✱ ♥❛❥♠❛♥❥✉ ❡♥❡'❣✐❥✉ ♥❛ ❞❛;♦♠ ♣♦❧✉♣'❡↔♥✐❦✉

✭♣'✐ ❞❛;♦♠ ❣❡♦♠❡;'✐❥*❦♦♠ ♦❣'❛♥✐↔❡♥❥✉✮ ✐♠❛ ❆❇ ;✉❜❛✱ ♥❛❥✈❡➣✉ ✐♠❛ ❆❆ ;✉❜❛✱

❞♦❦ ❥❡ ❡♥❡'❣✐❥❛ ❆❈ ;✉❜❡ ✐③♠❡➒✉ ♦✈❛ ❞✈❛ ❡❦*;'❡♠❛✳

❙❧✐❦❛ ✺✳✶✿ ❩❛✈✐$♥♦$' ❡♥❡)❣✐❥❡ ❆❆✴❆❈✴❆❇ '✉❜❛ ♦❞ )❛❞✐❥✉$❛ ♣)$'❡♥❛

✹✶



❙❧✐❦❛ ✺✳✷✿ ❩❛✈✐$♥♦$' ❡♥❡)❣✐❥❡ ❆❆✴❆❈✴❆❇ '✉❜❛ ♦❞ ❜)♦❥❛ ❦✉❣❧✐❝❛ ✉ ♣)$'❡♥✉

✺✳✶ ❙❦❛❧✐(❛♥❥❡ ❡♥❡(❣✐❥❡ -.(✉❦.✉(❛

■♠♣❧❡♠❡♥.✐/❛♥❛ 0✉ ❞✈❛ ♠❡.♦❞❛ ③❛ ♣/♦/❛↔✉♥ ❡♥❡/❣✐❥❡ 0./✉❦.✉/❛ ✲ ❞✐/❡❦.♥✐

③❛ ❦♦♥❛↔♥❡ ✐ ▲❡❦♥❡/♦✈ ③❛ ❜❡0❦♦♥❛↔♥❡ 0./✉❦.✉/❡✳ ❷❡0. ♣/♦❜❧❡♠ 0.❛.✐0.✐↔❦❡

✜③✐❦❡ ✐ ✜③✐❦❡ ❦♦♠♣❧❡❦0♥✐❤ 0✐0.❡♠❛ ❥❡0.❡ 0❦❛❧✐/❛♥❥❡✳ ❙❦❛❧✐/❛♥❥❡ ♣♦❦❛③✉❥❡ ❦❛❦♦

0❡ ♦0♦❜✐♥❡ 0✐0.❡♠❛ ♠❡♥❥❛❥✉ ♣♦✈❡➣❛✈❛♥❥❡♠ ♥❥❡❣♦✈❡ ✈❡❧✐↔✐♥❡ ✐ 0❧♦➸❡♥♦0.✐✳ ❯

❦♦♥❦/❡.♥♦♠ 0❧✉↔❛❥✉ .✉❜❛ ✐ ❤❡❧✐❦0❛✱ ♣♦./❡❜♥♦ ❥❡ ✐0♣✐.❛.✐ ❦❛❦♦ 0❡ ❡♥❡/❣✐❥❛ ♦✈✐❤

0./✉❦.✉/❛ 0❦❛❧✐/❛ 0❛ ♣♦✈❡➣❛✈❛♥❥❡♠ ❜/♦❥❛ ↔❡0.✐❝❛✳ ❉❛ ❧✐ 0❡ ♣♦✈❡➣❛✈❛♥❥❡♠ ❦♦✲

♥❛↔♥❡ 0./✉❦.✉/❡ ♠♦➸❡ ✉ ❜❡0❦♦♥❛↔♥♦0.✐ ♣♦0.✐➣✐ ❡♥❡/❣✐❥❛ 0/❛↔✉♥❛.❛ ③❛ ❜❡0❦♦✲

♥❛↔♥✉ ♣❡/✐♦❞✐↔♥✉ 0./✉❦.✉/✉❄ ❯❦♦❧✐❦♦ 0❡ ✐0♣♦0.❛✈✐ ❞❛ ❥❡ .♦ ♠♦❣✉➣❡✱ ✐♠♣❧❡♠❡♥✲

.✐/❛♥✐ ▲❡❦♥❡/♦✈ ♠❡.♦❞ ❥❡ ✐0♣/❛✈❛♥✳ ❙❛ ❞/✉❣❡ 0./❛♥❡✱ ✐0♣✐.✉❥❡♠♦ 0❦❛❧✐/❛♥❥❡ ➨.♦

③♥❛↔✐ ❞❛ ♦❞/❡➒✉❥❡♠♦ ♥❛ ❦♦❥✐ ♥❛↔✐♥ ➣❡ ♣♦✈❡➣❛✈❛♥❥❡♠ ❦♦♥❛↔♥❡ 0./✉❦.✉/❡ ♥❥❡♥❛

❡♥❡/❣✐❥❛ ❦♦♥✈❡/❣✐/❛.✐ ❦❛ ❡♥❡/❣✐❥✐ ✉ ❜❡0❦♦♥❛↔♥♦0.✐✳ ◆❛ 0❧❡❞❡➣✐♠ 0❧✐❦❛♠❛ ♣/✐❦❛✲

③❛♥♦ ❥❡ ❦❛❦♦ 0❡ 0♠❛♥❥✉❥❡ /❛③❧✐❦❛ ✐③♠❡➒✉ ❡♥❡/❣✐❥❡ ❦♦♥❛↔♥❡ 0./✉❦.✉/❡ ✐ ❡♥❡/❣✐❥❡

❜❡0❦♦♥❛↔♥❡✱ 0❛ ♣♦✈❡➣❛♥❥❡♠ ❜/♦❥❛ ↔❡0.✐❝❛ ✉ ❦♦♥❛↔♥♦❥ 0./✉❦.✉/✐✳ I♦./❡❜♥♦ ❥❡

❞❛ 0❡ /❛③❧✐❦❛ ✐③♠❡➒✉ ❡♥❡/❣✐❥❡ ❦♦♥❛↔♥❡ ✐ ❜❡0❦♦♥❛↔♥❡ 0./✉❦.✉/❡ 0♠❛♥❥✉❥❡✱ ❛❧✐

.❛❦♦ ❞❛ ❡♥❡/❣✐❥❛ ❦♦♥❛↔♥❡ 0./✉❦.✉/❡ ❦♦♥✈❡/❣✐/❛ 0❛ ❣♦/♥❥❡ 0./❛♥❡✱ ♦❞♥♦0♥♦ ❞❛ 0❡

❞❛.❛ /❛③❧✐❦❛ 0✈❡ ✈✐➨❡ ✐ ✈✐➨❡ 0♠❛♥❥✉❥❡✱ ❞♦❦ 0❛ ❣♦/♥❥❡ 0./❛♥❡ ♥❡ ✐0❦♦♥✈❡/❣✐/❛ ❦❛

❡♥❡/❣✐❥✐ ❜❡0❦♦♥❛↔♥❡ 0./✉❦.✉/❡✳ ❯ /❛❞✉ ❬✽❪ ♣♦❦❛③❛♥♦ ❥❡ ❞❛ ❥❡ ♠✐♥✐♠❛❧♥❛ ❡♥❡/✲

❣✐❥❛ ❜❡0❦♦♥❛↔♥❡ /❛✈♥✐ 0❛ ♠❛❣♥❡.♥✐♠ ↔❡0.✐❝❛♠❛ ❥❡❞♥❛❦❛ Emin = −2.759 .❛❦♦

❞❛ ❥❡ ❜✐❧♦ ❥❛❦♦ ❦♦/✐0♥♦ ③♥❛.✐ ♦✈✉ ✈/❡❞♥♦0. ❥❡/ ♦♥❛ ♦❞/❡➒✉❥❡ ♠✐♥✐♠✉♠ ❦♦❥✐ 0❡

♥❡ 0♠❡ ♣/♦❜✐.✐ ♣/✐ ♣/♦/❛↔✉♥✐♠❛ ❡♥❡/❣✐❥❡ ❜✐❧♦ ❦♦❥❡ 0./✉❦.✉/❡ ❦♦❥✉ ❛♥❛❧✐③✐/❛♠♦✳
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❩❛ ♥❛➨ $✐$&❡♠ ♦↔❡❦✐✈❛♥♦ ❥❡ ❞❛ $❦❛❧✐0❛♥❥❡ ❜✉❞❡ ♦♣✐$❛♥♦ $❧❡❞❡➣✐♠ ③❛❦♦♥♦♠

❬✽❪✿

(Ef − EL) ∝ E0 ×N−α

❑❛❞❛ $❡ ❣♦0♥❥❛ ❥❡❞♥❛❦♦$& ❧♦❣❛0✐&♠✉❥❡ ❞♦❜✐❥❛ $❡✿

log (Ef − EL) ∝ −α logN + logE0

<0❡♠❛ &♦♠❡✱ ❛❦♦ $❡ 0❛③❧✐❦❛ ❡♥❡0❣✐❥❛ (Ef − EL) ✐ ❜0♦❥ ↔❡$&✐❝❛ ❦♦♥❛↔♥❡ $&0✉❦✲
&✉0❡ N ❧♦❣❛0✐&♠✉❥✉ ✐ ♣0✐❦❛➸✉ ❦❛♦ ② ✐ ① ♦$❛✱ 0❡$♣❡❦&✐✈♥♦✱ ❞♦❜✐➣❡ $❡ ❧✐♥❡❛0♥♦

♦♣❛❞❛❥✉➣❛ ③❛✈✐$♥♦$&✳ ◆❛ ♦$♥♦✈✉ 0❡③✉❧&❛&❛ $❦❛❧✐0❛♥❥❛ ③❛ &✉❜❡ ✐ ③❛ ❤❡❧✐❦$✱

③❛❦❧❥✉↔✉❥❡♠♦ ❞❛ ❥❡ ▲❡❦♥❡0♦✈ ♠❡&♦❞ ✈❛❧✐❞❛♥✱ ❦❛♦ ✐ ❞❛ ✈❛➸✐ ✐③♥❡&✐ ③❛❦♦♥ ♦

$❦❛❧✐0❛♥❥✉✳

❙❧✐❦❛ ✺✳✸✿ ❙❦❛❧✐%❛♥❥❡ ❆❆✴❆❈✴❆❇ -✉❜❛
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❙❧✐❦❛ ✺✳✹✿ ❙❦❛❧✐%❛♥❥❡ ❤❡❧✐❦*❛

✺✳✷ ❑♦%❡❧❛❝✐❥❛ ❡♥❡%❣✐❥❡ ✐ ❣✉/0✐♥❡ ♣❛❦♦✈❛♥❥❛

❯ *❛③♠❛-*❛♥❥✐♠❛ 0-*✉❦-✉*❛✱ ♣❛*❛♠❡-❛* ❦♦❥✐ ❥❡ *❡❧❡✈❛♥-❛♥ ❥❡0-❡ ❣✉0-✐♥❛

♣❛❦♦✈❛♥❥❛✳ ❩❛ ♥❛➨❡ 0-*✉❦-✉*❡ ❞❡✜♥✐0❛♥ ❥❡ ♥❛ 0❧❡❞❡➣✐ ♥❛↔✐♥✿

Φ =
S

Suk

❖✈♦ ❥❡ ❜❡③❞✐♠❡♥③✐♦♥✐ ♣❛*❛♠❡-❛* ❦♦❥✐ ♣*❡❞0-❛✈❧❥❛ ♦❞♥♦0 ♣♦✈*➨✐♥❡ ❦♦❥✉ ③❛✉✲

③✐♠❛❥✉ ↔❡0-✐❝❡ ✐ ✉❦✉♣♥❡ ♣♦✈*➨✐♥❡ ❞❛-❡ 0-*✉❦-✉*❡✳ ◆❛ 0❧❡❞❡➣♦❥ 0❧✐❝✐ ♣*✐❦❛③❛♥

❥❡ *❛0♣♦*❡❞ ↔❡0-✐❝❛ ♣*✐ ❦♦♠❡ ♦♥❡ ③❛✉③✐♠❛❥✉ ♥❛❥✈❡➣✉ ♠♦❣✉➣✉ ♣♦✈*➨✐♥✉✳ ❖✈❛❥

0❧✉↔❛❥ ❥❡ *❡❢❡*❡♥-♥✐ ✐ ③❛ ♥❥❡❣❛ ➣❡ ❜✐-✐ ✐③✈❡❞❡♥❛ ✈*❡❞♥♦0- ♣❛*❛♠❡-*❛ ❣✉0-✐♥❡

♣❛❦♦✈❛♥❥❛✱ Φmaks✳ ❯ ❝*✈❡♥✐ -*♦✉❣❛♦ ✉❧❛③✐ -❛↔♥♦ -*✐ ♣✉-❛ ♣♦ ➨❡0-✐♥❛ ❥❡❞♥❡

↔❡0-✐❝❡✳ D♦✈*➨✐♥❛ ❥❡❞♥❡ ↔❡0-✐❝❡ ❥❡0-❡ Sc = 1
2

2
π = π

4
✳ D♦✈*➨✐♥❛ ❞♦❞❡❧❥❡♥❛

↔❡0-✐❝❛♠❛ ✭③❛✉③❡-❛ ♣♦✈*➨✐♥❛✮ ❥❡❞♥❛❦❛ ❥❡ S = 3
6
1
2

2
π = π

8
✳ ❑❛❦♦ ❥❡ ❝*✈❡♥✐ -*♦✉✲

❣❛♦ ❥❡❞♥❛❦♦0-*❛♥✐↔❛♥✱ ♥❥❡❣♦✈❛ ♣♦✈*➨✐♥❛ ✐③♥♦0✐ Suk =
√
3
4
✳ ❉❛❦❧❡✱ ♠❛❦0✐♠❛❧♥❛

❣✉0-✐♥❛ ♣❛❦♦✈❛♥❥❛ ✐③♥♦0✐✿

Φmaks =
π

2
√
3
≈ 0.91

❯ 0❧✉↔❛❥✉ -✉❜❛ ♦↔✐❣❧❡❞♥♦ ❥❡ ❞❛ ♥❛ ✜❦0♥♦♠ ❣❡♦♠❡-*✐❥0❦♦♠ ♦❣*❛♥✐↔❡♥❥✉

✭✜❦0♥♦♠ ♣♦❧✉♣*❡↔♥✐❦✉✮✱ ❆❇ -✉❜❛ ✐♠❛ ✈❡➣✉ ❣✉0-✐♥✉ ♣❛❦♦✈❛♥❥❛ ♦❞ ❆❆ -✉❜❡✱

❛ ✐ ❞❛ ✐♠❛ ♠❛♥❥✉ ❡♥❡*❣✐❥✉✳ ◆❛✐♠❡✱ ❦♦❞ ❆❇ -✉❜❛ 0❡ ✉♦↔❛✈❛ ❡❧❡♠❡♥-❛*♥✐

✹✹



❙❧✐❦❛ ✺✳✺✿ ■❧✉#$%❛❝✐❥❛ #❧✉↔❛❥❛ ♠❛❦#✐♠❛❧♥❡ ❣✉#$✐♥❡ ♣❛❦♦✈❛♥❥❛

()♦✉❣❛♦ ✭♣)✐❦❛③❛♥ ♥❛ ♣)❡(❤♦❞♥♦❥ 5❧✐❝✐ ❦♦❥❛ ♣♦❦❛③✉❥❡ 5❧✉↔❛❥ ♥❛❥✈❡➣❡ ❣✉5(✐♥❡

♣❛❦♦✈❛♥❥❛✮ ❞♦❦ ❦♦❞ ❆❆ (✉❜❡ ✐♠❛♠♦ ❡❧❡♠❡♥(❛)♥✐ ❦✈❛❞)❛(✱ ❦❛♦ ➨(♦ ✈✐❞✐♠♦ ♥❛

5❧❡❞❡➣♦❥ 5❧✐❝✐✳

✹✺



❙❧✐❦❛ ✺✳✻✿ ■❧✉#$%❛❝✐❥❛ ❣✉#$✐♥❡ ♣❛❦♦✈❛♥❥❛ ③❛ #❧✉↔❛❥ ❆❆ $✉❜❡

❩❛❦❧❥✉↔❛❦ ❥❡ ❞❛ /✉ ❦♦❞ 1✉❜❛ ❡♥❡4❣✐❥❛ ✐ ❣✉/1✐♥❛ ♣❛❦♦✈❛♥❥❛ ❦♦4❡❧✐/❛♥❡ 1❛❦♦

❞❛ ✈❡➣❛ ❣✉/1✐♥❛ ♣❛❦♦✈❛♥❥❛ ♣♦❞4❛③✉♠❡✈❛ ♠❛♥❥✉ ❡♥❡4❣✐❥✉ /14✉❦1✉4❡✳ ❑♦❞ ❤❡✲

❧✐❦/❛ /❡ ❦♦4❡❧❛❝✐❥❛ ♥❡ ♠♦➸❡ ❥❡❞♥♦/1❛✈♥♦ ♦❞4❡❞✐1✐✳ ❯ 1✉ /✈4❤✉ ♥❛♣✐/❛♥❛ ❥❡

/✐♠✉❧❛❝✐❥❛ ❦♦❥❛ ♣4✐ ✜❦/♥♦♠ ♣♦❧✉♣4❡↔♥✐❦✉ ♣4❛✈✐ 4❛③♥❡ ❦♦♥✜❣✉4❛❝✐❥❡ ❤❡❧✐❦/❛ ✐

③❛ /✈❛❦✉ ♣♦♥❛♦/♦❜ 4❛↔✉♥❛ ❡♥❡4❣✐❥✉ ✐ ❣✉/1✐♥✉ ♣❛❦♦✈❛♥❥❛✳ B4✈♦ ♣4✐❦❛➸✐♠♦ ❦❛❦♦

/❡ ✐③✈♦❞✐ ❢♦4♠✉❧❛ ③❛ 4❛↔✉♥❛♥❥❡ ❣✉/1✐♥❡ ♣❛❦♦✈❛♥❥❛ ❦♦❞ ❤❡❧✐❦/❛✳ B♦/♠❛14❛❥♠♦

❥❡❞❛♥ ♣✉♥ ♦❜41❛❥✱ ♦❞♥♦/♥♦ ❥❡❞♥✉ ③❛✈♦❥♥✐❝✉ ❤❡❧✐❦/❛✳ ❯❦✉♣❛♥ ❜4♦❥ ↔❡/1✐❝❛ ❥❡

N ✱ ❛ ❜4♦❥ ♦❜41❛❥❛ ❥❡ l✳ ❙✈❛❦❛ ↔❡/1✐❝❛ ❥❡ ✉ ♦❞♥♦/✉ ♥❛ ♥❥♦❥ ♣4❡1❤♦❞♥✉ ♣♦❞✐❣✲

♥✉1❛ ③❛ ∆z ❞✉➸ ♣4❛✈❝❛ ♥❛4❛/1❛♥❥❛✳ ❯❦✉♣♥✐ ♣♦♠❡4❛❥ ❞✉➸ ③ ✲ ♦/❡ ❞♦❜✐❥❛ /❡

♠♥♦➸❡♥❥❡♠ ❜4♦❥❛ ↔❡/1✐❝❛ ✉ ❥❡❞♥♦♠ ♦❜41❛❥✉✱

N
l
✐ ♣♦♠❡4❛❥❛ ♣♦ ↔❡/1✐❝✐✱ ∆z✿

h =
N

l
∆z

❷❡/1✐❝❛♠❛ /❡ ❞♦❞❡❧❥✉❥❡ ✉❣❛♦♥✐ ♣♦♠❡4❛❥ ✐③ ♦♣/❡❣❛ [0, 2π] ♣4✐ ↔❡♠✉ /✉ 1✐ ✉❣❛✲

♦♥✐ ♣♦♠❡4❛❥✐ ❧✐♥❡❛4♥♦ ❡❦✈✐❞✐/1❛♥1♥✐✳ ❚❛❦♦ /❡ ♣4❛❦1✐↔♥♦ ♣❛4❛♠❡14✐③✉❥❡ ❥❡❞♥❛

③❛✈♦❥♥✐❝❛ ❤❡❧✐❦/❛✳ ◆❛ 1❛❥ ♥❛↔✐♥ /❡ ❞♦❜✐❥❛❥✉ ❦♦♦4❞✐♥❛1❡ ♣4♦✐③✈♦❧❥♥❡ ↔❡/1✐❝❡✿
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x = Rcosθ

y = Rsinθ

z =
φ

2π
h ✭✺✳✸✮

❖❞'❡❞✐♠♦ ❞✉➸✐♥✉ ❧✉❦❛ ❦♦❥✐ ♦❞'❡➒✉❥❡ ❥❡❞❛♥ ♣✉♥ ♦❜'6❛❥ ❤❡❧✐❦8❛✱ ♥❛ 8❧❡❞❡➣✐

♥❛↔✐♥✿

l =

2π
∫

φ=0

√

(

dx

dφ

)2

+

(

dy

dφ

)2

+

(

dz

dφ

)2

dφ

❑❛❦♦ ❥❡

(

dx
dφ

)2

+
(

dy
dφ

)2

= R2
✐ ❦❛❦♦ ❥❡

(

dz
dφ

)2

= h2

4π2 ✱ 6♦ 8❧❡❞✐✿

l =

2π
∫

φ=0

√

R2 +
h2

4π2
dφ =

√

(2πR)2 + h2

✳ ❙❛❞❛ ❦❛❞❛ ❥❡ ♣♦③♥❛6❛ ❞✉➸✐♥❛ ❧✉❦❛ ❥❡❞♥♦❣ ♦❜'6❛❥❛✱ ✈'❛6✐♠♦ 8❡ ♥❛ ✐③✈♦➒❡♥❥❡

❢♦'♠✉❧❡ ③❛ ❣✉86✐♥✉ ♣❛❦♦✈❛♥❥❛✿

Φ =
N
l
π
4

lh
=

N
l

lN
l
∆z

=
π
4

l∆z

❑♦♥❛↔♥♦✱ ✐③'❛③ ③❛ ❣✉86✐♥✉ ♣❛❦♦✈❛♥❥❛ ❦♦❞ ❤❡❧✐❦8❛ ❥❡✿

Φ =
π

4
√

(2πR)2 + h2∆z
≤ Φmaks

✳

❙✐♠✉❧❛❝✐❥❛ ❥❡ '❡❛❧✐③♦✈❛♥❛ ♥❛ 8❧❡❞❡➣✐ ♥❛↔✐♥✳ ❯③✐♠❛❥✉ 8❡ '❛③❧✐↔✐6❡ ❦♦♥✜❣✉'❛✲

❝✐❥❡ ❜❡8❦♦♥❛↔♥✐❤ ♣❡'✐♦❞✐↔♥✐❤ ❤❡❧✐❦8❛ ♣'✐ ✜❦8♥♦♠ ♣♦❧✉♣'❡↔♥✐❦✉ R✳ ❩❛❞❛❥❡ 8❡

✉❦✉♣♥✐ ❜'♦❥ ↔❡86✐❝❛ N ✐ ♦❞'❡➒❡♥✐ ♦♣8❡❣ ✈'❡❞♥♦86✐ ③❛ ❜'♦❥ ♦❜'6❛❥❛ l✳ ❯❣❛♦♥✐

♣♦♠❡'❛❥ 8❡ ♦❞'❡➒✉❥❡ ❦❛♦✿

θ =
2πl

N

✳ ❑❛❦♦ ❥❡ ♣❛'❛♠❡6❛' l ③❛❞❛6 ♣'❡❦♦ ♥✐③❛ ✈'❡❞♥♦86✐✱ 6♦ ✐ ✉❣❛♦♥✐ ♣♦♠❡'❛❥ ♣'❡❞✲

86❛✈❧❥❛ ♥✐③ '❛③❧✐↔✐6✐❤ ✈'❡❞♥♦86✐✳ ❩❛ 8✈❛❦✉ ♦❞ ✈'❡❞♥♦86✐ θ ♣'♦✈❡'❛✈❛ 8❡ ❞❛ ❧✐ ❥❡

❞❛6❛ ❦♦♥✜❣✉'❛❝✐❥❛ ✈❛❧✐❞♥❛✳ ❚♦ 8❡ ♣♦86✐➸❡ ♣♦③✐✈♦♠ ❢✉♥❦❝✐❥❡ ❝♦"#❱❛❧✉❡✱ ❦♦❥❛ ❥❡

❞❛6❛ ✉ ●❧❛✈✐ ✼ ✭▲✐86✐♥❣ ❦♦❞♦✈❛✮✳

L'✈✐ ✉8❧♦✈ ❥❡86❡ ♣'♦✈❡'❛ ❞❛ ❧✐ ❥❡ 8❛♠❛ ❦♦♥✜❣✉'❛❝✐❥❛ ❣❡♦♠❡6'✐❥8❦✐ ♦86✈❛✲

'✐✈❛ ✭♥❡♠❛ ♣'❡❦❧❛♣❛♥❥❛ 8✉8❡❞♥✐❤ ③❛✈♦❥♥✐❝❛ ❤❡❧✐❦8❛✮✱ ❛ ❞'✉❣✐ ✉8❧♦✈ ❦♦❥✐ ♠♦'❛

✹✼



✈❛➸✐$✐ ❥❡'$❡ ❞❛ ✉❦✉♣♥✐ ❜.♦❥ ↔❡'$✐❝❛ ♥✐❥❡ ❞❡❧❥✐✈ '❛ $❡❦✉➣♦♠ ✈.❡❞♥♦➨➣✉ ❜.♦❥❛

♦❜.$❛❥❛ ③❛$♦ ➨$♦ $♦ ♦❜❡③❜❡➒✉❥❡ ❞❛ ♥❡♠❛ ♣♦♥❛✈❧❥❛♥❥❛ ♦'♥♦✈♥❡ ➣❡❧✐❥❡ ✉ ▲❡❦♥❡✲

.♦✈♦❥ '✉♠✐✱ ✈❡➣ ❥❡ ♦'♥♦✈♥❛ ➣❡❧✐❥❛ ③❛ ❞❛$✐ ♣❛. ✈.❡❞♥♦'$ (N, l) ❥❡❞✐♥'$✈❡♥❛✳ ◆❛
♣♦↔❡$❦✉ ♥✐'♠♦ ♣❛③✐❧✐ ♥❛ ♦✈❛❥ ✉'❧♦✈ ✐ $♦ ❥❡ ❞♦✈♦❞✐❧♦ ❞♦ ❞✐✈❡.❣❡♥❝✐❥❡ ▲❡❦♥❡.♦✲

✈✐❤ '✉♠❛✱ ❛ ❦❛❞❛ ❥❡ $❛❥ ✉'❧♦✈ ✉✈❡❞❡♥ $❛❞❛ '✉ ▲❡❦♥❡.♦✈❡ '✉♠❡ ❦♦♥✈❡.❣✐.❛❧❡✳

❑❛❞❛ ❞❛$❛ ❦♦♥✜❣✉.❛❝✐❥❛ ✐'♣✉♥✐ $.❛➸❡♥❡ ✉'❧♦✈❡✱ ③❛ ♥❥✉ '❡ ✐③.❛↔✉♥❛❥✉ ❡♥❡.❣✐❥❛

✐ ❣✉'$✐♥❛ ♣❛❦♦✈❛♥❥❛✳ ❙♥✐♠❧❥❡♥✐ .❡③✉❧$❛$✐ '❡ ♣.♦❣.❛♠'❦✐ ❡❦'$.❛❤✉❥✉ ✐③ ❢❛❥❧♦✈❛

✐ '✈✐ ③❛❥❡❞♥♦ ♣.✐❦❛③✉❥✉ ♥❛ ❥❡❞♥♦♠ ❣.❛✜❦✉ ❦♦❥✐ ♣♦❦❛③✉❥❡ ③❛✈✐'♥♦'$ ❡♥❡.❣✐❥❡ ✐

❣✉'$✐♥❡ ♣❛❦♦✈❛♥❥❛ ♦❞ ❦♦.❛❦❛ ❞✉➸ ③✲♦'❡✱ ③❛ .❛③❧✐↔✐$❡ ❦♦♥✜❣✉.❛❝✐❥❡ ❜❡'❦♦♥❛↔♥✐❤

♣❡.✐♦❞✐↔♥✐❤ ❤❡❧✐❦'❛✱ ♥❛ ✜❦'♥♦♠ ♣♦❧✉♣.❡↔♥✐❦✉ R✳ ❇✐❧♦ ❥❡ ♣.♦❜❧❡♠❛$✐↔♥♦ ✐③❛✲

❜.❛$✐ ❜.♦❥ ↔❡'$✐❝❛ ✐ ❜.♦❥ ♦❜.$❛❥❛ $❛❦♦ ❞❛ '❡ ♣♦❦.✐❥❡ ♣✉♥ ♦♣'❡❣✱ '✈❡ ❞♦ $❛↔❦❡

♠✐♥✐♠❛❧♥❡ ❡♥❡.❣✐❥❡ ♣♦'❧❡ ❦♦❥❡ ❞♦❧❛③✐ ❞♦ ♣.❡❦❧❛♣❛♥❥❛ ③❛✈♦❥♥✐❝❛ ❤❡❧✐❦'❛ ✐ ♦❞

❦♦❥❡ ✈✐➨❡ ♥✐❥❡❞♥❛ ❦♦♥✜❣✉.❛❝✐❥❛ ♥✐❥❡ ♠♦❣✉➣❛✳ ❯♦↔❡♥♦ ❥❡ ❞❛ ✉ ♦❦♦❧✐♥✐ $❛↔❦❡

♠✐♥✐♠✉♠❛ ❡♥❡.❣✐❥❡ ✈❛➸✐ '❧❡❞❡➣✐ ♦❞♥♦' ✐③♠❡➒✉ ✉❦✉♣♥♦❣ ❜.♦❥❛ ↔❡'$✐❝❛ ✐ ❜.♦❥❛

♦❜.$❛❥❛✱

N
l
≈ 10.58333 = X✳ ❑❛❦♦ ❜✐'♠♦ ✐③❜❡❣❧✐ ♣.♦❜❧❡♠ ❞❡❧❥✐✈♦'$✐ ✉❦✉♣♥♦❣

❜.♦❥❛ ↔❡'$✐❝❛ ✐ ❜.♦❥❛ ♦❜.$❛❥❛✱ .❡➨❡♥❥❡ ❥❡ ♥❛➒❡♥♦ ✉ ✉③✐♠❛♥❥✉ ♣.♦'$✐❤ ❜.♦❥❡✈❛✳

❉❛❦❧❡✱ ❞❛ .❡③✐♠✐.❛♠♦✱ ✉③✐♠❛❥✉ '❡ ♣❛.♦✈✐ ♣.♦'$✐❤ ❜.♦❥❡✈❛ (N, l) ③❛ ❦♦❥❡ ✈❛➸✐

♦❞♥♦'

N

l
≈ 10.58333 = X

✳ ◆❛ ♦✈❛❥ ♥❛↔✐♥ ❥❡ ♣♦'$✐❣♥✉$♦ ♣♦✈❡➣❛♥❥❡ ❜.♦❥❛ $❛↔❛❦❛ ❦♦❥❡ ♣❛❞❛❥✉ ♦❦♦ $❛↔❦❡

♠✐♥✐♠❛❧♥❡ ❡♥❡.❣✐❥❡✳ ◆❛❝.$❛♥❡ '✉ ③❛✈✐'♥♦'$✐ ❡♥❡.❣✐❥❡ ✐ ❣✉'$✐♥❡ ♣❛❦♦✈❛♥❥❛ ♦❞

♥♦.♠✐.❛♥♦❣ ❦♦.❛❦❛ ❤❡❧✐❦'❛ ❞✉➸ ③✲♣.❛✈❝❛✱

∆z
d
✳ ❑❛❦♦ '❡ ♦✈❛❥ ❦♦.❛❦ '♠❛♥❥✉❥❡✱

$♦ '❡ ✈✐➨❡ $❡➸✐ ❦❛ ❦♦♥✜❣✉.❛❝✐❥✐ '❛ ♠✐♥✐♠❛❧♥♦♠ ❡♥❡.❣✐❥♦♠✱ ♣♦'❧❡ ❦♦❥❡ ✈✐➨❡

♥✐❥❡❞♥❛ ❦♦♥✜❣✉.❛❝✐❥❛ ♥✐❥❡ ♠♦❣✉➣❛ ✉'❧❡❞ ♣.❡❦❧❛♣❛♥❥❛ ✉③❛'$♦♣♥✐❤ ③❛✈♦❥♥✐❝❛

❤❡❧✐❦'❛✳ ❚❛❦♦➒❡✱ ✈✐❞✐ '❡ ❞❛ ♦✈❛ $❛↔❦❛ ♥❛❥♠❛♥❥❡❣

∆z
d

♦❞❣♦✈❛.❛ ♥❛❥✈❡➣♦❥ ✈.❡❞✲

♥♦'$✐ ❣✉'$✐♥❡ ♣❛❦♦✈❛♥❥❛✳ ❘❛❞✐ ❡❢❡❦$✐✈♥♦❣ ♣.✐❦❛③❛ ❦♦.❡❧❛❝✐❥❡ ❡♥❡.❣✐❥❡ ✐ ❣✉'$✐♥❡

♣❛❦♦✈❛♥❥❛ ♥❛❝.$❛♥❛ ❥❡ ✐ ③❛✈✐'♥♦'$ ❡♥❡.❣✐❥❡ ♦❞ ❣✉'$✐♥❡ ♣❛❦♦✈❛♥❥❛✳ ❙❛ ❣.❛✜❦❛

③❛❦❧❥✉↔✉❥❡♠♦ ❞❛ '✉ ❡♥❡.❣✐❥❛ ✐ ❣✉'$✐♥❛ ♣❛❦♦✈❛♥❥❛ ❦♦❞ ❤❡❧✐❦'❛ $❛❦♦➒❡ ♦❜.♥✉$♦

❦♦.❡❧✐'❛♥✐✱ ❦❛♦ ✐ ❦♦❞ $✉❜❛✳

✹✽



❙❧✐❦❛ ✺✳✼✿ ❩❛✈✐$♥♦$' ❡♥❡)❣✐❥❡ ♦❞ ♥♦)♠✐)❛♥♦❣ ❦♦)❛❦❛ ❤❡❧✐❦$❛ ❞✉➸ ③✲♣)❛✈❝❛

❙❧✐❦❛ ✺✳✽✿ ❩❛✈✐$♥♦$' ❣✉$'✐♥❡ ♣❛❦♦✈❛♥❥❛ ♦❞ ♥♦)♠✐)❛♥♦❣ ❦♦)❛❦❛ ❤❡❧✐❦$❛ ❞✉➸ ③✲

♣)❛✈❝❛

✹✾



❙❧✐❦❛ ✺✳✾✿ ❩❛✈✐$♥♦$' ❡♥❡❣✐❥❡ ♦❞ ❣✉$'✐♥❡ ♣❛❦♦✈❛♥❥❛

✺✳✸ #♦%❡➒❡♥❥❡ ❤❡❧✐❦.❛ .❛ 0✉❜❛♠❛

 ♦➨#♦ ❥❡ ♣♦❦❛③❛♥❛ ❦♦+❡❧❛❝✐❥❛ ❡♥❡+❣✐❥❡ ✐ ❣✉1#✐♥❡ ♣❛❦♦✈❛♥❥❛✱ 1❧❡❞❡➣✐ ❧♦❣✐↔❛♥

❦♦+❛❦ ❥❡1#❡ ♣♦+❡➒❡♥❥❡ ❡♥❡+❣✐❥❡ #✉❜❛ ✐ ❤❡❧✐❦1❛✳  ♦1#❛✈❧❥❡♥♦ ❥❡ ♣✐#❛♥❥❡✱ ❞❛ ❧✐

❥❡ ❤❡❧✐❦1 ♣+✐ ♦❞+❡➒❡♥♦❥ ❦♦♥✜❣✉+❛❝✐❥✐ ❡♥❡+❣❡#1❦✐ ♣♦✈♦❧❥♥✐❥❛ 1#+✉❦#✉+❛ ♦❞ #✉❜❡✳

❙+❛↔✉♥❛#❛ ❥❡ ③❛✈✐1♥♦1# ❡♥❡+❣✐❥❡ ♦❞ ♣♦❧✉♣+❡↔♥✐❦❛ ♣+1#❡♥❛ ③❛ ❆❆ ✐ ❆❇ #✉❜✉✱ ❦❛♦

❞✈❛ ❡❦1#+❡♠♥❛ 1❧✉↔❛❥❛✳ ◆❛ 1❧❡❞❡➣♦❥ 1❧✐❝✐ ♣+✐❦❛③❛♥ ❥❡ +❡③✉❧#❛# ♦✈✐❤ ♣+♦+❛↔✉♥❛✳

 +❡#♣♦1#❛✈❦❛ ❥❡ ❞❛ ➣❡ ♦✈❡ ❞✈❡ ❦+✐✈❡ ③❛♣+❛✈♦ ❜✐#✐ ❛♥✈❡❧♦♣❡ ✐③♠❡➒✉ ❦♦❥✐❤ ➣❡ 1❡

♥❛❧❛③✐#✐ ❡♥❡+❣✐❥❛ ❤❡❧✐❦1❛✳

◆❛♣✐1❛♥ ❥❡ ♣+♦❣+❛♠ ❦♦❥✐ ③❛ +❛③❧✐↔✐#❡ ❦♦♥✜❣✉+❛❝✐❥❡ ❤❡❧✐❦1❛ ✐③+❛↔✉♥❛✈❛ ❡♥❡+✲

❣✐❥✉✳ ❙✈✐ #✐ ♣♦❞❛❝✐ 1♥✐♠❛❥✉ 1❡ ✉ ❢❛❥❧♦✈❡ ✐ ♣♦#♦♠ 1❡ ♣♦♠♦➣♥✐♠ ♣+♦❣+❛♠♦♠

1♦+#✐+❛❥✉ ✐ ❞♦❞❛❥✉ ♥❛ ✐1#✐ ❣+❛✜❦ ③❛❥❡❞♥♦ 1❛ +❡③✉❧#❛#✐♠❛ ♣+✐❦❛③❛♥✐♠ ♥❛ ♣+❡#✲

❤♦❞♥♦❥ 1❧✐❝✐✳ ❑❛♦ ✉❧❛③♥✐ ♣❛+❛♠❡#+✐ ③❛❞❛❥✉ 1❡ ✉❦✉♣♥✐ ❜+♦❥ ↔❡1#✐❝❛ N ✐ ❜+♦❥

♦❜+#❛❥❛ ✉ ♦♣1❡❣✉ l ∈ [2, 10]✳ ❯❣❛♦♥✐ ♣♦♠❡+❛❥ ❥❡ ✜❦1✐+❛♥ +❡❧❛❝✐❥♦♠

θ =
2πl

N

✳ ❩❛ ❥❡❞♥✉ ✜❦1✐+❛♥✉ ✈+❡❞♥♦1# θ ♦❞+❡❞❡ 1❡ ♠✐♥✐♠❛❧♥❛ ✐ ♠❛❦1✐♠❛❧♥❛ ♠♦❣✉➣❛
✈+❡❞♥♦1# ♣♦❧✉♣+❡↔♥✐❦❛✱ Rmin, Rmaks✳  ♦#♦♠ 1❡ ♥❛♣+❛✈✐ ♥✐③ ♣♦#❡♥❝✐❥❛❧♥✐❤ ❦♦♥✜✲

❣✉+❛❝✐❥❛ ❤❡❧✐❦1❛✱ #❛❦♦ ➨#♦ 1❡ ✉③✐♠❛ Nr = 106 ✈+❡❞♥♦1#✐ ✐③ ♦♣1❡❣❛ [Rmin, Rmaks]
❦♦❥❡ 1✉ ❧✐♥❡❛+♥♦ ❡❦✈✐❞✐1#❛♥#♥♦ ♦❞❛❜+❛♥❡✳  +♦❣+❛♠ ❥❡ ♥❛♣✐1❛♥ #❛❦♦ ❞❛ ♣♦③✐✲

✈♦♠ ❢✉♥❦❝✐❥❡ ❈♦"#$❛♥❣❡✭◆✱#❤❡#❛✱❘✮ ♣+♦✈❡+❛✈❛ ❞❛ ❧✐ ❥❡ ❦♦♥✜❣✉+❛❝✐❥❛ ♠♦❣✉➣❛✳

❑♦♥✜❣✉+❛❝✐❥❡ 1✉ ♠♦❣✉➣❡ 1✈❡ ❞♦❦ 1❡ ♥❡ ❞♦➒❡ ❞♦ #❛↔❦❡ ♠✐♥✐♠❛❧♥❡ ❡♥❡+❣✐❥❡ ♥❛✲

✺✵



❙❧✐❦❛ ✺✳✶✵✿ ❩❛✈✐$♥♦$' ❡♥❡)❣✐❥❡ ♦❞ ♣♦❧✉♣)❡↔♥✐❦❛ ③❛ ❆❆ ✐ ❆❇ '✉❜✉

❦♦♥ ❦♦❥❡ ❞♦❧❛③✐ ❞♦ ♣1❡❦❧❛♣❛♥❥❛ ✉③❛34♦♣♥✐❤ ③❛✈♦❥♥✐❝❛✱ 4❛❞❛ 3❡ ♣❡4❧❥❛ ♣1❡❦✐❞❛

✐ ♣♦③✐✈❛ 3❡ ❢✉♥❦❝✐❥❛ ❦♦❥❛ 1❛↔✉♥❛ ❡♥❡1❣✐❥✉ ❜❡3❦♦♥❛↔♥♦❣ ♣❡1✐♦❞✐↔♥♦❣ ❤❡❧✐❦3❛

❊♥❡)❣②❍❡❧✐①✭◆✱ '❤❡'❛✶✱ ❘✶✱ ❧✮✳ ❙1❛↔✉♥❛4✐ ♣♦❞❛❝✐ ✉♣✐3✉❥✉ 3❡ ✉ ❢❛❥❧✳ =1❛❦4✐↔♥♦

3❡ ❦❛♦ 1❡③✉❧4❛4 ✉③✐♠❛ 3❛♠♦ ♠✐♥✐♠❛❧♥❛ ❡♥❡1❣✐❥❛ ③❛ ❞❛4✉ ✈1❡❞♥♦34 N ✐ ❞❛4✐

♣♦❧✉♣1❡↔♥✐❦ R✳ ❑❛❦♦ ❜✐ 3❡ ♣1❡❜1✐3❛♦ ➨✐1♦❦ ♦♣3❡❣ ♣♦❧✉♣1❡↔♥✐❦❛✱ 3✐♠✉❧❛❝✐❥❛ ❥❡

♣♦❦1❡4❛♥❛ ③❛ 1❛③❧✐↔✐4✐ ✉❦✉♣♥✐ ❜1♦❥ ↔❡34✐❝❛✱ N ∈ [4, 27]✳ =1❡ ❞♦❞❛✈❛♥❥❛ ♦✈✐❤

1❡③✉❧4❛4❛ ♥❛ ❣1❛✜❦ 3❛ ❛♥✈❡❧♦♣❛♠❛✱ ♣♦41❡❜♥♦ ❥❡ 3♦14✐1❛4✐ ♣♦❞❛4❦❡✳ ◆❛♣✐3❛♥

❥❡ ♣1♦❣1❛♠ ❦♦❥✐ ✐❤ 3♦14✐1❛ ✐ ↔✉✈❛ ✉ ♥♦✈✐♠ ♥✐③♦✈✐♠❛ ❦♦❥✐ 3❡ ♣♦4♦♠ ❞♦❞❛❥✉ ♥❛

❣1❛✜❦ 3❛ ❛♥✈❡❧♦♣❛♠❛✳ ◆❛ 3❧❡❞❡➣♦❥ 3❧✐❝✐ ♣1✐❦❛③❛♥❛ ❥❡ ③❛✈✐3♥♦34 ❡♥❡1❣✐❥❡ ♦❞

♣♦❧✉♣1❡↔♥✐❦❛ ♣134❡♥❛ ③❛ ❆❆✴❆❇ 4✉❜✉ ✐ ❤❡❧✐❦3❡ 1❛③❧✐↔✐4✐❤ ❦♦♥✜❣✉1❛❝✐❥❛✳

❑❛❦♦ ❥❡ ❆❆ 4✉❜❛ 341✉❦4✉1❛ ♥❛❥♠❛♥❥❡ ❣✉34✐♥❡ ♣❛❦♦✈❛♥❥❛✱ ❛ ❆❇ 4✉❜❛ ♥❛❥✲

✈❡➣❡✱ ❤❡❧✐❦3 ❥❡ ✐③♠❡➒✉✱ 4❛❦♦ ❞❛ ❥❡ ♦↔❡❦✐✈❛♥♦ ❞❛ ❥❡ ❡♥❡1❣✐❥❛ ❤❡❧✐❦3❛ 3♠❡➨4❡♥❛

✐③♠❡➒✉ ❡♥❡1❣✐❥❛ ❆❆ ✐ ❆❇ 4✉❜❛ ♥❛ ❞❛4♦♠ ♣♦❧✉♣1❡↔♥✐❦✉ ✭③❛ ❞❛4♦ ❣❡♦♠❡41✐❥3❦♦

❦♦♥✜♥✐1❛♥❥❡✮✳

✺✶



❙❧✐❦❛ ✺✳✶✶✿ ❩❛✈✐$♥♦$' ❡♥❡)❣✐❥❡ ♦❞ ♣♦❧✉♣)❡↔♥✐❦❛ ③❛ ❆❆✴❆❇ '✉❜✉ ✐ ③❛ )❛③❧✐↔✐'❡

❦♦♥✜❣✉)❛❝✐❥❡ ❤❡❧✐❦$❛

✺✷



●❧❛✈❛ ✻

❩❛❦❧❥✉↔❛❦

❯ ♣"♦❣"❛♠'❦♦♠ ♣❛❦❡*✉ ▼❆❚▲❆❇ ♥❛♣✐'❛♥❡ '✉ '✐♠✉❧❛❝✐❥❡ ❦♦❥❡ ❢♦"♠✐"❛❥✉

✸❉ '*"✉❦*✉"❡ '❛♠♦♦"❣❛♥✐③♦✈❛♥✐❤ ♠❛❣♥❡*♥✐❤ ↔❡'*✐❝❛ ✐ "❛↔✉♥❛❥✉ ♥❥✐❤♦✈✉ ❡♥❡"✲

❣✐❥✉ ✉'❧❡❞ ♠❛❣♥❡*'❦✐❤ ❞✐♣♦❧✲❞✐♣♦❧♥✐❤ ✐♥*❡"❛❦❝✐❥❛✱

❘❡❛❧✐③♦✈❛♥❡ '*"✉❦*✉"❡ '✉ ❆❆✱❆❈✱❆❇ *✉❜❛ ✐ ❤❡❧✐❦'✳ ❩❛ ❦♦♥❛↔♥❡ '*"✉❦*✉"❡

❡♥❡"❣✐❥❛ '❡ "❛↔✉♥❛ ❞✐"❡❦*♥✐♠ '✉♠✐"❛♥❥❡♠ ❞✐♣♦❧✲❞✐♣♦❧♥✐❤ ✐♥*❡"❛❦❝✐❥❛✱ ❛ ❦♦❞

❜❡'❦♦♥❛↔♥✐❤ ♣❡"✐♦❞✐↔♥✐❤ '*"✉❦*✉"❛ ♣"❡❦♦ ▲❡❦♥❡"♦✈✐❤ '✉♠❛✳

◆❛➨❛ ❤✐♣♦*❡③❛ ❞❛ ✐ ✸❉ '*"✉❦*✉"❡ ✐♠❛❥✉ ♠✐♥✐♠❛❧♥✉ ❡♥❡"❣✐❥✉ ③❛ ✐'*✉ ♦"✐❥❡♥✲

*❛❝✐❥✉ ♠❛❣♥❡♥*✐❤ ♠♦♠❡♥❛*❛ ↔❡'*✐❝❛ ❥❡ ♣♦*✈"➒❡♥❛✳ ❙✈❡ '*"✉❦*✉"❡ ♣"❛✈❧❥❡♥❡ '✉

'❛ *❛❦✈✐♠ ♦♣*✐♠✐③♦✈❛♥✐♠ ♦"✐❥❡♥*❛❝✐❥❛♠❛ ❞✐♣♦❧♥♦❣ ♠♦♠❡♥*❛✳

■③ "❡③✉❧*❛*❛ ③❛❦❧❥✉↔✉❥❡♠♦ ❞❛ '✈❛ *"✐ *✐♣❛ *✉❜❛ ✐♠❛❥✉ ♥❡❣❛*✐✈♥✉ ❡♥❡"❣✐❥✉✱

➨*♦ ③♥❛↔✐ ❞❛ '✉ ✜③✐↔❦✐ ♠♦❣✉➣❡✳ ▼♦❣✉ '❡ ❦❧❛'✐✜❦♦✈❛*✐ ♥❛ '❧❡❞❡➣✐ ♥❛↔✐♥✿ ✶✮

❆❆ *✉❜❛ ✐♠❛ ♥❛❥✈✐➨✉ ❡♥❡"❣✐❥✉ ✲ ♥❡'*❛❜✐❧♥♦ '*❛♥❥❡✱ *❡➨❦♦ '❡ "❡❛❧✐③✉❥❡ ♠❛♥✐♣✉✲

❧❛❝✐❥♦♠ ♠✐❧✐♠❡*❛"'❦✐❤ ♠❛❣♥❡*♥✐❤ ❦✉❣❧✐❝❛❀ ✷✮ ❆❇ *✉❜❛ ✐♠❛ ♥❛❥♥✐➸✉ ❡♥❡"❣✐❥✉

✲ '*❛❜✐❧♥♦ '*❛♥❥❡✱ ❧❛❦♦ '❡ "❡❛❧✐③✉❥❡ ♠❛♥✐♣✉❧❛❝✐❥♦♠ ♠✐❧✐♠❡*❛"'❦✐❤ ♠❛❣♥❡*♥✐❤

❦✉❣❧✐❝❛❀ ✸✮ ❆❈ *✉❜❛ ✐♠❛ ❡♥❡"❣✐❥✉ ✐③♠❡➒✉ ♦✈❛ ❞✈❛ ❡❦'*"❡♠❛ ✲ ♠❡*❛'*❛❜✐❧♥♦

'*❛♥❥❡

R♦③♥❛*♦ ❥❡ ❞❛ ❥❡ ♣"♦❜❧❡♠ '❦❛❧✐"❛♥❥❛ ✈❛➸❛♥ ♣"♦❜❧❡♠ ✉ '*❛*✐'*✐↔❦♦❥ ✜③✐❝✐✱

♣❛ ❥❡ ♣"♦✈❡"❡♥♦ '❦❛❧✐"❛♥❥❡ '✐'*❡♠❛✱ ♦❞♥♦'♥♦ ❦❛❦♦ '❡ '❛ ♣♦✈❡➣❛♥❥❡♠ ❜"♦❥❛

↔❡'*✐❝❛ ✭'❧❛❣❛♥❥❡♠ ♥♦✈✐❤ ♣"'*❡♥♦✈❛✮ ♠♦➸❡ ❦♦♥✈❡"❣✐"❛*✐ ❦❛ ❡♥❡"❣✐❥✐ '"❛↔✉♥❛*♦❥

▲❡❦♥❡"♦✈✐♠ ♠❡*♦❞♦♠ ③❛ ❜❡'❦♦♥❛↔♥✉ '*"✉❦*✉"✉✳ ❩❛❦❧❥✉↔❛❦ ❥❡ ❞❛ ❥❡ ▲❡❦♥❡"♦✈❛

'✉♠❛ ♣"❛✈✐❧♥♦ ✐♠♣❧❡♠❡♥*✐"❛♥❛ ✐ ♣♦*✈"➒❡♥ ❥❡ ♣"❡*♣♦'*❛✈❧❥❡♥✐ ③❛❦♦♥ '❦❛❧✐"❛♥❥❛✱

❦♦❥✐ ✈❛➸✐ ③❛ '✈❡ ✐'♣✐*✐✈❛♥❡ '*"✉❦*✉"❡✳

R"♦"❛↔✉♥♦♠ ❡♥❡"❣✐❥❡ ✐ ❣✉'*✐♥❡ ♣❛❦♦✈❛♥❥❛ ③❛ "❛③❧✐↔✐*❡ '*"✉❦*✉"❡ ❞♦❜✐❥❡♥❛

❥❡ ❦♦"❡❧❛❝✐❥❛ ♦✈❡ ❞✈❡ ✈❡❧✐↔✐♥❡✳ ❊♥❡"❣✐❥❛ ♠♦♥♦*♦♥♦ ♦♣❛❞❛ '❛ '♠❛♥❥✐✈❛♥❥❡♠ ❦♦✲

"❛❦❛ ③❛✈♦❥♥✐❝❡ ❤❡❧✐❦'❛ ✉ ③✲♣"❛✈❝✉✱ ∆z✱ '✈❡ ❞♦ *❛↔❦❡ ❦❛❞❛ ❥❡ ❞❛❧❥❡ '♠❛♥❥✐✈❛♥❥❡
*❡ ✈❡❧✐↔✐♥❡ ♥❡♠♦❣✉➣❡ ❥❡" ❞♦❧❛③✐ ❞♦ ♣"❡❦❧❛♣❛♥❥❛ ✉③❛'*♦♣♥✐❤ ♥❛♠♦*❛❥❛ ❤❡❧✐❦'❛✳

❚❛ '♣❡❝✐✜↔♥❛✱ ♠✐♥✐♠❛❧♥❛ ♠♦❣✉➣❛ ✈"❡❞♥♦'* ❦♦"❛❦❛ ③❛✈♦❥♥✐❝❡ ∆z✱ ♦❞"❡➒✉❥❡
♥❛❥♣♦✈♦❧❥♥✐❥✉ ❦♦♥✜❣✉"❛❝✐❥✉ ❤❡❧✐❦'❛ ♣"✐ ❞❛*♦♠ ❣❡♦♠❡*"✐❥'❦♦♠ ♦❣"❛♥✐↔❡♥❥✉ ✭♥❛

✺✸



❞❛"♦♠ ♣♦❧✉♣(❡↔♥✐❦✉✮✳ ●✉1"✐♥❛ ♣❛❦♦✈❛♥❥❛ ♠♦♥♦"♦♥♦ (❛1"❡ 1❛ 1♠❛♥❥✐✈❛♥❥❡♠

❦♦(❛❦❛ ③❛✈♦❥♥✐❝❡ ❤❡❧✐❦1❛ ✐ ❞♦1"✐➸❡ ♠❛❦1✐♠❛❧♥✉ ✈(❡❞♥♦1" ✉ "❛↔❦✐ ♥❛❥♣♦✈♦❧❥✲

♥✐❥❡ ❦♦♥✜❣✉(❛❝✐❥❡ ♥❛ ❞❛"♦♠ ♣♦❧✉♣(❡↔♥✐❦✉✳ ;(❡♠❛ "♦♠❡✱ ③❛❦❧❥✉↔✉❥❡♠♦ ❞❛

❦♦(❡❧❛❝✐❥❛ ❣✉1"✐♥❡ ♣❛❦♦✈❛♥❥❛ ✐ ❡♥❡(❣✐❥❡ 1"(✉❦"✉(❡✱ ♣(✐ ❞❛"♦♠ ❣❡♦♠❡"(✐❥1❦♦♠

♦❣(❛♥✐↔❡♥❥✉✱ ♣♦1"♦❥✐ ✐ ♣♦✈❡➣❛♥❥❡ ❣✉1"✐♥❡ ♣❛❦♦✈❛♥❥❛ ❞♦✈♦❞✐ ❞♦ 1♠❛♥❥❡♥❥❛ ❡♥❡(✲

❣✐❥❡✳ ❯(❛➒❡♥♦ ❥❡ ♣♦(❡➒❡♥❥❡ ❡♥❡(❣✐❥❛ ❆❆ "✉❜❡✱ ❆❇ "✉❜❡ ✐ ❤❡❧✐❦1❛✱ ♥❛ ✜❦1♥♦♠

♣♦❧✉♣(❡↔♥✐❦✉✱ ↔✐♠❡ 1❡ 1"✐↔❡ ✉✈✐❞ ✉ "♦ ❦♦❥❛ ❥❡ 1"(✉❦"✉(❛ ♥❛❥♣♦✈♦❧❥♥✐❥❛✱ ❛ "❛✲

❦♦➒❡ ❥❡ ✐ ♣(❡❞✈✐➒❡♥ ♠♦❣✉➣✐ ♣(❡❧❛③ ✐③ ❤❡❧✐❦1❛ ✉ ❆❇ ✐ ❆❆ "✉❜✉✳ ❯♦↔❛✈❛ 1❡
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