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Chapter 1

Introduction

1.1 Holographic principle: the idea

Reductionism lies at the heart of physics. Much of the history of phygs
can be understood as striving for reduction in the number of basic gn-
ciples and thus explaining seemingly disparate phenomena startinfrom
the same core idea. Indeed some of the key scienti ¢ revolutions can be
formulated in terms of unifying previously distinct areas of study: New-
tonian mechanics bridges the gap between statics and dynamics, Maxwell
electrodynamics connects electricity and magnetism, Boltzmann'kinet-
ics unites mechanics and statistical physics. General relativityhas uni ed
gravity with mechanics while quantum eld theory brought a unied | ook
at quantum mechanics, electrodynamics and statistical physics. Fially,
in the last decades we are witnessing the attempts at unifying all of pysics
within string theory. Looking for analogies between di erent systems has
certainly proven to be one of the deepest principles in the searcfor fun-
damental laws of nature.

The presumed approach of the Theory of Everything through the ad-
vent of string theory (if it indeed turns out to lead to the Theory of
Everything) in parallel with the standing fundamental problems of many-
body and collective physics { such as unconventional superconduatity
and quark con nement { has actualized the problem of emergence versus
reductionism. We are facing the question of how the reduction to thefew
fundamental principles might help us with resolving the problemswhich
obviously come from a complicated interplay of an enormous number of
degrees of freedom. One could even wonder if extremely complex sggets
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are within the reach of microscopic models at all { after all, we know that
hydrodynamics is not within the reach of the single-molecule desdption.
Such a question, in its full generality, is hard to address, and the an
swer almost certainly varies { systems which do not at all have a single
dominant energy scale might well be out of reach. On the other hand,
successful explanations of collective phenomena such as Mott insutas,
or the energy cascade in turbulence do give a hint that reduction to tle
basic principles can be fruitful even if these principles liveon the scales
which are many orders of magnitude smaller.

All of the above prompts us to rethink the quest for reduction and
analogies as formulated in the rst paragraph. We might look for direct
analogies between fundamental and emergent phenomena. If Maxwell's
equations connect the two elementary constituents of electromagnetiin-
teraction, are we able to nd a theory which connects a fundamental
interaction to an emergent phenomenon? Putting it bluntly, is there an
analogy between the simple and the complicated? This thesis is an at-
tempt to contribute to the answer in a speci ¢ setting { strongly c orrelated
fermions { where the "complex" side of the duality is likely unreachable
by "ordinary means"! and the fundamental side is a string theory through
a mapping known as holography.

Holography is an idea aimed at providing a uni ed description of quan-
tum mechanics and gravity. It was coined from a disparity between the
thermodynamically calculated black hole entropy and the naive guess &m
dimensional analysis. Understood as information content of a physical
system, entropy is expected to be an extensive quantity, proportnal to
the volume (measure) of the system. Nevertheless, the famous serais-
sical Hawking-Bekenstein result for the entropy of a neutral non-rotaing
(Schwarzschild) black hole [9] predicts it as proportional to the surbce

Yt is known [109] that the problem of interacting fermions is NP co mplete. At this
place we brie y remind what this means. A problem is said to belon g to the NP class
if an algorithm exists which checks a proposed solution in polynomial time, but no
algorithm is known which nds a solution in polynomial time. An example could be
an equation such that plugging in a given candidate solution and checking if it satis es
the equation can be done in polynomial time, but no polynomia | algorithm is known to
compute the solution starting from the equation only. Notice th at we do not know if such
an algorithm really does not exist, or we are simply unable to nd it yet (this question
is the famous unsolved P = NP problem). NP complete problems are a subclass of
NP problems, such that an algorithm that solves an NP problem pol ynomially could
be modied in a certain way to solve all NP problems in polynomial time.
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area: G
S= TS (1.1)
Informally, all information about the black hole is stored on a lower-
dimensional object, suggesting that a complete description of the bldc
hole in D dimensions can be obtained by looking at the correctly chosen
degrees of freedom on ® 1-dimensional manifold. This is the logic be-
hind the arguments by 't Hooft [122] and Susskind [107]. The foundation
of this principle is that it connects the concept of gravity to the quantum-
mechanical concept of entropy as counting the states of the system.

The second, more technical key concept in holography is the idea of
dualities, mathematically equivalent but di erent descriptions of the same
phenomena { thus providing a bridge between di erent formalismsor even
altogether di erent physical systems. The idea of duality can be giva a
very precise and familiar meaning. Formally, it is just a canonical trans
formation of the action. Well-known examples are the vortex duality for
charged scalar elds and electric-magnetic duality inU(1) gauge theory
[71]. In the vortex case, the physical picture is that of changing the vew-
point of what is an elementary excitation. If it is the linearly dispersing
plane wave, then the vortices then appear as defects where the phasé
the charged eld winds for a full circle. But if we dualize, then vortices
are the elementary excitations and plane waves are complex vortex com-
binations. The duality can be captured by a Legendre transformation of
the action:

Z z

S= @ @ 7'Sga= dx(@a @ a): (1.2)

Here, is the charged scalar eld which lives in two space dimensions
while its gradient @ maps to the vortex eld a . We can thus reexpress
the action in terms of a : the physics must remain the same but that does
not change the fact that some phenomena are much easier to see in one or
in the other language. Similar is the wisdom behind the electric-magnigc
duality, where the physical observables, i.e. elements of the @ strength
tensor, transform into each other, again by adding a bilinear term (linear
in both old and new components) to the action.

As an idea which connects quantum theories with gravity, holography
nds its natural language in the formalism of string theory, where it arises
as a duality transformation of the strings themselves. It is within string
theory and M theory that a precise realization of the abstract holographic
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principle was found. One reason is simply that it o ers a coherent frarre-
work in which we can study the gravity at various energy scales{ from the
low-energy description of general relativity to the nonperturbative regime
where the string e ects dominate.

In string theory language, the duality becomes the equivalence of the
open and closed string descriptions. The higher-dimensional, grata-
tional system is given by the excitations of the closed string. Its lover-
dimensional dual gauge eld description is given by the excitations on
the open strings. In the next section we will present a more detaild
explanation of this construction, known as the AAS/CFT correspondence
[81, 38, 114]. However, in this introductory chapter we will not assume
any prior knowledge of string theory on the side of the reader. We will
stay away from extensive use of string-theoretical language and resudt
and formulate AdS/CFT in terms of gauge theory and general relativ-
ity, with only qualitative discussion of the underlying speci cal ly stringy
constructions (branes, open strings between branes, string dualis, etc).

1.2 Realization: AdS/CFT correspondence

We do not intend to give anything like a comprehensive tutorial on AdS/CFT
in this (or any subsequent) chapter, we will merely wet the reade's ap-
petite to look for the original references if interested; most of thethesis
can be followed without a detailed understanding of the foundations of
AdS/CFT. The rst explicit realization is due to Maldacena [81]. Here we
have a Type IIB superstring theory in a con guration describing a stack
of parallel D3 branes (planar objects extending along three spacetimeid
mensions) at some distance from each other. The interbrane distance
r also determines the "elastic energy" of the open strings which streth
between the branes and carry the gauge elds from &J(N) multiplet: the
energy is proportional to r= 9 where Cis the string tension. Consider
now the limit of coincident branes, whenr ! 0 but with r= %= const:. In
the closed string description, the metric of a stack of coincident [3 branes
factors out into the product of AdS space and a sphere: AdS Ss. The
open string description is a very special, highly symmetric QFT {a con-
formal eld theory (CFT). The idea is that the more restricted and sp ecial
the eld theory, the easier it is to relate it to gravity. This cert ainly does
hold for a conformal eld theory (CFT), where the very high symmetry
severely constraints behavior of correlation functions. CFT has a ceamnal
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place in modern high and low energy physics { allowing exact calculatin
of correlation functions in two dimensions and strong results on RG ow
(c-theorem [120]) and scaling [24]. In low energy physics they describ&é
guantum critical systems [15] lying at the heart of the description of thase
transitions and strongly competing interactions. The N = 4 supersym-
metric Yang-Mills in four spacetime dimensions is such a CFT { despie
the many elds involved, its behavior is simple due to conformality, and
it has given us the rst example of a holographic duality.

This explicit example allows for a quantitative connection between
the gauge theory and the supersymmetric theory in AdS geometry. The
connection is provided by the fact that the radius of AdS space is propor-
tional to (gN)'™. The supergravity solution can be trusted if gN 1
and N 1. Remember that this means that the eld theory is strongly
coupled and can be expanded in the inverse number of colors. The
lower-dimensional, eld theory side in this and similar (early) setups of
AdS/CFT are generically non-Abelian gauge theories, either Yang-Mills
or its supersymmetric version, motivating another frequently usal name
for AAS/CFT: gauge/gravity duality.

To turn the above discussion into a precise duality, one needs a &
tion between the partition functions (on-shell actions) of the gauge thery
and supergravity. To this end it is critical to determine the boundary
conditions for the supergravity elds living in AdS { when they reach the
branes, they are coupled to the elds living on them. This was done irthe
follow-up work by Gubser, Klebanov and Polyakov [38] as well as Witten
[114].

1.2.1 Warmup: symmetries

Let us study the closed string (gravity) side rst. The formulation ofa eld
theory on AdS spaces is not quite trivial: AdS geometry possesses some
troublesome properties such as closed timelike curves and the eteésice of
a boundary at in nity. Informally, anti de Sitter (AdS) space is an open
(hyperbolic) equivalent of the perhaps more familiar de Sitter (dS)space.
The latter is the solution to the Einstein equations in the vacuum with
a positive cosmological constant [2]. The latter can be thought of as a
mysterious form of matter with equation of state p = . It has negative
pressure: it expands as it cools down, just like our universe. Itd thus
a cosmological model in the approximation of \empty Universe" where
the presence of matter is negligible and the geometry is dictated by th
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cosmological constant. In AdS space, on the other hand, the cosmological
constant is negative, i.e. it behaves as (positive) pressure of requl matter.
Because the matter is cosmological, it cannot clump and one nds a static
(time-independent) solution. The Einstein-Hilbert action that d escribes
the anti de Sitter space inD + 1 spacetime dimensions is*
Z
s= d°*Ix(rR ) (1.3)

where R is the scalar curvature while < 0. As the only dimensionful
factor, can be rescaled at will depending on the choice of the unit of
length. By convention, we write = D(D 1)=L? where L has the
meaning of AdS radius. This means that the solution can be embedded
into a D + 2-dimensional at space as a sphere:

t2 22 yy' = L% (1.4)
A natural coordinate patch covers half of the space:

L2dr?
r2 -

2
ds? = %( dt? + dx;dx’) + (1.5)
The radial coordinate r stretches from 0, called the interior, to in nity,
called the AdS boundary. AdS is the maximally symmetric solution to
Einstein equations. An extremely useful way to think about AdSp+1 is s
a hyperboloid embedded in aD + 2-dimensional at spacetime with sig-
nature (+;:::+; ; ). The embedding in a spacetime withD +2 dimen-
sions helps to see that the total geometric symmetry group of AdS space
is SO(D; 2). The global and local geometry of AdS space are sketched
in Fig. 1.1: what globally looks as the usual double hyperboloid (but in
Minkowskian as opposed to Euclidean spacetime) locally becomes a patc
of isotropic space of "decreasing size" as we move further and further,
until at in nity all lengths scale to zero.

One can now motivate the correspondence starting from the symmetry
arguments. It is well known that a CFT in D dimensions (one timelike
and D 1 spacelike dimension) also obeys th&0O(D; 2) symmetry [24].
Informally, the conformal symmetry is just the symmetry associated to

2In this thesis, unless speci ed otherwise the dimensionality of spacetime is always
D +1, the at space coordinates in D dimensions are denoted by ¢;yi) (i =1:::D)
and the metric signature follows the convention ds> = dt? + dydy'.
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Figure 1.1: Sketch of AdS geometry. Globally it looks like a double hyper-
boloid but if we take a small patch it becomes very much like Minkowsk
space in which distances decrease as we move toward in nity. Counti-
tuitively, local AdS is completely isotropic and has spherical symméry.

length rescaling, i.e. changing the scale combined with rotations. Corof-
mal eld theories are thus closely related to the concepts of self-giilarity,
fractality and scale-free objects but more general: the scale invariare
is continuous, not discrete as in fractals, and it can be broken due to
quantum e ects { anomalies, like any other physical symmetry. A close
inspection reveals that the exact conformal representation o50O(D; 2) is
already geometrically encoded in AdS in a special limit { its boundary
transforms in the same way. If one would "extend" the AdS space by
"gluing" some elds on its D-dimensional boundary, these elds ought to
be rede nable as representations of the conformal group.

As a result, the CFT can be understood as the boundary degrees of
freedom of a eld theory in AdS. Emphatically, however, this is not enough
for a duality, and does not yet encapsulate the idea of AAS/CFT. We
need more { not just that AdS space in the near-boundary limit becomes
conformal invariant but that the elds in AdS in the near-boundary limit
also encapsulate the behavior of a conformal eld.

1.2.2 Enlightenment: the duality relation

This idea nds its precise formulation in the concept of duality int roduced
earlier. The quantum theory is dual to gravity, thus the operators in eld
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theory are sourced by the elds on the gravity sideMore precisely, the gen-
erating functional for the correlation functions in eld theory is ide nti ed
with the minimum of the supergravity action, satisfying speci ¢ b ound-
ary conditions at the AdS boundary. The precise boundary conditions and
the crucial point of AdS/CFT, known as the GKPW (Gubser-Klebanov-
Polyakov-Witten) prescription. The prescription addresses theboundary
conditions mentioned at the beginning of this section and was proposed
in [38, 114]. The conformal and the gravity side are connected through
their partition functions as

Zond(J) = Zpuk( jands = J) (1.6)

where Zpng and Zy,k are the partition functions on each side, and we
have employed as a generic notation for all elds living in the bulk and
J are their boundary values, acting as sources. In the classical gravity
limit, i.e. for a large N strongly coupled eld theory, Zp,« is evaluated
simply by plugging in the classical solutions to the equations of motion
into the gravity-matter action (in other words, it is the on-shell act ion).
Schematically, this looks like

Zouk =€ 50 jrn y=3=tedicer (1.7)

where S is the classical gravity action, and in the second equality we
have expressed the partition function at the boundary as the generatig

function of the eld theory correlators. The boundary operator sees
the boundary values (r !'1 ) = J precisely as sources: treatingZ ik

in (1.7) as an e ective action for , we can apply the textbook rule to

calculate their correlation functions:

h (v (02 ()i = fim Qe °
M @ ny)@ ry2):::@ ryn)
This is the essence of applying holography in practice: we do not know
how to write Zyng in terms of boundary elds explicitly, but we can use
it as the generating functional of the correlation functions, and thus gain
gualitative insight into the system.

The precise translation of the bulk physics into the boundary is thus
achieved by analyzing ther ! 1 limit of various bulk quantities. This
is the quantitative basis to constructing the holographic dictionary which
makes possible numerous practical applications of AAS/CFT. In the next
chapter we will introduce dictionary entries such as temperature chemical
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AdS/CFT correspondence
i Open string ’
Ccllzssi(rji;ttiz:g § description /

Supergravity D=4 n=4 U(N)
on AdSsx S8 m Super Yang-Mills
@ o<

Good approximation Good approximation
for strong coupling for weak coupling 5
A= _!j%"\[.\" > 1 A=g2uN <1

Figure 1.2: Pictorial resume of AdS/CFT: the duality is rooted in the
notion of open-closed string duality. On the level of coupling constars
it is also a weak-strong duality. Closed string couplingg is related to
the coupling gy of the Yang-Mills theory on open strings asg%M =g.
The small parameter in the perturbative expansion for the closed stmg
interactions is the combination gN. Sending the closed string coupling
to zero (g! 0) at constant we get classical strings in Adg Ss while
the Yang-Mills theory on open strings reaches the largdN limit (N !'1 ).
Taking also the limit ! 0, the classical type IIB string theory becomes
type 11B SUGRA.

potential, electromagnetic eld, conformal dimension... It is the main link
between the formalism of holography and more familiar low-energy QFT
physics.

From a more general viewpoint, AAS/CFT was historically important
as a facet of the second superstring revolution, which found numerous
dualities between string theories with di erent coupling constants or geo-
metric properties. Here, the control parameter is the combination EgN of
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the string coupling g = g$ v and the number of colorsN . In order to trust
the supergravity limit we need gN 1, but this is precisely the strongly
coupled regime of the gauge theory. Therefore, AAS/CFT is an example of
a weak-strong duality. Such dualities are known asS-dualities. Formally,
these relate a theory with coupling constantg to a theory with coupling
1=g. While AdS/CFT does not quite follow this pattern, as the control
parameter is not g but gN, it remains a relation between strongly and
weakly coupled systems. Needless to say, this gives it a great deal afgg-
tical utility: when one side becomes intractable due to string interactions,
the other one becomes better and better controlled.

1.2.3 Some general remarks

We will conclude this section with some speculations on broader imptia-
tions of holography on string theory and other areas. Even though the
general holographic principle is essentially a gravity/quantum eld t heory
duality, its full realization in the form of AdS/CFT is a decidedly str ing-
theoretical result, which follows from the near-brane geometry and tle
action of that solution in a speci ¢ brane con guration. In other words,
the 't Hooft-Susskind principle states more than ADS/CFT { it states t han
any physical system with gravity is equivalent to a lower-dimensonal sys-
tem without gravity. One might now wonder if this is indeed so, if hologra-
phy is in fact a fundamental principle itself, independent of string theory,
and a property of gravity and eld theory as we know them. There is
no answer yet on this central question. At the very least, what one can
try is to apply the precise results of AAS/CFT (dictionary entries) to ge-
ometries which do not follow from string theory. As long as the geometry
looks like AdS at long distances, numerous attempts so far give encour-
aging results® The non-string AdS spaces give us more freedom: we can
work in any number of dimensions, with any eld content. The price to

31t is much less clear and much more complicated to generalize it to non-AdS spaces,
including at space. This is another important problem to work o n. The natural guess
is that the correspondence can be generalized to arbitrary geometries and arbitrary eld
theories. Reasons that require an asymptotically AdS geometry and the di culties in-
volved in constructing a at space holography are beyond the scope of this Introduction
and indeed this thesis. Roughly speaking, in at spacetime t here seem to be too many
degrees of freedom on the gravity side to match to a lower-dimensicnal QFT; AdS
asymptotics puts some rather stringent constraints on the dyna mics of gravitational
eld. The extension beyond AdS is certainly a central fundament al question for the
future of holography.
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pay is, of course, that we cannot at the present be sure about the consis-
tency of such attempts. This approach is known asottom-up as opposed
to the top-down string approaches. In this thesis we will mostly use the
bottom-up logic, for both practical and conceptual reasons.

In this place it is appropriate to discuss the status of AAS/CFT as a
con rmed result versus a conjecture. Though it is widely accepted(e.g.
[25]), a rigorous proof is lacking. Nevertheless, the evidence in favarf
AdS/CFT is very solid: it has passed numerous non-trivial tests where
observables whose forms do not depend on the coupling constant were
computed on both sides and compared [2].

1.2.4 Holography outside high-energy theory

The manifestation of holography as a duality has given rise to a com-
pletely di erent research pursuit from the understanding of black holes.
Holography can also be used as a tool to understand systems at strong
coupling, where the conventional perturbative methods of eld theoly fail.
So far AdS/CFT has established itself as an approach to quantum chro-
modynamics (QCD) and to condensed matter theory (CMT), the corre-
sponding elds being known as AdS/QCD and AdS/CMT. The power of
holography is that it allows us to study previously inaccessible stromgly
coupled systems. In AdS/QCD, the focus of most work done so far was
on describing the con nement transition and studying the quark-gluon
plasma at intermediate energies, when neither perturbative QCD wor ef-
fective low-energy theories work well (this regime is primarily tested in
heavy ion collisions). The latter line of research has produced pedps the
most important result of applied holography so far, the universal viscody
bound, stating that any isotropic equilibrium uid has an inherent sh ear

viscosity to entropy ratio

1
< i (1.8)

The quark-gluon plasma studied in the RHIC accelerator exhibit a visos-
ity remarkably close to the bound (1.8).

The main approaches exist in ADS/CFT. The rst is a top-down ap-
proach which constructs a Yang-Mills theory akin to QCD from brane
intersections, following closely the early ideas of Witten [114, 115] whe
the whole endeavor of AdS/CFT is put in the context of speci cally
gauge/gravity duality, i.e. understanding the dynamics of Yang-Mills
elds. The second is a bottom-up scheme where the four-dimensional
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QCD is dual an asymptotically AdSs space where con nement is modeled
by "thinning out" (suppressing exponentially) the amplitudes of elds in
the IR. This is done using the insight that the extra dimension in AdS
corresponds to the scaling ow in eld theory with the near boundary
behavior encoding the UV asymptotics. In this case, the RG ow inter-
pretation is that the con nement of low-energy excitations corresponds to
suppressing the dynamics in deep interior.

The second claim to fame for AAS/CFT is its application to condensed
matter theory. Here, the problems of strong correlations and competing
orders show their best (or rather, worst) side. It is thus extremdy exciting
to see how they dualize in gravity. However, since the phenomenologyf
condensed matter systems is much richer, and removed even furth from
the microscopic Hamiltonian, it becomes important to build the model in
an appropriate way: to start from the solid and robust features (symme-
tries, degrees of freedom, extreme limits when some elds decougpbr be-
come exactly soluble) rather than engineer the gravity dual in order toget
this or another speci c phenomenon. The eld started with a holographic
calculation of transport properties of certain strongly coupled systems
[59] and took o with the crucial work of Hartnoll, Horowitz and Herzog
on holographic superconductors [47]. Despite the by now universally ac-
cepted name, the model in question is not actually a superconductor at
all but a boson at nite density which breaks the global phase symmetry
by condensing, akin to a super uid. Nevertheless, precisely as istands
it is a very important proof of concept: this is the simplest possibke case
of the Landau-Ginzburg picture of order, and thus the obligatory start-
ing point of any candidate theory for description of many-body systems.
Holographic superconductors have taken thebosonic AAS/CMT to per-
fection and have been the arena in which many of the universal resudt
and dictionary entries have been obtained.

1.3 The arena: fermions in organized matter

This thesis will focus on AdS/CFT applied to strongly coupled fermion
matter. Experimental condensed matter physics has discovered nmuoer-
ous materials which cannot be understood from the weakly coupled per-
spective. Strongly coupled fermions are thus an experimental realt and
developing general methods to study them is of central importance foun-
derstanding the observed phenomena in condensed matter. In AdS/CFT
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precisely the strong coupling regime in eld theory is easy to undestand on
the gravity side, as it corresponds to classical (super)gravity. Wewill now
argue that such holographic description of the strongly coupled physics
is especially valuable precisely for fermion systems, as conventiah eld-
theoretical methods are far less helpful for fermions then for bosons.

We have a number of nearly equivalent ways to describe the simpleb-
servation that fermions and bosons di er in their behavior. Antisymmetry
of fermionic wave functions, the Pauli principle, fermion sign prodem and
kinematic correlations (i.e., Slater determinants) are all about the fact
that the antisymmetry of fermionic states reduces the number of avak
able con gurations, acting as a constraint on dynamics and introducing
an e ective interaction (or correlation) even in absence of any explidi in-
teracting potential. While a non-interacting Fermi gas can still be solved
by explicitly taking into account the antisymmetry of states when con-
structing thermodynamical potentials, presence of interactions poils the
picture: antisymmetry acts as a constraint, and solving an interacting
system in the presence of such a constraint becomes a hopeless tagk.
common way to phrase the problem is the "fermion sign" viewpoint, re-
viewed e.g. in [119]: it refers to the negative contributions to the femionic
partition function, meaning that it cannot be regarded as a sum of prob-
ability amplitudes as for bosons and classical particle$.

The fermion signs are simply the minus signs in the density matrix of
a fermion system. This is a direct consequence of antisymmetry ofhe
fermionic wave function. For a system of free fermions we can writehe
wave function exactly; the outcome is the Slater determinant wherethe
odd permutations contribute with a minus sign. Antisymmetry, how ever,
does not depend on interactions in the system and the sign picture Wibe
exactly the same. A technical way to see the trouble with fermion gjns
is analysis of the fermionic path integral. It is enough to remember the
basic rule of constructing the partition function for a system of fermions
in compact Euclidean time with period , thus accounting for nite tem-

4Besides condensed matter, another area where the sign problem iswell-known is
Quantum Chromodynamics (QCD). There, the sign problem arises in a seemingly dif-
ferent but in essence equivalent form: the presence of nite density (and thus chemical
potential) makes the Euclidean Hamiltonian non-Hermitian, and thus the partition
function complex. The negative vs. complex dichotomy is that of real vs. imaginary
time, but in both cases it is the fermionicity of the Hamiltonia n which gives rise to
problems at nite density, and both negative and complex parti tion function give us
the same pain: absence of probabilistic interpretation.
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perature T = 1= . Remember that partition function equals the integral
of the trace of the density operator:
Z

Zz=Tre " = d"Px (x;x; ) (1.9)

where the density operator is (X1;X2) and x denotes the set of coordinates
of all particles in a D-dimensional system with N fermions. Now for a
system of indistinguishable particles is a sum over of all permutations

of the particles, as any two particles can be exchanged without changing
the system physically. This gives

1 X .
Oox; )= ) (x; x; ) (1.10)

Here, the sum is over all permutations of the particles, andj | isthe par-
ity (symmetry/antisymmetry) of the permutation. For bosons all terms
are positive and one can de ne a measure based on the density matrix; .
For fermions, however, odd permutations carry a negative contributon.
The partition function is, of course, always positive, but we see thatindi-
vidual contributions to the density matrix are not. This in turn mean s that
fermions are never classical: unlike for bosons, quantum statisticsrings
a discontinuity from classical Euclidean eld theory and its path int egral
formulation. The e ective action for bosonic expectation values is justthe
celebrated Ginzburg-Landau theory or one of its many derivations. Noth-
ing like it exists for fermionic operators® Consequently, despite decades
of research of strongly correlated fermions, the actual methodologically
sound knowledge we have on this topic is very limited. A measure of th
di culty of the sign problem is the realization of Troyer and Wiese [109]
that it is NP complete.

What, then, are the things we do know?

1. Free Fermi gas. One example is obvious: the free Fermi gas is ex-
actly soluble. It is not really free, as kinematic correlations are
introduced by the statistics, however we know that the Slater deer-
minant accounts for them exactly.

>While the expectation value of a fermionic operator is trivially zero, we typically
want to compute operator products. Density, correlation function s, transport coe -
cients etc. are all of this form. However, working with fermion operat or products is no
easier than working with single fermions.
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2. Fermi liquid. The second example is the breakthrough of Landau in
understanding normal metals in terms of Fermi gases [73]: the Fermi
liquid paradigm. The logic is well-known: a gas of particles with
in nite lifetimes turns into a gas of quasiparticles with nite bu tlong
lifetimes. Everything remains the same as for a free gas, except that
all parameters undergo renormalization. The crucial requirement
is that the ground state of the interacting system have a nonzero
overlap with the ground state in the non-interacting limit. In other
words, Fermi liquid is so much akin to a Fermi gas simply because it
is adiabatically connected to it. Subsequent, more rigorous studies
of the Fermi liquid have conrmed this basic picture (see [5] and
references therein). The mathematical foundation of Landau's Fermi
liquid insight is provided by the RG formalism for fermions given in
[88, 100] and has the form of a functional RG which starts from
a weakly interacting theory at intermediate scales and introduces
interactions perturbatively in the e ective action. Being a weak
coupling expansion, it does not have sign problems. However the
perturbative treatment does make it hard to treat non-perturbative
phenomena e.g. a superconducting instability within this approach

3. Fermions in (1 +1)d. A special case which is in principle com-
pletely known is that of fermions in one spatial dimensions. While
fashionable these days, and certainly capable of displaying very ini
cate behavior of correlation functions and transport properties (see
e.g. [110]), one-dimensional fermions are completely demysti ed by
bosonization: in one space dimension, any fermion system can be
bosonized in in nitely many ways (the most typical situation is the
spin-charge separation) and then solved through usual eld theory
methods. The reason is that statistics cannot really be de ned in
1+ 1 dimension: the manifold of possible Slater determinant states
coincides with the manifold of nodeless wave functions.

4. Miscellanea. Finally, there is a small number of exactly soluble
interacting fermion models in higher dimension, such as exact wave
functions for Fractional Quantum Hall states [74]. These are however
of very little signi cance for the broader sign problem, being rather
special non-generic.

The inescapable conclusion is that, if we want to avoid the strange
ad hoc models of the point (4), everything we know is either to bosorze
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or to hope that the system studied is adiabatically connected to a non-
interacting Fermi gas, at least in the IR. The vast eld of strongly corre-
lated electrons armed with various eld-theoretical techniques [34,110] is
as it stands incapable of constructing (through controlled, justi able ap-
proximations) novel ground statesof fermion matter. The list of celebrated
experimental puzzles, from unconventional superconductors [118, 42] to
heavy fermions [80], all likely novel ground states qualitatively di erent
from normal Fermi liquids, is therefore in desperate need of a theoteal
paradigm that will not depend on non-interacting or bosonic physics.

We are now able to formulate a sharp question underlying all of strongly
correlated electron systems:Is there a stable state of electrons at nite
density which cannot be adiabatically continued to Fermi gas? This is
perhaps the closest it comes to formulating the motivation for this the
sis in one sentence. A solution we propose here is to use the power of
holography®

This is not just an academic question. The importance of strongly cor-
related electron physics is its manifest necessity to explain a mititude of
experimental ndings amidst experimental evidence in favor of diginctly
non-Fermi liquid phases of fermionic matter. The most famous are cer-
tainly high temperature superconductors, cuprates and pnictides leing
the leading members of this heterogenous group. The superconducting
order at relatively high temperatures is almost the least important of the
many unusual properties. A glance at the phase diagram of cuprates (Fig.
1.3) reveals how the doping of external charge carriers turns the syste
from the familiar normal metal, i.e. Fermi liquid phase into a non-Fermi
liquid, universally known in condensed matter physics as strange mital,
continuing on into the pseudogap. The pseudogap region is also myste-
rious, but thought to display some kind of long-range order. Dozens of
exotic order parameters were proposed to explain this novel ground stat
stripes, current loops, exotic spin ordering and others [118]. Many ofttem

6As a side remark, we refer the reader to [119, 72] for a possible geonteic interpreta-

tion of the "fermionic constraint" which allows one to treat the p roblem of fermionicity
by looking at certain global (topological) properties of the ma ny-particle wave function
and the path integral. The key result is the proof [13] that the si gnful path integral
can be turned into ordinary bosonic path integral but with an addi tional constraint.
For us, it is the morale and not the details which is important: i t provides a construc-
tion which explicitly reduces fermion dynamics to boson dynami cs with constraints.
While AdS/CFT handles fermions in a somewhat di erent way, esse ntially trading the

fermionic physics for curved space, it might be an indication th at in the end all fermion-
icity can be bosonized by adding additional constraint struct ure to dynamics.
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have some degree of experimental support [118]. We also do not under-
stand how the advent of the strange metal is related to superconductiity
itself.

A possible unifying point for these phenomena in unconventional su-
perconductors and heavy fermions (as well as some other materials) is
guantum criticality [95, 15], developed mainly by Sachdev. Its basic ieda
is that quantum uctuations can mimic the e ects of temperature on the
order parameter of some ordered phase. The outcome is that the ordered
phase becomes unstable and vanishes at a critical point at zero temper-
ature. In place of temperature, the control parameter is typically some
quantity which governs the competition between two ordered phasest
T =0, e.g. coupling strength or doping. The phase diagram of a system
with a quantum critical point typically looks as in Fig. 1.3(A), quite si m-
ilar to the phase diagram of real-world cuprates in Fig. 1.3(B) { above the
critical point one has a characteristic quantum critical "cone”, the regime
in which the quantum critical point in uences the physics even at rela-
tively high temperatures. This is an important di erence with res pect to
nite temperature critical points: in the latter case, the scale invariance
inherent to criticality is only felt in a narrow window around T = T,
while quantum critical behavior can be detected even by measurenms
signi cantly above T = 0. Systems with a quantum critical point are
mainly recognized for exhibiting remarkable scaling laws [111]. Of cose,
guantum criticality immediately brings associations on CFT and makes a
great starting point for a holographic investigation. Notice the inverted
epistemology of holography compared to conventional methods: normally,
we would start from the Fermi liquid phase and try to build up interac -
tions that drive it to the critical point. In AAS/CFT, we can start from
the quantum critical point where the theory is very strongly coupled and
completely encapsulated in the scaling relations, with particles leing non-
existent, and the challenge is to see how the system picks a groundase
away from criticality. This is the essence of AdS/CMT: we know most in
AdS/CFT precisely in the situation when we know least in conventional
CMT.

This in turn makes CFT an important tool for description of such sys-
tems { scale invariance of the quantum critical phase is almost equivaleat
to conformal invariance. Therefore, if the universal ingredient in transi-
tions from Fermi liquid non-Fermi liquid systems is quantum criticality,
then the CFT and its gravity dual in AdS present a natural starting poin t.
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Figure 1.3: (A) Sketch of the phase diagram of cuprates. Normal metal
phase turns into a non-Fermi liquid at critical doping, which presumably
corresponds to a quantum critical point. The zoo of exotic orderings re
sides in the strange metal phase, which partially overlaps with the sper-
conducting region. The properties of the strange metal remain mystifyng,
and might constitute a prime example of a stable non-Fermi liquid grourd
state. In (B) (adopted from [95]) we see schematically how the quantum
critical point in uences the physics at nite temperature: when the tem-
perature energy scalekg T is larger than some characteristic energy scale

of the system, we are in the quantum critical "cone" where the physi cs
is governed by the scaling laws imposed by the quantum critical poin

1.4 Outline

Our rst goal will be to nd the gravity dual for the Fermi surface whic h
will be as general as possible and not hinge on existence of quasiparticles
The minimal ingredients we need are fermions, temperature and cheical
potential. Our holographic dictionary translates this into a charged bladck
hole plus the Dirac equation for the fermions. This is done in the next
chapter. A Fermi surface should reveal itself in the spectrum of pgurba-
tions. We will study in detail the momentum and energy distribution s of
the spectral weight and conclude a great deal about the quantum critical
fermions in this way. This chapter is adapted from [17] and includes tle
formalism for calculating the spectrum in a separate section (originaly the
Supplementary material of the paper). Chapter 4 [18] studies fermiord
instabilities, giving dictionary entries for fermion density and Fermi liquid
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itself, within a model we call black hole with Dirac hair. Chapter 5 [19] is

the beginning of the study of the phase diagram of holographic fermions.
In this chapter, we compare the Dirac hair model to the electron star
model by Hartnoll et al [51] and show how one can interpolate between
the two, corresponding to stable quasiparticles with di erent properties

in eld theory. In chapter 6 [83] we will study the actual phase diagram

of holographic fermions by a full quantum-mechanical formulation of elec-
tron star and Dirac hair. and nally address the question { can we see
novel phases from AdS/CFT? Chapter 7 sums up the conclusions.
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Chapter 2

The holographic dictionary

2.1 The basic entries

We are now ready to consider the theoretical background of our work
and to work out in some detail the results we will use. This essentidy
corresponds to constructing the detailed dictionary entries and fomulate
rules for the boundary terms in the action. We start with pure AdS space
(we will need more later, to introduce temperature). We will work on
the Poincae patch of AdS space rather than global AdS. For most of the
calculations it is much more appropriate to use the dimensionless irerse

of the r coordinate: L
z T (2.1)

While the radial distance goes fromr = 0 in the interior to in nity, now

z = 0 corresponds to the boundary whilez = 1 is the deep interior.
We might have a situation where there is a lowest bound orr, e.g. the
position of a black hole horizonry, (and there will be, if the temperature is
nite). Then the deep IR is at z, = L=ry instead of in nity. The AdS p+1

metric in z coordinate is
|
1 X 1 '
ds? = = dt? + dx? + dz% (2.2)
i=1

Deformations away from AdS space are allowed as long as the small
asymptotics (AdS boundary) is unchanged. We will only consider equi-
librium physics in this thesis, which corresponds to stationary armd ho-
mogenous geometries. We will also only consider isotropic systems, .i.e
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isotropic geometries in the bulk. This makes all components of the metc
depend only onz and allows at most two free functions parametrizing
deformations from AdS. We can therefore write the most general metric
as I
1 X1 dz?
ds? = 5 f(h()dt?+  dx?+ ——
( ) ( ) | f(Z)

= (2.3)
i=1

where we recognizd (z) as the red shift factor (warp function). For AdS

asymptotics we must havef (z) = 1+ O(z) and h(z) = 1+ 0O(z) for

z! 0. General stability conditions also make bothf and h everywhere
non-negative. Finally, f (z,) = O indicates the existence of a horizon at
Z= Zp.

2.1.1 Thermodynamics
Finite temperature

The basis of the dictionary is given by the identi cation of the partiti on
functions given in (1.6). The rst new dictionary entry we introduc e
is temperature, originally proposed by Witten in [115]. It is a direct
consequence of the basic fact that temperature enters kinematics of ald

theory by imposing periodicity of Euclidean time. Consider rst an AdS
space in imaginary time. A well-known (but not unique) solution with

periodic Euclidean time it is the Schwarzschild black hole. This
solution corresponds to metric (2.3) with h =0 and

4M 0.
D D=2(D=2+1)" '

f(z)=1 (2.4)
where M is the black hole mass. This solution is only de ned up to the
horizon at z,, the outermost (smallest z) radial slice where the red shift
function vanishes: f (zy) = 0. It is only smooth if the time is periodic

with the period
1 Zh

— = — 2.5
where Tgy is the Hawking temperature of the black hole. Since the space-
time coordinates (t; x) are directly identi ed in the dictionary, the com-
pacti cation of imaginary time retains the same meaning in the boundary
theory: Tgy = Tpng- Notice that the temperature in eld theory equals
the temperature of the black hole andnot the temperature of the bulk
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as the latter is always zero. This is of more than academic interest as it
means that the bulk elds live at T = 0 and should be treated by the
usual eld theory and not thermal eld theory.

Free energy

The next dictionary entry, especially important when dealing with exotic
systems where very few principles are known to hold, is that of fre energy
of the eld theory, as the laws of thermodynamics are general enough that
they can always be used as the starting point. This directly followsfrom
the relation of free energyFpng to partition function Zp,g as the de ning
equality:

e FoFT = WZcpricer: (2.6)
According to GKPW formula, the right-hand side equals the bulk on-shél
action with appropriate boundary conditions. We thus nd:

R
e Form = d Lbuk +SbndiAdS (2.7)

where we have included the possibility of boundary interactions on e
gravity side. In classical gravity, i.e. for large N and large gN the bulk
expectation value is obtained simply by plugging in the on-shell soluibns
into Spuk + Spng- Taking into account (2.5) we get the factor of in the
exponent of Zpyk too, so

Fcrt = Soulk( on shell) * Sond( on shell): (2.8)

This simple but very important rule was given in [115]. Then we can
follow all the usual thermodynamic identities to nd other thermo dynamic
potentials, as well as their derivatives. Notice again that we cannot equate
FcrT to any thermodynamic quantity in the bulk, as the latter is at zero
temperature.

2.1.2 Sources and expectation values
Scalar eld

The observables of a CFT have correlation functions of their operators
O, carrying certain quantum numbers. These correlation functions are
formally generated in the standard way by taking functional derivatives

of n R
hOO:::0i = ——he  *Cicer: (2.9)
0
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Recalling our duality discussion, we should identify the source ¢ with a
eld in AdS ( x) restricted to the boundary where conformal symmetries
are realized, relating lim,; o ( z) to . The boundary conditions should
ensure that the source is the leading (non-normalizable) component otie
solution at the boundary. Let us see how such a procedure works for a
scalar eld and for a gauge eld. The results to follow are mostly from
[114, 115] with some slight re nements summarized in [2, 25]. In this case
the bulk action and the equations of motion are trivially
z
Shulk = d®x DY D + m? 2 (2.10)

2

0 1@zl P@+ K2 % =0 2.11)

We are looking for a solution which remains nite at the boundary z! 0.

Making a power-law ansatz z , we nd that exponeBts of the near-
boundary asymptotic of the eld are = D=2 (D=2)2 + m?2.
Here, corresponds to the leading and + to the subleading branch.

One can actually nd the exact solution in the whole AdS space in terms
of modi ed Bessel functions, giving general solution of the form

(2)= szP7?K  paa(kz)+ RrzP™A poy(K2) (2.12)

where K and | are modi ed Bessel functions of rst and second kind,
respectively and

D
= . = D=2+ > + m2; (2.13)

The normalizable solution is proportionalto g while the non-normalizable
one is the g branch. Therefore, according to the dictionary, g is the re-
sponse (expectation value) and s the source. Consider now the one-point
function hOi. The variation of the bulk action for such a con guration is
found by substituting the solution into Spyk:

z, Z z 0
Spu= dz ®x" @ (DD m?) 2 P®x h @ jrmo

0

(2.14)
whereh is the induced metric on the boundary. The rst term vanishes for
the solution of (2.11). For the second term the characteristic ADS/CFT
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steps come. First, we see that the bulk action in general diverges at &
UV boundary z! 0 and needs to be regularized. The last, divergent part
of (2.14) can be removed by the boundary counterterm
‘ Y

Spna= d°x  h ? (2.15)
This is exactly the Dirichlet term familiar from elementary analysis: its
meaning is to x the boundary data (. So consistency if the bulk theory
requires it to be reconstructible from the boundary.

At second order we nd the two-point correlator for the boundary eld

O
@S const

@ x1)@( x2) jx1  X2j?

with de ned in (2.13). Therefore, the seemingly arbitrary de niti on of

in (2.12) is chosen to match the conformal dimension of the boundary

eld. We see that the operator O scales in accordance with the predictions
of CFT with conformal dimension . Also if additional terms asuch as
interactions are added in the bulk, it is clear that the UV asympotics will
still be determined by m, or else (if the additional terms are irrelevant at
the boundary) the asymptotic AdS geometry will be unstable. So another
dictionary entry is that conformal dimension in eld theory is determined
by the bulk mass of the eld

hO(x1)O(x2)i = (2.16)

Gauge elds, eld strengths and densities

The procedure above is readily generalized to gauge elds. In this tbsis
we will need only the Abelian U(1) eld so we focus on that. Let us start
from the well known Maxwell action. By partial integration, bulk action
evaluates to

z, Z z

p

S= - dz d°x gF F = TgF Anjg,+

v dz ®xPga@F (217)
0

where n is the unit normal vector to the boundary. To cancel the
ﬁounc@ryicontribution we precisely need the von Neumann termSg; =
d®x hF A that xes the eld strength at the boundary. Now that
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we have the boundary action, we can proceed to nd the dictionary en-
tries. The solution to the Maxwell equations near the AdS boundary is a
linear function in z. For the component Ag we can write

Ao= A + AWz + 0(z?); (2.18)

so the leading term, AQ), is the source andAE,l) is the response. The
boundary action is Spng = AE,O)AE,” + :::: the leading and subleading
term are linearly coupled to each other. It becomes clear thatAgl) can

be identi ed with negative charge density while its sourceAE,o) has the
meaning of chemical potential (i.e. background scalar potential). For a
spatial component of the gauge eld, we can write

Ai = AQ + APz + 022 (2.19)

and equate the subleading termAi(l) to the current J; while A&O) is its
source. Therefore, we arrive at the conclusion that the subleading and
leading term of the bulk gauge eld encode the current density and it
source, i.e. backgroundU(1) eld. We can rephrase this conclusion in
terms of electric and magnetic eld strengths in the bulk if we assune
spacetime homogeneity. In this case transverse electric eld is siply
Ei = i'Aj and the radial magnetic eld is B; = i jk kjAx. We can
now say that the bulk radial electric eld stands for the charge densty
while the radial magnetic eld in the bulk is the magnetic eld at the
boundary. For the transverse elds, we get that transverse bulk eletric
eld encodes for the electric eld at the boundary, while transverse bulk
magnetic eld stands for spatial current on eld theory side.® Notice that
the elds at the boundary obey global rather than gauge currents. This
is an important property of the dictionary: gauge symmetry in the bulk
becomes a local symmetry at the boundary. Another manifestation of
this principle is the SO(D 1) rotational invariance in eld theory. In
AdS, SO(D 1) is a gauge symmetry, a consequence of di eomorphism

1This fails for the component A,. Obviously, since the radial coordinate does not
exist on eld theory side, A, cannot be dual to any component of the current. In fact,
it has no physical sense at all and one should putA; =0 in holographic setups. To see
this, remember that nonzero radial gauge eld implies a nonzero radial ux through the
boundary. This would violate the RG ow interpretation of the rad ial direction { we
do not know how to interpret radial ow of matter along z. For that reason we always
put A, =0.
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invariance, in the sense that anSO(D 1) rotation transforms AdS space
into itself but in di erent coordinates.

There is a way to use AdS/CFT in the canonical ensemble using the
method of alternative quantization for the gauge eld. From (2.19), we
see that the leading term has the same asymptotics as the derivative of
the subleading term. By a Legendre transform we can thus swap the roles
of F and A inthe boundary term and regardJ as xed instead of the
sourceE . For example, suppose the gauge eld has the formd = Agdt.
Then the boundary actionisSg; =  +:::: the two coe cients are linearly
coupled to each other, and we can identifyag 7! ;bo 7! : leading and
subleading term in the gauge eld componenf, correspond to chemical
potential and charge density in eld theory:.

2.2 Holographic superconductors: a tutorial

In this subsection we will present a worked-out example where thayen-
eral formalism of holography is applied on perhaps the simplest possible
nontrivial system: a charged scalar boson coupled to théJ(1) Maxwell
eld and gravity. This is the famous holographic superconductor model,
proposed in 2008 by Hartnoll, Horowitz and Herzog [47, 46], and Gubser
[40]. Itis immediately clear that the term superconductor is not quite sat-
isfying: not only are there no fermionic degrees of freedom but théJ(1)
symmetry is global and not gauged, thus more akin to the situation in a
super uid. Nevertheless, it is the most famous application of AdS/CFT
on complex systems, encapsulating all important elements.

Let us rst recall the e ective Landau-Ginzburg theory of supercon-
ductivity. There, one replaces the microscopic treatment of Coopelpairs
by an e ective theory for the charged bosonic order parameter . One then
constructs the free energy in the vicinity of the transition point in accor-
dance with general symmetry requirements. The result is a phenoeno-
logical action which can describe the dependence of the pair density on
temperature near the critical point, as well as the Higgsing phenomenon,
i.e. breaking of the gaugeU (1) symmetry by the condensate. Since the
holographic description will take U(1) to be a global rather a local sym-
metry, This last ingredient is missing in the holographic version. The
holographic superconductivity an important breakthrough. Not only does
it give an example on how to treat in principle the condensation of any or-
der parameter holographically, but it does so in a novel way: directy from
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a critical system and this is re ected in non-standard transport properties

which reproduce the experimental results for superconductingnaterials.

Following the original papers, we specify to the case ob = 3 in this

section. The bulk action is easy to write from the symmetry requirenents:
Z Z

1 .
Spuk = dz d°% R+6 aF F DY D m? % Vi( j)
(2.20)
where the covariant derivative is
D =@ igA (2.21)

and the potential Viy; can be an arbitrary function in the bottom-up
setup. We will opt for the simplest case and set it to zero. At nite
temperature nothing changes dramatically upon introducing a nite po-
tential. The ansatz (2.3) can be used for the metric. For simplicity, let us
assume spherical symmetry, isotropy and an electric-only con gurationof
the Maxwell eld for now, writing

A = Ao(z)dt (2.22)

The 00 and zz components of the Einstein equations read:

3 2@ 3= (@)7 V+(@A)+ AT (223)

3 z@f 3zf% 3:% (@) >+ V+(@A0)*+ o 2A3 (2.24)
while the Maxwell equation for Fq, reads
1 , 2
@ %@Ao =2q P (2.25)

The ii component of Einstein equations can be shown to be a linear com-
bination of the remaining two and can be left out. The equations for
this simple system are clearly quite involved. This is typical forthe bulk
physics of holographic systems: the full solution has to be obtained nu-
merically, while analytical estimates can be made in the near-horizon ath
near-boundary limit. The former is of importance for the phase diagram
and analysis of the condensate formation. We will discuss it after we sob/
a more basic question: how to impose the boundary conditions and calcu-
late the quantities on the eld theory side? To that end, we can use tre
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results obtained earlier for the near-boundary asymptotics of the scalar
eld { it turns out that coupling to the gauge eld is always a subleadin g
term for z! 0 and does not change the asymptotics. Schematically, the
near-boundary solution is therefore

(z! 0= M2 + @z (2.26)

The boundary action is important for the calculation of free energy at
the boundary. The sczﬂing dimension is set by the bulk mass; as before
we have = D=2+ D2=4+ m2. According to the dictionary, @
sources the boundary eld while @ is its VEV. For a solution that
holographically encodes spontaneous symmetry breaking, we must seek
for a spontaneously generated VEV without a source for the scalar and
gauge eld:? |

st = #x" h 21 o (2.27)

For completeness we give also the boundary action for the metric and
the gauge eld. This is the Hawking-Gibbons term for the metric and
imposing the chemical potential = Ag(zo) through a Dirichlet boundary
condition for Ag. This gives altogether:

|
Sond = d3xp7h 2K +4+ Ag@Ap+ 2 : (2.28)

2.2.1 Scalar condensate and phase transitions

In the presence of a nonzero electrostatic potential the scalar has an -ef
fective negative mass: m2; 2 o?fhA % 2=z2. For a large enough
chargegq, it is reasonable to expect the scalar order parameter to condense.
This is precisely what happens. Note that this means that the sponta-
neous breaking of the globalJ (1) invariance in eld theory is described by
the spontaneous breaking of a local symmetry in the bulk, i.e. Higgsingn
the bulk. Upon solving the equations of motion (2.23-2.25) with appropri-
ate boundary conditions, one is able to nd a solution with non-vanishing
scalar eld. On the eld theory side, the operator dual to will conden se,

2We can also employ the alternative quantization, where the subleading term be-

comes the source. Fixing the subleading term however is not enaigh to cancel the

divergence, and ye nﬁed to add an explicit counterterm so the boundary action be-
comesS?, = &% h( 2+2 n,@)
bnd z .
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breaking now the globalU(1) symmetry.3 Solving the system (2.23-2.25)
numerically, one obtains the dependence of the condensate valde i on
temperature. The result is a textbook order-disorder transition with the
mean eld scaling of the condensate with temperature:

T 1;2
h i/ 1 — : (2.29)
Te

One can then proceed to calculate the free energy which indeed reals
the existence of a second order phase transition, and with mean eld ex
ponents, thus reproducing the predictions of the Landau-Ginzburgtheory.
This nding encapsulates the essential features of holographic supeon-
ductivity { a scalar with arbitrary mass Higsses in the bulk leading to a
global order-disorder transition on the eld theory side.

Hartnoll et al have proceeded to compute conductivities [47] and found
excellent qualitative agreement with experiment. In the standard quan-
tization, 1 condenses and backreacts on the gauge eld. We can then
compute the conductivity of the system as the ration of the current and
the external eld { the corresponding bulk quantities are the subleading
and the leading term of a spatial component of the gauge eld. The result-
ing curve looks like that of conventional BCS superconductors. Doinghe
same in alternative quantization, for , (see the footnote on this page),
one nds that conductivity mimics the one seen in unconventional suger-
conductors. This was the rst triumph of AAS/CMT in approaching the
experiment [45].

Remarkably, a neutral scalar can also condense. The above mechanism
clearly cannot be the cause of the formation of neutral hair. What is
the mechanism here? The explanation lies in the generalization of the
tachyonic instability to AdS known as the Breitenlohner-Freedman (BF)
bound [25, 47, 46] and the geometry of the charged black hole. The BF
bound is the value for which the square root in becomes imaginary. In
D + 1 dimension it reads:

D2

2 2
ms<mar = —s

(2.30)

3For low masses, the scalar eld has two quantizations with th e non-standard al-
ternative quantization similar to the Legendre transform to the ¢ anonical ensemble as
described earlier. The two possible choices for the boundary condtions { xing the VEV
versus xing the source { lead to two di erent eld theories, with  di erent properties.
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whereL is the radius of the space. In AdS the BF value is thus 9=4L 2.
In the presence of non-zero chemical potential, this system has a drent
geometry in deep interior dual to the IR of a CFT. The near-horizon region
of the charged black hole has the geometry Ad$S R?: itis a direct product
of the x y plane and atwo-dimensional AdS space, distinct from the Ad$,
where the system as a whole lives. AdShas the BF bound m? < m 3. .
Dimension is reduced fromD +1=41t0 D +1= 2pbut the radius of the
AdS; is smaller than the radius of AdS;: L, = L= 6. Therefore, the BF
bound in the interior is m? <  6=4L2. This means that there is a window
of the values ofm wherem3 o, <m? <m?2,s,, SO a scalar which is stable
in AdS4 will still condense in AdS; [47]. The eld theory meaning of this
e ect is the breaking of the discrete (Ising) Z, gauge symmetry. This is a
truly novel result of the holographic theory. The fact that the physics on
eld theory side can be explained by analyzing near-horizon geometry is
an important lesson we will take from this review section.

2.3 Holographic dictionary for fermions

We now proceed to the object of this thesis: fermions. The esseial prob-

lem for fermions is the well-known fact the Dirac fermion is a constained
system: the equations of motion are of rst order, only half of the compo-
nents of Dirac eld are independent degrees of freedom while the résre

uniquely determined by them. The sign problem doesot plague holog-
raphy at least at the leading (tree) level. This is because the quasiurticle

picture is preserved in the bulk, in the sense that we will consler weakly
interacting fermions coupled to external elds only. Besides, weknow that

two-point correlation functions and expectation values (densities) ae dual
to tree-level objects in the bulk, thus one does not need to face thloop
e ects where the fermionicity strikes harder*

4Occasionally, it is laconically claimed that the fermion sign problem is eliminated by
holography as in the limit of classical gravity/large N strongly coupled eld theory the
bulk physics is classical. This is not entirely true: while gravity is treated classically in
this limit as the gravitational constant p+1 ! 0, this does not tell us anything about
the matter elds. Indeed, these in general require the same QFT t reatment no matter
if we take classical gravity limit, SUGRA limit or neither.
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2.3.1 Equations of motion

While already the original AdS/CFT works include fermions as the eld
theory side is supersymmetric, it was nota priori clear how to construct
dictionary entries for a fermionic observable in eld theory. This problem
was addressed in [84, 7, 56]. A more systematic rephrasing of the solution,
which takes the viewpoint of holographic regularization, was given in [16].
We will mainly follow the reasoning of the latter reference as it is the
most logically coherent exposition of the problem. Whereas the boundary
action Syng needed to be picked by hand in earlier formulations, [16] shows
that it follows logically from the requirement that the theory should b e
regular in the UV.

Kinematics and holography

Let us rst discuss the kinematics of Dirac fermion; we have already an
nounced that this will be the main source of trouble. The Dirac algebra
in full AdS space (D + 1-dimensional) is represented by gamma matrices

, =0;:::D,and p 2. The restriction of this representation to D
dimensions, i.e. on the boundary, we will denote by ( =0;:::D 1).
Recalling the table of the representations of Dirac algebra in various di
mensions, we nd that in odd number of dimensionsD + 1, i.e. for D
even, there is a single spinor representation, whereas f@ odd there are
two irreducible representations of the Dirac algebra. We will mainly deal
with this case in the thesis. In this case, is a bispinor and we can -
compose it into two spinors . The choice of projection operator s
non-unique. In holography there is a natural choice which preserves hl
symmetries in the boundary theory: projection on the radial direction.
Thus the projectors are =(1 2)=2.

Dynamics

We are now ready to write the Dirac equation. We can always write it as
a pair of coupled equations for . As we know, the Dirac equation reads

B m)=0: (2.31)

The covariant derivative includes the coupling to any gauge elds present
and to the metric through the spin connection:

B=e, @+ 1™y o iGeAa (2:32)
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From now on, we will denote the local tangential coordinates by Latin
indices and the metric coordinates by Greek indices. The inveesvielbein

is €a. From now on we will study a fermion in the homogenous back-
ground coupled to isotropic Ag gauge eld, describing a eld theory at

nite density. Taking into account homogeneity and isotropy of the sys-

tem in transverse direction, we can partially Fourier-transform so that

the derivative becomes@ 7! ( i!;ik; @,). The spin connection, given in
general by! ¢ = e?@eC® + e’e® |, has only two nonzero components,
192 and! 7:

1
157 = ege 2= 598922900@900 = &’ @¢j

17 = g€ ;= Ee:ezzg” @i = €°@¢; (2.33)
Note that they can be formally written as total derivatives and as a con-
sequence they can be absorbed in the rede nition of the fermion eldin
the following way. The equation of the form

‘€2 @+ @ e)+(D 1) +( ::) =0 ; (2.34)

where (:::) denotes all terms containing no radial derivatives, can be
rewritten as “e@ +(:::) =0 upon rescaling the Dirac eld as

¢4—— 5
7! goo (Gi)° t= 9. (2.35)

This rescaling works generally for single parameter metrics. From novon
throughout this chapter we will use the rescaling (2.35) and work with
and instead of and
With the rescaling for the Dirac eld, we can write the Dirac equation
for
€@ *(ige,A°+ m)  =0: (2.36)

Next we decompose the equation into the equations for . The result
can be written as:

(@ + €%m) =0 (2.37)

where E is the transverse covariant derivative rescaled by the vielbeirez:

i = 2™ o( ! + A+ €€ ki (2.38)
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Starting from the Dirac equation (2.38), we can eliminate either ., or
and readily derive a second order equation of motion for . Using that
EE= ToT?+ T,T' T 2, we can invert E to rewrite

E
5 (@+em) . = (2.39)
and use the  equation to obtain
Z T: Z _ .
(@ mez)ﬁ(@+ me;) += F 4 (2.40)

This nally brings us to the second-order form of the Dirac equation, for
the spinor .. Denoting it as

(@ +P@+Q+) +=0 (2.41)

we have for the coe cients

P(2)

@ ¥,

Q+(g;m; Lk ;2) 2mes + ( @me?) [@;ﬁ]%meﬁ + T2(2.42)

For the second component  we get the same equation but withQ =
Q+( g5 m; L k).
Of course, the second order equation implies the Dirac equation but

is not equivalent to it. The necessary and su cient condition for ., the
solution of (2.41), to be also the solution to (2.37), reads

= %(@+ me?) +: (2.43)

It is instructive to solve the simplest case: that of pure AdS with no
gauge elds. The eld is rescaled as = =zP*32 and the second
order equation for . becomes
2Zm  m
@; 7 ? +=0 (244)
which we readily recognize as the Bessel equation. It yields the falling
general solution:

1
(D= P Knu2 k) K 12 (k2) (2.45)
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where K, 1= are modi ed Bessel functions of the second kind. The
near boundary asymptotics of the non-rescaled eld . behaves as ; =
Wzb=2 my @z D=2¢m clearly, U isalways the leading, source term.
But what is the response? Naively, it can be 5,2) as the subleading term.
In the boundary action (2.48) we have however  coupled linearly to the

source . (which, with appropriate boundary conditions, becomes E,l)).
Therefore, the response is  with appropriate boundary asymptotics.

Dirac equation tells that @y (+2) so we conclude that the response is
@

2.3.2 Boundary action

Let us start again from the minimal bulk action for Dirac fermions coupled
to gravity and possibly gauge elds:
z

Shuk = Sgrav + dD+1Xp g(B m)+ i (2.46)

where (;::) stand for any additional elds in the system. It is assumed that
these will not change the UV behavior of fermions nor the AdS asymp-
totics of the background; they might change the background and thus
also the fermionic behavior in IR but we will simply assume a given xed
IR whatever might be the elds which produce it. The issue is howto
implement the dictionary. The Dirac action is famously proportional to
Dirac equation and thus vanishes on shell. We have seen this also in ¢h
scalar sector however. The resolution is the existence of a boundary ac
tion, which in fact encodes the full holographic partition function. T he
objective is to construct it here for fermions. To do so, let us nd the
variation of the bulk part (disregarding again the parts we know: gravity
and bosons). Since we work in a spacetime with a boundary, there will
generically be a boundary contribution. Employing partial integration in
(2.46) and varying with respect to , we get:
z
Shuk = dD+1Xp79 ® m =

z z
= % h @ g e m (2.47)

The second, bulk term vanishes on shell as it is proportional to the egar
tion of motion. The rst, boundary term does not vanish however. It is
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to be evaluated on the boundary of AdS in UV and atz, in IR.® In terms

of the radial projections, it reads
- 12 p P— :

S = E d- x h & + + - (2.48)
We know from general rules of AdS/CFT that one of the components
of  will be the source and the other the response, and in the previous
subsection we have seen that the leading component of; is larger (i.e.
decays slower) at the boundary than the leading component of . We
can therefore pick . to be the source. This means that . is xed at
the boundary and its variation is zero: . = 0. The variation of the
action now reduces to the rst term in (2.48). To cancel ad we can add a

counterterm reading

Z
sct:% depT(+ + +) (2.49)

and the whole action is given byS = Spuk + Sct, SO Spnd Sct: the
whole boundary contribution can be understood as the counterterm whih
regularizes the action, eliminating UV divergences and making the ontzell
solution satisfy the Dirac equation in the bulk.

For the steps to follow it is convenient to introduce the bulk-to-boundary
propagator G (z) and to express the solution in terms ofG . The bulk-
to-boundary propagator satis es the equation of motion [114]:

® mG2)= (2) (2.50)

i.e. it is a response to a Dirac delta function source at the boundaryWe
can now express the solution to Dirac equation in terms ofG and
The expression for  reads

+ = G206 (2) +; = G, '(20)G (2)S (2.51)

where S =lim ;1 o T=F. Namely, at the boundary the energy-momentum
dependence can be shown to drop from the factom =F, leaving only a
constant matrix (which of course depends on the representation of gamma
matrices, hence we do not specify it here). The convenience of thabove
representation of is that all z dependence of is encoded in the bulk-to-
boundary propagators. Substituting (2.51) into the boundary action, we

5The latter is a single point if z, !'1  or a slice in the transverse direction if z, is
nite.
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obtain an expression for the full on-shell action in terms of the solutios
G (2):

gon shell - MpT +G (20)G, H(z0) +: (2.52)
2220 (2 )3
The two-point correlator in eld theory is therefore
G(5k )= G (20)G. *(20): (2.53)
What this illustrates is that the subleading component of is the re-

sponse to the leading component of .. This will be the starting point of
the work done in most of Chapter 3 and 4.

2.4 The remainder of the thesis

Having discussed the larger context in the rst chapter and the theortical
foundations and previous work on the topic of our research in this, second
chapter, we have nished introducing the formal framework of our work.
We now outline the work done in this thesis on speci c problems with
fermion systems. We will use the power of holography to describe stngly
coupled systems from a new fundamental perspective, to circumvie the
sign problem. We stay exclusively with bottom-up setups. The rst reason
is their obvious simplicity as compared to top-down constructions whch
become particularly complicated if fermions are included. A deepereason
is that the conceptual aspects we consider such as the dictionary entrfor
a Fermi surface, or for a Fermi liquid state, or pathways through which
Fermi liquids are destroyed { are not expected to depend much on th
exact string action.

Another compromise with consistency that we have to decide about is
the choice between self-consistent calculations, with backreaan, versus
probe limit calculations. We start from the probe limit and afterwards
include backreaction, rst on gauge eld and then also on geometry. Of
course, probe limit su ces at small fermion density, when the backreaction
is anyway small, but becomes less and less satisfactory as the density
increases. The eld theory interpretation is that backreaction probes the
stability of the system { unstable quantum critical matter is described
by the probe limit calculations, but to arrive at stable phases we need
to backreact. In particular, the Fermi-liquid-like phase (which we know
empirically to be very stable) requires backreaction.
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In Chapter 3 we address the critical theory governing the zero tem-
perature quantum phase transition between strongly renormalized Femi-
liquids as found in heavy fermion intermetallics and possibly highT super-
conductors. From the solutions of Dirac equation in the probe limit in the
AdS-RN background, we obtain the spectral functions of fermions in the
eld theory. By increasing the fermion density away from the relativistic
guantum critical point, we observe multiple Fermi surfaces, some othem
of distinctly non-Fermi liquid nature while others have some featues of
the Fermi liquid. Tuning the scaling dimensions of the critical fermion
elds we nd that the quasiparticle disappears at a quantum phase tran-
sition of a purely statistical nature, not involving any symmetry change.
The resulting phase has no Fermi surfaces at all.

In Chapter 4 we extend our work by backreacting on gauge eld. We
provide evidence that the bulk dual to a strongly coupled charged Femi-
liquid-like system has a non-zero fermion density in the bulk. V& then
calculate density explicitly in the small density approximation, a model
we call black hole with Dirac hair. Then we show that the pole strength
of the stable quasiparticle characterizing the Fermi surface is eraded in
the spatially averaged AdS probability density of a single normalizable
fermion wave function in AdS. Recalling Migdal's theorem which relates
the pole strength to the Fermi-Dirac characteristic discontinuity in the
number density at Fermi energy, we conclude that the AdS dual of a Ferm
liquid is described by occupied on-shell fermionic modes in AdSEncoding
the occupied levels in the total spatially averaged probability dengy of
the fermion eld directly, we show that an AdS Reissner-Nordst®m black
hole in a theory with charged fermions has a critical temperature, at whch
the system undergoes a rst-order transition to a black hole with a ron-
vanishing pro le for the bulk fermion eld. Thermodynamics and spectral
analysis support that the solution with non-zero AdS fermion-pro le is the
preferred ground state at low temperatures.

In Chapter 5 we continue our study of self-consistent (backreacted)
models and move toward constructing the full phase diagram of the Dirae
Maxwell-Einstein system and its eld theory dual. We compare our Dirac
hair model with the electron star model of Hartnoll et all [51], and argue
that the electron star and the AdS Dirac hair solution are two limits
of the free charged Fermi gas in AdS. Spectral functions of holographic
duals to probe fermions in the background of electron stars have a free
parameter that quanti es the number of constituent fermions that make
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up the charge and energy density characterizing the electron star sotion.
The strict electron star limit takes this number to be in nite. T he Dirac
hair solution is the limit where this number is unity. This is evi dent in the
behavior of the distribution of holographically dual Fermi surfaces. As we
decrease the number of constituents in a xed electron star backgroud
the number of Fermi surfaces also decreases. An improved holographic
Fermi ground state should be a con guration that shares the qualitative
properties of both limits.

We construct such con guration in Chapter 6. We employ a model
which combines the (semiclassical) WKB approximation and its Airy cor-
rection with the quantum corrections based on Dirac equation. At high
temperatures, the system exhibits a rst order thermal phase trarsition
to a charged AdS-RN black hole in the bulk and the emergence of local
quantum criticality on the CFT side. This restores the intuition t hat the
transition between the critical AdS-RN liquid and the nite densi ty Fermi
system is of van der Waals liquid-gas type. At zero temperature, we m
a Berezhinsky-Kosterlitz-Thouless transition from Fermi-liquid-like nite
density phase with a sharp Fermi surface to zero density AdS-Resner-
Nordstmm but in the regime without Fermi surfaces. This suggests that
it is indeed the Fermi surface which drives the instability of the AdS-RN
guantum critical phase. Based on these ndings, we construct the thee-
dimensional phase diagram, with temperature, conformal dimension and
fermion charge.

Even though we have not answered some of the questions we started
from, in particular the question of what is the holographic dual to a text-
book Landau Fermi liquid and how it is destroyed by strong interactions,
we have obtained a qualitative model of how stable Fermi-liquidkke quasi-
particles become unstable at a quantum critical point and give rise to
novel phenomena. These phenomena could not be obtained in a pertur-
bative approach and they illustrate the power of AAS/CFT and its ability
to make speci ¢ predictions on strongly correlated fermions. These ge-
dictions have not been tested experimentally so far. Because of many
simplifying assumptions and the lack of ability to construct a microscopic
Hamiltonian on the boundary, our results are unlikely to be a good quan-
titative description of any realistic system. Nevertheless, theymake some
remarkable qualitative predictions which can be expected to hold als in
real-world materials, due to the universality associated to quantumcrit-
ical behavior. The coming years will surely determine whether tke novel
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physics on display in AAS/CMT is a part of the real world.



Chapter 3

Charged black hole and
critical Fermi surfaces [17]

Quantum many-particle-physics lacks a general mathematical theory to
deal with fermions at nite density. This is known as the \fermion-s ign-
problem”; there is no recourse to brute force lattice models as theta-
tistical path integral methods that work for any bosonic quantum eld
theory do not work for nite density fermi-systems. The non-probabilistic
fermion problem is known to be of exponential complexity [109] and in
the absence of a general mathematical framework all that remains is phe-
nomenological guesswork in the form of the Fermi-liquid theory descrilng
the state of electrons in normal metals and the mean- eld theories desb-
ing superconductivity and other manifestations of spontaneous symmey
breaking. This problem has become particularly manifest in quantum con
densed matter physics with the discovery of electron systems ufergoing
guantum phase transitions that are reminiscent of the bosonic quantum
critical systems [95] but are governed by fermion statistics. Empircally
well documented examples are found in the 'heavy fermion' intermatallics
where the zero temperature transition occurs between di erent Fermi-
liquids with quasiparticle masses that diverge at the quantum critical point
[117]. Such fermionic quantum critical states are believed to have aid
rect bearing on the problem of highT. superconductivity because of the
observation of quantum critical features in the normal state of optimally
doped cuprate highT; superconductors [111, 116].

A large part of the \fermion-sign-problem" is to understand this strongly
coupled fermionic quantum critical state. The emergent scale invaince
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and conformal symmetry at critical points is a benet in isolating deep
guestions of principle. The question is how does the system getdio the
scales of Fermi-energy and Fermi-momentum that are intrinsically rated
in the workings of Fermi-Dirac statistics [99, 72]? Vice versa, how to con-
struct a renormalization group with a relevant ‘'operator’ that describes
the emergence of a statistics controlled (heavy) Fermi liquid fromthe crit-
ical state [117], or perhaps the emergence of a high; superconductor?
We will show that a mathematical method developed in string theory has
the capacity to answer at least some of these questions.

3.1 String theory for condensed matter

We refer to the AAS/CFT correspondence: a duality relation between
classical gravitational physics in ad + 1 dimensional 'bulk’ space-time
with an Anti-de-Sitter (AdS) geometry and a strongly coupled conformal
(quantum critical) eld theory (CFT) with a large number of degrees of
freedom that occupies a at or sphericald dimensional 'boundary' space-
time. Applications of AAJS/CFT to quantum critical systems have al-
ready been studied in the context of the quark-gluon plasma [104, 41],
superconductor-insulator transitions [59, 46, 40, 47] and cold atom sys-
tems at the Feshbach resonance [103, 8, 1] but so far the focus has been on
bosonic currents (see [45, 49] and references therein). Although AdS/CFT
is convenient, in principle the groundstate or any response of a bosonic
statistical eld theory can also be computed directly by averaging on a
lattice. For fermions statistical averaging is not possible because ofhie
sign-problem. There are, however, indications that AAS/CFT should be
able to capture nite density fermi systems as well. Ensembles dscribed
through AdS/CFT can exhibit a speci ¢ heat that scales linear with the
temperature characteristic of Fermi systems [69], zero sound [69, 65, 70]
and a minimum energy for fermionic excitations [93, 101].

To address the question whether AdS/CFT can describe nite densiy
fermi-systems and the Fermi liquid in particular, we compute the single
charged fermion propagators and the associated spectral functions that
are measured experimentally by angular resolved photoemission (\AdS-
to-ARPES") and indirectly by scanning tunneling microscopy. The spec-
tral functions contain the crucial information regarding the nature of th e
fermion states. These are computed on the AdS side by solving for the on-
shell (classical) Dirac equation in the curved AdS space-time backgrod
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with sources at the boundary. A temperature T and nite U(1) chemical
potential ¢ for electric charge is imposed in the eld theory by studying
the Dirac equation in the background of an AdS Reissner-Nordstrom black
hole. We do so expecting that theU (1) chemical potential induces a nite
density of the charged fermions. The procedure to compute the retated
CFT propagator from the dual AdS description is then well established
[104, 49]. Compared to the algorithm for computing bosonic responses,
the treatment of Dirac waves in AdS is more delicate, but straightforward,;
details are provided in the nal section of this chapter. The equations ob-
tained this way are solved numerically and the output is the retarded
single fermion propagatorGg(!;k ) at nite T. Its imaginary part is the
single fermion spectral functionA(!;k ) =  LImTr( i °Ggr(!;k )) that can
be directly compared with ARPES experiments.

The reference point for this comparison is the quantum critical point
described by a zero chemical potential (o = 0), zero temperature (T = 0),
conformal and Lorentz invariant eld theory. Here the fermion propaga-
torsh i G(!;k) are completely xed by symmetry to be of the form
(we use relativistic notation wherec=1)

1

GCFT (k) (p 71 KBy 2 (3.1)

with the scaling dimension of the fermion eld. Through the AdSy+1 /CFT ¢
dictionary is related to the mass parameter in thed + 1-dimensional
AdS Dirac equation. Unitarity bounds this mass from below in units of
the AdS radius mL = d=2 > 1=2 (we setL =1 in the remain-
der). The choice of which value to use form will prove essential to show
the emergence of the Fermi liquid. The lower end of the unitarity bound
m= 12+ |, 1, corresponds to introducing a fermionic confor-
mal operator with weight =(d 1)=2+ . This equals the scaling
dimension of a nearly free fermion. Despite the fact that the underying
CFT is strongly coupled, the absence of a large anomalous dimension for
a fermion with massm = 1=2+ argues that such an operator ful lls a
spectator-role and is only weakly coupled to this CFT. We will therefore
use such values in our calculations. Our expectation is that the Fermi
liquid, as a system with well-de ned quasiparticle excitations, can be de-
scribed in terms of weakly interacting long-range elds. As we increas
m from m = 1=2+ | the interactions increase and we can expect the
quasi-particle description to cease to be valid beyondn = 0. For that
value m = 0, and beyond m > 0, the naive scaling dimension ¢ of the



44 Chapter 3. Charged black hole and critical Fermi surfaces [17]

fermion-bilinear O , = is marginal or irrelevant and it is hard to
see how the ultra-violet conformal theory can ow to a Fermi-liquid state,
assuming that all vacuum state changes are caused by the condensation of
bosonic operators. This intuition will be borne out by our results: when

m 0 the standard Fermi-liquid disappears. A similar approach to de-
scribing fermionic quantum criticality [79] discusses the specil casem =0

or = d=2 in detail; other descriptions of them = 0 system are [76, 91].

3.2 The emergent Fermi liquid

With an eye towards experiment we shall consider the Ad% dual to a
relativistic CFT 3 in d = 2 + 1 dimensions; see the last section of this
chapter. As we argue there, we do not know the detailed microscopic CFT
nor whether a dual AdS with fermions as the sole U(1) charged eld exists
as a fully quantum consistent theory for all values ofm = d=2, but
the behavior of fermion spectral functions at a strongly coupled quantun
critical point can be deduced nonetheless. Aside from , the spectral
function will depend on the dimensionless ratio o=T as well as theU(1)
chargeg of the fermion; we shall setg = 1 from here on, as we expect that
only large changes away fromg = 1 will change our results qualitatively.

We therefore study the system as a function of =T and . We have
drawn our approach in Fig. 3.1B: rst we shall study the spectral behavior
as a function of =T for xed < 3=2; then we study the spectral

behaviour as we vary the scaling dimension  from 1 to 3=2 for xed

o=T coding for an increasingly interacting fermion. Note that our set-up
and numerical calculation necessitate a nite value of o=T: all our results
are at non-zeroT.

Our analysis starts near the reference point ¢=T ! 0 where the long
range behavior of the system is controlled by the quantum critical poir
(Fig. 3.1A). Here we expect to recover conformal invariance, as the syste
forgets about any well-de ned scales, and the spectral function shoulde
controlled by the branchcut at ! = k in the Green's function (Eq.1) : (a)
For ! <k it should vanish, (b) At ! = k we expect a sharp peak which for
I kscalesad 2 9. Fig. 3.2A shows this expected behavior of spec-
tral function for three di erent values of the momentum for a fermioni c
operator with weight = 5=4 computed from AdS%;.

Turning on =T holding = 5=4 xed, shifts the center location
of the two branchcuts to an e ective chemical potential ! = ¢ ; this
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v
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Figure 3.1: The phase diagram near a quantum-critical point. Gray lines de-
pict lines of constant ¢=T: the spectral function of fermions is unchanged along
each line if the momenta are appropriately rescaled. As we increasey=T we
crossover from the quantum-critical regime to the Fermi-liquid. (B) The trajec-
tories in parameter space (o=T; ) studied here. We show the crossover from
the quantum critical regime to the Fermi liquid by varying =T keeping

xed; we cross back to the critical regime varying I d=2for =T xed. The
boundary region is not an exact curve, but only a qualitative indication.

bears out our expectation that the U(1) chemical potential induces a nite
fermion density. While the peak at the location of the negative branchait
! eff K stays broad, the peak at the other branchcut! off T K
sharpens distinctively as the size of ¢=T is increased (Fig. 3.2B). We
shall identify this peak with the quasiparticle of the Fermi liquid and its
appearance as the crossover between the quantum-critical and the Fei-
liquid regime. The spectral properties of the Fermi liquid are vey well
known and display a number of uniquely identifying characterisics [77,
98]. If this identi cation is correct, all these characteristics must be present
in our spectra as well.

1. The quasipatrticle peak should approach a delta function at the Fermi
momentum k = keg. In Fig. 3.2B we see the peak narrow as we
increasek, peak, and broaden as we pask kg (recall that T =
0 is outside our numerical control and the peak always has some
broadening). In addition the spectrum should vanish identically at
the Fermi-energy A(! = Efg;k) = 0, independent of k. This is
shown in Fig. 3.2C.
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Figure 3.2: (A) The spectral function A(!;k ) for o=T=0:01andm = 1=4.
The spectral function has the asymptotic branch cut behavior of a confomal

eld of dimension = d=2+ m = 5=4: it vanishes for! < k , save for a nite
T tail, and for large ! scales ad > 9. (B) The emergence of the quasiparticle
peak as we change the chemical potential to o=T = 30:9 for the same value

=5=4. The three displayed momentak=T are rescaled by a factorT¢s =T for
the most meaningful comparison with those in (A). The insets show the dill scales
of the peak heights and the dominance of the quasiparticle peak fok  kg. (C)
Vanishing of the spectral function at Er for =1:05and o=T= 309. The
deviation of the dip-location from Er is a nite temperature e ect. It decreases
with increasing o=T.
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2. The quasiparticle should have linear dispersion relation near the
Fermi energy with a renormalized Fermi velocity vg di erent than
the underlying relativistic speed ¢ = 1. In Fig. 3.3 we plot the
maximum of the peak! nhax as a function of k. At high k we re-
cover the linear dispersion relation! = jkj underlying the Lorentz
invariant branchcut in Eq.1. Near the Fermi energy/Fermi momen-
tum however, this dispersion relation changes to a slop&gr given
by the limit lim 11 g..0 ke (! Ep)=(k kg) clearly less than one.
Importantly, it appears that the Fermi Energy Efg is not located at
zero-frequencyt Recall, however, that the AdS chemical potential

o is the bareU(1) chemical potential in the CFT. This is con rmed
in Fig. 3.3 from the high k behavior: its Dirac pointis . On the
other hand, the chemical potential felt by the IR fermionic degrees of
freedom is renormalized to the value ¢ = ¢ Eg. As is standard,
the e ective energy ~ = |  Efg of the quasiparticle is measured
with respect to Ef.

3. At low temperatures Fermi-liquid theory predicts the width of the
guasiparticle peak to grow quadratically with temperature. Fig.
3.4A, 3.4B show this distinctive behavior up to a critical tempera-
ture Tc= o 0:16. This temperature behavior directly follows from
the fact that imaginary part of the self-energy ( ;k)=1 k
(Tri °G(!;k)) * should have no linear term when expanded around
Er:Im( ;k) (! Eg)?+ . Thisis shown in Fig. 3.4C, 3.4D.

These results give us con dence that we have identi ed the characgristic
quasiparticles at the Fermi surface of the Fermi liquid emerging fom the
quantum critical point.

Let us now discuss how this Fermi-liquid evolves when we increas
the bare ¢ (Fig. 3.5). Similar to the fermion chemical potential F,
the fundamental control parameter of the Fermi-liquid, the fermion den-
sity g, is not directly related to the AdS (. We can, however, infer it
from the Fermi-momentum kg that is set by the quasiparticle pole via
Luttinger's theorem ¢ k& 1. The more illustrative gure is there-
fore Fig. 3.5B which shows the quasiparticle characteristics as a furion
of ke=T. We nd that the quasiparticle velocities decrease slightly with

YIn our original paper we misidenti ed the location of the maxi mum peak height
with Er. The correct identi cation is when the pole hit the real axis in t he complex
frequency space. We explain this bellow in the last section of this chapter.
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Figure 3.3: Maxima in the spectral function as a function of k= ¢ for =
1:35 and (=T = 30:9. Asymptotically for large k the negative k branch cut
recovers the Lorentz-invariant linear dispersion with unit velodty, but with the
zero shifted to  ¢. The peak location of the positivek branch cut that changes
into the quasiparticle peak changes signi cantly. It gives the dispesion relation
of the quasiparticle near Er;kg). The change of the slope from unity shows
renormalization of the Fermi velocity. This is highlighted in the in set. Note that
the Fermi energy Er is not located at! pqs = 0. The AdS calculation visualizes
the renormalization of the bare UV chemical potential ¢ = ags to the e ective
chemical potential = ¢ Eg felt by the low-frequency fermions.

increasing kg, rapidly leveling o to a nite constant less than the rela-
tivistic speed. Thus the quasiparticles become increasingly heg as their
massmg kg =V asymptotes to linear growth with kg. The Fermi en-
ergy Er also shows linear growth. Suppose the heavy Fermi-quasiparticle
system has the underlying canonical non-relativistic dispersion elation
E = k?=(2mg) = k2=2mg)+ ve(k kg)+ i, then the observed Fermi en-

ergy E¢ should equal the renormalized Fermi-energy '®")  k2=(2mg).

Fig. 3.5B shows that these energie€r and ESQ”) track each other re-
markably well. We therefore infer that the true zero of energy of the
Fermi-quasiparticle is set by the renormalized Fermi-energy as diuced
from the Fermi-velocity and -momentum.

Although the true quasiparticle behavior disappears atT > T, Fig.
3.5A indicates that in the limit ke=T ! 0 the quasiparticle pole strength
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Figure 3.4: (A) Temperature dependence of the quasiparticle peak for =5=4
and k=kr ' 0:5; all curves have been shifted to a common peak center. (B) The
quasiparticle peak width Re ( 'k = kg)for = 5=4 as a function of T?: it
re ects the expected behavior T2 up to a critical temperature T.= o, beyond
which the notion of a quasiparticle becomes untenable. (C) The imaginar part
of the self-energy (!;k ) near Er; kg for =14, o=T = 309. The
deninglm( k) (! Eg)?+ :::-dependence for Fermi-liquid quasiparticles
is faint in panel (C) but obvious in panel (D). It shows that the inter cept of
@Im ( !;k) vanishes atEg ; kg .

vanishes, Zy ! 0, while the Fermi-velocity vg remains nite; vg ap-
proaches the bare velocityvg = 1. This is seemingly at odds with the
heavy Fermi liquid wisdom Zy ~ Mmicro =Mg = Mmicro VE =kg . The reso-
lution is the restoration of Lorentz invariance at zero density. From geneal
Fermi liquid considerations it follows that ve = Zx(1+ @Re jg_,. ) and
Zy =151 @Re jg_y.) Where @ Re refers to the momentum and
energy derivatives of the real part of the fermion self-energy (;k ) at
ke;Eg. Lorentz invariance imposes@ °= @ °which allows for van-
ishing Zx with ve ! 1. Interestingly, the case has been made that such a
relativistic fermionic behavior might be underlying the physics of cuprate
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Figure 3.5: The quasiparticle characteristics as a function of (=T for =5=4,
Panel (A) shows the change ofkg;Vve;mg;EF and the pole strength Z (the
total weight between half-maxima) as we change (=T. Beyond a critical value
( 0=T). we lose the characteristicT? broadening of the peak and there is no
longer a real quasiparticle, though the peak is still present. For the Ermi-liquid
ke =T rather than =T is the de ning parameter. We can invert this relation
and panel (B) shows the quasipatrticle characteristics as a function dfr =T. Note
the linear relationships of mg; EF to kg and that the renormalized Fermi energy
E(ren) k2 =(2mg) matches the empirical valueEr remarkably well.

high T, superconductors [90].

Finally, we address the important question what happens when we
vary the conformal dimension of the fermionic operator. Fig. 3.6
shows that the Fermi momentum kg stays constant as we increase
This completes our identi cation of the new phase as the Fermi-liqud: it
indicates that the AdS dual obeys Luttinger's theorem, if we can interpret
the conformal dimension of the fermionic operator as a proxy for the inter
action strength. We nd furthermore that the quasiparticle pole stre ngth
vanishes as we approach = 3=2. This conrms our assumption made
earlier that it is essential to study the system for < d=2 and that the
point = d=2 where the naive fermion bilinear becomes marginal sig-
nals the onset of a new regime. Because the fermion bilinear is marginal
at that point this ought to be an interesting regime in its own right and
we refer to the recent article [79] for a discussion thereof. Highly m@ark-
able is that the pole strength vanishes in an exponential fashion rather
than the anticipated algebraic behavior [99, 72]. This could indicate that
an essential singularity governs the critical point at = d=2 and we
note that such a type of behavior was identi ed by Lawler et al. in their
analysis of the Pomeranchuk instability in d = 2+ 1 dimensions using the
Haldane patching bosonization procedure [75]. Interestingly this nite

o=T transition as we vary has no clear symmetry change, similar to
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Figure 3.6: The quasiparticle characteristics as a function of the Dirac fermion
mass 1=2 <m < 0 corresponding to 1< < 3=2 for o=T = 309. The
upper panel shows the independence &k of the mass. This indicates Luttinger's
theorem if the anomalous dimension is taken as an indicator of the interaction
strength. Note that vg; EF both asymptote to nite values as I 3=2. The
lower panel shows the exponential vanishing pole strengti (the integral between
the half-maxima) asm ! O.

[72]. However, this may be an artifact of the fact that our theory is not
guantum mechanically complete. Note also that the quasiparticle veloity
and the renormalized Fermi energyEr = ve(k kg) E stay nite at
the = 3=2 transition with Z ! 0, which could indicate an emergent
Lorentz invariance for the reasons discussed in the previous paragraph.

3.3 Concluding remarks

We have presented evidence that the AdS dual description of strongly
coupled eld theories can describe the emergence of the Fermi-ligd from

a quantum critical state | both as a function of density and interaction
strength as encoded in the conformal dimension of the fermionic oper-
ators. From the AdS gravity perspective, it was unclear whether this
would happen. Sharp peaks in the CFT spectral function correspond to
so-called quasinormal modes of black holes [68], but Dirac quasinormal
modes have received little study (see e.g. [14]). It is remarkabl¢hat
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the AdS calculation processes the Fermi-Dirac statistics esserl to the
Fermi-liquid correctly. This is manifested by the emergent rerormalized
Fermi-energy and the validity of Luttinger's theorem. The AdS gravity
computation, however, is completely classical without explicit quantum
statistics, although we do probe the system with a fermion. It would
therefore be interesting to fully understand the AdS descripton of what
is happening, in particular how the emergent scale€r and kg feature in
the geometry. An early indication of such scales was seen in [101, 94] in
a variant of the story that geometry is not universal in string theory: th e
geometry depends on the probe used and di erent probes experiencefd
ferent geometric backgrounds. The absence of these scales in the gealer
relativistic description of the AdS black hole could thus be an artifact of
the Riemannian metric description of spacetime.

Regardless of these questions, AAS/CFT has shown itself to be an pow-
erful tool to describe nite density Fermi systems. The desciption of the
emergent Fermi liquid presented here argues that AAS/CFT is uniqudy
suited as a computational device for eld-theory problems su ering from
fermion sign-problems. AdS/CFT represents a rich mathematical envion-
ment and a new approach to investigate qualitatively and quantitatively
important questions in quantum many-body theory at nite fermion den -

sity.

3.4 Formal background for the calculation of the
spectral functions

3.4.1 The AdS set up and AdS/CFT Fermion Green's func-
tions.

The deviation from the strongly coupled 2+1 dimensional quantum critical
point from which we wish to see the Fermi surface emerge is character
ized by a temperature and backgroundU (1) chemical potential. The phe-
nomenological AdS dual to such a nite-temperature system with chemcal
potential is a charged AdS, black hole. Including fermionic excitations,
this system is described by the minimal action

1 p— 6 1
Spuk = —5  d*x R+ —+L2 ZF2 €& AD m 3.4.1
bulk = 57 g [ 2 2 A M (3.4.1)
Heree)! is the inverse vielbein, A = 3, 4 are 4d Dirac matrices obey-
ingf A; Bg=2 AB (hermitian except ©°), and is a four-component
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Dirac spinor with = ”i ©. This spinor is charged under aU(1) gauge
eld and the covariant derivative equals
1 .
Duw = @ + é! QB[ A, Bl+ I0AM : (3.4.2)

On its own this action is not a consistent quantum theory. It must be
embedded in a string dual, e.g. for appropriate choices afn and g it is
a subsector of theN =8 AdS, S7 dual to the conformal xed point of
large N, d=3 N =8 SYM and generically such a completion will have
a number of U(1) charged elds in addition to the fermions. For our con-
siderations, speci cally the two point function of fermions, the quantum
completion is not relevant. At leading order in the gravitational coupling
constant, the action (5.2.5) will yield the same two-point correlators inde-
pendently of the non-linear supergravity couplings. It does mean, hat we
cannot equate theU(1) chemical potential ¢ directly with the density of
fermions g as we emphasize in the main article.

The charged AdS; black hole is a solution to the equations of motion
of this action. In a gauge whereA, = 0 and A is regular at the horizon
the metric and gauge potential are given by [92, 44]

L2 2 |_2 de
2 2 2 2 . =" :
ds 2 f (2)dt“ + dx“ + dy- + 27 (2)
A = 29 (z 1);
f(z) = 1 2(2+z+1 2% (3.4.3)

Forz! 0 the metric asymptotes to AdS; in Poincae coordinates with the
boundary at z = 0 and there is a black hole horizon at the rst zero, z = 1,
of the function f (z). In this parametrization the black hole temperature
and U(1) chemical potential | equal to the CFT temperature and bare

chemical potential | are

Tecrr = TeH = T(3 P); o= BH = 29: (3.4.4)

The parameter q is bounded between 0 ¢® 3 interpolating between
AdS-Schwarzschild and the extremal AdS black hole. For the equation of
motion of fermions in this background we shall need the spin connection
belonging to this metric. The nonzero components are
P
A =S i[a§17: (3.4.5)

yab= oy 1 @ | .
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Applying the AdS 4+1 /CFT 4 dictionary the CFT fermion-fermion cor-
relation function is computed from the action Spyk (5.2.5) supplemented
by appropriate boundary terms, Sygy. One constructs the on-shell action
given an arbitrary set of fermionic boundary conditions and the latter are
then interpreted as sources of fermionic operators in the CFT:

h [
Zcrr ()= eCicer = exp i(Spuk + Spay)®" "'( (3) (3.4.6)

leads=

The issue of which boundary terms ought to be added to the bulk action
tends to be subtle. For fermionic systems it is critical as the buk action
(5.2.5) identically vanishes on-shell [57, 84, 56, 16, 66]. Because the eld
equations for the fermions are rst order and half the components of the
spinor correspond to the conjugate momenta of the other half, we can in
fact only choose a boundary source for half the components of . Pro-
jecting onto eigenstates of %, Z = , we will choose a boundary
source ¢ limz o +(z = zo) (to regulate the theory we impose the
boundary conditions at a small distancezy away from the formal bound-
ary z =0 and take zo ! O at the end). The boundary value © is not
independent but related to that of ¢ by the Dirac equation. We should
therefore not include it as an independent degree of freedom when tak-
ing functional derivatives with respect to the source. Adding a bowndary
action,

Z
2 —_—
L d3xp h . (3.4.7)

Spay =
g 2 421 =179

with h  the induced metric ensures a proper variational principle [16].

The variation of from the boundary action,
z
L2 P—
Sbdy 572 dx h . ; (3.4.8)
4 z=129 9 xed

+

now cancels the boundary term from variation of the bulk action

S bulk 57 g (B+m) + (B+m))
4
L2 z P—
+—2 h + + (349)
2 4 =129 0 xed

+
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3.4.2 The Fermion Green's function.

To compute the fermion Green's function, we thus solve the eld-guation
for (z)with ¢ lim, o +(z = zo) as the boundary condition, sub-
stitute this solution back into the combined action Sy, + Spgy and func-
tionally di erentiate twice. As  ¢o( ) obeys the eld-equation | the
Dirac Equation |

®+m) o 9)=0; (3.4.10)

the contribution to the on-shell action is solely due to the boundary adion
Shay in €q. (3.4.7). To solve the Dirac equation, we Fourier transform
along the boundary,

z
i did %k ioxd i
(z;x';t) = zr ( z;k;1)ekix it (3.4.11)
and project onto the eigenstates of 2, *# = . Choosing the basis
of Dirac matrices
z 3 ]11 i - 1 i : t—- 1 t—- 1 i 3,(3412)

we can consider  to be two-component Dirac spinors appropriate for
d = 3 from here on. In the charged AdS black hole background with non-
zero gauge eld from eq. (6.3.43), the Dirac equation decomposes into the
two equations

@+A) = F ; (3.4.13)
with
_ 1 z@f Lm
A= 53 A _
i h p _ R
F o= o (!'+29q(z 1) '+ fk; ' : (3.4.14)
We can eliminate either . or and readily derive a second order
dynamical equation for . Using that
FE= TTi+ TaTo+ ToT2 T (3.4.15)

we can invert E to rewrite

g =

5 @+AT L= (3.4.16)
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and use the equation to obtain

(@+ A )%(@+ AT) + = F Lo (3.4.17)
Using the identity eq. (5.2.4) repeatedly, this is equivalent to
d+P@@+Q(z) +=0 (3.4.18)
with
+ E
P@)=(A +A") [@Fls;

Q@)= A A" +(@A%) [@;ﬁ%/v + T2 (3.4.19)

Note that both P(z) and Q(z) are two-by-two matrices. The equation
for is simply obtained by switching A* with A and F with F;
it is the CPT conjugate obtained by sendingm ! m and fl;k ;;qg9 !
f L ki qo

We can now derive a formal expression for the propagator in terms
of the solutions to the second-order equation. We write the on-shell blk
eld as

¥z) = F(@F, Nz0) 9(20) (3.4.20)

whereF (u) is the two-by-two matrix satisfying the second order equation
(4.2.11) [16] subject to a boundary condition in the interior of AdS. We will
discuss the appropriate interior boundary condition below. There aretwo

independent solutions 9)(2); &2)(2) that obey the interior boundary
condition, one for each component of the spinor. In terms of this solution
the matrix F. (z) equals

o= Yo P9 - (3.4.21)
Similarly for  s°(z) we write
sofzy= F (2)F Yz0) °(z0) : (3.4.22)

However, 9 is not independent as we emphasized earlier. It is related
to 9 through the Dirac equation in its projected form (4.3.13). Acting
with @+ A* on both sides of (5.2.11) we see that [16]

(@+A") 3 =(@+ A")F+(29)F, H(z0) ¢
, E oo = EF (2)F, Yz0) 0 : (3.4.23)
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We have used that all thez dependence of $°(z) is encoded in the matri-
cesF (z) and therefore F (z) obey the same projected Dirac equations.
Thus we nd that © equals

O = F (20)F, Yz0) ?: (3.4.24)

Substituting this constraint into the boundary action, we obtain an ex-
pression for the full on-shell action in terms of the solutionsF (z):

Z
2 Id 2kp —
gon shell — L did °kP h OF (2)F, Y(z0) ?: (3.4.25)

2121 =120 (2 )3

Up to a normalization N the two-point function is therefore

G(; k)= NiF (z0)F. Y(20) : (3.4.26)

This is the time-ordered two-point function. For the spectral function we
shall need the imaginary part of the retarded propagator. At nite tem-
perature the AdS background is no longer regular in the interior but has a
horizon. In principle one should also consider its boundary contributon.
The retarded propagator prescription of [105] | veri ed in [58]| is to
ignore this contribution and to impose infalling boundary conditions at
the horizon instead of regularity at the center of AdS. This is what we
shall do.

The retarded Green's function for fermions is still a matrix. Parity
and rotational invariance dictate that it can be decomposed as

Gr(k)= ¢+ '+ 1 i (3.4.27)

Our main interest, the spectral function, proportional to Imh Y i, is the
imaginary part of . Speci cally

A( k)= 1|m(Tri 'Gr(l;k)) : (3.4.28)

As a consequence of the underlying conformal symmetry both the Green
function and the spectral function possess a scaling symmetry. Eq5.2.14)
shows that the frequency! and momenta k are naturally expressed in
units of an e ective temperature Tets ( ¢) 3=4 which depends on the

chemical potential ¢

1
° 1 1S ( ' 3)2
=T@-+ = 10 VA
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The spectral function computed from AdS is therefore naturally of the
form

N S . S
AT G Td 2 f Tert (0) Tett (o) T
Any rescaling of Tgs can be compensated by a rescaling of the frequencies
and momenta and (=T is the single independent parameter determining
the characteristics of the fermion spectral function. The resultsin the
main text have been converted to units ofk=T or k= ¢ for clarity of the
presentation.

3.4.3 Masses and Dimensions.

A nal crucial step is the establish the aforementioned relation between the
mass of the AdS fermion and the scaling dimension of the dual fermionic
operator in the CFT. For generality we shall work in d dimensions in this
subsection. This subsection recapitulates [16].

The scaling behavior can be read o from the asymptotic behavior
of the solution near the boundary z = 0. In this limit the second order
equation (4.2.11) diagonalizes: (setting. = 1)

d dd+2) 4m(1+ m)
g 2@ 472
Clearly the temperature or chemical potential of the black-hole is imma-
terial to the asymptotic scaling behaviour at z = O; in terms of the CFT
z = 0 is the UV of the theory and it should be insensitive to the in-
frared physics at the horizon. The leading powers of the two indepedent
solutions to this equation are

+ =0+ (3.4.29)

(2)= 25T M L)+ 2T IM AL + ) 0 (3.4.30)
(we may drop the absolute value signs in principle, but as it emphasies
the special valuem =  1=2 it will be instructive to keep them.) Similarly
for (z) the leading singularities are obtained by sendingm ! m

d+1
(2)= 2"

ImoZiC w )+ 2 Im OSA 4+ 00): (3.4.31)

However, recall that the Dirac equation relates the two asymptotic be-
haviors and that the boundary value of is not independent. Near
z=0

d=2 m

(@ f) + = -Ejzzo + (3432)
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Thus [/ +andA | A..

Because the equation diagonalizes, each component of (z) can be
considered independently and the matrices= (z) diagonalize in the limit
z! 0. The scaling behavior of the Green's function is then readily read
o from its de nition

1 Lz MG w2 GA + )
FF,

G(l:k)= —
BO= R 25T MBI, )+ 2T IME S, 4 )

(3.4.33)

The dominant scaling behavior depends on the value ofn and there are

three dierent regimes (1): m > 3, (Il): 3 >m > 3, and (Ill ):

% >m . In these regimes the Green's function behaves as

8
%z — oz Ay m> 1
+ +
G(hk) _z2" —+: +z A+ I>m> 1(34.34)
1 1 A 1 .
E T+... +ZZT ++... §>m.

In regime (1) the contribution proportional to z yields a contact term [16].
Recall that at zero-temperature and chemical potential each power ofz

is accompanied by a power of momentum: the dimensionless arguments
of the solutions 3°(z) are kz and !z . Discarding the term analytic in z
and thus analytic in momenta, the second term proportional to z?™ yields

a Green's function

G(:k) (zo!)?m (3.4.35)

corresponding to the two-point function of a conformal operator of weight
= %+ m. In regime (ll) there is no contact term and one immediately
nds the same relation between the AdS fermion mass and the scaling
dimension of the conformal operator. In regime (I1l), however, one nds
an explicit pole (1z ) !independent of the AdS fermion mass or the space-
time dimension. It signals an inconsistency in the theory and one cannot
consider this regime as physical [16]. This is reminiscent of the sration
for scalars where form? > d?=4 +1 one nds analytic terms in the

scalar

two-point correlator; for d*=4+1 > m2_.. > d’=4 both solutions

are normalizable; and for d?=4>m?2__ the theory is inconsistent. The
analogy with scalars may appear strange since a negative mass-squared for
scalars clearly can be problematic, whereas the sign of the fermion-mass

term does not have any physical consequences normally. Recall, hoves,
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that the same AdS bulk action can describe several CFTs depending on
the boundary terms added to the action [67]. We have chosen a very spe-
ci ¢ boundary action such that . (z) is the independent variable which
breaks the degeneracy between (bulk) theories wittim > 0 and m < 0. In
this theory m is bounded below by 1=2. We could have chosen a di erent
theory with (z) the independent variable. One would nd then that m
is bounded from above by £2. The regime E2>m > 1=2 is present in
both theories; it is the range where both solutions are normalizable and
choosing either 4 (z) or (z) as the independent variable corresponds
to switching the \sources" and \expectation values" in the usual way (see
also [62]).

This analysis also teaches us that the normalizationN should go as
z3™ to obtain a nite answer in the limit zo! 0.2

3.4.4 The retarded propagator boundary conditions at the
horizon.

The nal component of our set-up will be the boundary conditions at the
horizon of the the black hole. To compute the retarded propagator in
thermal settings/black hole the appropriate b.c. are those infalling into
the horizon. Near the horizon atz = 1, the second order equation for
becomes the same for both , and and moreover diagonalizes:

3 ~2 4+ I
Z)@+ a 21)62 +0((z 1)=0: (3.4.36)

¢ 2(1

with +  25'oy = 7 This equation has solutions of the form

=(1 2" ig+u)+@ z) T oa(g+ ) (3.4.37)

The second solution has the incoming boundary condition we seek.

ZNote that the factor L?=2 2 in the on-shell action (5.2.10) follows from an un-
conventional normalization of the elds in the action (5.2.5 ). It would be absent for
conventional normalization. D

3A technical detail is that due to the factors . f in the eld equation, there is no
standard Frobenius soluton ~ =(1 z) = & !_ al’(1 z)". Rather half-integer
powers of (1 z) appear as well. We need the Frobenius method for the numerics: we
use it to construct a second b.c. for the derivative of . | see e.g. [12]. Changing
coordinatesto z=1  s? solves this problem.
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3.5 Finite temperature and the position of the
Fermi surface

With some hindsight from the chapters to follow, as well as in the light
of the detailed analysis performed in [79, 27] we will now comment on our
nding that at nite temperature the zero of energy in eld theory, i.e.
the position of the Fermi surface lies at nite !, i.e. di ers from the AdS
zero of energy! = 0. In our original paper reproduced in the previous
sections, we identi ed the zero of energy at nite temperature with the
maximum of the peak height. Our assumption was clearly that the peak
maximum closely corresponds to the de nition of zero energy: a pole for
real! at T = 0. For small T= thus the pole should not move much
as the temperature is changed, and therefore neither should the posin
of the maximum peak height. We can test this hypothesis by plotting
the position of the maximum of the spectral function A(!;k = kg) for
three di erent temperatures (Figure 3.7A). Surprisingly, we see that the
position of the maximum Eg(T) drastically depends on T and moves
toward ! =0 as the temperature is lowered. This suggests (in agreement
with the arguments given in [79, 27]) that the sharp Fermi surface, which
only exists at T = 0, is indeed at zero energy. This strong dependence
of the peak position on temperature is not known in eld theory models,
and in the following chapter we will see that it suggests an inconsistecy
in the probe limit calculations presented in this section. The chaming
position Eg (T) is due to the instability of the black hole background in
the presence of Fermi surface (in the next chapter we will see thagravity
dual of a Fermi surface always has nite fermion density, which backeacts
on the gauge eld and the metric).
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Figure 3.7: Spectral weight at its maximum, i.e. at the position of the peak for
three di erent values of temperature and =5=4. We see that the maximum
moves toward zero energy as the temperature is lowered. This sugdeghat the
true zero temperature ground state is indeed att = 0. However, the fact that
the "Fermi energy" is strongly temperature-dependent is in fact a sgnal that
we are looking at the false vacuum, i.e. that a self-consistent calcation with
backreaction would yield a background di erent from the Reissner-Nordstem
black hole. (B) The relation between the linearly dispersing quagarticle peak
and the! =0 peak with slow (sublinear) dispersionas ! 3=2fork= ¢ =0:35
and (=T = 3009.
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Chapter 4

AdS dual of a Fermi liquid:
Dirac hair [18]

4.1 Introduction

Fermionic quantum criticality is thought to be an essential ingredient in
the full theory of high T, superconductivity [112, 102]. The cleanest exper-
imental examples of quantum criticality occur in heavy-fermion systems
rather than high T, cuprates, but the experimental measurements in heavy
fermions raise equally confounding theoretical puzzles [80]. Most tihgly,
the resistivity scales linearly with the temperature from the onset of su-
perconductivity up to the crystal melting temperature [42] and thi s linear
scaling is in conict with single correlation length scaling at critic ality
[86]. The failure of standard perturbative theoretical methods to desribe
such behavior is thought to indicate that the underlying quantum critical
system is strongly coupled [117, 78].

The combination of strong coupling and scale-invariant critical dynam-
ics makes these systems an ideal arena for the application of the AAS/CFT
correspondence: the well-established relation between stronglyoapled
conformal eld theories (CFT) and gravitational theories in anti-de Sit -
ter (AdS) spacetimes. An AdS/CFT computation of single-fermion spec-
tral functions | which are directly experimentally accessible vi a Angle-
Resolved Photoemission Spectroscopy [11, 21, 121] | bears out this promise
of addressing fermionic quantum criticality [79, 17, 27, 28] (see also [76,
91]). The AdS/CFT single fermion spectral function exhibits distinct
sharp quasiparticle peaks, associated with the formation of a Fermi sur
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face, emerging from a scale-free state. The fermion liquid which tls Fermi
surface captures is generically singular: it has either a non-linearidper-
sion or non-quadratic pole strength [79, 27]. The precise details depend
on the parameters of the AdS model.

From the AdS gravity perspective, peaks with linear dispersion cor-
respond to the existence of a stable charged fermionic quasinormal med
in the spectrum of a charged AdS black hole. The existence of a sta-
ble charged bosonic quasinormal mode is known to signal the onset of
an instability towards a new ground state with a pervading Bose con-
densate extending from the charged black hole horizon to the boundary of
AdS. The dual CFT description of this charged condensate is spontaneous
symmetry breaking as in a super uid and a conventional superconduar
[40, 47, 49]. For fermionic systems empirically the equivalent robust =0
groundstate is the Landau Fermi Liquid | the quantum groundstate of
a system with a nite number of fermions. The existence of a stable
fermionic quasinormal mode suggests that an AdS dual of a nite fermion
density state exists.

Here we shall make a step towards the set of AAS/CFT rules for CFTs
with a nite fermion density. The essential ingredient will be M igdal's the-
orem, which relates the characteristic jump in fermion occupation mmber
at the energy! ¢ of the highest occupied state to the pole strength of the
guasiparticle. The latter we know from the spectral function analyss and
its AdS formulation is therefore known. Using this, we can show that the
fermion number discontinuity is encoded in the probability density of the
normalizable wavefunction of the dual AdS fermion eld.

This shows that the AdS dual of a Fermi liquid is given by a system
with occupied fermionic states in the bulk. The Fermi liquid is clearly
not a scale invariant state, but any such states will have energy, momen
tum/pressure and charge and will change the interior geometry from AdS
to something else. Which particular (set of) state(s) is the right ore, it
does not yet tell us, as this conclusion relies only on the asymptotic &
havior of fermion elds near the AdS boundary. Here we shall take the
simplest such state: a single fermiort. Constructing rst a set of equa-
tions in terms of the spatially averaged density, we nd the associatd
backreacted asymptotically AdS solution. This approximate solution is
already good enough to solve several problems of principle:

A charged AdS black hole in the presence of charged fermionic modes

1These solutions are therefore the AdS extensions of [30{33].
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has a critical temperature below which fermionic Dirac \hair" forms.
For our e ective single fermion solution, the derivative of the free en-
ergy has the characteristic discontinuity of a rst order transition. In
AdS/CFT this has to be the case: In contrast to bosonic quasinormal
modes, a fermionic quasinormal mode can never cause a linear in-
stability indicative of a continuous phase transition. In the language
of spectral functions, the pole of the retarded Green's function can
never cross to the upper-half plane [27f. The absence of a pertur-
bative instability between this conjectured Dirac "black hole hair"
solution and the \bald" charged AdS black hole can be explained if
the transition is a rst order gas-liquid transition. The existence of
rst order transition follows from a thermodynamic analysis of the
free energy rather than a spectral analysis of small uctuations.

This solution with nite fermion pro le is the preferred ground stat e
at low temperatures compared to the bare charged AdS black hole.
The latter is therefore a false vacuum in a theory with charged
fermions. Confusing a false vacuum with the true ground state can
lead to anomalous results. Indeed the nite temperature behavior
of fermion spectral functions in AdS Reissner-Nordstmem, exhibitel
in the combination of the results of [79, 27] and [17], shows strange
behavior. The former [79, 27] found sharp quasiparticle peaks at a
frequency! £ = 0 in natural AdS units, whereas the latter [17] found
sharp quasiparticle peaks at nite Fermi energy! g 6 0. As we will
show, both peaks in fact describe the same physics: tHe- 6 0 peak
is a nite temperature manifestation of (one of the) ! = 0 peaks
in [27]. Its shift in location at nite temperature is explained by
the existence of the nearby true nite fermion density ground state
separated by a potential barrier from the AdS Reissner-Nordstrem
solution.

The solution we construct here only considers the backreaction on
the electrostatic potential. We show, however, that the gravitational
energy density diverges at the horizon. This ought to be, as one ex-
pects the infrared geometry to change due to fermion prole. The
charged AdS-black hole solution corresponds to a CFT system in
a state with large ground state entropy. This is the area of the
extremal black-hole horizon atT = 0. Systems with large ground-

2Ref. [10] argues that the instability can be second order.
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state entropy are notoriously unstable to collapse to a low-entropy
state, usually by spontaneous symmetry breaking. In a fermionic
system it should be the collapse to the Fermi liquid. The nal state
will generically be a geometry that asymptotes to Lifschitz type,
i.e. the background breaks Lorentz-invariance and has a double-
pole horizon with vanishing area, as expounded in [50]. Indeed the
gravitational energy density diverges at the horizon in a similar way
as other systems that are known to gravitationally backreact to a
Lifshitz solution. The fully backreacted geometry includes impor-
tant separate physical aspects | it is relevant to the stability and
scaling properties of the Fermi liquid | and will be considered in a
companion article.

The Dirac hair solution thus captures the physics one expects of the
dual of a Fermi liquid. We have based its construction on a derived e
of AAS/CFT rules to describe systems at nite fermion density. Qualita-
tively the result is as expected: one also needs occupied fermionstates
in the bulk. Next to our e ective single fermion approximation, another
simple candidate is the backreacted AdS-Fermi-gas [50]/electron star [51]
which appeared during the course of this workd The di erence between
the two approaches are the assumptions used to reduce the interactin
Fermi system to a tractable solution. Ideally, one should carefully tack
all the fermion wavefunctions as in the recent article [96]. As explaird in
[19] the Fermi-gas and the single Dirac eld are the two \local" approx-
imations to the generic non-local multiple fermion system in the buk,
in very di erent regimes of applicability. The electron-star/Ferm i-gas is
considered in the Thomas-Fermi limit where the microscopic charge of
the constituent fermions is sent to zero keeping the overall chaye xed,
whereas the single Dirac eld clearly is the 'limit' where the microscopic
charge equals the total charge in the system. This is directly eviderin the
spectral functions of both systems. The results presented heréhew that
each pole in the CFT spectral function corresponds to a unique occupd
Fermi state in the bulk; the electron star spectra show a parametrcally
large number of poles [53, 63, 19], whereas the Dirac hair state has a single
guasiparticle pole by construction. The AdS-Dirac-hair black hole deived
here therefore has the bene t of a direct connection with a unique Ermi
liquid state in the CFT. This is in fact the starting point of our deri vation.

3See also [23, 6]. An alternative approach to back-reacting fermions is [64].
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In the broader context, the existence of both the Dirac hair and backre-
acted Fermi gas solution is not a surprise. It is a manifestation ofuniversal
physics in the presence of charged AdS black holes. The results heand
those of [79, 27, 50, 51], together with the by now extensive literature
on holographic superconductors, i.e. Bose condensates, show that at suf-
ciently low temperature in units of the black-hole charge, the electric
eld stretching to AdS-in nity causes a spontaneous discharge of thebulk
vacuum outside of the horizon into the charged elds of the theory |
whatever their nature. The positively charged excitations are repded by
the black hole, but cannot escape to in nity in AdS and they form a charge
cloud hovering over the horizon. The negatively charged excitationsdil
into the black-hole and neutralize the charge, until one is left with an un-
charged black hole with a condensate at niteT or a pure asymptotically
AdS-condensate solution atT = 0. As [50, 51] and we show, the statistics
of the charged particle do not matter for this condensate formation, ex-
cept in the way it forms: bosons superradiate and fermions nucleate. fie
dual CFT perspective of this process is \entropy collapse”. The nal qate
therefore has negligible ground state entropy and is stable. The study of
charged black holes in AAS/CFT is therefore a novel way to understand
the stability of charged interacting matter which holds much promise.

4.2 From Green's function to AdS/CFT rules for
a Fermi Liquid

We wish to show how a solution with nite fermion number | a Fermi | ig-
uid | is encoded in AdS. The exact connection and derivation will requ ire
a review of what we have learned of Dirac eld dynamics in AdS/CFT
through Green's functions analysis. The de ning signature of a Fermi
liquid is a quasi-particle pole in the (retarded) fermion propagator,

Z
Gr = + regular 421
R R VE(K Kkg) J ( )
Phenomenologically a non-zero residue at the poleZ, also known as the
pole strength, is the indicator of a Fermi liquid state. Migdal famously
related the pole strength to the occupation number discontinuity at the
pole! =0.

z=lm me( ) ne(t + )] (4.2.2)
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where 7
|
ne(!)=  d%kfep '? IMGgr(!;k ):

with fgp the Fermi-Dirac distribution function. Vice versa, a Fermi lig-

uid with a Fermi-Dirac jump in occupation number at the Fermi energy
' =0 has a low-lying quasiparticle excitation. Using our knowledge of
fermionic spectral functions in AAS/CFT we shall rst relate the pole -
strength Z to known AdS quantities. Then using Migdal's relation, the
dual of a Fermi liquid is characterized by an asymptotically AdS solution
with non-zero value for these very objects.

The Green's functions derived in AAS/CFT are those of charged fermiont
operators with scaling dimension , dual to an AdS Dirac eld with mass
m = %. We shall focus ond = 2+ 1 dimensional CFTs. In its gravita-
tional description this Dirac eld is minimally coupled to 3+1 dime nsional
gravity and electromagnetism with action

z

p_ 1 6 1
S=  d% 957 R+ ZF,\ﬁN (B+m) : (4.2.3)

For zero background fermions, =0, a spherically symmetric solution is
a charged AdS black-hole background

L2 2 L2 dz?
2 _ 2 2 2 L= .
ds® = 2 f (2)dt“ + dx“ + dy- + 212
f(z2) = 1 20+z+2% 27 ;
AP = 2q (z 1): (4.2.4)

Here Agbg) is the time-component of the U(1)-vector-potential, L is the
AdS radius and the temperature and chemical potential of the black hole
equal

T=,06 d); o= 29; (4.2.5)
where q is the black hole charge.
To compute the Green's functions we need to solve the Dirac equation

in the background of this charged black hole:

el A(Dm +iegAy) + m =0 ; (4.2.6)
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where the vielbein e/’\(' , covariant derivative Dy, and connectionAy, cor-
respond to the xed charged AdS black-hole metric and electrostatic po-
tential (6.2.4)Denoting Ap = and taking the standard AdS-fermion

projection onto = %(1 ), the Dirac equation reduces to
(@+A) = F (4.2.7)
with
1 zf 0 mL
AT Y P
o . _
£ = “':g)h-é?m': (4.2.8)

Here  are the 2+1-dimensional Dirac matrices, obtained after decom-
posing the 3+1 dimensional -matrices.

Explicitly the Green's function is extracted from the behavior of the
solution to the Dirac equation at the AdS-boundary. The boundary be-
havior of the bulk fermions is

3 5
Arzz M+ Byzzt ™M+

Azd MiB z3tM4 s (4.2.9)

+(Kk;2)
(Lk;2)

whereA (I;k); B (!;k ) are not all independent but related by the Dirac
equation at the boundary

A= ——OA,; B.= —— % : 4.2.1
em 1) T 7 (2m +1) (4.2.10)
The CFT Green's function then equals [17, 62, 79]
R H 2m (Z) ; — Bi .
Gr = Izlpoz e singular = AL (4.2.11)

In other words B is the CFT response to the (in nitesimal) source A, .
Since in the Green's function the fermion is a uctuation, the functions
(z) are now probe solutions to the Dirac equation in a xed grav-
itational and electrostatic background (for ease of presentation we are
considering  (z) as numbers instead of two-component vectors). The
boundary conditions at the horizon/AdS interior determine which Green's
function one considers, e.g. infalling horizon boundary conditions yikl the
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retarded Green's function. For non-zero chemical potential this femionic
Green's function can have a pole signalling the presence of a Fermuis
face. This pole occurs precisely for a (quasi-)normalizable mode,el. a
speci ¢ energy!  and momentum kg where the external sourceA. (!;k )
vanishes (for infalling boundary conditions at the horizon).

Knowing that the energy of the quasinormal mode is alwaysl ¢ = 0
[79] and following [27], we expandGr around! =0 as:

BO+1B @M+ :::

GR(!): .
AE,O)+ A 9) +

(4.2.12)

A crucial point is that in this expansion we are assuming that the pole will
correspond to a stable quasiparticle, i.e. there are no fractional poers
of I less than unity in the expansion around! ¢ = 0 [27]. Fermions in
AdS/CFT are of course famous for allowing more general pole-structures
corresponding to Fermi-surfaces without stable quasiparticles [27]but
those Green's functions are not of the type (4.2.1) and we shall therefore
not consider them here. The speci ¢ Fermi momentumkg associated with
the Fermi surface is the momentum value for which the rst! -independent
term in the denominator vanishesAEro)(kp) =0 | for this value of k = kg
the presence of a pole in the Green's functions at = 0 is manifest.
Writing AE,O) = a+(k kg)+ :::and comparing with the standard quasi-
particle propagator,
z

Gr = ! T wk k) + regular (4.2.13)

we read o that the pole-strength equals

Z = BO (ke )=AD (ke):

We thus see that a non-zero pole-strength is ensured by a non-zero
value ofB (! =0;k = kg) |the \response” without corresponding source
as A@(kg) 0. Quantitatively the pole-strength also depends on the
value of A (ke) @A+ (ke )ji o, which is always nite. This is not a
truly independent parameter, however. The size of the pole-stnegth has
only a relative meaning w.r.t. to the integrated spectral density. This nor-
malization of the pole strength is a global parameter rather than an AdS
boundary issue. We now show this by proving thatA(f)(kF) is inversely

proportional to B(O)(kp) and henceZ is completely set byB(o)(kF), ie.
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Z | B(O)(kF)jz. ConsideratransformW( +:A; +:p) Of the Wronskian
W( +a; +B8)= +a@ +8 (@ +.a) +.p for two solutions to the
second order equivalent of the Dirac equation for the eld

@+P(@2@+Q:(z) +=0 (4.2.14)

that is conserved (detailed expressions foP (z) and Q- (z) will be given
later):

Z z
W( +a@; +8(2)iz:20) = exp P(z) W( +a(2):; +8(2)(4.2.15)

20

For this quantity it holds @W = 0. Here Zy !is the in nitesimal distance
away from the boundary at z = 0 which is equivalent to the Uly-cuto in

the CFT. Setting k = ks and choosing for +.a = A, %2 m 1 anz"
and ,.g = B,z>2m ﬁ:o bz"r the real solutions which asymptote to
solutions with B+ (I;k g) = 0 and A, (!;k ) = 0 respectively, but for a
value of ! in nitesimally away from ! = 0, we can evaluate v at the
boundary to nd, #

W=2z@+2mA.B, = z3A:B (4.2.16)

The last step follows from the constraint (5.2.2) where the reduction fom
two-component spinors to functions means that © is replaced by one of
its eigenvalues i. Taking the derivative of W at! =o0for k = ke
and expandingA; (I;k g) and B (!;k ) as in (4.2.12), we can solve for
Af,l)(kp) in terms of B(O)(kp) and arrive at the expression for the pole

strength Z in terms of jB @ (kg)j2:

3
Zj

_ in (0) 2.
=20 igO)2: (4.2.17)
@Wj) =0 k=k,

z

Because@W, asW, is a number that is independent ofz, this expression
emphasizes that it is truly the nonvanishing subleading termB(O)(! FiKg)
which sets the pole strength, up to a normalization @W which is set
by the fully integrated spectral density. This integration is always UV-
cut-o dependent and the explicit zp dependence should therefore not

‘P(z)= 3=z+:::nearz=0
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surprise us® We should note that, unlike perturbative Fermi liquid theory,
Z is a dimensionful quantity of mass dimension tn +1 =2 2, which
illustrates more directly its scaling dependence on the UV-energycale zo.
At the same time Z is real, as it can be shown that both@fNj! =0 k=ke =

z3AYBO and B are real [27].

4.2.1 The AdS dual of a stable Fermi Liquid: Applying
Migdal's relation holographically

We have thus seen that a solution with nonzeroB (! ¢; k) whose corre-
sponding external source vanishes (by de nition of! ¢; kg), is related to
the presence of a quasiparticle pole in the CFT. Through Migdal's theo-
rem its pole strength is related to the presence of a discontinuityof the
occupation number, and this discontinuity is normally taken as the char-
acteristic signature of the presence of a Fermi Liquid. Qualitatively we can
already infer that an AdS gravity solution with non-vanishing B (! f;kg)
corresponds to a Fermi Liquid in the CFT. We thus seek solutions to he
Dirac equation with vanishing external source A, but non-vanishing re-
sponseB coupled to electromagnetism (and gravity). The construction
of the AdS black hole solution with a nite single fermion wavefunction is
thus analogous to the construction of a holographic superconductor [47]
with the role of the scalar eld now taken by a Dirac eld of mass m.
This route is complicated, however, by the spinor representation of
the Dirac elds, and the related fermion doubling in AdS. Moreover, rela-
tivistically the fermion Green's function is a matrix and the pole strength
Z appears in the time-component of the vector projection Ti 'G. As
we take this and the equivalent jump in occupation number to be the
signifying characteristic of a Fermi liquid state in the CFT, it wou Id be

SUsing that W is conserved, one can e.g. compute it at the horizon. There each slu-
tion +.a(Lke;z), +m(Ke;2)isalinear combination of the infalling and outgoing
solution

a 2 1=4+ {1= 4T a 2 1=4 {= 4T 4 ...

@ 2 "TEAT @ ) TP EAT 4 (d218)

+:(2)

+8(2)

yielding a value of e equalto (P(z)=1=2(1 2z)+ :::nearz=1)

i
W = 57N (20)( ) (4.2.19)

R h i
with N (z0) =exp [ dz P(2)

1
z 21 z) -
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much more direct if we can derive an AdS radial evolution equation for
the vector-projected Green's function and hence the occupation tmber
discontinuity directly. From the AdS perspective is also more conenient
to work with bilinears such as Green's functions, since the Dirac elds
always couple pairwise to bosonic elds.

To do so, we start again with the two decoupled second order equations
equivalent to the Dirac equation (4.2.7)

@+P@)@+Q (z) =0 (4.2.20)
with
-E .
ﬁv
Q @)=A A +(@A ) [@F,A +T2: (4221)

P2)=(A +A:) [@F]

Note that both P(z) and Q (z) are matrices in spinor space. The gen-
eral solution to this second order equation | with the behavior at the
horizon/interior appropriate for the Green's function one desires | is a
matrix valued function (M (z)) and the eld (z) equals (2) =

M (2) (hor) " Due to the rst order nature of the Dirac equation the

horizon values ™" are not independent but related by az-independent

matrix S ("7 = () \which can be deduced from the near-horizon

behavior of (5.2.2); specically S = ©. One then obtains the Green's

function from the on-shell boundary action (see e.g. [16, 17])
I

Spnd = di% (4.2.22)

Z=2p

as follows: Given a boundary source . for . (z2),i.e. +(2p) +, one
concludes that "7 = M, Y(z) + and thus +(2) = M+ (2)M, X(zo) -+,

(2)= M (2)SM, Y(z0) +. Substituting these solutions into the action
gives |

Sbnd = d’ +M (20)SM, *(20) + (4.2.23)
Z=12p
The Green's function is obtained by di erentiating w.r.t. 4+ and , and
discarding the conformal factor zZ™ with m the AdS mass of the Dirac
eld (one has to be careful formL > 1=2 with analytic terms [16])

G = lim 2z 2MM (z0)SM, Y(zo) : (4.2.24)
Zp!
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SinceM (z) are determined by evolution equations inz, it is clear that
the Green's function itself is also determined by an evolution egation in
z, i.e. there is some functionG(z) which reduces in the limit z! 0 to
z3™G. One obvious candidate is the function

GO(z)=M (2)SM, X(2): (4.2.25)

Using the original Dirac equations one can see that this function obeys
the non-linear evolution equation

@G22 = A GOz EM.SM,'+ A.GO@)+ GO 2)EGO(2) (4.2.26)

This is the approach used in [79], where a speci ¢ choice of momenta is
chosen such thatM . commutes with S. For a generic choice of momenta,
consistency requires that one also considers the evolution equatioroff
M. (2)SM, 1(2).

There is, however, another candidate for the extensionG(z) which
is based on the underlying boundary action. Rather than extending the
kernelM (z0)M, %(zo) of the boundary action we extend the constituents
of the action itself, based on the individual fermion wavefunctions (z) =

M (z)S% oM . Y(z0). We de ne an extension of the matrix G(z) including

an expansion in the complete set ' = f1; '; U;:::; 'vlag (with 4 =
i 9
G'(2)= M, Y(z0M+(2) 'M (2)SM, *(20)
G'(z0) = 'G(z0) (4.2.27)
where M = i °MYi 9. Using again the original Dirac equations, this

function obeys the evolution equation
@G'(2)= (A++A)G(2) M, M (QF 'M (2)SM, 5+
+M, M+ (2) 'EM. (2)SM, § (4.2.28)

Recall that E '+%p = Tl =il 4 7 Jia%ie )t is then straightforward to
see that for consistency, we also need to consider the evolution equans
of

JI=M,M:(2) 'Ms(2)SM, §; J'=M,gM (2) 'M (2)SM, 3

and
G'=M,gM (2) 'M.(2)SM, g
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The signi cant advantage of these functionsG'; G'; J' is that the evo-

lution equations are now linear. This approach may seem overly com-

plicated. However, if the vector T happens to only have a single com-

ponent nonzero, then the system reduces drastically to the four alls

J - GL: GI We shall see below that a similar drastic reduction occurs,

when we consider only spatially and temporally averaged functiong! =
dtd?xJ '

Now the two extra currents J ' have a clear meaning in the CFT. The
current G' (z) reduces by construction to ' times the Green's function
G™(zp) on the boundary, and clearly G' (z) is its hermitian conjugate. The
current J! reduces at the boundary toJ] = 'M+;oSM+;%. Thus J .
sets the normalization of our linear system. The interesting currehis the
current J ', Usingthat S= S 1, it can be seen to reduce on the boundary

to the combination J 2GL 'GL. Thus, JX 'J Listhe norm squared of
the Green's function, i.e. the probability density of the o -shell process.
For an o -shell process or a correlation function the norm-squared has
no real functional meaning. However, we are speci cally interestedn so-
lutions in the absence of an external source, i.e. th@n-shell correlation
functions. In that case the analysis is quite di erent. The on-shel condi-
tion is equivalent to choosing momenta to saturate the pole in the Gren's
function, i.e. it is precisely choosing dual AdS solutions whose leadg

external sourceA vanishes. ThenM, and M are no longer indepen-
i 0

dent, but Myo = B,= ) = >—1M 0S. As a consequence all

boundary values ofJ ' (zo); G' (zo); G' (zg) become proportional; speci -

cally using S = © one has that

. 2m +1 )
J °%(z0)jon shell = @m+1) 9GY(z0)jon shell (4.2.29)

is the \on-shell* Green's function. Now, the meaning of the on-shellcor-
relation function is most evident in thermal backgrounds. It equals the
density of states (! (k)) = 1ImGg times the Fermi-Dirac distribution
[77]

|
. ‘b
Tri °GE(! bareik) oy ghen =2 f F0 — 2 (!bare) (4.2.30)

For a Fermi liquid with the de ning o -shell Green's function (4. 2.1)
Lpe(ke) ! =0and (pue(K) = Zgp 2(k ke) (1) + i Thus
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we see that the boundary value ofJ (O)(zo)jon shell = ZfEp (0) 3(0) in-
deed captures the pole strength directly times a product of distibutions.
This product of distributions can be absorbed in setting the normaliza-
tion. An indication that this is correct is that the determining equat ions
for G'; G'; J! remain unchanged if we multiply G'; G'; J' on both
sides with M4 .o. If M4 o is unitary it is just a similarity transformation.
However, from the de nition of the Green's function, one can see that his
transformation precisely removes the pole. This ensures that we ohin
nite values for G'; G'; J' at the speci ¢ pole-values! r; ke where the
distributions would naively blow up.

Boundary conditions and normalizability

We have shown that a normalizable solution toJ © correctly captures the
pole strength directly. However, 'normalizable’ is still de ned in terms of
an absence of a source for the fundamental Dirac eld rather than
the composite eldsJ ' and G'. One would prefer to determine normaliz-
ability directly from the boundary behavior of the composite elds. T his
can be done. Under the assumption that the electrostatic potential is
regular, i.e.

= Z+ (4.2.31)

the \connection" T' is subleading to the connectionA near z = 0. Thus
the equations of motion nearz = 0 do not mix the various J'; G' and
the composite elds behave as

o 32m il o4, il 542m , ....

Ji = 3 omZ t 4,2 % |5e2mZ 0

o 5 2m , il o4, il 342m , ...

J' = 5 onZ t)4 Z7% J342mZ + 0

ol 4 2m 4 4153, I 442m 4 154 ...,

G = 14 oz +132°+ |42 + 152>+ 111 (4.2.32)

with the identi cation

J:|3 om = A+ A j4|1+=A+ 'B: + B+ 'Ay; jg+2m=B+ 'B, ;

j:|3+2m:A IA; lei, =A 'B +B IA; J|5 om = B 'B :

1) om = As A I13=A: 'B ; lge2m = B+ 'B ;
=B+ 'A (4.2.33)

A 'normalizable’ solution in J ' and thus J © is therefore de ned by the
vanishing of both the leading and the subleading term.
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4.3 An AdS Black hole with Dirac Hair

Having determined a set of AdS evolution equations and boundary con-
ditions that compute the pole strength Z directly through the currents
J (O)(z) and G' (z), we can now try to construct the AdS dual of a system
with nite fermion density, including backreaction. As we remarked in the
beginning of section 4.2.1, the demand that the solutions be normalizable
means that the construction of the AdS black hole solution with a nite
single fermion wavefunction is analogous to the construction of a holo-
graphic superconductor [47] with the role of the scalar eld now taken by
the Dirac eld. The starting point therefore is the charged AdS, black-
hole background (6.2.4) and we should show that at low temperatures this
AdS Reissner-Nordstem black hole is unstable towards a solution with
a nite Dirac prole. We shall do so in a simpli ed \large charge" limit
where we ignore the gravitational dynamics, but as is well known from
holographic superconductor studies (see e.g. [47, 49]) this limit already
captures much of the essential physics. In a companion article [20] we
will construct the full backreacted groundstate including the gravitational
dynamics.

In this large charge non-gravitational limit the equations of motion for
the action (4.2.3) reduce to those ofU(1)-electrodynamics coupled to a
fermion with charge g in the background of this black hole:

DyFMN = igeh "
0 = & A(Dy +iegAy) + m : (4.3.1)

Thus the vielbein €)' and and covariant derivative Dy remain those of the
xed charged AdS black hole metric (6.2.4), but the vector-potential now

contains a background pieceAébg) plus a rst-order piece Ay = A,(\?g) +

A(,Vll), which captures the e ect of the charge carried by the fermions.
Following our argument set out in previous section that it is more con-
venient to work with the currents J ' (z); G' (z) instead of trying to solve
the Dirac equation directly, we shall rst rewrite this coupled non -trivial
set of equations of motion in terms of the currents while at the same time
using symmetries to reduce the complexity. Although a system at nite
fermion density need not be homogeneous, the Fermi liquid ground state
is. It therefore natural to make the ansatz that the nal AdS solution is
static and preserves translation and rotation along the boundary. As the
Dirac eld transforms non-trivially under rotations and boosts, we cannot
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make this ansatz in the strictest sense. However, in some average sen
which we will make precise, the solution should be static and translabn-
ally invariant. Then translational and rotational invariance allow us to set
A; =0, A; =0, whose equations of motions will turn into contraints for
the remaining degrees of freedom. Again denotind\o = , the equations

reduce to the following after the projection onto = %(1 2y.
3
@ = W t.r 10
(@+A ) = E (4.3.2)
with
A o Lo om
-2z 2f z £
| i .
o= 'f+ 9) o, ﬂé?ki i (4.3.3)
as before.

The di cult part is to \impose" staticity and rotational invariance for
the non-invariant spinor. This can be done by rephrasing the dynamicsn
terms of fermion current bilinears, rather than the fermions themslves.
We shall rst do so rather heuristically, and then show that the equations
obtained this way are in fact the ow equations for the Green's functions
and composites] ' (z); G' (z) constructed in the previous section. In terms
of the local vector currents®

Jo(xiz)= +(x2)i  +(%2); I (X%2)=  (X2)i (x;2) ;
(4.3.4)
or equivalently
z
()= &k +( k2i . (p+ ki2);
Z
J (p;)= dk (k2 (p+ k;z) : (4.3.5)

rotational invariance means that spatial componentsJ' should vanish on
the solution | this solves the constraint from the A; equation of motion,
and the equations can be rewritten in terms ofJ? only. Staticity and

®In our conventions = i ©°.
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rotational invariance in addition demand that the bilinear momentum p
vanish. In other words, we agg only considering temporally and spatially
averaged densities:J (z) = dtd®x ( t;x;z)i ( t;x;z). Analogous to
the bilinear ow equations for the Green's function, we can act with the
Dirac operator on the currents to obtain an e ective equation of motion,
and this averaging over the relative frequencied and momenta k; will
set all terms with explicit k;-dependence to zerd. Restricting to guch
averaged currents and absorbing a factor o= in and a factor of g L3

in , We obtain e ective equations of motion for the bilinears directly
(@+2A )J° = £
_ 2 0 qoy.
(@+A++A )l = Qs JI7);
1
@ = Z?o?(JE +J9) ; (4.3.8)
with | = ++ 4 , and all elds are real. The remaining constraint

from the A, equation of motion decouples. It demands Im(+ ) =
‘z( + + ) = 0. What the equations (4.3.8) tell us is that for
nonzeroJ? there is a charged electrostatic source for the vector potential
in the bulk.
Momentarily we will motivate the e ective equations (4.3.8) at a more
fundamental level. Before that there are several remarks to be made

These equations contain more information than just current conser-
vation @J = 0. In an isotropic and static bac|_<\ground current con-
servation is trivially trueas @J = @J°%= i dle " 1391)=0
asJo(! 60)=0.

"To see this consider

(@2A ) Y( k) (kK= Vi L+ i ° +1Lkb voroyd (4.3.6)

f
The term proportional to is relevant for the solution. The dynami cs of the term
proportional to k; is

@ A, +A )Y "+ YT )= 2ip=(Y°.+ YO ). 437

The integral of the RHS over k' vanishes by the assumption of translational and ro-
tational invariance. Therefore the LHS of (5.2.14) and thus the s econd term in eq.
(5.2.13) does so as well.
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We have scaled out the electromagnetic coupling. AAgCFT 3 duals
for which the underlying string theory is known generically have
g = =L with the gravitational coupling constant as de ned in
(4.2.3). Thus, using standard AdS/CFT 3 scaling, a nite charge in
the new units translates to a macroscopic original charge of order
L= / N3, This large charge demands that backreaction of the
fermions in terms of its bilinear is taken into account as a source for

The equations are local. From the fundamental point of view, that
one considers nite density in the bulk, this is strange to say the
least. Generic multi-fermion con gurations are non-local, see e.g.
[96]. These equations can therefore never capture the full bulk
fermion dynamics. Our starting point has been a single fermion per-
spective, where the Pauli blocking induced non-locality is absat. In
that context local equations are ne. We have also explicitly aver-
aged over all directions parallel to the boundary and, as we have
shown in the previous section (see also footnote 7), it is this aver-
aging that tremendously simpli es the equations. The most curious
part may be that this unaveraged set of equations | and therefore
also eqs (4.3.8) | are all local in the radial direction z. From the
AdS perspective a many-fermion system should be non-local demo-
cratically and thus also exhibit non-locality in z, yet from the CFT
perspective wherez-dynamics encode RG- ow, it is eminently nat-
ural. We leave the resolution of this paradox to future work.

The justi cation of using (4.3.8) to construct the AdS dual of a regular
Fermi liquid is the connection between local fermion bilinears andhe CFT
Green's function. The complicated ow equations reduce precisgl to the
rst two equations in (é.3.8) upon performiﬂg the spacetime averaging aml
the trace, i.e. J° = d®kTrJ%and| = d®Tr G+ G . Combined
with the demand that we only consider normalizable solutions and the
proof that J © is proportional to the pole-strength, the radial evolution
equations (4.3.8) are the (complicated) AdS recasting of the RG- ow for
the pole-strength. This novel interpretation ought to dispel some ofthe a
priori worries about our unconventional treatment of the fermions through
their semi-classical bilinears. There is also support from the graty side,
however. Recall that for conventional many-body systems and fermions
in particular one rst populates a certain set of states and then tries to
compute the macroscopic properties of the collective. In a certain sese the
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equations (4.3.8) formulate the same program but in opposite order: one
computes the generic wavefunction charge density with and by imposig
the right boundary conditions, i.e normalizability, one selects only the
correct set of states. This follows directly from the equivalence btween
normalizable AdS modes and quasiparticle poles that are characterized by
well de ned distinct momenta kg (for | = !¢ 0). The demand that
any non-trivial Dirac hair black hole is constructed from normalizable
solutions of the composite operators (i.e. their leading and subleading
asymptotes vanisif) thus means that one imposes a superselection rule on
the spatial averaging in the de nition of J':

z

3% (2)jnorm d*k (ki ° (K)inorm
v4
= Bk Ajkj j ke)iB@ (k)j2z**2M 1+ :::(4.3.9)

We see that the constraint of normalizability from the bulk point of the
view, implies that one selects precisely the on-shell bulk ferion modes as
the building blocks of the density J°.

In turn this means that the true system that egs. (4.3.8) describe is
somewhat obscured by the spatial averaging. Clearly even a single ferom
wavefunction is in truth the full set of two-dimensional wavefunctions
whose momentumk' has length ke. However, the averaging could just
as well be counting more, as long as there is another set of normalizable
states once the isotropic momentum surfacgkj = jkgj is lled. Pushing
this thought to the extreme, one could even speculate that the syste
(4.3.8) gives the correct quantum-mechanical description of the many-
body Fermi system: the system which gravitational reasoning suggest
is the true groundstate of the charged AdS black hole in the presence of
fermions.

To remind us of the ambiguity introduced by spatial averaging, we

all give the boundary coe cient of normalizable solution for J° =
d®kJ © a separate name. The quantityJ %(zo) is proportional to the

80ne can verify that the discussion in section 4.2.1 holds also fa fully backreacted
solutions. The derivation there builds on the assumption that the boundary behavior of
the electrostatic potential is regular. It is straightforward to ch eck in (4.3.8) that indeed
precisely for normalizable solutions, i.e. in the absence of exlicit fermion-sources, when
both the leading and subleading terms in J° and | vanish, the boundary behavior the
scalar potential remains regular, as required.
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pole strength, which via Migdal's relation quanti es the characteristic oc-
cupation ngmber discontinuity at ! ¢ 0. We shall therefore call the
coecient  d°kjB j%jnormalizabe = NF-

Thermodynamics

At a very qualitative level the identi cation J%jnorm (2) Npz3t2m+ ...
can be argued to follow from thermodynamics as well. From the free
energy for an AdS dual solution to a Fermi liquid, one nds that the
charge density directly due to the fermions is

@ 3 nF

otal = 2—=F = ———>—+ +:.ii; (4.3.10)
@ 2m+ 1 Zol 2m

with z, ! the UV-cuto as before. The cut-o dependence is a consequence
of the fact that the system is interacting, and one cannot truly separate
out the fermions as free particles. Were one to substitute the naivdree
fermion scaling dimension = m+3=2 =1, the cuto dependence would
vanish and the identi cation would be exact.

We can thus state that in the interacting system there is a contribution
to the charge density from a nite number of fermions proportional to

3 Nge

= + i 4.3.11
T2 22 ’ (4311

although this contribution formally vanishes in the limit where we send
the UV-cuto  z,* to in nity.

To derive eq. (5.2.16), recall that the free energy is equal to minus ta
on-shell action of the AdS dual theory. Since we disregard the gravitatioal
backreaction, the Einstein term in the AdS theory will not contain any
relevant information and we consider the Maxwell and Dirac term only.
We write the action as,

Zl
1
s= P g EANDMFMN B m +
Z0
|
— 1
+ P + *SANF ; (4.3.12)
Z=2p

where we have included an explicit fermionic boundary term that fol
lows from the AdS/CFT dictionary [17] and n is a normal vector to the
boundary. The boundary action is not manifestly real, but its on-shell
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value which contributes to the free energy is real. Recall that the imag-
inary part of . decouples from eqgs. (4.3.8). The boundary Dirac
term in (5.2.10) is therefore equal tol = 2Re( + ).

To write the free energy in terms of the quantities ; and ng,
note that the on-shell bulk Dirac action vanishes. Importantly the bulk
Maxwell action does contribute to the free energy. Its contribution is

Z,
. 1
Fouk = lim dzd®x = @,
2! 0 Z% 2 on shell
1

1
dzd® — 39+ 20 1(4.3.13
Za'x ﬁ?( ) ( )

Iim
2! 0 on shell

20
where we have used the equation of motion (4.3.8). This contribution
should be expected, since the free energy should be dominated by-in
frared, i.e. near horizon physics. Due to the logarithmic singularityin the
electrostatic potential (Eq. (4.3.17) this bulk contribution diverges, but
this divergence should be compensated by gravitational backreaction. #A
the same time the singularity is so mild, however, that the free eergy, the
integral of the Maxwell term, remains nite in the absence of the Eingein
contribution.

Formally, i.e. in the limit zg ! 0, the full free energy arises from
this bulk contribution (4.3.13). The relation (5.2.16) between the charge
density and ng follows only from the regularized free energy, and is
therefore only a qualitative guideline. Empirically, as we will show, it is
however, a very good one (see Fig 4.1 in the next section). Splitig the
regularized bulk integral in two

Z,
1
Fouk =  dzd® ﬁa?( 3P +39 +
7 Z on shell
z
1
+ lim dzdx —p—=(32+39 ; (4.3.14)
20! 0 4 223" f * on shell

we substitute the normalizable boundary behavior of + = B, z%2*M +
D = B z3*M 4+ :::and = z + :::, and obtain for the
regularized free energy
Z, 1
- , ; 3 1 oig i2,32m o ...
F—Fhor,zon(z)+Izlor!n0 i d>xdz 573 iB j°z + 0+

d°x 4+2 1

— B4B z{"%?™+ > z 3 :(43.15

28 + 0 2 0 ( )
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Using that By = i °B =(2m+1) (eq. (5.2.2)), the second bulk term
and boundary contribution are proportional, and the free energy schemat-
ically equals

Z

i 3 1
—  horizon ; 3 i 0 1+2m - .
F=F + yom! 0 d°x 2em + 1) B i "B z > (4.3.16)

With the UV-regulator z, ! nite, this yields the charge density in Eq.
(5.2.16) after one recalls thatB = BYi ©.

With the derived rule that the AdS dual to a Fermi liquid has a nonzero
normalizable component in the currentJ®, we will now construct an AdS
solution that has this property: an AdS black hole with Dirac hair. Ig-
noring backreaction, these are solutions to the density equations (4.8).
In its simplest form the interpretation is that of the backreaction due to
a single fermion wavefunction, but as explained the spatial averagingf
the density combined with the selection rule of normalizability coud be
capturing a more general solution.

4.3.1 At the horizon: Entropy collapse to a Lifshitz solu-
tion

Before we can proceed with the construction of non-trivial Dirac hair
solutions to Egs. (4.3.8), we must consider the boundary conditions at
the horizon necessary to solve the system. Insisting that the righthand-
side of the dynamical equations (4.3.8) is subleading at the horizon, the
near-horizon behavior ofJ%: 1: is:

3% = Jphor 1 2z) P4y
| = o 2) P2+ 11

= Oa 2ma 2+ @ Ya z+:: @317

hor hor hor

If we insist that is regular at the horizon z =1, i.e. f]lo)r = 0, so that

the electric eld is nite, the leading term in  J° must vanish as well, i.e.
Jhor: = 0, and the system reduces to a free Maxwell eld in the pres-
ence of an AdS black hole and there is no fermion density pro le in the
bulk. Thus in order to achieve a nonzero fermion pro le in the bulk, we
must have an explicit source for the electric- eld on the horizon. Srictly

speaking, this invalidates our neglect of backreaction as the electriceld

and its energy density at the location of the source will be in nite. As
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we argued above, this backreaction is in fact expected to resolve thenite
ground-state entropy problem associated with the presence of a horizon
The backreaction should remove the horizon completely, and the back-
ground should resemble the horizonless metrics found in [50, 37, 51]; the
same horizon logarithmic behavior in the electrostatic potential was notel
there. Nevertheless, as the divergence in the electric eld onlyncreases
logarithmically as we approach the horizon, and our results shall hinge on
the properties of the equations at the opposite end near the boundary, we
shall continue to ignore it here. We shall take the sensibility of our esult
after the fact, as proof that the logarithmic divergence at the horizon is
indeed mild enough to be ignored.

The identi cation of the boundary value of J° with the Fermi lig-
uid characteristic occupation number jump ng rested on the insistence
that the currents are built out of AdS Dirac elds. This deconstructi on
also determines a relation between the horizon boundary conditions ofte
composite eldsJ%; 1. If (z)=C (1 z) ¥+ :::then Jyo = C2

and lhor = C+C . As the solution ST independent of the solution

hor
ffo)r which is regular at the horizon, we match the latter to the vector-

potential of the charged AdS black hole: fo)r = 209 9 o= . Re-
calling that S

hor =  (Jhor+ * Jnor; ), We see that the three-parameter

family of solutions at the horizon in terms of C , Elzo)r corresponds to
the three-parameter space of boundary value#\,; B and encoding a
fermion-source, the fermion-response/expectation value and the cimeical
potential.

We can now search whether within this three-parameter family a nite
normalizable fermion density solution with vanishing sourceA, = 0 exists

for a given temperature T of the black hole.

4.3.2 A BH with Dirac hair

The equations are readily solved numerically with a shooting methodrom
the horizon. We consider both an uncharged AdS-Schwarzschild solution
and the charged AdS Reissner-Nordstmm solution. Studies of bosonic con-
densates in AdS/CFT without backreaction have mostly been done in the
AdS-Schwarzschild (AdSS) background ([46, 47] and references therein)
An exception is [3], which also considers the charged RN black hole. As
is explained in [3], they correspond to two di erent limits of the exact
solution: the AdSS case requires that ng & that is, the total charge
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of the matter elds should be dominant compared to the charge of the
black hole. On the other hand, the RN limit is appropriate if ng

It ignores the e ect of the energy density of the charged matter sector on
the charged black hole geometry. The AdS Schwarzschild background is
only reliable near T, as at low temperatures the nite charged fermion
density is comparable to . The RN case is under better control for low
temperatures, because neall = 0 the chemical potential can be tuned to
stay larger than fermion density.

We shall therefore focus primarily on the solution in the background
of an AdS RN black hole, i.e. the system with a heat bath with chemical
potential | non-linearly determined by the value of @ = o at the
horizon | which for low T= should show the characteristic ng of a
Fermi liquid. The limit in which we may con dently ignore backreac tion
is M o for T . | for AdSS the appropriate limit is ) T

hor hor

for o T.

Finite fermion density solutions in AdS-RN

Fig. 4.1 shows the behavior of the occupation number discontinuity
ne j B j? and the fermion free-energy contribution| as a function of
temperature in a search for normalizable solutions to Egs (4.3.8) with tle
aforementioned boundary conditions. We clearly see a rst order transi
tion to a nite fermion density, as expected. The underlying Dirac eld
dynamics can be recognized in that the normalizable solution ford°(z)
which has no leading component near the boundary by construction, also
has its subleading component vanishing (Fig. 4.25.
Analyzing the transition in more detail in Fig. 4.3, we nd:

1. The dimensionless number discontinuity ng= 2 scales asT  in
a certain temperature rangeTe <T <T ¢, with > 0 depending on
gand , and Tg typically very small. At T = T, > T it drops to
zero discontinuously, characteristic of a rst order phase transition.

2. At low temperatures, 0< T < T g, the power-law growth comes to a
halt and ends with a plateau where ng= 2 const (Fig. 4.3A).

® Although the Dirac hair solution has charged matter in the bulk, there is no Higgs ef-
fect for the bulk gauge eld, and thus there is no direct spontaneo us symmetry breaking
in the boundary. Indeed one would not expect it for the Fermi liqu id groundstate. There
will be indirect e ect on the conductivity similar to [51]. We thank Andy O'Bannon
for his persistent inquiries to this point.
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It is natural to interpret this temperature as the Fermi temperatu re
of the boundary Fermi liquid.

3. The fermion free energy contribution|= 2*1 scales asT¥™ with
> 1for0<T <Tg¢, and drops to zero discontinuously atT.. As
I empirically equals minus the free energy per patrticle, it is natual
that | (T = 0) = 0, and this in turn supports the identi cation of
ne (T = 0) as the step in number density at the Fermi energy.
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Figure 4.1: (A) Temperature dependence of the Fermi liquid occupation number
discontinuity ng and operator | for a fermionic eld of massm = 1=4 dual

to an operator of dimension =5 =4. We see a large density foT= small and
discontinuously drop to zero atT  0:05 . At this same temperature, the proxy
free energy contribution per particle (the negative ofl) vanishes. (B) The free
energy F = Ffermon 4 pMawell (Eq (5.2.10)) as a function of T= ignoring
the contribution from the gravitational sector. The blue curve shows the total
free energyF = FMawel “which is the sum of a bulk and a boundary term.
The explicit fermion contribution Fermion  Vanishes, but the e ect of a non-
zero fermion density is directly encoded in a non-zergMawell . The gure also
shows this bulk FM&well and the boundary contribution FMawell - separately
and how they sum to a continuousFqy . Although formally the explicit fermion
contribution F; | in equation (5.2.11) vanishes, the bulk Maxwell contribution
is captured remarkably well by its value when the cut-o is kept ni te. The light-
green curve in the gure showsF; for a nite z, 10 ®. For completeness we
also show the total charge density, Eq. (5.2.16). The dimension of the femionic
operator used in this gureis =1 :1.

One expects that the exponents; are controlled by the conformal
dimension . 19 The dependence of the exponent on the conformal di-

The charge g of the underlying conformal fermionic operator scales out of the so-
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Figure 4.2: The boundary behavior of J (0) in for a generic solution (blue)
to Egs. (4.3.8) and a normalizable Dirac-hair solution (red) form = 1=4
in the background of an AdS-RN black hole with =T = 128:8. The dotted

lines show the scalingz'=2 and z* of the leading and subleading terms in an
expansion ofJ°(z) near z = 0; the dashed line shows the scalingz®? of the
subsubleading expansion whose coe cient i§B (! ¢ ; kg )j2. That the Dirac hair

solution (red) scales as the subsubleading solution indicates that t& current J°©

faithfully captures the density of the underlying normalizable Dirac eld.

mension is shown in Fig. 4.3A. While a correlation clearly exists, the dta
are not conclusive enough to determine the relation = (). The clean
power lawT  scaling regime is actually somewhat puzzling. These values
of the temperature, Te < T < T , correspond to a crossover between the
true Fermi liquid regime for T < Tg and the conformal phase forT > T,
hence there is no clear ground for a universal scaling relation for, which
seems to be corroborated by the data (Fig. 4.3B). At the same time, the
scaling exponent appears to obey = 2 with great precision (Fig. 4.3B,
inset) independent of and g.

A nal consideration, needed to verify the existence of a nite fermion
density AdS solution dual to a Fermi liquid, is to show that the ignored
backreaction stays small. In particular, the divergence of the elegic eld
at the horizon should not a ect the result. The total bulk electric el d
E;= @ isshowninFig. 4.4A, normalized by its value at z=1=2. The
logarithmic singularity at the horizon is clearly visible. At the same time,
the contribution to the total electric eld from the charged fermions is

lution.
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Figure 4.3: (A) Approximate power-law scaling of the Fermi liquid characteristic
occupation number discontinuity ng= 2 T as afunction of T= for =
5=4. This gure clearly shows the saturation of the density at very low T= . The
saturation e ect is naturally interpreted as the in uence of the char acteristic
Fermi energy. (B) The scaling exponent for di erent values of the conformal
dimension . There is a clear correlation, but the precise relation cannot be
determined numerically. The scaling exponent of the currentl= 2*1 T =
obeys =2 with great accuracy, on the other hand (Inset).

negligible even very close to the horizof! This suggests that our results
are robust with respect to the details of the IR divergence of the eletric
eld.

The diverging backreaction at the horizon is in fact the gravity inter-
pretation of the rst order transition at T¢: an arbitrarily small non-zero
density leads to an abrupt change in the on shell bulk action. As the latte
is the free energy in the CFT, it must re ect the discontinuity of a rst
order transition. A full account of the singular behavior at the horizon
requires self-consistent treatment including the Einstein guations. At
this level, we can conclude that the divergent energy density at thehori-
zon implies that the near-horizon physics becomes substantially dierent

11t is of the order 10 *, starting from z = 0:9999. We have run our numerics using
values between 1 10 ® and 1 10 2 and found no detectable di erence in quantities
at the boundary.
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from the AdS; limit of the RN metric. It is natural to guess that the RN
horizon disappears completely, corresponding to a ground state with ze
entropy, as hypothesized in [50]. This matches the expectation that tle
nite fermi-density solution in the bulk describes the Fermi-liquid. The
underlying assumption in the above reasoning is that the total charge is

conserved.

ElZ'/E! 12"

1.00075
1.0005
1.00025
1
0.99975
0.9995 [
0.99925

/‘/
.
_

0.2 0.4 0.6

ElZ'#E112"

0.8

1.0014
1.0012

1.001
1.0008
1.0006
1.0004
1.0002 |

0.92 0.94 0.96

W%

9 ]
M [y 2345643789)56>>8-7)98- @78
- —2(=<-8-7@34)A@7

$r -

)
.

! !”!‘# !”‘$ !"é#
s

"

o 08!

"%

1"%#

gl [T—2(=<-8-7T@34)A@7

T

$#t E
+
—
.8 ]
& ¢ 2345643789):3;;)<=8>37<

.

.

! !”!‘# 'é 'é#

4

"%

"%o#

(A) (B)

Figure 4.4: (A) The radial electric eld E, = @ =@z normalized to the
midpoint value E;(z)=E,(1=2) for whole interior of the nite fermion density
AdS-RN solution (upper) and near the horizon (lower). One clearly ses the soft,
log-singularity at the horizon. The colors correspond to increasing tempratures
from T = 0:04 (lighter) to T = 0:18 (darker), all with =1 :1. (B) The
occupation number jump ng and free energy contribution| as a function of
temperature in AdS-Schwarzschild. We see the jump ng saturate at low tem-
peratures and fall o at high T. An exponential t to the data (red curve) shows
that in the critical region the fall-o is stronger than exponential, ind icating that
the transition is rst order. The conformal dimension of the fermionic opera-
toris =1 :1. (C) The radial electric eld E, = @ =@znormalized to the
midpoint value (E;(z)=E;(1=2)) for the nite fermion density AdS-Schwarzschild
background. The divergence of the electric eldE, is again only noticeable near
the horizon and can be neglected in most of the bulk region.
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Finite fermion density in AdSS

For completeness, we will describe the nite fermion-density slutions in
the AdS Schwarzschild geometry as well. In these solutions the charge
density is set by the density of fermions alone. They are therefore ot
reliable at very low temperaturesT T, when gravitational backreaction
becomes important. The purpose of this section is to show the existee
of nite density solutions does not depend on the presence of a charged
black-hole set by the horizon value f]zo)r = o, but that the transition to a
nite fermion density can be driven by the charged fermions themséves.

Fig. 4.4B shows the nearly instantaneous development of a non-
vanishing expectation value for the occupation number discontinuiy ng
and | in the AdS Schwarzschild background. The rise is not as sharp as in
the RN background. It is, however, steeper than exponential, and we ray
conclude that the system undergoes a discontinuous rst order trangion
to a AdS Dirac hair solution. The constant limit reached by the fermion
density asT ! 0 has no meaning as we cannot trust the solution far away
from T..

The backreaction due to the electric eld divergence at the horizon
can be neglected, for the same reason as before (Fig. 4.4C).

4.3.3 Con rmation from fermion spectral functions

If, as we surmised, the nite fermion density phase is the true Femi-liquid-
like ground state, the change in the fermion spectral functions shoulde
minimal as the characteristic quasi-particle peaks are already presérin
the probe limit, i.e. pure AdS Reissner-Nordstmem [79, 17]. Fig. 4.5 shas
that quasiparticle poles near! = 0 with similar analytic properties can
be identi ed in both the probe pure AdS-RN case and the AdS-RN Dirac-
hair solution. The explanation for this similarity is that the electros tatic
potential almost completely determines the spectrum, and the change
in due to the presence of a nite fermion density is quite small. Still,
one expects that the nite fermion density system is a more favorabé
state. This indeed follows from a detailed comparison between the sztral
functions A(! ;k) in the probe limit and the fermion-liquid phase (Fig.
4.5). We see that:

1. All quasiparticle poles present in the probe limit are also presentn
the Dirac hair phase, at a slightly shifted value of ke. This shift
is a consequence of the change in the bulk electrostatic potential



94 Chapter 4. AdS dual of a Fermi liquid: Dirac hair [18]

$%*'r T T T T T T T T T
($$$
$%* b
'$$$
$%* 1
F1&$$$
1 9%$+8 886
1$
1 %8+ }
+555%
9% 595 1 F 1 esss
! $%8,!
= N
! $%$&8. ﬂﬁsi . q ! '$$$
[ =
$ # #8458 B N
S%SSR reses R 1 | ($$$
%6948 TS TS%8) %M 96 $%* SUH( $%Y)
"1

$%3$& $%$' $%S( $%8) $%$*
"l

Figure 4.5: The single-fermion spectral function in the probe limit of pure
AdS Reissner-Nordstrem (red/yellow) minus the spectrum in the nite density
system (blue). The conformal dimension is =5 =4, the probe chargeg = 2, and
=T =135. We can see two quasiparticle poles near = 0, a non-FL pole with
kP ' 0:11 andk."" ' 0:08 respectively and a FL-pole withk?®® ' 0:18
and kg "F ' 0:17 . The dispersion of both poles is visibly similar between the
probe and the nite density background. At the same time, the non-FL pole has
about 8 times less weight in the nite density background, whereas tle FL-pole
has gained about 65 times more weight.

due to the presence of the charged matter. For a Fermi-liquid-like
quasiparticle corresponding to the second pole in the operator with
=5 =4 andg=2we nd k2°® k_"F =0:07 . The non-Fermi-
liquid pole, i.e. the rst pole for the same conformal operator, has
kProbe - "F = 0:03
F F o

2. The dispersion exponents de ned through (! Eg)? (k kg)%,
also maintain roughly the same values as both solutions. This is
visually evident in the near similar slopes of the ridges in Fig. 4.5. In
the AdS Reissner-Nordstem background, the dispersion coe cients

re known analytically as a function of the Fermi momentum: _ =
ok 1+ 1 3=2)% [27]. The Fermi-liquid-like quasiparticle
corresponding to the second pole in the operator with =5 =4 and
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Figure 4.6: (A) Single fermion spectral functions near! = 0 in pure AdS
Reissner-Nordstem (blue) and in the nite fermion density background (red).
In the former the position of the maximum approaches! =0 as T is lowered
whereas in the latter the position of the maximum stays close toT = 0 for all
values of T. (B) Position of the maximum of the quasiparticle peak in k-! plane,
for di erent temperatures and =5 =4. The probe limit around a AdS-RN
black hole (blue) carries a strong temperature dependence of thé .« value,
with ! naxt s0 6 0. In the nite fermion density background, the position of the
maximum (red) is nearly independent of temperature and stays at! = 0.

g=2 has E;Obe =1:02vs. "F =1:01. The non-Fermi-liquid pole
corresponding to the rst pole for the same conformal operator, has

prove - 0:10, and  "F =0:12,

3. The most distinct property of the nite density phase is the redis-
tributed spectral weight of the poles. The non-Fermi liquid pole
reaches its maximum height about 16, an order of magnitude less
than in the probe limit, whereas the second, Fermi liquid-like pok,
increases by an order of magnitude. This suggests that the nite
density state corresponds to the Fermi-liquid like state, ratherthan

a non-Fermi liquid.
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4. As we mentioned in the introduction, part of the reason to suspect
the existence of an AdS-RN Dirac-hair solution is that a detailed
study of spectral functions in AdS-RN reveals that the quasiparti-
cle peak is anomalously sensitive to changes il. This anomalous
temperature dependence disappears in the nite density solution
Speci cally in pure AdS-RN the position ! nax Where the peak height
is maximum, denotedEF in [17], does not agree with the valug e,
where the pole touches the real axis in the complex -plane, for any
nite value of T, and is exponentially sensitive to changes ifT (Fig
4.6). In the AdS-RN Dirac hair solution the location ! ax and the
location ! poe do become the same. Fig. 4.6B shows that the maxi-
mum of the quasiparticle peak always sits at! ' 0 in nite density
Dirac hair solution, while it only reaches thisasT ! 0 in the probe
AdS-RN case.

4.4 Discussion and Conclusion

Empirically we know that the Fermi liquid phase of real matter systems
is remarkably robust and generic. This is corroborated by analyzing
e ective eld theory around the Fermi surface, but as it assumes the
ground state it cannot explain its genericity. If the Fermi liquid grou nd
state is so robust, this must also be a feature of the recent holographic
approaches to strongly interacting fermionic systems. Our resultshere
indicate that this is so. We have used Migdal's relation to construct
AdS/CFT rules for the holographic dual of a Fermi liquid: the charac-
teristic occupation number discontinuity ng is encoded in the normal-
izable sup{subleading component of the spatially averaged fermion deitg
J9%(2) d®k (! =0; k;2)i 9(! =0;k;z) near the AdS boundary.
This density has its own set of evolution equations, based on the undér-
ing Dirac eld, and insisting on normalizability automatically select s the
on-shell wavefunctions of the underlying Dirac- eld.

The simplest AdS solution that has a non-vanishing expectation value
for the occupation number discontinuity ng is that of a single fermion
wavefunction. Using the density approach | which through the averagin g
appears to describe a class of solutions rather than one speci ¢ solutign
we have constructed the limit of this solution where gravitational bacdk-
reaction is ignored. At low black hole temperatures this solution with
fermionic \Dirac hair" is the preferred ground state. Through an analysis
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of the free-energy, we argue that this gravitational solution with a non-
zero fermion pro le precisely corresponds to a system with a nite density
of fermions. A spectral analysis still reveals a zoo of Fermi-surfasein
this ground state, but there are indications that in the full gravitati onally
backreacted solution only a Landau Fermi-liquid type Fermi surface su
vives. This follows in part from the relation between the spectral censity
and the Fermi momentum of a particular Landau liquid-like Fermi surface;
it also agrees with the prediction from Luttinger's theorem. Furthermore,
the spectral analysis in the nite density state shows no anomalous tm-
perature dependence present in the pure charged black-hole singépec-
tral functions. This also indicates that the nite density state is the true
ground state.

The discovery of this state reveals a new essential component in the
study of strongly coupled fermionic systems through gravitational duals
where one should take into account the expectation values of fermion bil-
ears. Technically the construction of the full gravitationally backreacted
solution is a rst point that is needed to complete our nding. A comple te
approach to this problem will have to take into account the many-body
physics in the bulk. Within the approach presented in this paper,it means
the inclusion of additional fermion wavefunctions, lling the bulk Fermi
surface. The realization, however, that expectation values of fermiorbi-
linears can be captured in holographic duals and naturally encode phase
separations in strongly coupled fermion systems should nd a large set of
applications in the near future.
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Chapter 5

From the Dirac hair to the
electron star [19]

5.1 Introduction

The insight provided by the application of the AAS/CFT correspondence
to nite density Fermi systems has given brand new perspectiveson the
theoretical robustness of non-Fermi liquids [79, 17, 27]; on an understand-
ing of the non-perturbative stability of the regular Fermi liquid eq uivalent
to order parameter universality for bosons [18, 20], and most importantly
on the notion of fermionic criticality: Fermi systems with no scale. In
essence strongly coupled conformally invariant fermi systems are one an
swer to the grand theoretical question of fermionic condensed matterAre
there nite density Fermi systems that do not refer at any stage to an
underlying perturbative Fermi gas?

It is natural to ask to what extent AAS/CFT can provide a more
complete answer to this question. Assuming, almost tautologically, that
the underlying system is strongly coupled and there is in addition sme
notion of a large N limit, the Fermi system is dual to classical general rel-
ativity with a negative cosmological constant coupled to charged fermions
and electromagnetism. As AdS/CFT maps quantum numbers to quan-
tum numbers, nite density con gurations of the strongly coupled large N
system correspond to solutions of this Einstein-Maxwell-Dirac thery with
nite charge density. Since the AdS fermions are the only object carryng
charge, and the gravity system is weakly coupled, one is immediatelyni
clined to infer that the generic solution is a weakly coupled charged &rmi
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gas coupled to AdS gravity: in other words an AdS electron star [50, 51],
the charged equivalent of a neutron star in asymptotically anti-de Sitter
space [23, 6].

Nothing can seem more straightforward. Given the total charge den-
sity Q of interest, one constructs the free fermionic wavefunctions in his
system, and lls them one by one in increasing energy until the total
charge equalsQ. For macroscopic values ofQ these fermions themselves
will backreact on the geometry. One can compute this backreaction; it
changes the potential for the free fermions at subleading order. Corrée
ing the wavefunctions at this subleading order, one converges on theue
solution order by order in the gravitational strength 2EZ, system - Here
Etul system IS the energy carried by the Fermi system and 2 is the grav-
itational coupling constant 2 = 8 G newton IN the AdS gravity system.
Perturbation theory in  is dual to the 1=N expansion in the associated
condensed matter system.

The starting point of the backreaction computation is to follow Tolman-
Oppenheimer-Volkov (TOV) and use a Thomas-Fermi (TF) approxima-
tion for the lowest order one-loop contribution [23, 50, 51, 6]. The Thomas-
Fermi approximation applies when the number of constituent fermiors
making up the Fermi gas is in nite. For neutral fermions this equates
to the statement that the energy-spacing between the levels is rgible
compared to the chemical potential associated withQ, E= ! 0. For
charged fermions the Thomas-Fermi limit is more direct: it is the limit
q=Q! 0 whereq s the charge of each constituent fermion.!

This has been the guiding principle behind the approaches [23, 50, 6,
51, 89, 52] and the recent papers [53, 63], with the natural assumption
that all corrections beyond Thomas-Fermi are small quantitative changes
rather than qualitative ones. On closer inspection, however, this om-
pletely natural TF-electron star poses a number of puzzles. The most
prominent perhaps arises from the AJdS/CFT correspondence nding that
every normalizable fermionic wavefunction in the gravitational bulk cor-
responds to a fermionic quasiparticle excitation in the dual condensd
matter system. In particular occupying a particular wavefunction is dual
to having a particular Fermi-liquid state [18]. In the Thomas Fermi | imit
the gravity dual thus describes an in nity of Fermi liquids, wher eas the
generic condensed matter expectation would have been that a been that

For a fermig,n in an harmonic oscillator potential E, = ~(n 1=2)!: thus
E=Eww =1= )(n 1=2)=2=N%
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a single(/few) liquid(s) would be the generic groundstate away from he
strongly coupled fermionic quantum critical point at zero charge dengly.
This zoo of Fermi surfaces is already present in the grand canonical ap-
proaches at xed (extremal AdS-Reissner-Nordste®m (AdS-RN) black
holes) [27] and a natural explanation would be that this is a largeN e ect.
This idea, that the gravity theory is dual to a condensed matter systan
with N species of fermions, and increasing the charge density \populates™”
more and more of the distinct species of Fermi liquids, is very sums-
ing from the condensed matter perspective. Away from criticality ore
would expect the generic groundstate to be a single Fermi-liquid or ame
broken state due to pairing. To pose the puzzle sharply, once one has a
fermionic quasiparticle one should be able to adiabatically continue itto

a free Fermi gas, which would imply that the free limit of the strongly
coupled fermionic CFT is not a single but a system of ordemN fermions
with an ordered distribution of fermi-momenta. A possible explanation
of the multitude of Fermi surfaces that is consistent with a single Fermi
surface at weak coupling is that AAS/CFT describes so-called \decon ned
and/or fractionalized Fermi-liquids" where the number of Fermi surfaces
is directly tied to the coupling strength [54, 97, 55, 53, 63]. It would argue
that fermionic quantum criticality goes hand in hand with fractionaliz a-
tion for which there is currently scant experimental evidence.

The second puzzle is more technical. Since quantum numbers in the
gravity system equal the quantum numbers in the dual condensed mat-
ter system, one is inclined to infer that each subsequent AdS fermon
wavefunction has incrementally higher energy than the previous oneYet
analyticity of the Dirac equation implies that all normalizable wavefun c-
tions must have strictly vanishing energy [27]. It poses the questin how
the order in which the fermions populate the Fermi gas is determined

The third puzzle is that in the Thomas Fermi limit the Fermi gas is
gravitationally strictly con ned to a bounded region: famously, the TO V-
neutron star has an edge. In AAS/CFT, however, all information about
the dual condensed matter system is read o at asymptotic AdS in nity.
Qualitatively, one can think of AdS/CFT as an \experiment" analogous
to probing a spatially con ned Fermi gas with a tunneling microscope
held to the exterior of the trap. Extracting the information of the dual
condensed matter system is probing the AdS Dirac system con ned by
a gravitoelectric trap instead of a magneto-optical trap for cold atoms.
Although the Thomas-Fermi limit should reliably capture the charge and
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energy densities in the system, its abrupt non-analytic change at theedge
(in a trapped system) and e ective absence of a density far away fronthe
center are well known to cause qualitative de ciencies in the dexiption
of the system. Speci cally Friedel oscillations | quantum interfe rence in
the outside tails of the charged fermion density, controlled by the rato
g=Qand measured by a tunneling microscope | are absent. Analogously,
there could be qualitative features in the AdS asymptotics of both the
gravito-electric background and the Dirac wavefunctions in that adjuged
background that are missed by the TF-approximation. The AdS asymp-
totics in turn specifythe physics of the dual condensed matter system and
since our main interest is to use AdS/CFT to understand quantum critical
fermion systems whereg=Qis nite, the possibility of a qualitative change
inherent in the Thomas Fermi limit should be considered.

There is another candidate AdS description of the dual of a strongly
coupled nite density Fermi system: the AdS black hole with Dirac hair
[18, 20]. One arrives at this solution when one starts one's reasoning from
the dual condensed matter system, rather than the Dirac elds in AdS
gravity. Insisting that the system collapses to a generic single spcies
Fermi-liquid ground state, the dual gravity description is that of an Ad S
Einstein-Dirac-Maxwell system with a single nonzero normalizableDirac
wavefunction. To have a macroscopic backreaction the charge of this sin
gle Dirac eld must be macroscopic. The intuitive way to view this solu-
tion is as the other simplest approximation to free Fermi gas coupled to
gravity. What we mean is that the full gravito-electric response is n all
cases controlled by the total chargeQ of the solution: as charge is con-
served it is proportional to the constituent charge g times the number of
fermions ng,,. and the two simple limits correspond tong !'1  ;q! O
with Q= gng xedor ng ! 1;,q! Q. The former is the Thomas-Fermi
electron star, the latter is the AdS Dirac hair solution. In the context
of AdS/CFT there is a signi cant di erence between the two solutions in
that the Dirac Hair solution clearly does not give rise to the puzzles 1,
2 and 3: there is by construction no zoo of Fermi-surfaces and therefer
no ordering. Moreover since the wavefunction is demanded to be nor-
malizable, it manifestly encodes the properties of the system at th AdS
boundary. On the other hand the AdS Dirac hair solution does pose the
puzzle that under normal conditions the total charge Q is much larger
than the constituent charge g both from the gravity/string theory point
of view and the condensed matter perspective. Generically one would
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expect a Fermi gas electron star rather than Dirac hair.

In this article we shall provide evidence for this point of view that the
AdS electron star and the AdS Dirac hair solution are two limits of the
same underlying system. Speci cally we shall show that (1) the eletron
star solution indeed has the constituent charge as a free parameter wHic
is formally sent to zero to obtain the Thomas-Fermi approximation. (2)
The number of normalizable wavefunctions in the electron star deped
on the value of the constituent chargeg. We show this by computing
the electron star spectral functions. They depend in similar way ong
as the rst AdS/CFT Fermi system studies in an AdS-RN background.
In the formal limit where q! Q, only one normalizable mode remains
and the spectral function wavefunction resembles the Dirac Hair soltion,
underlining their underlying equivalence. Since both approximations have
qualitative di erences as a description of the AdS dual to strongly coupged
fermionic systems, it argues that an improved approximation which has
characteristics of both is called for.

The results here are complimentary to and share an analysis of elec-
tron star spectral functions with the two recent articles [53] and [63] that
appeared in the course of this work (see also [61] for fermion spectral
functions in general Lifshitz backgrounds). Our motivation to probe the
system away from the direct electron star limit di ers: we have therefore
been more precise in de ning this limit and in the analysis of the Drac
equation in the electron star background.

5.2 Einstein-Maxwell theory coupled to charged
fermions

The Lagrangian that describes both the electron star and Dirac Hair ap-
proximation is Einstein-Maxwell theory coupled to charged matter
Z
1 6 1

_ 4P —

F%+ Lya(€;A ) (5.2.1)
wherelL is the AdS radius, gis the electric charge and is the gravitational
coupling constant. It is useful to scale the electromagnetic interation
to be of the same order as the gravitational interaction and measure all
lengths in terms of the AdS radiusL.:

g ! L?%g ; A ! ak, . (5.2.2)



104 Chapter 5. From the Dirac hair to the electron star [19]

The system then becomes
Z
N 1 L

S = d% g55 R+6 SF? + L'Lma(le’; T .23
Note that in the rescaled variables the e ective charge of charged matter
now depends on the ratio of the electromagnetic to gravitational coupliry
constant: g = qlL= . For the case of interest, charged fermions, the
Lagrangian in these variables is

L L2 1 gL
LiLite®; TA) = = e A @+ 2% sc A mL (524
where isdenedas = i Y °. Compared to the convqpﬂonal normal-
ization the Dirac eld has been made dimensionless = L conventional -

With this normalization all terms in the action have a factor L?= 2 and
it will therefore scale out of the equations of motion

1 1 .
R Zg R = FF g F F +T1"
-9 39 29 ,
with
T o= ] A L ec 9EA L Lis26
= 5 ea @ + 20 Bc A, 59 £(5.2.6)
J; =i e M ; (5.2.7)

where the symmetrization is dened asB Cy= B C + B C and the
Dirac equation

1 qL
en " @+ ;1% oo iA  mL =o0: (5.2.8)

The stress-tensor and current are to be evaluated in the speci ¢ site
of the system. For a single excited wavefunction, obeying (5.2.8), tis
gives the AdS Dirac hair solution constructed in [18]. (More speci cally,
the Dirac hair solution consists of a radi&lly isotropic set of wavefunc-

tions with identical momentum size jRj =  kZ + k2, such that the Pauli

principle plays no role.) For multiple occupied fermion states,even with-
out backreaction due to gravity, adding the contributions of each separae
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solution to (5.2.8) rapidly becomes very involved. In such a many-body
system, the collective e ect of the multiple occupied fermion sates is
better captured in a \ uid" approximation

T fluid :( + p)u u + pg ; N fluid = nu (529)
with
= h.l T u imatter only ; n= h u \] imatter onIy : (5210)

In the center-of-mass rest frame of the multiple fermion systemy =
(eto; 0; 0; 0)), the expressions for the stress-tensor and charge density are
given by the one-loop equal-time expectation values (as opposed to time
ordered correlation functions)

= h(0d %@+ 71E° a i A)(DIT  (5.211)

By the optical theorem the expectation value is equal to twice imaginary
part of the Feynman propagator?

= lim 2ImTr e Y@+ %! AB B igert A)GRIS(t%1) : (5.2.12)

In all situations of interest, all background elds will only have depen-
dence on the radial AdS direction; in that case the spin connection can
be absorbed in the normalization of the spinor wavefunctior? In an adi-
abatic approximation for the radial dependence ofe;g and At | where
loc (1) = Gert €5(r)A¢(r) and ! (r) = iel(r)@; | this yields the known
expression for a many-body-fermion system at nite chemical potenial

V4
. d3kd! .
(N = lim 2 (2)L[! (1) e (NIIMTri %G (5k)
— 1 2 loe 2p 2 2 .
= 2z dEE? E2 (mL)2: (5.2.13)

2From unitarity for the S matrix SYS = 1 one obtains the optical theorem TYT =
2ImT for the transition matrix T denedas S 1+iT.

%i.e. one can rede ne spinors (r) = f(r) ( r) such that the connection term is no
longer present in the equation of motion.
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The normalization 2=L2 follows from the unconventional normaliza-
tion of the Dirac eld in eq. (5.2.4).4 Similarly

ZZ lo

1 2

1 2
ﬁ?( loc

=55 “dEE” EZ (mL)y2= (mL)?)3%5.2.14)

mL
The adiabatic approximation is valid for highly localized wavefunc-
tions, i.e. the expression must be dominated by high momenta (espéily
in the radial direction). The exact expression on the other hand will rot
have a continuum of solutions to the harmonic condition ° + Tk; +
Zk, 0 e imL =0. Normalizable solutions to the AdS Dirac equa-
tions only occur at discrete momenta | one can think of the gravitational
background as a potential well. The adiabatic approximation is therefore
equivalent to the Thomas-Fermi approximation for a Fermi-gas in a box.
To get an estimate for the parameter range where the adiabatic ap-

proximation holds, consider the adiabatic bound @ |oc (r) loc ()2
Using the eld equation for Ag = |oc =Ckff :
@ oc %M (5.2.15)

this bound is equivalent to requiring

@ o @ e ) (iL)zn 2 1oc @ 10c ) (%)Zn 2. (5.2.16)

where in the last line we used the original bound again. If the chemical
potential scale is considerably higher than the mass of the fermion, we
may use (5.2.14) to approximaten L—i 2. . Thus the adiabatic bound
is equivalent to,

= =7 1 (5.2.17)

the statement that the constituent charge of the fermions is in nite simal.
Note that in the rescaled action (6.3.43, 5.2.4)L= plays the role of 1=~,

4One can see this readily by converting the dimensionless de nition of , eq (5.2.11),
to the standard dimension. Using capitals for dimensionless quantities and lower-case
for dimensionful ones

Z p__ 2% P
h @ i 2L*h@ i 2> d2? 2 m? =z dEE? E2 (mL)2
m mL

with L = |, above.
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and eq. (5.2.17) is thus equivalent to the semiclassical limit-! 0 with
Gff xed. Since AdS/CFT relates L= N¢ this acquires the meaning
in the context of holography that there is a large N scaling limit [53, 63]
of the CFT with fermionic operators where the RG- ow is \adiabatic".
Returning to the gravitational description the additional assumption that
the chemical potential is much larger than the mass is equivalent to

total total Z
h LQ L p__
% = ?ﬂ i dr Uinduced (qeff n) (5-2-18)
Vspatlal AdS \ spatial AdS 7 Vv spatial AdS
1 _
A T gmL)® :
Vspatial AdS L

This implies that the total charge density in AdS is much larger than
that of a single charged particle (as long asmL 1). The adiabatic
limit is therefore equivalent to a thermodynamic limit where the Fermi
gas consists of an in nite number of constituents,n ! 1, g! 0 such
that the total charge Q nqg remains nite.

The adiabatic limit of a many-body fermion system coupled to gravity
are the Tolman-Oppenheimer-Volkov equations. Solving this in asymp
totically AdS gives us the charged neutron or electron star constructedn
[51]. Knowing the quantitative form of the adiabatic limit, it is now easy
to distinguish the electron star solution from the \single wavefunction"
Dirac Hair solution. The latter is trivially the single particle limit n! 1,
g! Q with the total charge Q nite. The electron star and Dirac Hair
black hole are opposing limit-solutions of the same system. We shall now
make this connection more visible by identifying a formal dialing pamam-
eter that interpolates between the two solutions.

To do so we shall need the full adiabatic Tolman-Oppenheimer-Volkov
equations for the AdS electron star [51]. Since the uid is homogeneous
and isotropic, the background metric and electrostatic potential will re-
spect these symmetries and will be of the form (recall that we are alrady
using \dimensionless" lengths, eq. (5.2.2))

ds? = f(r)dt?+ g(r)dr?+ r?(dx?>+ dy?); A= h(r)d;;  (5.2.19)

where f (r); g(r); h(r) are functions of r; the horizon is located atr = 0
and the boundary is atr = 1 . Combining this ansatz with a rescaling
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mL = gt M the bosonic background equations of motion become [51]

0 0 2L -

:f0+2;2 g(3+p)+r32= 0; =03ng2 :Td " e
004 %ho &T rhzho+f = 0; p= phT : (5.2.20)
where we have used that |oc = Geff h:p f and = nqge is the rescaled

local charge density. What one immediately notes is that the Tolman-
Oppenheimer-Volkov equations of motion for the background only depend
on the parameters " QET; and m, whereas the original Lagrangian
and the fermion equation of motion also depend o = Z%ZA 1_4.
It is therefore natural to guess that the parameter gt = qL= will be
the interpolating parameter away from the adiabatic electron star limit
towards the Dirac Hair BH.

Indeed in these natural electron star variables the adiabatic bound
(5.2.17) translates into

2
ro L G (5.2.21)

Thus we see that for a given electron star background with" xed decreas-
ing =L improves the adiabatic uid approximation whereas increasing
=L makes the adiabatic approximation poorer and poorer. \Dialing =L
up/down" therefore interpolates between the electron star and the Dirac
Hair BH. Counterintuively improving adiabaticity by decreasing =L cor-
responds to increasinggess for xed g, but this is just a consequence of
recasting the system in natural electron star variables. A better wy to
view improving adiabaticity is to decrease the microscopic chargey but
while keeping g xed; this shows that a better way to think of Qe is
as the total charge rather than the e fective constituent charge.

The parameter =L = q=@¢ parametrizes the gravitational coupling
strength in units of the AdS curvature, and one might worry that \dialing
=L up" pushes one outside the regime of classical gravity. This is not the
case. One can easily havé 1 and tune =L towards or away from the
adiabatic limit within the regime of classical gravity. From eq. (5.2.17) we



5.3 Fermion spectral functions in the electron star background 109

see that the edge of validity of the adiabatic regime” ' L2= 2 is simply

equivalent to a microscopic chargeq = 1 which clearly has a classical
gravity description. It is not hard to see that the statement above is the

equivalent of changing the level splitting in the Fermi gas, while lkeeping
the overall energy/charge xed. In a Fermi gas microscopically both the
overall energy and the level splitting depends on~. Naively increasing

~ increases both, but one can move away from the adiabatic limit either
by decreasing the overall charge density, keeping- xed or by keeping

the charge density xed and raising ~. Using again the analogy between
=L and ~, the electron star situation is qualitatively the same where one
should think of *  ¢*L2= 2 parametrizing the microscopic charge. One
can either insist on keeping=L xed and increasethe microscopic charge
" to increase the level splitting or one can keep® xed and increase =L .

In the electron star, however, the background geometry changes with' in

addition to the level splitting, and it is therefore more straightforw ard to

keep " and the geometry xed, while dialing =L .

We will now give evidence for our claim that the electron star and
Dirac Hair solution are two opposing limits. To do so, we need to identif
an observable that goes either beyond the adiabatic background approx-
imation or beyond the single particle approximation. Since the generic
intermediate state is still a many-body fermion system, the more m@tu-
ral starting point is the electron star background and perturb away from
there. Realizing then that the fermion equation of motion already depels
directly on the dialing parameter gt the obvious observables are the sin-
gle fermion spectral functions in the electron star background. Sincene
must specify a value forges to compute these, they directly probe the
microscopic charge of the fermion and are thus always beyond the strict
electron star limit q! 0. In the next two sections we will compute these
and show that they indeed re ect the interpretation of g as the inter-
polating parameter between the electron star and Dirac Hair BH.

5.3 Fermion spectral functions in the electron
star background

To compute the fermion spectral functions in the electron star backgound
we shall choose a specic representative of the family of electron ats
parametrized by " and . Rather than using " and rh the metric of
an electron star is more conveniently characterized by its Lifshitzscaling
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behavior near the interior horizonr ! 0. From the eld equations (5.2.20)
the limiting interior behavior of f (r);g(r); h(r) is

f(r)=r22+:::; g(r)=%+:::; h(r)= hy r*+::: (5.3.22)

The scaling behavior is determined by the dynamical critical expomnt z,

which is a function of % [51] and it is conventionally used to classify
the metric instead of *. The full electron star metric is then generated
from this horizon scaling behavior by integrating up an irrelevant RG- ow

[39, 37]

f=r%2 1+fqr +:::

_ %
9= 5 1+ qr +:::
h=hyr* 1+hgr +::0 (5.3.23)

with

2+ 2 p923 21z2 +40z 28 m?z(4 3z)?
2 2" (1 mdz 1 '

(5.3.24)

Scalingf1 ! bfy is equal to a coordinate transformationr ! b= r and
t! b~ t, and the sign off; is xed to be negative in order to be able to
match onto an asymptotically AdS, solution. Thus f; = 1 andg; and
h, are then uniquely determined by the equations of motion.

Famously, integrating the equations of motion up the RG- ow out-
wards towards the boundary fails at a nite distance rg. This is the edge
of the electron star. Beyond the edge of the electron star, there is no
uid present and the spacetime is that of an AdS;-RN black hole with the
metric

Moo @
f

f = cr? —t oy 97

2 7 h=n ?: (5.3.25)

Demanding the full metric is smooth at the radius of electron starrg
determines the constantsc; M and Q The dual eld theory is de ned on
the plane ds? =  c2dt? + dx? + dy?.
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The speci ¢ electron star background we shall choose without loss of
generality is the one with z = 2;h = 0:36 (Fig. 5.1)°, smoothly matched
at rg' 4:25252 onto a AdS-RN black-hole.

Figure 5.1: Electron star metric for z=2;r = 0:36,¢c' 1021 M ' 3:60L Q '
2:534 "' 2:132 compared to pure AdS. Shown aré (r)=r? (Blue), r?g(r) (Red)
and h(r) (Orange). The asymptotic AdS-RN value of h(r) is the dashelg blue line.

For future use we have also given ,c = h= f (Green) and o, = g¢'h=
(Red Dashed) At the edge of the starrs ' 4:253 (the intersection of the purple
dashed line setting the value ofmer with 1o ) One sees the convergence to pure
AdS in the constant asymptotes off (r)=r? and r2g(r).

The CFT fermion spectral functions now follow from solving the Dirac
equation in this background [79, 17]

1 .
e, N @+ 7 e AB  igeft A Meif =0 (5.3.26)

wheregesf and meg; in terms of the parameters of the electron star equal

I = I
2 21 1=4 2 21 1=4

eff = > , Meff = Geif M= M : (5.3.27)

For a given electron star background, i.e. a xed " th the fermion spectral
function will therefore depend on the ratioL= . For L= "=2 the poles
in these spectral functions characterize the occupied states inmany-body
gravitational Fermi system that is well approximated by the electron star.

AN

5This background has c¢ . 1:02L;M ' 3:605Q ' 25534~ ' 2:132,

19951, g1 ' 1:887; hy =1= 2; ' 1626 f:= 1, g' 0:4457 h;' 0:6445.
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As L= is lowered for xed " the electron star background becomes a
poorer and poorer approximation to the true state and we should see this
re ected in both the number of poles in the spectral function and ther
location.

Projecting the Dirac equation onto two-component " eigenspinors

=( gg") fetrind Y (5.3.28)

and using isotropy to setky = 0, one can choose a basis of Dirac matrices
where one obtains two decoupled sets of two simple coupled equation&d]

Egii g" (@ mes pQ?)y = ik« wz; (5.3.29)
Gi 9" (@ mes IDgT)z i(kg + U)y (5.3.30)

q_
where u = %(! + ¢ h). In this basis of Dirac matrices the CFT
Green's function G = hO ,i %0 ,i equals

G=tm 2t =+ 0 . where . =Y. = 2 (5331
1o 0 o1 Z+ Y+
Rather than solving the coupled equations (5.3.29) it is convenient to sole
for  directly [79],
r_
Gii
Orr

For the spectral function A = ImTr Gg we are interested in the re-
tarded Green function. This is obtained by imposing in-falling boundary
conditions near the horizonr = 0. Since the electron star is a \zero-
temperature” solution this requires a more careful analysis than for a
generic horizon. To ensure that the numerical integration we shall per
form to obtain the full spectral function has the right infalling bound ary
conditions, we rst solve eq. (5.3.32) to rst subleading order aroundr = 0.
There are two distinct branches. When! 6 0 and kgr=!:r 2=! is small,
the in-falling boundary condition near the horizonr =0 is (for z = 2)

= omer PG (K U) (ke U) 2 (5.3.32)

c o ker (k2 2ime 1 )r2 fikyr?
+(r) i |!—+ i 2 =

- ikxfr+ i(k)% 2iMeg 1 )r2  fokyr?
! 212 2!

(r) + ::1(5.3.33)
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Figure 5.2: Electron star MDF spectral functions with multiple peaks as a
function of k for ! =10 5;z=2;r =0:36. The blue curve is for =0:091; the
red curve is for = 0:090. Note that the vertical axis is logarithmic. Visible is
the rapidly decreasing spectral weight and increasingly narrower wdth for each
successive peak akg increases.

When! =0, i.e. ker=! is large, andr=k, ! 0,

(G hy + me)r

!
o= Iy Kx ko 2 01 k2 T
_ (G h1  mes )r ! :
(r) = 1+ kx + er m + (5334)

the boundary conditions (5.3.34) become real. As (5.3.32) are real equa-
tions, the spectral function vanishes in this case. This is esseialy the
statement that all poles in the Green's function occur at! =0 [27]. Note
that the fact that the electron star ! = 0 boundary conditions (5.3.32) are
real for all values ofk is qualitatively di erent from the AAS-RN ! =0
boundary conditions (eq. (26) in [79]). In the AdS-RN \quantum-critical"
infrared governed by the near horizon AdS R» geometry, in general there
is a special scal&k, below which the boundary condition turns complex.
This scalekg is related to the surprising existence of an oscillatory region
in the spectral function. One therefore infers that in a scaleful Lfshitz
infrared this oscillatory region is no longer present [63]. We will con m
this in section 5.4.

5.3.1 Numerical results and discussion

We can now solve for the spectral functions numerically. In Fig. 5.3 we
plot the momentum-distribution-function (MDF) (the spectral fu nction as
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a function of k) for xed ! =10 5 z=2; r = 0:36 while changing the
value of . Before we comment on the dependence ofps %2 which
studies the deviation away from the adiabatic limit of a given electron
star background (i.e. xed dimensionless charge and xed dimensionles
energy density), there are several striking features that are immeiately
apparent:

As expected, there is a multitude of Fermi surfaces. They have wy
narrow width and their spectral weight decreases rapidly for each
higher Fermi-momentum kg (Fig. 5.2). This agrees with the expo-

nential width exp( '}—z 1 l)) predicted by [26] for gravita-
tional backgrounds that are Lifshitz in the deep interior, which is the
case for the electron star. This prediction is con rmed in [61, 53, 63]
and the latter two articles also show that the weight decreases in a
corresponding exponential fashion. This exponential reduction of
both the width and the weight as kg increases explains why we only
see a nite number of peaks, though we expect a very large number.
In the next section we will be able to count the number of peaks,
even though we cannot resolve them all numerically.

The generic value ofkg of the peaks with visible spectral weight is
much smaller than the e ective chemical potential in the boundary
eld theory. This is quite dierent from the RN-AdS case where
the Fermi momentum and chemical potential are of the same order.
A numerical study cannot answer this, but the recent article [63]
explains this.®

Consistent with the boundary value analysis, there is no evidence of
an oscillatory region.

The most relevant property of the spectral functions for our question &
that as is increased the peak locatiorke decreases orderly and peaks
disappear at various threshold values ofk. This is the support for our
argument that changing changes the number of microscopic constituents
in the electron star. Comparing the the behavior of the various Fermi
momenta kg in the electron star with the results in the extremal AdS-RN
black-hole, they are qualitatively identical when one equates 172 Qe
with the charge of the probe fermion. We may therefore infer from our

81n view of the veri cation of the Luttinger count for electron st  ar spectra in [53, 63],
this had to be so.
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(A)

(B1)

Figure 5.3: (A) Electron-star MDF spectral functions as a function of  for
z=2;m =0:36! =10 °. Because the peak height and weights decrease expo-
nentially, we present the adjacent rangesk 2 [0:017;0:019] andk 2 [0:019 0:021]

in two di erent plots with di erent vertical scale. (B1/B2) Locations of peaks of
spectral functions as a function of : comparison between the electron star (B1)
forz=2;Mm =0:36! =10 ° (the dashed gray line denotes the arti cial separa-
tion in the 3D representaﬁigns in (A)) and AdS-RN (B2) for m =0 as a function

of g in units where = 3 These two Fermi-surface “spectra’ are qualitatively
similar.

detailed understanding of the behavior ofkg for AdS-RN that also for the
electron star askg is lowered peaks truly disappear from the spectrum
until by extrapolation ultimately one remains: this is the AdS Dirac hair
solution [18].

We can only make this inference qualitatively as the rapid decrease in
spectral weight of each successive peak prevents an exact counting afrki
surfaces in the numerical results for the electron star spectral factions.
One aspect that we can already see is that as decreases all present peaks
shift to higher k, while new peaks emerging from the left for smaller kappa.
This suggests a fermionic version of the UV/IR correspondence where the
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peak with lowestkg corresponds to the last occupied level, i.e. highest
\energy" in the AdS electron star. We will now address both of these
points in more detalil.

5.4 Fermisurface ordering: kg from a Schiedinger
formulation

Our analysis of the behavior of boundary spectral functions as a functiorof
relies on the numerically quite evident peaks. Stricly speakinghowever,
we have not shown that there is a true singularity in the Green's function
at! =0;k = k. We will do so by showing that the AdS Dirac equation,
when recast as a Schredinger problem has quasi-normalizable solutions at
I =0 for various k. As is well known, in AdS/CFT each such solution
corresponds to a true pole in the boundary Green's function. Using a
WKB approximation for this Schmdinger problem we will in addition be
able to estimate the number of poles for a xed and thereby provide a
guantitative value for the deviation from the adiabatic background.

We wish to emphasize that the analysis here is general and captures
the behavior of spectral functions in all spherically symmetric andstatic
backgrounds backgrounds alike, whether AdS-RN, Dirac hair or electron
star.

The ! =0 Dirac equation (5.3.26) for one set of components (5.3.29,
5.3.30) with the replacementiy ! vy ; equals

Egii gT @y + Mes P giy = (k " et )Z+
GigT @z Mer PGz = (k+n i)Y (5.4.35)

q
where "y = g&t Getf At and we will drop the subscript x on ky. In our

conventionsz; (andys. ) is the fundamental component dual to the source
of the fermionic operator in the CFT [79, 17]. Rewriting the coupled rst
order Dirac equations as a single second order equation far. :

@z+ + P@z+ + Qz+ =0 (5.4.36)
where the coe cients are
p = @@ig") @Y%y .
Zg” grr k + N Gt ’
mg‘ff @pgT + Meft pg7@AQeff
~ g” gl’r k + A et

g K
ff
e G g (5:437)

Q
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the rstthing one notes is that both P and Q diverge at somer = r where
" + k=0. Since " is (chosen to be) a positive semide nite function

which increases from 4., = 0 at the horizon, this implies that for negative

k (with k< "gj1 ) the wavefunction is qualitatively di erent from the

wavefunction with positive k which experiences no singularity. The analysis

is straightforward if we transform the rst derivative away and recast it

in the form of a Schmdinger equation by rede ning the radial coordinate:

Z, Z,

95 _ oxp P ) s=o  ardpoel (543
dr r gi g

where ¢y is an integration constant whose natural scale is of ordeicy
oeﬁl. This is a simpler version of the generalizedk-dependent tortoise
coordinate introduced in [27]. In the new coordinates the equation (54.37)
is of the standard form:

@z+ V(s)z+ =0 (5.4.39)
with potential
gii gl’l’
V()= =i ——5Q: 5.4.40
( ) CCZ)Jk+AQeﬁJ2Q ( )
The above potential (5.4.40) can also be written as
p__
_ 1 2, 2 P Gi
V(s) = W (k*+ mgg Gi qeff )+ Mert Gi 97 @In m

(5.4.41)
We note again the potential singularity for negative k, but before we
discuss this we rst need the boundary conditions. The universal lound-
ary behavior is at spatial in nity and follows from the asymptotic AdS
geometry. In the adapted coordinatesr ! 1  corresponds tos! 0 as
follows from ds=dr"' co(k + " g J1 )=r2. The potential therefore equals
V(s)' siz Meft + M2y + 50 (5.4.42)
and the asymptotic behavior of the two independent solutions equalz, =
a;s Met + psl*Met + --- The second solution is normalizable and we
thus demanda; = 0.
In the interior, the near-horizon geometry generically is Lifshitz

ds? =  r%dt? + rizdr2+ r2(dx?+ dy?)+ :::; A= hq r?dt+ :::(5.4.43)
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with nite dynamical critical exponent z | AdS-RN, which can be viewed
as a special case where ! 1 , will be given separately. In adapted
coordinates the interiorr ! 0 corresponds tos! 1 and it is easy to
show that in this limit potential behaves as

1 1 _
V(s)' %Jf 2 Mef pgl +m2so h2 o +::::  (5.4.44)

Near the horizon the two independent solutions for the wavefunctionz.,
therefore behave as

z, ! age O+ hetTe: (5.4.45)

The decaying solutionag = 0 is the normalizable solution we seek.

Let us now address the possible singular behavior fdt < 0. To under-
stand what happens, let us rst analyze the potential qualitatively for pos-
itive k. Since the potential is positive semi-de nite at the horizon and the
boundary, the Schredinger system (5.4.39) only has a zero-energy normal-
izable solution if V(s) has a ranges; <s <s , where it is negativeIb This

: p___ 5
can only at locations wherek? < ’\éeﬂ mgff gi Meff Gi 9" @In (= ;‘eﬁ .

De ning a \renorrrg)aﬂzed" position dependent mass mZ,, = m2; gi +

Meff Gi© g7 @I k+Ag:eﬁ this is the intuitive statement that the momenta

must be smaller than the local chemical potentialk? < A2 =~ mZ,,. For
positive k the saturation of this bound k* = "2 =~ mZ, has at most two
solutions, which are regular zeroes of the potential. This follows fronthe
fact that ~ 2, decreases from the boundary towards the interior. If the
magnitude jkj is too large the inequality cannot be satis ed, the poten-
tial is strictly positive and no solution exists. For negative k, however,
the potential has in addition a triple pole at k? = ’\ﬁeﬁ ; two poles arise
from the prefactor and the third from the meg @In(k + ~ ¢ ) term. This
pole always occurs closer to the horizon than the zeroes and the potaat
therefore qualitatively looks like that in Fig. 5.4 (Since g decreases as
we move inward from the boundary, starting with 22 > "2~ 2>k?2,
one rst saturates the inequality that gives the zero in the potential as
one moves inward.) Such a potential cannot support a zero-energy bound
state, i.e. eq. (5.4.39) has no solution for negativ&. In the caseme; =0

a double zero changes the triple pole to a single pole and the argument
still holds. This does not mean that there are nok < 0 poles in the

CFT spectral function. They arise from the other physical polarization
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y+ of the bulk fermion . From the second set of decoupled rst order
equations for the other components of the Dirac equation (after replacing
iz !z

P Gi g7 @y+  Mef pgTy+ = (kK "gg)Z
GigT@z + Mert " Gz (K+ 7 )ys:  (5.4.46)

and the associated second order di erential EOM fory. :

@y+ + P@y: + Qy: =0;
with the coe cients

@(gig") @" et

P = Zgii grr k + A et 1
P P— 2 A2
Meit @ Gi . Mest - O @ k :
= ?\ + et 2 Oeff
N TGigT K+ g Met G g g 447
one sees that the Schmdinger equation fow. is the k ! k image of the

equation (5.4.39) forz, and thus y. will only have zero-energy solutions
for k < 0. For simplicity we will only analyze the z, case. Note that
this semi-positive de nite momentum structure of the poles is a kature
of any AdS-to-Lifshitz metric di erent from AdS-RN, where one can have
negative k solutions [27].

VHL VHL

Y| A
(A) (B) K— r |

Figure 5.4: The behavior of the Schredinger potential V (s) for z, whenk is neg-
ative. Such a potential has no zero-energy bound state. The potential isescaled
to t on a nite range. As jkj is lowered belowkq. for which the potential is

strictly positive, a triple pole appears which moves towards the torizon on the
left (Fig A. The Blue,Red,Orange,Green curves are decreasing ijkj). The pole
hits the horizon for k = 0 and disappears. Fig B. shows the special cas@es =0

where two zeroes collide with two of the triple poles to form a singt pole.

The exact solution of (5.4.39) with the above boundary conditions cor-
responding to poles in the CFT spectral function is dicult to nd . By
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construction the system is however equivalent to a Schmdinger pblem of
nding a zero energy solutionz, in the potential (5.4.40) and can be solved
in the WKB approximation (see e.g. [27]). The WKB approximation holds
when j@Vj | Vj*?. Notice that this is more general than the back-
ground adiabacity limit mes 1; Gk 1with 7 m xed . Combining
background adiabaticity with a scaling limit k 1; Mesr 1; Gt 1
with cok xed and k is parametrically larger than "q, one recovers the
WKB potential solved in [53, 63]. As our aim is to study the the devia-
tion away from the background adiabatic limit we will be more general and
study the WKB limit of the potential itself, without direct constr aints on
Gett ; Meft . And rather than testing the inequality j@Vj j Vj* directly,
we will rely on the rule of thumb that the WKB limit is justi ed whe n the
number of nodes in the wave-function is large. We will therefore @snate
the number n of bound states and usen 1 as an empirical justi cation
of our approach. With this criterion we will be able to study the normal-
izable solutions to the Dirac equation/pole structure of the CFT spectral
functions as a function of =L .

The potential is bounded both in the AdS boundary and at the hori-
zon, and decreases towards intermediate values of We therefore have a
standard WKB solution consisting of three regions:

In the regions whereV > 0, the solution decays exponentially:
Z

_ r p —_ p—
z. = ¢V Flexp driPcy gige k+"gy V : (5.4.48)

ri;2
Hererq; ry are the turning points where V(r;) =0 = V(ry).

In the regionry <r<r », i.e. V <0, the solution is

R p_— p
rl drco g g k0 deff

z. = cg( V) ™Reexp' V=4
(5.4.49)
with the constant phase i = 4 originating in the connection formula

at the turning point rj.

Finding a WKB solution shows us that the peaks seen numerically
are true poles in the spectral function. But it also allows us to estinate

"A large number of bound states n implies j@V] j Vj*? if the potential has a
single minimum, but as is well known there are systems, e.g. the harmonic oscillator,
where the WKB approximation holds for small n as well.
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the number of peaks that the numerical approach could not resolve. The
WKB quantization condition

z

r2

p_ -
drco gigr k+" gy PV - (n+1) (5.4.50)

ra

counts the number of bound states with negative semi-de nite energy
Note that n dﬁ)es not depend on the integral constant as there is also a
factor 1= in V. SinceV depends ornk, we will see that as we increase
k this number decreases. The natural interpretation in the context ofa
bulk many-body Fermi system is that this establishes the orderirg of the
the lling of all the ! = 0 momentum shells in the electron star. For
a xed k one counts the modes that have been previously occupied and,
consistent with our earlier deduction, the lowest/highestkg corresponds to
the last/ rst occupied state. Though counterintuitive from a eldt heory
perspective where normallyE kg, this UV/IR correspondence is very
natural from the AdS-bulk, if one thinks of the electron star as a trapped
electron gas. The last occupied state should then be the outermost stat
from the center, but this state has the lowest e ective chemical ptential
and hence lowestkg .

Let us now show this explicitly by analyzing the potential and the
bound states in the electron star and AdS-RN.

Electron star

The potential (5.4.41) for the electron star is given in Fig. 5.5 and the
number of bound states as a function ofk in Fig. 5.6. As stated the
number of states decreases with increasing, consistent with the analogy
of the pole distribution of the spectral functions compared with AdS-RN.
Moreover, we clearly see the signi cant increase in the number of sttes
as we decrease=L thereby improving the adiabaticity of the background.
This vividly illustrates that the adiabatic limit corresponds to a | arge
number of constituents. As all numbers of states are far larger than one,
the use of the WKB is justi ed.

The Reissner-Nordstem case

For AdS-RN the Schmdinger analysis requires a separate discussion tiie
near horizon boundary conditions, which we present here for completerss
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Figure 5.5: The Schredinger potential V (s) for the fermion component z, of in
the ES backgroundm = 0:36;z = 2;¢y = 0:1. Fig. A. shows the dependence on
the momentum k = 0:0185 (Purple), k =5 (Blue), k = 10 (Red) for = 0:092.
Fig. B. shows the dependence on = 0:086 (Purple), =0:092 (Blue), =0:1
(Red) for k = 0:0185. Recall thats = 0 is the AdS boundary ands= 1 isthe
near-horizon region.
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Figure 5.6: The WKB estimate of the number of bound statesn as a function of
the momentum k for = 0:086(Purple); 0:092(Blue); 0:1(Red) (Fig A.); for =
0:001(Purple); 0:002(Blue); 0:003(Red) (Fig B.) and for =10 °(Purple); 3
10 5(Blue); 5 10 5(Red) (Fig C.). Note the parametric increase in number of
states as the adiabaticity of the background improves for smaller . Both gures
are for the electron star background withm = 0:36;z = 2. Since n 1lin all
cases, WKB gives a valid estimate.

and comparison. Part of this analysis is originally worked out in [27]. The
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AdS-RN black hole with metric
dr?

ds? = L? f(r)dt2+m+r2(dx2+ dy?) ; (5.4.51)
3 4
f(r) = r? 45 5 (5.4.52)
1
A = 1 odt (5.4.53)

has near horizon geometry Adg R?

2

6(r  1)%dt? + LZ +(d2+ dy?):  (5.4.54)

2
ds 60 1)

A = pér 1 dt: (5.4.55)

A coordinate rede nition of r in eq. (5.4.43) tor = (rags, 1)¥°? shows
that this corresponds to a dynamical critical exponentz = 1 and is
outside the validity of the previous analysis.

Before we proceed, recall that the existence of AdS R2 near-horizon
region allows for a semi-analytic determination of the fermion spectral
functions with the self-energy I 2 xe controlled by the IR conformal
dimension  =1=2+ | with

r

1 ) q?

k= P= m2+ k2 (5.4.56)

6 2

When | is imaginary, which for ¢ > 2m?2 always happens for smallk,
the spectral function exhibits oscillatory behavior, but genericaly has -

nite weight at ! = 0. When  is real, there are poles in the spectral

functions at a nite number of di erent Fermi momenta kg. The associ-
ated quasiparticles can characterize a non-FL (. < 1=2), a marginal FL
( ke =1=2) orirregular FL ( . > 1=2) with linear dispersion but width

6 12[27].

The analytic form of the near-horizon metric allows uspto solve exactly

for the near horizon potential V in terms of s = %(k+ g= 2In(r 1)+

:::. As noted in [27] one remarkably obtains that the near-horizon poten-
tial for s! 1 is proportional to the self-energy exponent:

V(s)' 46% 2

2 o ¢ + (5.4.57)
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Figure 5.7: The Schredinger potentiaIijs) for the fermion componentz, of in
the AdS-RN backgroundr, =1; = 3;0r =1;mL =0:4;¢ =0:1. Fig. A.
shows the dependence on the momenturk = 1 (Red), k = 2 (Purple), k = 3
(Blue) for charge q = 2:5. Fig. B. shows the dependence on the charge |
analogous to in the ES background |. Shown are the values g = 2 (Blue),
g = 2:5 (Purple), g = 3 (Red) for the momentum k = 2. In both gures the
Red potentials correspond to the oscillatory region ,f < 0, the Purple potentials
show the generic shape that can support al = 0 bound state, and the Blue
potentials are strictly positive and no zero-energy bound state is preent. Recall
that s =0 is the AdS boundary and s= 1 is the near-horizon region.

One immediately recognizes the oscillatory region ,f < 0 of the spectral
function as an! =0 Schredinger potential which is \free" at the horizon
s= 1 (Fig. 5.7) and no bound state can form. Comparing with our
previous results, we see that this oscillatory region is a distinct poperty
of AdS-RN. For any Lifshitz near-horizon metric the potential is always
positive-de nite near the horizon and all ! = 0 solutions will be bounded.
(see also [53, 63]). As we increase ¢ becomes positive, then the AdS-
RN potential is also positive at the horizon and bound zero-energy states
can form. Increasingk further, one reaches a maximakmay , above which
the potential is always positive and no zero-energy bound state exists
anymore.

Because the near-horizon boundary conditions for AdS-RN di er from
the general analysis, the possible singularity in the potential fork < 0 also
requires a separate study. This is clearly intimately tied to the existence
of an oscillatory regime in the spectral function, as the previous analys
does apply for |§ > 0. The clearest way to understand what happens
for 2 < 0 is to analyze the potential explicitly. Again if jkj > Kmax
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Figure 5.8: The qualitative behavior for negative k of the Schmdinger
potential V(s) borthe fermion componentz. of in the AdS-RN background
r- =1, = 3,06 = 1;mL = 0:1. The radial coordinate has been
rescaled to a nite domain such that the full potential can be represated
in the gure; on the right is the AdS boundary and left is the near-horizon
region and the range is slightly extended beyond the true horizon, whic
is exactly at the %\gt vertical line-segments on the right. Potentials are
given for g = 12= 3, k = 15 (Blue) for which the potential is strictly
positive, k = 10 (Red), k = 7 (Orange), which both have triple poles
and the pole can be seen to move towards the horizon on the left ds
decreases, ank = 4 (Green) which has no pole and a nite negative
value at the horizon. The pole disappears fojkj < q= 2 leaving a regular
bounded potential which can support zero-energy bound states.

the potential is strictly positive de nite, and no zero-energy bound state
exists. As we decrease the magnitude of < 0, a triple pole will form
n%a\r the boundary whenk = "¢ (s), soon followed by a zero atk =
Nt (5)°  Meen(s)? (see Fig. 5.4). As we approach the horizon, in
the general case where lim o”gs = hy Gef I + :::, this pole at r =
k=(h1 Qs ) hits the horizon and disappear% precisely wherk = 0 . In
AdS-RN, however, where lim, 1 g = p%+ %(r 1)+ :::, the pole at
¢ RN

1= p%q(k + #L) hits the horizon and disappears atk = pL. For
negative values ofk whose magnitude is less thankj < p% the potential

is regular and bounded and can and does have zero-energy solutions. Fig.
5.4 shows this disappearance of the pole for the AdS-RN potential.

Counting solutions through WKB is also more complicated for AdS-
RN. For O(1) values of g there are only few Fermi surfaces and the WKB
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Figure 5.9: The WKB estimate of the number of bound statesn in the AdS-
RN Schredinger potential for z, with mL = 10. The WKB approximation only
applies to large values of the chargeq = 45 (Red), g = 50 (Blue), q = 55
(PLhrpIe). Fig B. gives the associated values of the IR conformal dimesion | =

91—6 pm2 + k2 % Both gures are for the extremal AdS-RN background with
= 3ry=1;0 =1

approximation does not apply. For large q it does, however. For com-
pleteness we show the results in Fig. 5.9.

5.5 Conclusion and Discussion

These electron star spectral function results answer two of the thee ques-
tions raised in the introduction directly.

They show explicitly how the fermion wavefunctions in their own
gravitating potential well are ordered despite the fact that they all
have strictly vanishing energy: In a fermionic version of the UV-
IR correspondence they are orderednversely in k, with the \low-
est"/ rst occupied state having the highest k and the \highest"/last
occupied state having the lowestk. With the qualitative AdS/CFT
understanding that scale corresponds to distance away from the in
terior, one can intuitively picture this as literally lling geomet rical
shells of the electron star, with the outermost/highest/last shell at
large radius corresponding to the wavefunction with lowest local
chemical potential and hence lowesk.

The decrease of the number of bound states | the number of oc-
cupiadﬁwavefunctions in the electron star | as we decreaseGe =

M=4 " L fora xed electron star background extrapolates naturally
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to a limit where the number of bound states is unity. This extrap-
olation pushes the solution beyond its adiabatic regime of validity.
In principle we know what the correct description in this limit i s: it
is the AdS Dirac Hair solution constructed in [18]. The dependence
of the number of bound states on=L therefore illustrates that the
electron star and Dirac Hair solutions are two limiting cases of the
gravitationally backreacted Fermi gas.

With this knowledge we can schematically classify the groundstate so-
lutions of AdS Einstein-Maxwell gravity minimally coupled to charged
fermions at nite charge density. For large massmL in units of the con-
stituent charge g, the only solution is a charged AdS-Reissner-Nerdstrom
black hole. For a low enough mass-to-charge ratio, the black hole becomes
unstable and develops hair. If in addition the total charge densityQ is of
the order of the microscopic chargeg this hairy solution is the Dirac Hair
con guration constructed in [18], whereas in the limit of large total charge
density Q one can make an adiabatic Thomas Fermi approximation and
arrives a la Tolman-Oppenheimer-Volkov at an electron star (Fig. 5.10).

Translating this solution space through the AAS/CFT correspondence
one reads o that in the dual strongly coupled eld theory, one remains
in the critical state if the ratio of the scaling dimension to the charge =q
is too large. For a small enough value of this ratio, the critical state is
unstable and forms a novel scaleful groundstate. The generic condertse
matter expectation of a unique Fermi liquid is realized if the total charge
density is of the same order as the constituent charge. Following [53, 63]
and [54, 97, 55] the state forQ g is some decon ned Fermi liquid.

The gravity description of either limit has some de ciencies, mostno-
tably the lack of an electron star wavefunction at in nity and the unnat-
ural restriction to Q = q for the Dirac Hair solution. A generic solution
for Q g with wavefunction tails extending to in nity as the Dirac hair
would be a more precise holographic dual to the strongly interacting large
N Fermi system. Any CFT information can then be cleanly read o at
the AdS boundary. A naive construction could be to superpose Dirac Hair
onto the electron star; in principle one can achieve this solution by anext
order Hartree-Fock or Local Density Approximation computation.

This best-of-both-worlds generic solution ought to be the true holo-
graphic dual of the strongly interacting Fermi ground state. If one is able
to answer convincingly how this system circumvents the wisdom that the
groundstate of an interacting many-body system of fermions is a generic
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Figure 5.10: Schematic diagram of the di erent groundstate solutions of strongly
coupled fermions implied by holography for xed charge densityQ. Hereqis the
constituent charge of the fermions andmL the mass/conformal scaling

dimension of the fermionic operator. One has the gravitational electron &r
(ES)/Dirac Hair (DH) solution for large/small Q=g and small mL=q dual a de-
con ned Fermi liquid/regular Fermi liquid in the CFT. For mL=q =g large
the groundstate remains the fermionic quantum critical state dual to AdS-RN.

single quasiparticle Landau Fermi liquid, then one would truly have found
a nite density Fermi system that does not refer at any stage to an un-
derlying perturbative Fermi gas.



Chapter 6

The phase diagram: electron
stars with Dirac hair [83]

6.1 Introduction

The problem of fermionic quantum criticality has proven hard enough for
the condensed matter physics to keep seeking new angles of attack. &h
main problem we face is that the energy scales vary by orders of magnitude
between di erent phases. The macroscopic, measurable quantitiesgerge
as a result of complex collective phenomena and are di cult to relate o
the microscopic parameters of the system. An illustrative example pesent
the heavy fermion materials [80] which still behave as Fermi liquié but
with vastly (sometimes hundredfold) renormalized e ective masss. On
the other hand, the strange metal phase of cuprate-based supercondunty
materials [118], while remarkably stable over a range of doping concentra-
tions, shows distinctly non-Fermi liquid behavior. Holography (AdS/C FT
correspondence) [81, 38, 114] has become a well-established treatment of
strongly correlated electrons by now, but it still has its perplexities and
shortcomings. Since the existence of holographic duals to Fermi surfas
has been shown in [79, 17], the next logical step is to achieve the un-
derstanding of the phase diagram: what are the stable phases of matter
as predicted by holography, how do they transform into each other and,
ultimately, can we make predictions on quantum critical behavior of real-
world materials based on AdS/CFT.

The condensed matter problems listed all converge toward a single
main question in eld-theoretical language. It is the classication of
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ground states of interacting fermions at nite density. In this paper we at-
tempt to understand these ground states in the framework of AdS/CFT,
the duality between the strongly coupled eld theories in d dimensions
and a string con guration in d+1 dimension. The classi cation of ground
states now translates into the following question: classify the sible asymp-
totically AdS geometries with charged fermionic matter in a black hole
background. Most of the work done so far on AdS/CFT for strongly in-
teracting fermions relies on bottom-up toy gravity models and does ot
employ a top-down string action. We stay with the same reasoning and
so will work with Einstein gravity in 3+ 1 dimensions. We note, however,
that a top-down construction of holographic fermions has been derived
in [35]. While expectedly more complicated, it con rms the robustness
of some features seen in 3+1-dimensional classical gravity, such as the
emergent scale invariance of the eld theory propagators in the IR.

So far three distinct models aiming at capturing the stable phases of
holographic fermionic matter have appeared: the electron star [51], Dirac
hair [18] and a con ned Fermi liquid model [96]. The electron star is essn-
tially a charged fermion rewriting of the well-known Oppenheimer\Volkov
equations for a neutron star in AdS background. The bulk is thus modeled
as a semiclassical uid. The mystery is its eld theory dual: it is a hier-
archically ordered multiplet of fermionic liquids with stable quasiparticles
[53]. On the other end of the spectrum is Dirac hair, which reduces th
bulk fermion matter to a single quantum-mechanical wave function. As
a consequence the eld theory dual is a single Fermi liquid, howear its
gravitational consistency properties are not yet fully understood. In [19]
we have shown that Dirac hair and electron star can be regarded as the
extreme points of a continuum of models, dialing from deep quantum { a
single occupied state | to a classical regime | a very large occupation
number | in the bulk. They correspond to two extreme \phases" in th e
eld theory phase diagram: a multiplet of a very large number of Fermi
liquids and a single Fermi liquid. The con ned Fermi liquid model [96]
introduces con nement through modifying the bulk geometry and solhes
for quantum-mechanical wave functions adding them up to compute the
full bulk density. This latter step is more general then the singleparticle
approach of [18] and it naturally extends a Dirac hair state with single
Fermi surface to a state with multiple Fermi surfaces. Our main motva-
tion is to construct a complementary model that extends from the othe
end | the classical regime | down to a state with few Fermi surfaces.
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We aim for a system which is general enough to encompass the middle
ground between extreme quantum and extreme classical regimes in the
original decon ned setup.

In addition to simply improving the mathematical treatment of the
many-body-bulk fermion system, the guiding principle in our analysis will
be to rest on the advantages and disadvantages of the current models. On
the one hand, the Dirac hair is a fully quantum-mechanical model whi
shows its strength in particular near the boundary (the ultraviolet of the
eld theory) but becomes worse in the interior, i.e.close to the hoizon
(the infrared of the eld theory) where density is high and the resulting
state of matter cannot be well described by a single-particle wave foction.
On the other hand, the electron star yields a very robust descripton of
high-density matter in the interior but its sharp boundary at some radi us
r. means that it has zero density at the boundary of the AdS space. This
is a crucial drawback as the holographic dictionaryde nes densities and
thermodynamic quantities on the CFT side in terms of the asymptotics of
the bulk elds at in nity. It is thus obvious that the physically in teresting
model lies somewhere in-between the two approaches. This is whyhat
we try to achieve will essentially be an "electron star with Dirac hair".

We will reproduce the results of the electron star/Dirac hair models
in the limit of in nitely large/small fermion charge but also get a look
at what is in-between. Importantly, our model incorporates the quantum
corrections to the leading WKB approximation for the bulk electron den-
sity. Our system therefore does not terminate at some nite radius lke
the electron star, allowing direct calculation of the CFT quantities at the
boundary. This will allow us to sketch the phase diagram as a whole. We
do not aim at quantitative accuracy in this paper: in a follow-up publi-
cation we will present a more accurate calculation making use of density
functional formalism for interacting fermions in the bulk. Here, we use a
simple WKB formalism with quantum tails which adds quantum correc-
tions to the Thomas-Fermi (uid) approximation by taking into account
nite level spacing. While not highly accurate, it is able to penetrate
deep in the quantum regime thus giving at least a qualitative look in the
intermediate regime. In particular, we are able to detect the instablity of
the RN black hole leading to its discharge and formation of nite density
phase in the bulk. The precursor os this instability is known as osdiatory
or log-oscillatory region [27, 50, 63]. All calculations are self-consistent
and include the backreaction on the gauge eld by fermions and on the
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geometry by both.

The physical task of understanding the various states and their insta-
bilities is clearly still ahead of us. The obvious question to ask is, at
is the nature of the phase transitions and to what degree is it univers&
A partial answer is provided by our nding that the nite density ph ases
with fermionic quasiparticles at high enough temperatures always exiit
a rst order transition into the zero density phase. Intuitively , this can be
interpreted as a universal van der Waals liquid-gas transition. In the uid
limit however, returning to the semiclassical description, the transition
becomes continuous as predicted in [52]. At zero temperature, we dett
a continuous transition whereby the AdS-RN system develops nite lulk
density of fermions, driving the instability of the black hole toward a nite
density phase, which in the uid limit is just the electron star. It is here
that our method is especially useful as it allows us to probe the "elecon
star at birth", i.e. to observe the instability of the black hole when only
few fermion levels are lled. The instability mechanism was discigsed in
[50, 63] in the framework of electron star. We again nd that nite level
spacing matters and the transition is shifted compared to the electon star
model. Finally, we nd also a crossover between the low density Dirac
hair) and high density (electron star) regime. The crossover is not afan-
sition and thus there is no clear transition point. However, looking atthe
two extremes, with N 1 levels and withN 1 levels we will see that
they bring a characteristic di erence in the behavior of the system in eld
theory.

The nature of the zero temperature phase transition and the crossover
between the nite density phases is complex and we will not be abled
o er a complete description of these phenomena. Hopefully any gain of
understanding in these questions will give us some insight into th crucial
guestion: are there any stable phases of fermion matter that cannot be
adiabatically continued to a Fermi gas?

The outline of the paper is as follows. In the Section Il we describe
the eld content and geometry of our gravity setup, an Einstein-Maxwell-
Dirac system in 3 + 1 dimension, and lay out the single-particle soluton
to the bulk Dirac equation. In Section Il we start from that solution
and apply the WKB approximation to derive the Dirac wave function of
a many-particle state in the bulk. Afterwards we calculate density ard
pressure of the bulk fermions { the semiclassical estimate and theugntum
corrections, thus arriving at the equation of state. Section IV containsthe
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solution of the self-consistent set of equations for fermions, gauge eldnd
the metric. There we also describe our numerical procedure. Sgon V

is the core of the matter, where we analyze thermodynamics and spectr
of the eld theory side and identify di erent phases as a function of the
three parameters of the system: chemical potential , fermion chargee
and conformal dimension . Section VI sums up the conclusions and
o ers some insight into possible broader consequences of our work and
into future steps.

6.2 Holographic fermions in charged background

We wish to construct the gravity dual to a eld theory at nite fermi on
density. Dimensionality is not of crucial importance at this stage. While
some interesting condensed matter systems live in 2 + 1 dimensian the
heavy fermion materials are for instance all three-dimensional. We Wi
specialize to 2+ 1-dimensional conformal systems of electron matter, whl
to AdS, gravities. We consider a Dirac fermion of chargee and massm
in an electrically charged gravitational background with asymptotic AdS
geometry. Adopting the AdS radius as the unit length, we can rescale the
metric g and the gauge eld A :

g 7lg L% A T!'LA : (6.2.1)
In these units, the action of the system is:
z
s P— 1 5 L? 5, 3
S= dx g ﬁ'— (R+6)+ TF + L°L¢ (6.2.2)

where is the gravitational coupling and F = @A @A is the eld
strength tensor. The fermionic Lagrangian is:

1 .
Li= e A @+ n BC 5c  ieLA mL (6.2.3)

where = i Y 0 e, is the vierbein and ! B is the spin connection.
Since the magnetic eld is absent, theU(1) gauge eld is simply A = dt.
We parametrize our (spherically symmetric asymptotically AdS) metric
in four spacetime dimensions as:

) _ f(2)e "@

1
ds 2

2 2 2
2 dt = dx< + dy Wdz (6.2.4)
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The radial coordinate is de ned for z 0, wherez = 0 is the location
of AdS boundary. All coordinates are dimensionless, according to (6.2.1).
This form of the metric is su ciently general to model any con guration
of static and isotropic charged matter. Development of a horizon at nite
zZ is signi ed by the appearance of a zero of the functiorf (z), f (z4) = 0.
From now on we will setL = 1.

We will now proceed to derive the equation of motion for the Dirac
eld. From (6.2.3), the equation reads:

1 .
ey @+Z! BC 5¢c ieA = m : (6.2.5)

In the metric (6.2.4) we can always eliminate the spin connection [79] by
transforming:

L @32 .
7' (gg?) * = HoEE a “(2) (6.2.6)
After decomposing into radial projections , de ned as:
_1 z .
=5 1 ; (6.2.7)

in a basis where 2 = diag(1;1; 1; 1), the Dirac equation in matrix
form becomes:

pF@z =D 0t o (6.2.8)

Here the matrix D is the di erential operator along the transverse coor-
dinates (x;y) and time, which we will specify shortly.

We will give the solution of the Dirac equation in the cylindrical co-
ordinates, which will serve as the input to the calculation of bulk fermion
density in WKB approximation. Introducing the cylindrical coord inates
as t;x;y;z) 7' (t; ; ;z ) we make the separation ansatz:

Z
(o) o d F@Ki(G )
(z:: ) 2 G(2)K2(; )
where, unlike previous approaches, thd=; G are are taken as scalars and
the modesK 1.2 are in-plane spinors. The Dirac equation then takes the
form:
0 D 1

@FK: _ g @=1(2) E(z)+ M (@) s, FK;

@Kz ~ T E(z) M2 3 &2 @) GK 2
(6.2.10)

(6.2.9)
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We recognize the matrix at the right hand side asIﬁ:p f. The terms E
and M have the meaning of local energy and mass terms, respectively:

(z)=2

(I +q(2) M@)= —p_: (6.2.11)

@ T T

The in-plane operator @acts on each in-plane spinor as:

0 i@
@= @ 0 (6.2.12)

with @ € (@ + @=). To maintain the separation of variables in
(6.2.10), we require@K = Ki, wherej ;j? corresponds the momentum-
squared of the in-plane motion of the particle. The solution of the cylin
drical eigenvalue problem for each in-plane spinoK; gives:

_ 3 ()t 2

T g e 0=

(6.2.13)

Of the two linearly independent solutions, only the Bessel funcion of the
rst kind J(x) is chosen in order to satisfy the normalizability condition
of the wave function at I' 0 (for linear independent Bessel function
Y this condition is not ful lled). Remembering that j ;j? is the squared
in-plane momentum, the physical requirement that this momentum be the
same for both radial projections translates into the conditionj 2j = | ij.
Consistency of the separation of variables then shows us tha, = 3K
and thus 1= 2 = k and the reduced radial equation becomes:

@F _ R E+M F
@ - M E K G (6.2.14)
with R = k=p f (let us note that Eq. (6.2.14) is for the pair (F; G), whereas
the initial equation (6.2.10) is written for the bispinor ( FK 1; GK)). For

the WKB calculation of the density, it is useful to remind that the w ave
function in Eq. (6.2.9) has two quantum numbers corresponding to the

motion in the (; ) plane: ; | (or equivalently the momenta ky; ky
in Cartesian coordinates). The radial eigenfunctions inz-direction will

provide a third quantum number n.
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6.3 Equation of state of the bulk fermion matter

In this section we construct the model of the bulk fermions in an impoved
semiclassical approximation. In the next section we will complemenit
with the equations for the Einstein-Maxwell sector. We will start by es-
timating the bulk fermion density in the semiclassical case. The Drac
equation is solved in the WKB approximation, and the density is com-
puted assuming a large number of energy levels. This is in the sptriof
WKB approximation. However, we sum the exact quantum-mechanical
solutions for the wave functions rather than immediately taking the uid
limit. In this respect our method goes beyond Thomas-Fermi and in fat
corresponds to calculating the vacuum density in the Hartree approxina-
tion. The resulting estimate has sharp bounds along the radial directn,
at some pointsz; and z, (0 <z1 <z, 1), similar to electron star [51]
and its nite-temperature generalization [52]. As we have already argued,
sharp bounds fail to capture several essential phenomena on the CFTdz.
To overcome this shortcoming, we will improve on the WKB approxima-
tion and continue our bulk density pro le outside the classical region by
making use of Airy corrections to WKB in the interior, and the Dirac hair
formalism near the boundary. The reason for the latter is that Airy or de-
caying WKB approximations rapidly fail beyond the naive exterior sharp
edge. Compared to other models of holographic fermions at nite density
this quantum improvement on the semiclassical WKB limit bridges the
gap between the all-classical electron star [51] and single-particle quan
tum mechanical calculation of Dirac hair [18].

6.3.1 WAKB hierarchy and semiclassical calculation of the
density

In the framework of WKB calculations, the rst task is to construct the

e ective potential as a functional of the induced charge densityn(z). Phys-
ically, the origin of the induced charge in our model is the pair produdion

in the strong electromagnetic eld of the black hole. To remind the reader,

a (negatively) charged black hole in AdS space is unstable at low temper-
atures, and spontaneously discharges the vacuum [60]. This means that
there will be a non-zero net density of electrons. Within the semiclassical
approximation it is consistent to calculate n as density of non-interacting
electrons. We will thus employ the semiclassical gas model and add gl
possible states enumerated by good quantum numbers. For this we cbge
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the set (;1;n ).

We now give the algorithm for the WKB expansion of the wave func-
tion for Dirac equation, adopted from [113]. Even though every single
step is elementary, altogether it seems to be less well known thans
Schredinger equivalent. We consider the Dirac equation in the form 6.2.8)
and introduce the usual WKB phase expansion for it:

R, p—
(2)= exW@ 1@ (5 (6.3.15)

with the spinor part (z). The phasey(z) can be expressed as the semi-
classical expansion in~*

¥(2) = (y 1(2) + Yo(z) + ya(2) + ::0): (6.3.16)

The equations for the perturbative corrections now follow from (6.3.15-
6.3.16):

Do = yi1o0 o (6.3.17)

D1 = yi11+Y ot @ o (6.3.18)
p_ X 1

») n = Yint f@ n1t Yn i 1 i: (6.3.19)

i=0

Notice in particular that y 1/ o is an eigenvalue/eigenvector ofy. In our
case the matrix D has rank two, so there are two eigenvalues/eigenvectors
fory 1= o'y ;and . To nd the rst order correction to the phase
of the wave function yp, we multiply (6.3.18) from the left by the left
eigenvalue  of the matrix D (D is in general not symmetric, so the
right and left eigenvalues are di erent):

(@ 0'70 )
("’o; 0)
SO we can now construct the usual WKB solution of the form =

e =P g, where g is the WKB momentum and the phase. The termyp
is just the rst order correction to

Yo = (6.3.20)

'From the very beginning we put ~ = 1. However, to elucidate the semi-
classical nBture of the expansion we give it here with explicit ~. Dirac equation
becomes~ f@ "= DO where "= ( .; ), vyielding the expansion y(z) =

1

~ by 1(2)+ Yo(z) + Pyi(2)+ it
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Finally, let us recall the applicability criterion of the WKB calcul ation.
It is known that WKB approximation fails in the vicinity of turning p  oints.
The condition of applicability comes from comparing leading and the next
to leading term in the expansion (6.3.16):

Yo(2)
y 1(2)

(6.3.21)

In terms of E(z) and M (z) introduced in Eq. (6.2.11) it gives at k = 0:

M(z2)@E(z) E(2)@M(2)
E@)(E(z) M(2)

(6.3.22)

We will use this expression later on to estimate the point where we eed to
replace the WKB density and pressure with their full quantum estimates.

WKB wave function

According to (6.3.17), the leading e ective WKB momentum for the mo-
tionin z direction q j y 4jis:

o’(z) = E%(z) M?@2) K32): (6.3.23)

The wave function in radial direction, = ( F; G), is given by the su-
perposition of two linear independent solutions

(2)=Cy +(2€ @+C  (20e'@; (6.3.24)

with the phase determined by

Z z
qzd+ (2% d° (6.3.25)

(2)

Z,R@K q@u+ E M @E+ @M
2KRq

(2)

dz:(6.3.26)

The constantsC, and C are related by invoking the textbook boundary
conditions for the behavior of WKB wave function at the boundary of the
classically allowed region (?(z) > 0) and the classically forbidden region
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(6?(2) < 0). The wave function in the classically allowed then reads:

oq 1
(2) = pcj@ E%)M (2) (Z))A; (6.3.27)
a(2) E(z) M(z)sin (2)
(2) = ArcSin g 92 (6.3.28)

E2(2) M2(z)

and C is the only remaining undetermined normalization constant. For
the classically forbidden region we will use a di erent wave functon, to
be described in the subsequent subsections. Integrating the pbability
density over all coordinates in classically allowed region4;; z,) gives the
normalization condition:

Z p—_7
2 O3d(2)
Z1 a(z)z

Cc? dz d dCZZd n (Z;; ) ﬁqoo(zi; )=1:

(6.3.29)
The metric factor is gaq(z) = 9(z)g"(z), and a(z) is the conversion factor
from (6.2.6). In the left-hand side of the equality we took into account
the normalization of the continuous spectrum in the (; ) plane. The
integration over s trivial. The orthogonality relation for Bessel functions
(which encapsulates the (; ) solution) gives the de nition of ng:

2t ( 9
Cyd J( )I(%)d = ~—~7 (6.3.30)
0
and it allows us to express the normalization constant as:
z p— o=
g" E(2)
C= 4 = : 6.3.31
7 «2) (6331

where a factor of 2 comes from the integration over and an additional
factor of 2 from the summation over the full four-component wave func-
tion, i.e. bispinor (each spinor givesE(z)=((z) after averaging over the
fast oscillating phase ). This completes the derivation of WKB wave
function and allows us to compute the density.

WKB density

The key input for WKB approximation is the self-consistent bulk electron
density n(z). As in [113] we nd the total density by summing single-
particle wave functions in the classically allowed region. The WKB vave
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function is characterized by the quantum numbers (;I;n ) with  being
the linear momentum in the x y plane, | { the orbital momentum in the

x y plane andn { the energy level of the central motion in the potential
well along z direction. The bulk density can be expressed as the sum over
the cylindrical shells of the bulk Fermi surface. This suggests towork
in the cylindrical geometry as the natural choice (remember that we us
the SO(2) invariant in-plane spinors). Each shell satis es the Luttinger
theorem in the transverse & y) direction and so the density carried by
each shellnyy (z) can easily be found. We campthen sum over all shells to
arrive at the nal answer which reads simply  dzn,(z)nyy (z). A similar
qualitative logic for summing the Luttinger densities in the x y plane
was used also in [96] although the model used in that paper is overall very
di erent.

Let us start by noticing that the end points of the classically allowed
region determine the limits of summation overn and : ¢?(',; ) O.
Thus, the density in the WKB region is:

b3 Z 2 X Z 0 Z 1 ) )
n(z) = 5 d d dCui(z: )5
a2)* |, n@(n;) 0 © 0
q (6.3.32)
where o = f(2)(E2(!;z) WM2(z)). The limit of the sum over the

level number n is determined by the requirement that WKB momentum
be positive; in other words, we sum over occupied level inside thpoten-
tial well only. The sum over the orbital quantum number | extends to
in nity as the ( x;y) plane is homogenous and the orbital number does not
couple to the non-trivial dynamics along the radial direction. For large
occupation numbers the normalizatigp cBn@n (6.3.31) and the (local)
Bohr-Sommerfeld quantization rule ( dz q(z) = N ) then give:

1 1=2
— ; for q(z) (2); z L (6.3.33)

Ch= 45

9|2

Now we turn the summation over the quantum number n into the inte-

gration over energy and obtain for the bulk electron density (here we also
performed the integration over using the explicit expression for the wave
function (6.2.10) and the normalization condition (6.3.30) for the Bessel
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functions):
- 2 X 22 | z P e ) z “  E(i2)
nz)= — T
a(2)? o 0 0 4 2q(%; ;2 )
(6.3.34)
After performing rst integral over ! and then over we ge€:
3 3=2
n(z): 23pmax (:Z)))fz (Z) (6.3.35)
with pmax determined by
P2 = E%(0;2) M2(2): (6.3.36)

Notice that this result corresponds with common knowledge on the
density of electron star [51].

6.3.2 Airy correction to semiclassical density

The semiclassical density pro le has sharp cuto s in the classicallyfor-
bidden regions, that is, for p2,,, < 0, i.e. E(z) < NMr(z) (Fig. 6.1, dashed
curves). Generically, there will be such two turning points,z and z
sothat 0 <z <z <zy wherezy = 1 in pure AdS or equals the
horizon radius at nite temperature. The semiclassical density is ory
nonzero forz < z <z . Leaving out the quantum "tails" outside
this region misses even some qualitative features of the system, as we
have discussed in the introduction. Moreover, the WKB approximation
ceases to be valid close to the turning points (Eq. 6.3.22), at some;.,
(0O<z <z1<2z232<z <2zy). We thus account for the quantum cor-
rections forz < z; and z > z,. We rst treat the latter case, i.e. the
quantum corrections in the near-horizon IR region.

To this end it is convenient to rewrite the Dirac equation in the
Schredinger (second order) form for the . component. Following the

2The given result for n can be compared to the charge density in the electron star
limit given in [53] The metric functions used there are related t o ours asf 7! fe "=z2
and g 7! 1=fz2, where our metric functions are on the tht hand side. Likewise, our
de nition of pmax is related togke of [53] aspmax = ke = Now the total bulk charge
is exaressed in [53] as% = dzre(z) where re(2) n(z)e . In our conventions

Q= dz" “gg®g'n=dzn(z)e™? thus giving the same result as in [53].
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textbook, the lowest order correction to the WKB solution is obtained by
expanding the potential,

2+ }@Z(E(Z) + NI(2)) .

2 E@+ M(2)

(6.3.37)
in the vicinity of the turning point. Naively the logical extension of our
formalism into the classically forbidden region would be to solve the rac
equation or the corresponding Schredinger equation in WKB form with
imaginary WKB momentum. The result would be a set of exponentially
decaying wave functions. This is, however, not the optimal approach
Firstly, the summation of all exponentially decaying wave functions would
be an overkill as the contributions of all but the highest amplitude expo-
nential correction are negligible and do not have a measurable in uence
on the result. Secondly, the summation of wave functions with imaginay
WKB momenta turns out to be much more di cult in practice. We thus
perform the series expansion of the potential (6.3.37)around = z, as our
approximation scheme. The lowest order (linear) term in the expan®n
of the potential yields a solution in terms of an Airy function which co-
incides with the WKB solution as we approach the turning point, i.e. for
z=12, O.

In principle, also for Airy corrections such a continuation should be
made for each of the wave functions (6.3.24), and the corrections then
should be summed up. However, the Airy corrections for excited leus
are also exponentially suppressed outside the classically alloweegion.
It is therefore a good approximation to only match the squared module
of one single, suitably chosen, Airy function to the total WKB density.
This should be the solution at the Fermi level! = 0. Exponentially small
corrections are in any case beyond the scope of a Hartree-based method
and require a density functional approach.

We rst expand the potential Vgt inz z , wherez s the (second)
turning point, i. e. g(z ) = 0. The resulting second-order equation for

+ is schematically of the form:

(@Z+(P0+ Pl(Z Z ))@+ Qo + Ql(Z V4 )) +=0: (6338)

We transform to a Schredinger-type equation (without a rst derivat ive
term) but consistently keep only linear correction in the potential, giving
the equation:

Vet (z) = E?(z) M?(z) 3 @log E(z)+ M (z)

(@z+ Qo+ (Q1 2Po)(z z ) +=0 (6.3.39)
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with
_ _@E+ @M .
Qo = R7E+M @Kjz= 2 i |
|
0, = 2M@M +2k@k 2e@E+ 22 @M N ek (@B + @v)R
(E + Nr)?
_ @E+ @M,
Po = le:z (6.3.40)

The decaying normalizable solution to the above equation is (non-normétable

solution would imply instability of the interior):

!
2Py Qi)(z z )
2P Q1)
where N is the normalization constant. There is a similar equation for

with the same normalization N for consistency with the rst order
Dirac equation. The density is now simply

+(2) = NA (6.3.41)

nR@)=j +@i*+] @i% (6.3.42)

where in our approximation the only contribution comes from the single
wavefunction with I = 0. We match this to the WKB density at the point
where it fails, i.e. at the point z, in the interior where yp=y 1 = 1:

nWKB (z, 0)= n'R(z,+0): (6.3.43)

This determines the normalization N .

This approximation for the quantum tail becomes better and better
atzy asz ! zy. Itis exactly there, in deep interior, where the Airy
correction is most critical for gravitational backreaction. The presene of
a nonzero density forz ! zy implies backreaction at the horizon as we
shall see in the next section.

6.3.3 Dirac hair correction to semiclassical density

In principle, the Airy expansion can also be applied to the UV non-clasial

region near the AdS boundary (0< z < z ;). This approach, however, has
both practical problems and problems of principle when applied in the
near-boundary region:
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The convergence of the Airy expansion is poor near the boundary.
Airy expansion is nothing but the linear approximation of the ef-
fective potential, as in Eq. (6.3.38). Typically, however, the AdS
boundary is too far away from the turning point and the rate of
change of the e ective potential Vets for z 0 is large enough to
require higher-order terms in the expansion ofVess . These would,
however, make the calculations much more complicated and go be-
yond the accuracy of the current model.

More importantly, expanding away from z toward the boundary in-
evitably means that the resulting approximation will not reproduce
the exact asymptotics of the fermion eld at the AdS boundary.
The holographic dictionary identi es expectation values on the eld
theory side by considering the asymptotics of the bulk elds at the
AdS boundary (z! 0). In particular, the correct asymptotics are
necessary to have the correct fermionic contribution to thermody
namics. With an Airy expansion around z , the behavior at z =0
is completely uncontrolled.

Therefore, in the context of the AdS/CFT correspondence one needs to
start the expansion at z = 0 in the UV region and glue it to the semiclas-
sical region atz = z and not vice versa. The natural framework for this
task is the Dirac hair formalism [18]. In the region 0<z <z the density
rapidly decreases toward zero and it is increasingly dominated by théong
range wave functions with! =0 and k 0 [19]. These facts are precisely
the necessary conditions for Dirac hair to be a good approximation. We
will thus glue the Dirac hair wave function to the semiclassical resilt to
obtain the quantum tail at small z. The quantum correction in the UV
is especially crucial, since otherwise all holographic dictionary emtes re-
lated to fermions (density, currents, response functions) are allaccording
to the holographic dictionary, equal to zero.

We will start with a very concise review of Dirac hair. As argued
in [18], a very good approximation to the bulk fermion prole at low
densities is to describe it through a single collective wave furtion which
encapsulates the nonzero VEV of the fermion density. The right quantiy
to consider is just the spacetime average of the bulk densityl (2):

zZ Z
J(z;E;p)= di d’k Y(z; I} K ( zZZE+!;p+k) (6.3.44)
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In the bulk, this is just the probability density associated with the quantum-
mechanical state . Analogously to the Airy correction in the IR region,
one should, strictly speaking, construct a separate density bilinar for ev-
ery bulk excitation ( lled level) and add up all the bilinears. Analogously
to the Airy correction, we do not implement this procedure, but approxi-
mate the density with only a single wave function, as we did in the orginal
Dirac hair approximation [18] essentially neglecting the multi-particle na-
ture of the system in the classically forbidden region. The justi cation is
less rigorous than for the Airy correction: the subleading Dirac hair corec-
tions are not damped exponentially but only as a power law. In practice,
however we have shown that the numerical value of the amplitude of tk
excited wave functions with k 6 0 is small enough to be neglected [19].

In the single-particle Dirac hair approximation the expectation value
of J(z; E; p) at the boundary at zero energy and momentumhl (z = E =
p = 0)i translates into the density discontinuity in the vicinity of the
Fermi surface [18]:

Z ke +0
h(E = p=0)i = d’kN (k)  Z; (6.3.45)
0

ke

where through Migdal's theoremZ corresponds with the quasiparticle pole
strength in the spectral function. Especially in the single partide approxi-
mation, it is convenient to directly deduce e ective equations of motion for
J(z; E; p) from the Dirac equation, rather than solving the Dirac equation
and squaring. Since the dominant Fermi momentum in the UV iskg ' 0O
the contribution of the Fermi momentum to the e ective equations of mo-
tion for J can be ignored. In this simpli cation its equations of motion
only contain the explicit density momentum p. The Fermi momentum is
still implicitly present in the integration over the internal mom entum k.
To write the evolution equation directly for the density J(! = k =0), itis
convenient to consider separately the radial projections  and construct
the bilinears
z z
J (@)= d dk Y ; with J=J,+J (6.3.46)

together with the auxiliary quantity
z z
I(z)= d d’*k ¥ +hoc (6.3.47)
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which we need to close the system of equations. The coupled equations

for J ;I implied by the Dirac equation read:
@ 3 2m 2@h e
@+ > ?e? - J T' =0 (6.3.48)
@+ % g Z%h | Zfi(J+ J)=0: (6.3.49)

Here we just need the Dirac hair solution to correct the semiclassicahodel
near the boundary, not in the whole space. We nd it easiest to seek the
solution near z = 0 in the form of a series in z:

J (2)=j% @+jrz+j%22+::) (6.3.50)

2
Ji(2) = Wz*(j9+j}z+jfzz+:::) (6.3.51)
I(z) = 2rr:+1z oi%+ itz + %22+ 11): (6.3.52)

The exponents . are determined by the lowest order of the near-
boundary expansion of the Dirac equation. As usual, one gets two families
of solutions and, according to the dictionary, the one with faster decayat
z! 0 corresponds to a VEV. This is the family with =4+2m 1,

o = 4+2m. Since we will only use this solution in the UV region,
it is convenient to solve directly for the coe cients in this pow er series,
rather than a full numerical determination. We have explicitly checked
the convergence of the series using the D'Alembert criterion.

The density obtained in this way is

nVz) = 3. (2)+ J (2): (6.3.53)

This single particle density is now matched to the WKB density at the
point z; whereyp=y 1 = 1 in the exterior:

nYV(z; 0)=n"KB(z,+0): (6.3.54)

In this way we determine the amplitude j© (from Eq. (6.3.50)). Together
with the Airy matching in the interior we end up with a continuous de nsity
in the whole space.

To complete our setup, we would like to have a quick and easy way to
guantify the "classicality" of the system, i.e. the proximity to t he electron
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star limit and the smallness of the quantum corrections. A very good
estimate is provided by the number of energy leveldN in the potential
well: the classical limit corresponds toN ! 1  and vanishing spacing
between the levels. ProvidedN is large, it can be well approximated by
the textbook WKB formula. The estimate reads

Z z

1
N= a2 GaVer () (6.3.55)
zZ

where Vs is the e ective Schmdinger potential, Eq. (6.3.37), derived in
the context of the Airy function tails. From now on we will frequently use
N to characterize the system at certain values of the parameters {(q; m ).

In Fig. 6.1 we show the full quantum corrected WKB densities ob-
tained with the matching outlined above. These are obtained upon solvig
the whole self-consistent system of equations (including eleadmagnetic
and gravitational backreaction) described in later sections. We show his
here already just to illustrate of our method. In Figs. 6.1A and 6.1B,
the semiclassical estimates1\VKB (z) in the whole classically allowed re-
gion (z <z <z ) are shown as dotted lines compared to the actual
(quantum-corrected) density. Fig. 6.1C shows explicitly that N is the
correct parameter that controls the size of the quantum corrections. As
already argues in [19], for lowN which is equivalent to the statement
that the total charge density becomes of the order of the charge of the
constituent fermion, the WKB approximation fails. Here we see visualy
that quantum corrections become dominant in this limit.

6.3.4 Pressure and equation of state in the semiclassical
approximation

Following the logic behind the density calculation, we will now calalate
the pressure. It will actually prove easier to write the equation of state
rst and then derive the pressure. We can start by computing the erergy
density of the bulk fermions. By de nition, it reads
X Z 2 Z 1 Z loc
E(z) = d d di Y@2)( 2)=
g0 0 0
X Z 2 Z 1 Z loc E‘(Z)
= d d dan 5
;0 0 0 4 “q(2)

(6.3.56)
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Figure 6.1: Semiclassical bulk densitynWkB (z) (Eq. 6.3.35, dashed pink
lines) and full density n(z) with quantum corrections { Airy tails for large
z > z, in the interior and Dirac hair for small z < z; near the AdS bound-
ary (Egs. 6.3.42, 6.3.53, solid blue lines). Parameter values (A) {&;m) =
(1:7;1000:1), (B) ( ;e;m) = (1:7;10;1). The classically allowed region lies
between the turning points z and z , determined by the the condition of van-
ishing WKB momentum (q(z ) = g(z ) = 0). The gluing of the quantum tails
to the semiclassical part is implemented according to the conditionof applica-
bility of WKB approximation, Yyo=y ; = 1, at the point z, for the Airy correc-
tion (Eq. 6.3.41), and at the point z; for the Dirac hair correction (Eq. 6.3.44).
The parameters for (A) are in the classical (electron star) regime, the gan-
tum corrections are manifestly small and the classical region almost coindes
with the WKB region: z; Z:,2 Zz . The plot (B) is given to show
that when the system is closer to the single particle Dirac hair appraimation,
N 1, the WKB approximation fails and the quantum corrections are of the
same order as the WKB part. (C) Bulk density with quantum corrections, for
a range of values (e;m) = (1:7;1000:1) (red), (;e;m) = (1:7;30;0:1) (vi-
olet), (;e;m) = (1:7;10;0:1) (green) and (;e;m) = (1:7;5;1) (blue). For
large speci c charge of the fermion (and therefore a large number of WKB év-
els in the bulk) the solution is dominated by the classically allowedregion. For
smaller g=m values (and thus fewer WKB levels) the quantum correction in the
near-boundary region becomes important and eventually dominates the degity
pro le. (D) Thermodynamical pressure with quantum tails (Eq. 6.3.59), for the
same parameter values as in (C).
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where E(z) is de ned in (6.2.11) and the sum limits are the same as in
(6.3.34). Performing the integration in a similar fashion as when comput-
ing n(z) in (6.3.34-6.3.35), we obtain

1 1
E= Ze n+ of
¢ T35

2\ 2ArcSinh - (6.3.57)
Y
Notice that the rst term exactly captures the electrostatic energy while
the second is the one-loop term that encapsulates the quantum uctua-
tions. The above result is remarkably close to the Hartree vacuum po-
larization correction as it appears in various model energy functionals in
literature. Now the calculation of pressure needs to be done very cafelly
in our semiclassical setup. Itis possible to delineate two oppositeegimes:

(A)

Figure 6.2: Comparison between full quantum pressure (dashed blue lines,
Eq. 6.3.58) and thermodynamic pressure (solid red lines, Eq. 6.3.59) forwio
sets of parameters: (e;m) = (1:7;1000:1) (A) and ( ;e;m) =(1:7;5;1) (B).
For comparison we plot also the uid pressurep = en =2 (dashed green lines).
Expectedly, all three models are close to each other for larg& while for N
small the level spacing is large and it is necessary to sum the contriltions of
individual levels: both the thermodynamic approximation and the simple uid
approximation deviate considerably from the exact sum.

1. In the deep quantum regime we can express the pressure from the
microscopic fermionic Lagrangian (6.2.3). By de nition it reads

X X 21 4+1e =2
— y y CA —
p= 1@ -+ @ + hic:= 74q e

n;l; n;l

Cilln )

(6.3.58)
The explicit calculation is tedious but straightforward and we leave it
out. The end result involves the integral of a complicated function of
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gand . Unlike for density case, we nd ourselves unable to package
it in a closed-form expression. Instead, we integrate numericallyeer
the energy levels! ,, to obtain the function p(z).

2. Deep in the classical regime, according to thermodynamicp =
@E=@ Which generically results in a nonzero outcome. While the
volume V is dicult to calculate exactly, we can obtain a crude
estimate in the following way. At unit AdS radius, the volume
equals the length™ of the classically allowed interval alongz axis, i.e.
Hme interval between the zeros of the WKB momentum pmax (2) =

E2(z) WM2(z). From (6.2.11) we nd ° m=e , assuming nei-
ther of the two turning points is very close to the boundary or very
deep in the interior. One further assumption we make is that, not
too far in the interior, the gauge eld is well described by the linear

law (3 z). We thus arrive at the estimate
!
EO @ e? m2fe N
Pthd = ——=—= —=—@ 2z) en+ —p
@@ @ 2m z m2f + 2e 2hz2

(6.3.59)
where we have used (6.3.57). We will call this the thermodynamic
pressure and denote it bypyg to di erentiate from the exact quan-
tum expression (6.3.58). The expression (6.3.59) is also the equation
of state of the system as it connects the pressure to the density.

The thermodynamical pressure is much more convenient calculationgt.
In spite of its approximate nature, it yields a remarkably accurate re
sult when compared with the exact quantum pressure. We ascribe the
guantitative proximity of the results in the two cases to the fact that
the di erences are small in the two key regions of deep UV and deep IR.
Outside the classically allowed region, we approximate the system ith
a single quantum-mechanical particle and calculate the pressure frorthe
guantum equation (6.3.58). The nonzero pressure obtained in this way for
the classically forbidden region isnot the Fermi pressure (which vanishes
for a non-macroscopic number of particles). It is the pressure inh@mt to
relativistic uids.

Finally, it is illustrative to see how we reproduce the electron star
pressure [51] in the limit of large density. Forn!1 , the rsttermin E
dominates and we obtain

Pes = %@(e n) (6.3.60)
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as expected for an ideal uid, which corresponds to the electron star ap
proach. The physical interpretation of this result (and of the pressue
inside the classically allowed region in general) is that of a Fermi gas
pressure which, as we know, survives also in the limit of classicaher-
modynamics. The comparison ofp, png and pes is summarized in Fig.
6.2, for high and low number of levels. While all three approximations are
good asN 1, for small N both the uid limit and the thermodynamic
limit break down and the contributions of individual levels must be taken
into account.

6.4 Maxwell-Dirac-Einstein system

We have now arrived at the point where we can solve our model self-
consistently with the Einstein-Maxwell equations. Unavoidably, the so-
lution is numerical, using an iterative procedure to converge towad the
solution. Only in the IR region it is possible to use a scaling ansatz to
estimate the scaling behavior of the metric and matter elds, akin to the
procedure used in [50]. We will also see how the "quantum tails" in bdh
IR and UV are crucial to capture at least qualitatively the full e ect of
backreaction. This is the rst attempt at a self-consistent solution includ-
ing backreaction on the geometry with holographic fermions which goes
beyond the uid picture of [51].

Fortunately, it is known how to calculate it in the uid (i.e. elec tron
star) approximation. The action principle for the relativistic uid as put
forward in [108] and used in [51, 52] gives the Lagrangian of the whole
system (uid plus Einstein and Maxwell background) as

z 1 1
— 4 2 .
S= d% ;5 (R+6) 2qu(@) +p (6.4.61)

In other words, the contribution of fermions reduces to the pressue p.
While we do not take the uid limit in this paper, one can suspect that
in the rst approximation the in uence of the corrections to uid li mit
(N 11 )is fully encapsulated by the correction to the classical (or uid)
pressure we found in (6.3.57-6.3.58).

Starting from the exact action (6.2.2), we replace the fermionic terms
with our model for the density and pressure of the bulk fermions. The
total action is represented asS = Sg + Sy + S, the sum of Einstein,
Maxwell and fermionic part. The only nonzero component of the gauge
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eld is and the only non-vanishing derivatives are the radial derivat ives
@ (the others average out to zero for symmetry reasons). The fermion
contribution is subtler. On-shell, the bulk action for the fermions van-
ishes because it is proportional to equations of motion. The boundary
contribution is the bilinear  but one can show that this vanishes too
when properly regularized [19]. At the quantum level, however, thee is

a nonzero fermion pressurg, considered in Sec. 6.3.4, as well as nonzero
(local) charge density is given byj 9 as

j0=qn gP= qnﬁsd;z; (6.4.62)
The fermionic term in the e egtive action thus becomes
s=  dx"gid+ p: (6.4.63)
Packaging everything together, we arrive at the e ective action:
" #
Seff =Zd4xp7 2—12(R+6) 224eh gzz jo + IOgﬁp :
(6.4.64)

The only components of the stress tensor the fermion kinetic energyam-
tributes to is T,; and Tgo ; the others vanish due to homogeneity and
isotropy in time and in the x vy plane. From (6.4.64) we get the equa-
tions for the energy-momentum tensor:

1 @ %, .
T = éz“eh @t j2 (6.4.65)

1 @ °* .
TZ = Ez"’eh @t i2+ mn+ gp: (6.4.66)

We can now write down our equations of motion:
1 - .

pjg @e "?@ = j? (6.4.67)
F z@f 3 = T (6.4.68)

3 z@f(2) 3zf@h 3

TZ: (6.4.69)

The boundary conditions for the gauge eld are standard in AdS/CFT:
(20 = xes the chemical potential at the boundary (zo ! 0), while
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@ ( zny) = 0 ensures the stability of the horizon. Asymptotic AdS geom-
etry implies h(zg) = 0, while the redshift factor vanishes at the hori-
zon, f(zq) = 0 (the derivative is determined by the temperature as
@f (zq) = T=4 ).2 Finally, it remains to de ne the units used through-
out the paper. The natural unit of energy and momentum is the chemical
potential and we will express all quantities in units of whenever is
kept constant. When varying , we will resort to using the temperature
T as the unit. The two ways are essentially equivalent as in holographic
systems only the ration =T has physical meaning.

Let us conclude with an outline of the numerical algorithm, which is
not completely trivial. The boundary conditions to be implemented are
given at di erent points: some are given at the AdS boundary and some
at the horizon. Since the system is nonlinear, it is necessary to dier lin-
earize the system or to shoot for the correct boundary conditions with he
full nonlinear system. After experimenting with both, we have decided to
iterate the full, non-simpli ed system of equations, integrating from the
horizon and shooting for the conditions at the boundary. We perform the
procedure iteratively, gradually increasing the fermion charge in gery it-
eration, and then iterating with xed fermion charge until the conver gence
of the solution is achieved to the xed set of functions, §; h; ). More
explicitly, the procedure is as follows: we start with the non-ba&kreacted
AdS/RN geometry and compute the density (semiclassical plus the quan-
tum corrections) for the the electron charge equal toe=N (where e is the
physical charge andN some positive integer), then we solve the system
of Einstein-Maxwell equations (6.4.67-6.4.69), afterwards we increase the
fermion charge to 2=N, calculate the charge density in the background
(f; h; ) taken from previous iteration and solve for this density Einstein-
Maxwell equations (6.4.67-6.4.69). We repeat this procedure for charge
3e=N, 4e=N etc. After N iterations we have arrived at the physical value
of the chargee. Then we do more iterations with xed charge e to ensure
that the solution has converged, checking that the set of functionsf h; )
does not change from iteration to iteration. In this way we achieve the
self-consistent numerical solution of the Maxwell-Dirac-Einsten system of

3 At zero temperature, when the horizon vanishes due to fermionic backreaction (this
includes also the case of Lifshitz geometry), the boundary condition for f guarantees
also the smoothness of the solution on the horizon: @f (z4 ) = 0. This condition ensures
that we pick the correct branch of the solution as there are typical ly two families of
functions f (z) that satisfy the equations of motion and the condition f (z) = 0. One of
them has a vanishing derivative whereas the other has nite deri vative as z! 1.
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equations. The integration is always done from the horizon, shooting for
the conditions for and h at the boundary, since it is well known that
integrating from the AdS boundary is a risky procedure as it is next to
impossible to arrive at the correct branch of the solution at the horizon.

6.5 Phases of holographic fermions

% % .

[ L

£
(A)

Figure 6.3: Pro les of the metric functions f (z) (red) and € (violet), the
gauge eld ( z) (green), density n(z) (blue) and the pressurep(z) (cyan) at zero
temperature, for (;e;m) = (1:7;100,0:1) (A) and for ( ;e;m) = (1:7;10;0:1)
(B). Solid lines are calculated form our model while dashed lines arehie electron
star solution for the same parameter values. For better visibility dersity and
pressure are rescaled by a constant factor. Near the boundary we always V&
h(z)! Oand (z)= + 0O(2), inaccordance with the universal AdS asymptotics
of the solution but in the interior the solutions start to deviate. Most striking
is the absence of sharp classical edges in density and pressure. THesrbnce in
pressure will turn out to be crucial in moving away from the uid | imit. Here
we have not shown the solution withN = 4: this case deviates from the electron

star (N ' 1 ) so strongly that it does not make sense to compare it. Indeed,
4 1 !

We can now analyze the structure of both the bulk and the eld theory
side as a function of the parameters , e and m. We rst shortly discuss
the nature of the bulk solution for the geometry and gauge eld and
notice some qualitative properties. Afterwards we study the strucure of
the phase diagram using the thermodynamical quantities as the guiding
principle, and corroborate these ndings with spectral functions. As a
result we will be able to draw the phase diagram.

The typical way that the solutions to the Dirac-Maxwell-Einstein sys-
tem (6.4.67-6.4.69) look like, including the quantum tails in both UV and
IR for the density n(z), is illustrated in Fig. 6.3. The near-horizon scaling
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of the metric and gauge eld is of Lifshitz type, as expected in the light
of earlier models [50, 51]. It is illustrative to make a comparison with tre
simpler models of Dirac hair and electron star. The metric functionsf and

h of all three models converge toward each other near the boundary, and
the gauge eld remains close to the non-backreacted RN setup [18, 51].
This gives hope that these approximations can provide a decent estiate
of important quantities on the CFT side since these are not overly sen
sitive to the precise modeling of the fermionic condensate in thénterior.

In addition, the Dirac-hair-like quantum correction reproduces the nite
density tail near the boundary, crucial for thermodynamics.

6.5.1 Thermodynamics

We can now use these full solutions to determine the macroscopic chae-
teristics of the dual strongly coupled fermion system. Let us rst derive
the free energy of the boundary eld theory. According to the dictionary,
it is equal to the (Euclidean) on-shell action, which contains both buk
and boundary components:

F = s, + spny = (6.5.70)

We have already discussed the bulk action in the previous section. &
will approximate the fermionic contribution (6.4.63) by its leading te rm,
pressure. Notice that we do not disregard backreaction to the metric and
gauge eld, i.e. we calculate the exact value of the gravitational and gauge
eld action, and then add the fermionic component approximating it wit h
p.

The boundary action encapsulates the regularizing terms that elimi-
nate the divergences and the von Neumann boundary condition for the
gauge eld:

I
P— 1

Song = h SnF A + . ; (6.5.71)
@AdS 2

with h being the induced metric on the boundary g = Z%( 1=f(z =
0);1;1))and + and are radial projections of the wave function as in
Eq. (6.2.7). By @AdSwe have denoted the boundary of the AdS space.
Their asymptotics at the boundary are given by
— i 0 5=2+m _ 3=2+m
+_2m+1B z + =B z + 10 (6.5.72)
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as noticed in the subsection IlIE. In our system, the electromagnett
boundary term reduces to @ j,=0 = , where is the total bound-
ary (not only fermionic) charge density, read o from the subleading \re-
sponse" of the bulk electrostatic potential lim,, o ( z) = z+:::.. The
regularized boundary action now reads
Z
Spna = lim S(zo) + lim  d®x
z! O 20! O

2em+1) - 0 >
(6.5.73)
and the total on-shell action, i.e. the free energy can be written as
7 " B #
z zé"2gn 1 L2m

H
_ p— )
F=  dzfXT g Re6+ prtp 5 +oo gyl (@n™

(6.5.74)

where we exploit the de nition of the bilinear | from Eq. (6.3.47)*. Notice
that the last term in the free energy (6.5.74), coming from the fermionic
term in the boundary action (6.5.73), vanishes in the limit zo ! O, i.e.
at the boundary. Therefore, it does not in uence the free energy and &
include it only for completeness.

3 H OB Zl+2m 1

6.5.2 Constructing the phase diagram

Let us rst briey describe the role of di erent control parameters. One
obvious parameter is the temperatureT which drives the thermal phase
transitions. In the limit T ! 0, we can determine the nature of the
ground state and possible quantum phase transitions between them.The
parameters that determine the ground state are , e and m. Current
wisdom suggests that the phases of the system are primarily sensitive
to the ratio e=m [19]. Another convenient parameter is the "e ective

chemical potential”
eff €

T mT
motivated that only the combination e appears in the Dirac equation. We
will also sometimes look at g, the threshold chemical potential for nonzero

(6.5.75)

“In Eq. (6.5.74) the kinetic term for the Maxwell eld @ ?is transformed through
partial integration into @; which is then transformed into n using the Poisson
equation

5Our numerical approach is not convenient at strict zero temperatu re. However,
it is known that quantum phase transitions can be detected also at small but nite
temperatures.
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bulk density and the formation of a Fermi surface on the eld theory side.
Its value at T = 0 is easily determined either by tracking the emergence
of a solution with nite bulk density n, or by looking at the formation of
a quasiparticle peak in the spectrum (see the next subsection). iRally,
we have already argued that the parameterN ( ; e; m ) that controls the
classical/quantum regime is another convenient parameter. An alternate
parametrization of the phase diagram is therefore ¢ , N and m.

First order thermal phase transition to RN-AdS

3.0

2.0r -~

Figure 6.4: Free energy as a function of temperature= (T). The abrupt change
of the derivative signi es the rst order transition between the n ite density
phase and the pure black hole (with zero bulk fermion density), in ine with
the analytical prediction of the rst order transition from the second t erm in
the bulk free energy in Sec. 6.5.2. We show the calculations for threei drent
values (;e; m) of the system parameters: (17;30;0:1), N(T = 0) = 40 in red,
(1:7;10;0:1), N(T =0) = 20 in blue and (1:7;10;0:7), N(T = 0) = 11 in violet.
In the high temperature (RN) phase the curvesF (T) fall on top of each other
as one expects for the RN black hole withn = 0. The behavior in the low-
temperature phase (with non-zero density) is di erent for the three curves as the
value of the charge a ects the behavior of the bulk fermions. For presetation
purposes, the curves have been rescaled to the same transition t@erature; in
general, however, T= ). is not universal and will di er for di erent corners of
the parameter space.

At high temperature the preferred state of the system is the charged
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Figure 6.5: (A) Free energy (rescaled and centered to common value at the
transition point) for the same parameters as in Fig. 6.4, in the vicinity of T = T,
(not for the whole range of temperatures). The cusp characteristic of a rst
order transition is now clearly visible. The value of F on the RN side (h = 0)
is without error bars as the thermodynamic functions of the black hole an be
exactly calculated. Notice how the slope ofF in the low-temperature phase
decreases as the number of levels increases: fdr! 1 we reach the electron
star limit when the transition becomes continuous. (B) Di erence between the
entropy of the RN black hole and the entropy of the system S = Sgy S, where
entropy is obtained from free energy asS = @F=@ Tor the same parameters
and in the same color schemes as in Fig. 6.4 and panel (A). The rst order natre
of the transition is recognized from the jump S at the critical point. Notice
that the di erence is positive for T < T, and thus the high temperature phase
has more entropy as expected. The entropies in the RN/local quantum ctical
phase are exact, as they are calculated from the exactly known RN solutiomt
given chemical potential. They are thus represented by a single (llck) set of
data points. The entropy is in relative (computational) units.

AdS black hole rather than a nite bulk fermion density con guration.
This AdS-RN black hole describes a local (momentum-independentjuan-
tum critical phase which generically has no Fermi surfaces. At lowT=
one nds several non-Fermi-liquid Fermi surfaces [79, 17, 27, 63], but tts
should be where the instability to the nite density system sets in. Fig. 6.4
shows the behavior of the free energy (T) in a broad range of tempera-
tures, encompassing both the low and the high temperature phases foiifd
ferent parameterse; ;m . The cusps in the dependencé (T) correspond
to the points of a rst order phase transition (where the derivative @F=@T
experiences a jump). In the high temperature phase the dependerF (T)
is the same for di erent electron charges at given chemical potential as
there are no fermions in the bulk and the solution is determined onlyby
the temperature and the chemical potential at the boundary. In low tem-
perature phase the free energies, although close, are distinct. Fig. %A
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shows the free energy in the vicinity of the phase transition and we &n
clearly see the cusp in the functionF(T) signalling the rst order phase
transition . To further corroborate the rst order nature of the transition,
we plot the entropy S = @F=@in Fig. 6.5B for the same parameters
as in Fig. 6.4 and 6.5A. To better show the transition, entropy is plotted
with reference to its value for the black hole, as S = Sgy  S. Notice
that the jump of the derivative  S(T) is positive for T < T, as it should
be, as the system evolves toward maximizing its entropy.

A rst order transition between a zero/nonzero bulk density can be
explained from general analytical considerations. Starting from low tem
peratures, at the transition point the bulk density n vanishes. In our
model that means that the turning points coincide: z = z . In this
limit we are able to analytically predict the order of the transition in the
following way. Assuming that the transition is dominated by the behavior
of the fergions, the relevant part of the free energy of the system is gen
by F = OZH dzE(z) . Since the bulk matter lives at zero temperature,
all thermodynamical potentials are equal and the free energy is just te
total (internal) energy of the system. The rst ("electron star”) term in
the energy,e n=2 is analyzed in detail in [52] and is concluded to yield
the scaling F (T  To3 We will now analyze the second, Hartree

term, f 2Nr2ArcSinh  E=Nr . The vanishing of the classically allowed re-

gion meansg M in the whole (nharrow) regionz <z <z . One
can thus expandE = M + z E=z + ::: and analyze the leading
terms in z. It is easy to see that its expansion starts from a constant:

ArcSinh E=Mr = const: + O(z), where z = z Z . lts integral

thus scales as~ z . Now, for a vanishing bulk charged uid/emerging

charged black hole, the principle of detailed balance predicts that tle
charge of the former equals the charge of the latternz = ngy zn,

where the charge densities of the bulk and the black hole are and ngy ,

respectively, and zy is the change in the position of the black hole hori-
zon. The crucial insight is that the densities can be assumed constarfor

vanishing z and zy. We thus nd z Zzy T T The conclusion
is that

F T Te (6.5.76)

and the transition is always of rst order. The nal subtlety is that we
have now analyzed the bulk free energy: the boundary free energk
(evaluated as the bulk on-shell action) is distinct from it. However, the
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dierence F F cannot have terms of order lower than linear inT T,. We
thus conjecture that the thermal transition from a bulk fermionic sy stem
to a black hole is generically of rst order.

The numerics con rms the prediction of the rst order phase transi-
tion. The eld theory interpretation of the discontinuous nature of th e
transition to a phase with Fermi surfaces is simple: fermions do nobreak
any symmetry but the discharge of the black hole does signify that the
ground state is reconstructed due to formation of a rigid Fermi surface.
The only way to reconstruct the ground state without breaking any sym-
metries is precisely the rst order transition of the density van der Waals
liquid-gas type. This is the interpretation put forward in [18] for the rst
order transition from Dirac hair to RN state. We nd here that this con-
clusion stays valid even for large values ofi, in contrast to [52]. These
papers study the birth of a (classical) electron star upon reducing he
temperature and nd a continuous, third order, transition. The cruc ial
Hartree term in F is absent in the classical electron star limit, leaving
only the continuous transition from the electrostatic energy en. As the
Hartree term will be present for any nite value of n, no matter how large,
these results indicate that the physical transition in the strongly coupled
fermion system is indeed of rst order.

Nwkp

Nwkp =|11

Al = b.k)

@ EeT T (B n

Figure 6.6: The emergence of Fermi surfaces seen in MDC&(! = 0;k) upon
dialing =0:8;1:0;1:2 (red, violet, blue), in (A) for ( e;m) = (10;1), and in (B)
for (e;m) = (30;5). The sharp peaks at somek = kg, present for higher values
of the chemical potential reveals the Fermi surface with Fermi mometum kg .
Remarkably, the emergence of a Fermi surface coincides with critéd values of
for which the RN black hole is replaced by a nite density solution. The obvious
di erence between (A) and (B) is that in the former case only one (geneically,
few) Fermi surface can form while in the latter the number of Fermi aurfaces
grows rapidly with further increasing . The numbers in the gure (pointing on
the curves) give the level countN .
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In order to further explore the physical meaning of di erent phaseson
the eld theory side, we will study also the spectra of the fermionin each
of the phases. The central object here is the spectral weighA(!; k ) which
can be de ned in terms of the retarded propagatorGg:

A(:K)=Tr =Gr(';k ): (6.5.77)

To obtain A(!; k ) we solve now the equations of motion for a probe fermion
in the background obtained from the self-consistent solution of the buk

equations. From this one can construct the retarded propagatorGg on

the eld theory side and compute the spectral function. The appropriate

procedure is well established by now [79, 17] and we will only briey
summarize it. The solution to the bulk Dirac equation (6.2.5) can be
expanded near the boundary as

yo= AZFEEM 4B My (6.5.78)
= Az My Mg (6.5.79)

According to the holographic dictionary, the retarded propagator equals
the ratio of the VEV (subleading term in ) and the source (leading
termin ).

Gr = 2"B Al (6.5.80)

where the prefactor is just the regularization at somez = zy. Following
[79], we package the equation of motion into a single nonlinear equation
for the ratio B A,'. At zero temperature, Fermi surfaces are always
located at! =0 [79, 27]and they are most easily found by studying the
momentum distribution curves (MDCs) at zero energy, A(! = 0;K).

We can now con rm that nite/zero density phases are indeed roughly
equivalent to presence/absence of Fermi surfaces. Extensive calations
of spectra in the vicinity of the critical =T or the critical temperature
show that the nite density phase alwayshas at least one Fermi surface on
the eld theory side while the zero density phasegenerically has no Fermi
surfaces. This is expected: Fermi surfaces are signalled in the kuby
the existence of quasinormal modes, only if there are (quasi)normaléble
modes in the spectrum can we have a nite bulk fermion density, a -
nite bulk fermion density implies also nite boundary density, and nite
fermion density in eld theory implies the existence of Fermi sufaces.
Emergence of Fermi surfaces from the quantum critical (RN) phase is
observed in Fig. 6.6 for the low- and high ¢ case, or roughly for an
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electron star at birth and a Dirac hair at birth from a bald RN black hole.
In the rst case (Fig. 6.6A), a single Fermi surface emerges at & and
remains stable, while in Fig. 6.6B increasing ¢t leads to the emergence
of an ever increasing number of Fermi surfaces. Both cases belong togh
low temperature phase from Figs. 6.4-6.5. The di erence between thewto
regimes of this phase we will study later in this subsection.

Continuous quantum phase transition to RN-AdS

The second axis of the phase diagram is the conformal dimension , i.e.
the bulk mass m. Studies of the electron star [51, 53] suggest that the
appropriate control parameter is actually the charge to mass ratioe=m:
electron star is the thermodynamically preferred solution for highe=mval-
ues. We see from the expression for WKB density (6.3.35) that increasim
the fermion mass or reducing fermion charge reduces the semiclassic
region and the total bulk charge. The electron star reasoning likewise
suggests that the nite density ground state corresponds to high valueof
e=m. For some threshold value €&=m). the electron star vanishes [51] and
the RN solution is preferred.

We will now consider in some detail the quantum phase transition
from AdS-RN zero density regime to the nite density phase. Let us
st summarize what is known. The near-horizon geometry of the RN
black hole is described by Ad$ throat. The conformal dimension of the
corresponding IR CFT is [27]:

e,
ot (6.5.81)

Fore< mp 2 we have 2> 0 for any momentum valuep(including k =0),
implying that the bulk geometry is stable. For e > m 2, the conformal
dimension x becomes imaginary. According to [63, 87], this region is
unstable due to pair creation near the horizon. Accordingly, one expects
nite bulk density to form for e > m 2, leading to backreaction and
disappearance of Ad$ throat. However, to the best of our knowledge,
this was not checked explicitly so far in the Einstein-Maxwell-Dirac setup.
Using our WKB method we will now study the appearance of nite bulk
density and its consequences on eld theory side.

The dependence of the free energy on the conformal dimensions with
other parameters xed is given at Fig. 6.7. We have marked with dashed
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lines the critical values of the conformal dimension ¢ when a nonzero bulk
density n(z) appears. The free energy does not reveal any simgularity at
these points. Nevertheless, they can be identi ed as the points wére the
dependenceF () deviates from the straight line F () = const : { free
energy of a pure RN black hole clearly does not depend on the fermion.
In the zoom-in near . (Fig. 6.7(B)) we nd that the behavior of free
energy is consistent with the BKT form:

const :

F() F ( J=const: e "¢ (6.5.82)

The BKT nature of the phase transition can be related to the RG inter-
pretation of the oscillatory regime. The e ective Schredinger potential in
AdS, regime is proportional to 1=r? [28]. This form of potential gives rise
to RG limit cycles [85]. Finally, it is known that the system generically
experiences a BKT phase transition when the RG ow with a limit cycle
becomes unstable [106]. One can therefore argue that the BKT transition
we observe appears as a consequence of the exiting from RG limit cycle
behavior in the bulk.

In order to understand what drives the instability of the RN regime and
to what it corresponds in eld theory, it is helpful to look at the spe ctra
(Fig. 6.8). By stacking together MDCs for di erent values we can eas-
ily follow their evolution: the sharp, narrow maximum corresponding to
the quasiparticle peak vanishes at . simultaneously with disappearance
of n. This again suggests the generic absence of critical Fermi surfaces
immanent in the RN setup [17, 79]: the quantum phase transition sepa-
rates the ES/DH phase with stable quasiparticles from AdS metal with
no quasiparticles at all.

Crossover between low and high density phases

Now we will take a closer look at the low temperature nite density phase.
This is the parameter regime where earlier models [18, 51, 19] anticipate
the emergence of regular Landau Fermi surfaces. These models predet
single Fermi surface for low fermion charge [19] while, according to [53],
the regime of high fermion charge describes a "decon ned" phase with
a multiplicity of Fermi surfaces, with fermions of dierent avor s. The
question arises if the two regimes are thermodynamically distinctand if
so, separated by a critical point or by a crossover. To that end we plot
the free energy as a function of the e ective chemical potential ¢ = e .
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Figure 6.7: (A) Free energy as a function of the conformal dimension =
3=2+m, for (;e)=(1:7;20) { blue, (1:0; 20) { red and (1:0; 5) { violet. Numer-
ically, the curves are smooth and all derivatives@F=@ are nite. We identify
the transition points as the values . when the fermion density n(z) vanishes
identically and mark the corresponding values in the gure. Both the look of
the curves and the analytical reasoning, i.e. the lack of two independ# scales
that could compete as in a crossover, are consistent with a BKT transiion. (B)
Zoom-in near the transfj)tion points with analytical plots of the BKT scali ng rela-
tion F / exp( const= ¢)- The numerical data are fully consistent with
the BKT scaling.

Remarkably, all four curves fall on top of each other for small charges,
where the background is close (though not identical) to AdS-RN. The
curves are smooth in the whole region. The absence of a cusp F( ¢+ )
de nitely discards the possibility of a rst order transition, the distinc-
tion between a continuous transition and a crossover is di cult to make.
Analytical arguments however strongly suggest the crossover. To see wh
remember that the (thermodynamically de ned) density ny, = @F=@
is an analytic function of the solutions to the Einstein-Maxwell system
(f (2);h(2); ( 2)). We thus expect all higher derivatives n = @F=@K
(k = 2;3;:::) to be continuous as well. In addition, the simplest physi-
cal interpretation of increasing ¢ is that of increasing the number of
bulk fermions by lling increasingly higher levels in the e ecti ve potential
well (6.3.37). One can expect a substantial change of the behavior of the
system as the potential well is lled but not a discontinuity of the t her-
modynamical functions (e.g. [77]). We can thus conclude that crossover
separates a Dirac-hair-like region from the electron-star-like regim.

At rst sight just the change in the number of occupied states should
not a ect any thermodynamic properties. We will argue below that the
cause of the crossover is the change of the scaling behavior of the quaaip
ticle width. Notice that the function F( et =T) keeps the same convexity
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Figure 6.8: (A) MDC spectra at ! = 0 for ( ;e) = (1:0;5) and varying .
Curves for dierent values are stacked on top of each other to represert the
evolution of the spectrum with . To better show the Fermi surface s we use
the logarithmic color scale, i.e. the color value is proportional to logA(! =
0; k). Crucially, the Fermi surfaces (lines of lighter color) disappear at = ¢
simultaneously with entering the RN phase. Dashed line delimitghe area within
which bulk density is nonzero and the system backreacts away from A8-RN (it
is parallel tO the k axis as the presence of nonzero bulk density does not depend
on the momentum of the probe fermion). We can conclude that the formation
of a Fermi surface indeed drives the instability of the RN backgroundto a new,
nite density phase. In (B), we show for comparison the MDC curves br the
same parameter values without backreaction, i.e. in the AdS-RN backgroud.
In RN background the number of Fermi surfaces is larger (we see four Feni
surfaces).Hoeve,r both in (A) and (B) there are no Fermi surfaces bé&w the
dashed line.

as in Fig. 6.4: the argument of the function is increasing in Fig. 6.4
and decreasing in Fig. 6.9, hence the increasing/decreasing trend irhé
function.

The dispersion of the energy distribution functions (EDCs) for mo-
menta in the vicinity of the Fermi momentum yields a better insight into
the physical meaning of the nite density phases. It is here that the
crossover from Dirac hair to electron star becomes most obvious: the few
Fermi surfaces of Dirac hair regime exhibit a broader power law scalig
of self-energy= 12 with =1 to high accuracy while the many
Fermi surfaces of the electron star are exponentially sharp= e
(Fig. 6.10). The latter scaling was predicted in [26] and con rmed in [53],
while the former was postulated on general grounds in [18]. Importantly,
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Figure 6.9: Free energy as a function of the fermion charge in the crossover
region for (;m ) = (2:2;0:5) { red, (1:0;0:5) { violet, (1:7;1:0) { green and
(1:7;5:0) { blue curve and for a range of fermion charge values. On the abscise
we plot the e ective chemical potential ¢ = e . The temperature is kept
xed at T = 0:0005. All four cases exhibit a crossover about the same value
of e =T ( S9°°=T 20), suggesting that ¢+ is indeed the key quantity
that drives the changes of the Fermi surface. The low-¢;; region is a few-
Fermi-surfaces DH-like system while the high-¢+ regime describes an ES-like
multiplet of Fermi surfaces. We will later study in more detail the dispersion
properties of the two regimes. Apart from the gradual and soft nature of the
transition as seen from the numerical curves, the crossover (as oppabé phase
transition) nature of the phenomenon also follows from analytical consideations.
The dependence of the solutionf((z); h(z); ( z)) on the parameters of the system
(;q9;m) is analytical, which strongly suggests that the derivatives of the free
energy @F=@ are continuous to all ordersk = 2;3;:::.

no unstable or underdamped Fermi surfaces (with self-energy scalj as
= / 12 with < 1=2) are found: these seem to be the artifacts of the
probe limit and will not arise in a self-consistent approach (with backe-
action).

6.5.3 Phase diagram

We are now in the position to summarize our ndings in the form of a
phase diagram. In Fig. 6.11(A) we give three-dimensional phase diagram
which includes all three independent parameters {=T , e and m, while the
"reduced" phase diagram with only two parameters,e =T and , is given

in Fig. 6.11(B). At high temperatures the system is always in the zero
density quantum critical AdS-RN phase. Dialing e at xed temperature
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Figure 6.10: Imaginary part of the self-energy of the quasiparticle in the imme-
diate vicinity of ! =0 for e=5;15;50 (red, green, blue). It shows the crossover
from power-law (solid line) (red line) to exponential The self-eergy of the quasi-
particle undergoes a transition from quadratically damped peaks £ 12 red
points) toward exponentially narrow poles (= e ¥, blue points). Notice
that the all three peaks are stable: the power-law exponent is = 1 with high
accuracy, signalling a normal Fermi liquid phase.

toward larger and larger values, the Fermi surfaces proliferate until he
point of crossover, when the peaks become exponentially sharp. Theue
nature of this system is not yet known in detail . We have already
suggested such a diagram in [19] based on the analysis of the two extreme
limits. Here we have gone further and analyzed quantitatively also the
intermediate regimes. The structure of the phase diagram can now be
summarized as follows:

1. Van der Waals transition, Fig. 6.11(A), Fig. 6.5. There is univer-
sally a the rst order (van der Waals) transition from nite to zero
density phase upon dialing =T and thus lling the levels of the
bulk fermionic system. In eld theory, this means a liquid-gas tran-
sition between the Fermi liquid(s) and the disordered phase, devid
of quasiparticles and dominated by slow conformal dynamics. In-
terestingly, the quantum corrections to the density and pressureare
crucial for the discontinuous nature of the transition: in the electron
star limit, as shown in [52], the transition becomes continuous.

SReference [97] interprets it as fractionalized Fermi liquid
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Figure 6.11: (A) Three dimmensional phase diagram &;m;T=). The phase
transition from nite density phase to AdS-RN phase is a rst order ph ase tran-
sition in contrast to zero temperature BKT-type phase transition. (B) Phase
diagram in (e =T; ) plane, based on thermodynamics and spectra, at zero tem-
perature. The two regimes with stable quasiparticles are denoted Wi di erent
colors: electron star (ES), describing (likely) a "Russian doll" of gable Fermi-
liquid-like quasiparticles (ES/FL), and Dirac hair which is closer t o normal Fermi
liquid (DH/FL). The third regime, for large , is the RN black hole with i ts
guantum critical Fermi surfaces and no quasiparticle.

2. Quantum phase transition, Fig. 6.11(B), Fig. 6.7. There is a contin-
uous (likely BKT) transition from nite to zero density phase upon
dialing the conformal dimension at xed fermion charge (or equiv-
alently varying the ratio m=e, or equivalently varying the fermion
chargee or the total charge Q at xed ). The fact that the Fermi-
liquid-like quasiparticles vanish in the high /low eregime is known
from the electron star limit and not surprising on basis of general
arguments (bulk density in the classical approximation drops with
increasingm=e). However, our nite level spacing correction to elec-
tron star makes it possible to study the transition region in detail,
and shows a nontrivial outcome: the transition is of BKT type, and
happens inside the oscillatory (pair-creation) region.
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3. No Fermi surfaces in AdS; metal phase The transition happens at
such parameter values which, on the AdS-RN side of the transition,
correspond to absence of Fermi surfaces, i.e. imaginary IR conformal
dimension . The system thus passes directly from a Fermi-liquid-
like phase into a profoundly di erent, exotic phase that we call AdS,
metal, and which was studied in detail in [27].

At constant temperature, the nite density phase exhibits analyti c
behavior of the free energy and has no phase transitions but shows a
clear crossover between the single-Fermi-surface, Dirac hair litnand the
in nity of Fermi liquids in the electron star limit. Thermodynam ically
the crossover is explained by the change in quasi-particle width= from
power-law behavior in the Dirac-hair-like quantum regime with Nwkg .

10 to exponential suppression in the semi-classical electron stakk regime
with N 10.

We will nish this section with a look towards real-world examples of
such phase diagrams. Condensed matter literature o ers a vast landscape
of strongly coupled Fermi liquids like our DH phase, e.g. in the contek
of heavy fermions [80]. However, the properties of the electron star ("M-
tryoshka" or "Russian doll") phase are not easy to relate to the real-world
examples. In part, it is a consequence of the largét limit in AAS/CFT
which, for example, leads to an exponentially small self-energy. Théope
is that nite- N corrections would eventually lead to a realistic picture
of the ES phase, while the DH, perhaps with some modi cations of the
geometry, would correspond to normal metals.

6.6 Discussion and conclusions

In this paper we have constructed a semiclassical model with quanin
tails of holographic fermions in AdS; space, aimed at understanding the
phase diagram of strongly coupled Fermi and non-Fermi liquids. The
model uses WKB approximation in the classically allowed region, com-
plementing it with quantum-mechanical estimates of the fermionic wave
function in the classically forbidden region. Introducing the pressure into
the essentially quantum mechanical model we get the Hartree quantum
correction ("vacuum polarization") of the classical model { the electron
star. This approach has allowed us to address the intermediate fermion
charges which cannot be modeled satisfyingly with any of the previousl
used models.
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Figure 6.12: Applicability of various approximations as a functionof ; e=m
and the ratio of the fermion charge and the total charge of the systeme=Q. Dirac
hair, electron star, con ned Fermi liquid and our present model. Dirac hair and
electron star are the simplest and most exible approximations but limited to
extreme corners of the , axis.

By studying the free energy of the system as well as the spectra and
the number of Fermi surfaces we have contructed the phase diagram of
the system and analyzed the phase transitions. Most importantly, we nd
a universal rst order phase transition from nite density to zero d ensity
(Reissner-Nordstmm, quantum critical) phase. The discontinuity of the
density comes from the quantum term in the internal energy. This tem
is always present but its relative contribution to the free energydecreases
with the inverse of the fermion charge as £e The extreme limit e! 1
thus reproduces the continuous phase transition found in [52]. Nevehte-
less, in any real system with nite fermion charge the discontinuity will
be present, which ts neatly into the general expectation that the ther-
mal phase transition of a fermionic system should be of van der Waals
(liquid-gas, Ising) type.

The nite density phase is further divided into two regimes corre-
sponding to low and high values of the ratioe =m or, more precisely,
level number N, that encompass the known limits of Dirac hair [18] and
electron star [51]. The transition manifests itself as a line of crossmr
points which end with a BKT quantum phase transition to the RN phase.
The BKT transition ts nicely in the RG interpretation of holography in
the following way. Firstly, the log-oscillatory region studied in [27] can
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be understood as a limit cycle of RG describing a conformal quantum
mechanical system (i.e. a conformal theory in 1 + 1 dimensions) [106].
Then, instability of the limit cycle generically happens through a BKT
transition.

It is illustrative to discuss our model in some more detail in the corext
of earlier work in the eld: electron star [51], Dirac hair [18] and the
con ned Fermi liquid [96]. All models use the same microscopic action,
however they di er in the approximations made in order to to solve it. It
is helpful to introduce a combination of all parameterse; ;m that one
might dub "reduced chemical potential:

e
ro (6.6.83)
Electron star is the uid limit of the equations of motion, yielding th e
Openheimer-Volkov equations in the bulk. As explained in [19], thisap-
proximation is valid in the limit of large chemical potential: ! 1
Dirac hair makes the opposite assumption, treating the bulk fermion as
a single collective excitation, which becomes exact in the limit , ! 0.
Finally, the con ned Fermi liquid of [96] is essentially a non-local ver-
sion of Dirac hair, which models the bulk as a non-interacting Fermi gas
adding individual excitations up to the Fermi energy. This signi c antly
increases the region of applicability but at the cost of substantial prac-
tical complications, in particular if one wishes to take into account the
backreaction on the metric. This picture breaks down at high chemical
potential but works well for reduced chemical potential of order unity (or
smaller): . 1. Our model makes use of the WKB approximation, thus
assuming semiclassical dynamics and large number of energy levels imet
bulk. Nevertheless, we danot make the assumption of zero energy spacing
necessary for the uid approximation: our model thus works well in the
intermediate regime, , > 1. In Fig. 6.12 we give a schematic descrip-
tion of these ndings, on a one-dimensional diagram with , and e=Q as
control parameters. The ratio of the fermion charge and the total charge,
e=Q is crucial for Dirac hair and for electron stars: the former requires i
to be small (otherwise many energy levels are lled and the single-pdicle
approximation is not valid), the latter to be large (otherwise the level
separation is too small and the uid limit does not apply). Our approach
does not take the uid limit and thus does not depend one=Q. It is shifted
toward high | values because of the WKB approximation but { thanks
to using the Dirac hair near the boundary { can still cope with lower
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values to some extent.

The next step in our work will be the increase of quantitative accuracy
by replacing the WKB approximation with a fully quantum-mechanical
density functional method. It is, in fact, not a signi cant complicat ion
compared to the approach of this paper: the recipe for computing the
density n will be replaced by a complicated functional of the gauge eld
and the metric. It needs to be computed iteratively, however our agproach
requires iterations in any case, to account for the backreaction. We do
not expect qualitative changes but some quantitative aspects, e.g. the
values of the scaling exponents and the scaling relations might bene t
from increased accuracy.
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Discussion and conclusions

We have undertaken this research motivated by the the limitations of
eld theory and many-body physics to explain the collective behavor of
strongly interacting fermions at nite density. Such a situation is not
encountered in traditional areas of high energy physics { scattering of
fermions is a few-body problem that is perfectly within the reachof per-
turbative eld theory. Strongly correlated fermions at nite densit y are
another story however. Through the lens of holography we have learned a
few things about this problem. At best, this is just setting the stage to face
the truly deep problems of the eld. Still, we feel that even the modest
insights we have obtained hinge crucially on the ability of the to pendrate
deep into the workings of strongly coupled physics holographic princife
and could not be found in another way. More than a calculational tool,
AdS/CFT looks to us as a novel viewpoint, connecting many-body and
eld theory to gravity. Physics on the gravity side often o ers not onl y
quantitative results but also a clearer view of physics { for example phase
transition from a quantum critical phase to a stable phase is easily undr-
stood as the discharge of an unstable black hole due to the electrostatic
repulsion of fermions. We nd that the questions we ask are interestig
not only for speci ¢ condensed matter problems but are also informative
in a general eld theory context.

The main achievements of this research can be summarized as follows:

1. The Dirac hair formalism. The Dirac hair formalism has been the
backbone of this work in a formal sense. It not only provides us with
a controlled and easy method to calculate various quantities but also
a physical view of what we are doing: expectation values are dual
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to various fermion currents (bilinears) in the bulk, and the ow

equations for eld theory propagators are natural bulk extensions
of the boundary action. While rather technical, we nd the DH

important as it allows us to tackle any form of order parameter in
principle, to model Cooper pairing, exciton formation, etc. in a
uni ed way.

. The holographic Migdal theorem The extension of the holographic

dictionary that captures the essence of the Fermi surface { a rigid
localized object in momentum space, akin to a classical order pa-
rameters for bosons { is the holographic Migdal theorem. It leads
to the precise conclusion that the Fermi surface after all can indeed
be understood in a Landau-Ginzburg-like language: it is a conden-
sate of a certain bulk operator ( ¥ ) and the jump of the number

density Z is the order parameter associated with such a transition.

. Phase diagram The main conclusion of direct relevance for con-

densed matter physics is the phase diagram for the Einstein-Maxwell
Dirac system we have found. It predicts a quantum critical region
(as opposed to isolated quantum critical points familiar from eld
theory), which gives way to a FL-like phase with multiple stable
fermion quasiparticles (as opposed to a single Fermi surface familiar
from eld theory). The diagram is thus di erent from what is usu-
ally seen in experiment but not unheard of. For example, multiple
Fermi surfaces are indeed seen in heavy fermion systems, explath
by the di erence between valence andf -shell electrons [80].

. Fermi liquid stability . The closest we have come to the original goal

of understanding the fermionic physics in Fermi liquids is the nding
of generic stability of Fermi liquids: NFL-like excitations are only
present at the critical point, and generically give way either to AdS,
metal phase where fermions do not condense into a Fermi surface
at all or stable FL-like quasiparticles. In gravity, this is explained
by the instability of the extremal RN black hole, which generically
discharges into bulk fermions, forming a Lifshitz geometry.

As we have explained at the beginning, quantitative results such as
values of critical temperatures etc. cannot be trusted. But qualitative
insights are quite instructive already. From the very start we have en-
countered a zoo of scaling exponents { this is indeed the de ning perty
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of the quantum critical AdS-RN Fermi surfaces. But this zoo is rephced
by a universal (exponentially narrow or quadratic, depending on if weare
in Dirac hair or electron star regime) behavior of the self-energy in the
stable phase. While relating the AdS-RN zoo to experiment might be
hazardous, the stable phases are easy to identify as they predict quasir-
ticles which do not depend on microscopic details. The second quatitive
lesson is the universal van der Waals rst order thermal transition, present
in the whole nite density regime. So far only detected in liquid helium, it
seems to be a universal property of Fermi surfaces, in sharp contraetith
the wealth of phases at zero temperature. Thus the simplifying inuence
of temperature conjectured in the quantum criticality literature [15, 95]
is supported by our results. On a more technical level, this restilsug-
gests that the uid limit of the electron star is pathological { it predic ts a
continuous phase transition that becomes discontinuous in the presam® of
arbitrarily small but nite level spacing. This is an interesting e xample of
how a model that is perfectly reasonable as a general picture of the bkil
physics { the Thomas-Fermi limit which works out so well in a diverse
array of situations such as atomic physics and astrophysics { might prove
inadequate in a speci cally holographic context where we wish to be ac-
curate near the boundary rather than "everywhere" in the interior, and
where crucial elements of the boundary physics might depend on seem
ingly unimportant details in the bulk. Dirac hair itself is another ex ample.
There we have an approximation which is in general of poor quantitative
accuracy except for very low densities but which is doing well (aatally
becoming exact) in the UV where it matters most.

The Luttinger theorem has proved to be a central criterion for dif-
ferentiation between FL and NFL systems. Again, AdS/CFT o ers an
intuitive picture: the Luttinger theorem is the consequence of the black
hole discharge; when no charge hides behind the horizon all of it will siw
up in the Fermi surface at the boundary. Only what is inside the black
hole cannot reach the boundary. The fact that the theorem is badly vio-
lated by the NFL-like Fermi surfaces in AdS-RN phase suggests that this
system should not be viewed as a zero density system: even thoughagi-
particle density certainly is zero, it does represent a system ith nonzero
macroscopic number of fermions, which manage to organize themselves
into a FS (except in the truly mysterious AdS, phase). We feel that the
true nature of the RN phase is still unclear, despite the vast numbe of
works devoted to it.
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The rst question we have originally asked { what is the gravity dual
of a conventional Fermi liquid { we have not managed to answer with
complete con dence. This question was fully worked out in [96], and it
turns out that the crucial ingredient is to impose the con nement of the
guasiparticles by imposing an IR cuto. We have found the AdS-DH
phase which captures the stability, robustness and the quasipartie of FL
systems, but it is just a small corner of the phase containing generally
multiple FL-like quasiparticles, culminating in the electron star phase with
an in nite tower of Fermi surfaces. The open issue is whether thigicture,
with many stable quasiparticle excitations, also represents realtic physics
which is yet to be discovered experimentally. This is one direiion for
further work stemming from this thesis.

We were more successful in extending the dictionary. The holograpbi
Migdal theorem is a solid dictionary entry, and it connects the unconven-
tional "order" of the Fermi surface to the Landau-Ginzburg paradigm. In
a similar fashion, one can couple the fermion to any order parameter and
derive analogous relations for various properties. We regard this as the
most promising continuation of our work and we plan to tackle it in near
future. In particular, a number of approaches to the problem of high tem
perature superconductivity starts from the assumption that the ground
state in the normal phase is something di erent from a FL, and unique
enough to account both for robust superconductivity and the zoo of order
parameters (current loops, stripes, spin dimers, etc) seen inke pseudogap
phase [118]. It will be interesting to see what kind of superconductiity
will arise from AdS-DH phase. A rst step in that direction was accom-
plished in [29] in the probe limit. But a better chance of reproducing the
simple and universal properties of the strange metal phase [111] lies vkt
some stable, backreacted setup more akin to AdS-DH.

We would also like to know what is the role of top-down approaches in
this context. We have not explored that at all in this thesis. A problem
with AdS/CFT is that one is often not sure what the system one is study-
ing actually is. Lacking the microscopic Hamiltonian means we can judge
it only indirectly. Top-down models solve this problem, as the eld con-
tent is constrained by string theory, and we know exactly the symméries
and operators on the eld theory side. An important top-down insight
is in [22] where the authors have shown that holographic Fermi surfaces
generically exist in top-down approaches.

Another extension of our work will be in the direction of transport
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phenomena. Adding nite energy and momentum to the ow equations
for DH one derives expressions for conductivity. This is of specialnpor-
tance for connecting our results to experiment as a straightforward wg
to characterize various materials remains the measurement of DC and op-
tical conductivity. The ultimate goal here is the understanding of linear
resistivity in the strange metal phase of cuprates and similar materias
[118]. In principle, this can be achieved by making the scaling expom
os the quasiparticle self-energy a function of an external parameter. Ris
can be achieved e.g. by coupling the fermion to a bosonic order parame-
ter. In that case, there can be a quantum critical point correspondingto

= 1=2, i.e. with a marginal Fermi liquid scaling which leads to linear
resistivity. A puzzle remains however to which degree the phemmenology
of the strange metal is dependent on lattice physics which is hardera
account for in AAS/CFT.

We close this thesis with a look into future development of the eld.
Holography seems to be moving away from "Lagrangian-based" physics
{ for the strongly correlated systems we study, the knowledge of miao-
scopic degrees of freedom would anyway be of little value. We can there-
fore hope to understand the key qualitative issues in strongly correlted
electron physics even though we will not be able to study lattice sca
physics and microscopic workings of any material. It remains to be seeffii
these microscopic details always matter, or if many deep problems inhie
eld can be understood through a simple emergent principle encoed by
holography.
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Summary

This thesis is devoted to the physics of strongly interacting eleton sys-

tems from the viewpoint of a string-theoretical paradigm known as the
holographic principle. The idea is to bridge the gap between two seemgly

disconnected areas: gravity and quantum elds. The arena of strongly in
teracting electrons is a prime example which could benet from sub a
connection, for both fundamental and practical reasons. In order to un-
derstand how, let us rst take a closer look at how gravity and quantum

elds are related by the holographic principle.

Holography is motivated by the realization that the entropy of a black
hole scales with its area. As the entropy determines the information con
tent (and eventually the number of degrees of freedom) of a black hole, &v
can conclude that the information carried in a black hole can be "written"
on its surface. In other words, all of its degrees of freedom are captured
by a suitably de ned object spanning its surface, not its volume. This has
prompted 't Hooft and Susskind to conjecture that, quite generally, the
dynamics in a curved spacetime, in the presence of gravity, can begaiva-
lently thought of as a quantum eld in at spacetime with one dimension
less. Finally, in 1997, Maldacena constructed an explicit example, sho-
ing that a conformal eld theory (CFT { a highly symmetric eld theory ,
invariant with respect to length rescaling at every point) is the "im age"
of gravity in a space with a certain speci ¢ geometry, known as Anti-de
Sitter (AdS) space. The connection is in the form of a duality, meaning
that the partition functions of D -dimensional CFT and D +1-dimensional
AdS gravity are equal. That opens a way to calculate correlation func-
tions, expectation values, stress tensors and other quantities on th€FT
side. The list of such correspondences is known as the holographic eic
tionary. Importantly, AdS/CFT is a weak/strong duality, meaning that
weakly coupled gravity in AdSp+; is dual to a strongly coupled quantum
eld theory. Weakly coupled gravity is just its classical limit, i. e. general
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relativity, which is relatively well studied and a wealth of exactly solvable
models exists. On the other hand, strongly coupled eld theory is outof
reach of perturbative techniques and thus poorly known.

This goes double for fermion systems to which this thesis is devote
The core issue comes from the simple fact that fermions obey Fermi-Eac
statistics { meaning that their wave functions are antisymmetric and the
density matrix of a many-fermion system will contain negative contribu-
tions. This in turn leads to the so-called "fermion sign problem": the
partition function acquires negative contributions, which ruins it s proba-
bilistic interpretation. Therefore, the formalism of statistical m echanics
(or, equivalently, Euclidean eld theory) is not applicable. At weak cou-
pling, the Landau Fermi liquid theory provides a controlled approxima-
tion scheme: the interacting system behaves as a gas of quasipartisle
A wealth of interesting systems is however outside this weakly copled
regime. The prime example is the strange metal phase of high-temperata
superconductors, which shows distinctly non-Fermi liquid belavior, with
its universal scaling laws such as linear resistivity scaling wit tempera-
ture. It is here that we see a great opportunity to apply the AdS/CFT
correspondence: it is a unique tool which provides an insight intdhe prob-
lem of strongly interacting fermions in a controlled way. While we arenot
yet able to arrive at a realistic model of any condensed-matter systemwe
study the universal features characterizing the holographic fermios.

We start our research by looking at the quantum-critical fermion sys-
tems. These systems have a quantum phase transition { a zero tempe
ature transition driven by quantum, not thermal uctuations. Quite a
number of materials is conjectured to slip from a Fermi liquid to a non-
Fermi liquid by passing through a quantum critical point. The gravit y
dual turns out to be a charged black hole in AdS space, with zero fermion
density in the bulk. We study in detail the spectrum of the the system,
and nd gapless excitations around speci ¢ values Er; kg ) of energy and
momentum, which are clearly to be identi ed with the Fermi energy and
Fermi momentum. We thus nd holographic Fermi surfaces. Tuning the
parameters of the system, we nd both stable, narrow peaks correspondi
to Fermi liquids, and unstable peaks with exotic and nonuniversal fatures
such as patrticle-hole asymmetry, of distinctly non-Fermi liquid kind. This
is in line with the expectation that the charged black hole describesa
guantum critical point: it is a point from which the system might evol ve
either towards a Fermi or a non-Fermi liquid.
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The natural step now is to see where the system ows away from the
critical point, i.e. what happens when the black hole becomes unstabl
The gravity picture is that of pair production in an electrostatic and gr avi-
tational eld: some of the pair-produced fermions will orbit the black hole,
making it unstable. The result is a novel geometry on the gravity sice,
and thus a novel system on the eld theory side. We have dubbed ths
model a black hole with Dirac hair. We nd that it contains only stable
Fermi-liquid quasiparticles, while the unstable ones go away. Afer some
algebra, one can obtain from the gravity side a number of results of the
Fermi liquid theory. We therefore have a solid gravity dual to a Fermi
liquid.

Our next goal is the exploration of the full parameter space and un-
derstanding of all possible ground states. It is found that this holographt
Fermi liquid is unexpectedly robust: in the whole parameter spacethe
stable quasiparticles dominate the spectrum as soon as one moves away
from the quantum critical (charged black hole) phase, which shows denite
characteristics of a non-Fermi liquid. Somewhat unexpectedly, esn in the
strongly coupled setup of AdS/CFT, Fermi liquids are ubiquitous { and
only disappear when quantum-critical behavior develops. It is conceable
that di erent, more involved gravity models would give a richer spectrum
of non-Fermi liquid phases. The transition between the two phasessi of
the Berezhinsky-Kosterlitz-Thouless (BKT) type, i.e., of in nite order.
Clearly, it has nothing to do with vortices but with a speci c inst ability of
the non-Fermi liquid (in technical terms, it manifests itself as the merger
of two xed points of the RG ow).

In conclusion, we have observed previously unknown forms of fermian
quantum criticality by employing the AdS/CFT correspondence, and ob-
tained a proof of Fermi liquid stability from the theory of gravity. Th e
former points to the ability of AAS/CFT to bring new developments int o
the eld of many-body physics, while the latter is an important check,
reproducing the best established result of conventional condendematter
theory. We are still at the very beginning of holographic studies of quan-
tum matter, but there is good reason to believe that these studies ave
the potential to bring entirely new results to the eld.
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Samenvatting

Dit proefschrift is gewijd aan de studie van sterk gecorreleerde ektron

systemen vanuit een snaartheoretisch perspectief, via het zogeamde
hologra sch principe. In essentie relateert dit principe twee onderwer-
pen uit de theoretische natuurkunde, die niets met elkaar te makerijken

te hebben; zwaartekracht en kwantumveldentheorie. Deze connediis
wellicht in het bijzonder van nut voor sterk gecorreleerde elektbnsyste-
men, vanuit zowel fundamentele als praktisch oogpunt. Om dit te be-
grijpen, is het noodzakelijk om bovengenoemde correspondentie teer-
duidelijken.

Aan de basis van het hologra sch principe ligt de studie van zwarte
gaten. Aangezien de entropie van een zwart gat evenredig is met de op-
pervlakte van zijn horizon, en deze entropie kan worden opgevat als een
hoeveelheid informatie (en uiteindelijk het aantal vrijheidsgraden), kan
men concluderen dat de oppervlakte van de horizon codeert voor de in-
formatie van het zwarte gat. Anders gezegd, de vrijheidsgraden worden
bepaald door de oppervlakte en niet door het volume van het zwarte gat.
Dit bewoog 't Hooft en Susskind ertoe om te postuleren dat, heel alge-
meen, de dynamica van een gekromde ruimtetijd (i.e. ruimtetijd n aan-
wezigheid van zwaartekracht) evengoed kan worden beschouwd als een
kwantumveldentheorie in een Minkowski-ruimte in een dimensé lager.
Uiteindelijk vond Maldacena in 1997 een expliciet voorbeeld van deze
veronderstelling in de vorm van de AdS/CFT correspondentie. Hierin
wordt aangetoond dat een conforme veldentheorie (CFT - een veldenthe-
orie die invariant is onder hoekgetrouwe transformaties, i.e transformties
die lengtes herschalen maar hoeken gelijk houden) in verhouding sta&bt
een speci eke ruimtetijd geometrie, de Anti-de Sitter ruimte (AdS). Deze
correspondentie betreft een vorm van dualiteit, hetgeen betekentat de
partitiefuncties in de D dimensionale veldentheorie erD +1 dimensionale
AdS zwaartekrachttheorie gelijk zijn. Als gevolg kan men correlatiefune
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ties, verwachtingswaarden, de energie-impuls-tensor en andere griveden
via deze dualiteit berekenen. In feite heeft men een hologra sch sorden-
boek van speci eke correspondenties. Een van de belangrijkste eiggchap-
pen van de AdS-CFT correspondentie is het feit dat het een sterk/zwake
dualiteit betreft. Namelijk, een zwak gecorreleerd probleem in Ad$ +1
is duaal aan een sterk gecorreleerde kwantumveldentheorie. Zwak weds
werkende zwaartekracht, d.w.z. de algemene relativiteitstheorigis uitge-
breid bestudeerd en tal van gevallen zijn dan ook daadwerkelijk opgelost
Daarentegen zijn sterk gecorreleerde kwantumveldentheorien niebp te
lossen met behulp van storingsrekening, en daardoor slechts oppervlkig
begrepen.

De situatie voor fermionsystemen, die het onderwerp van dit proef
schrift vormen, is problematischer. Dit komt omdat fermionen een hal-
tallige spin hebben en dus aan de Fermi-Dirac statistiek gehoorzamen.
Hierdoor zijn de bijbehorende gol uncties antisymmetrisch en bewat de
dichtheidsmatrix negatieve bijdragen, waardoor die niet probabilistisch
geinterpreteerd kan worden. Het formalisme van de statistische me@mnica
(ofwel Euclidische veldentheorie) is dan niet langer van toepassm Wan-
neer de interacties zwak zijn biedt Landau-Fermi-vloeistoftheore uitkomst
als gecontroleerd benaderingsschema: het wisselwerkende systerdmgagt
zich als een gas van quasideeltjes. Er zijn echter tal van interessamtsys-
temen die niet zwak gekoppeld zijn. Een van de bekendste voorbedd is
die van hoge-temperatuur supergeleiders, die zich niet als Fermileeistof
gedragen. Voor dit soort systemen zien we veel mogelijke winst bij e
toepassen van de AdS/CFT correspondentie; het is een geweldig instr
ment om sterk wisselwerkende fermion systemen te analyseren opree
gecontroleerde manier. Hoewel we met AdS/CFT nog niet een realis-
tisch model voor een probleem uit de gecondenseerde materie aankwem
kunnen we wel kenmerkende universele eigenschappen van holograhec
fermionsystemen bestuderen.

In ons onderzoek kijken we allereerst naar kwantum-kritische ferrion-
systemen. Deze systemen hebben een kwantum-faseovergang { dakisn
faseovergang bij nul temperatuur die veroorzaakt wordt door kwantum
uctuaties, en niet door thermische uctuaties. Van veel materialen is
gesuggereerd dat deze een kwantum-faseovergang kennen van een Fermi-
vloeistof naar een niet-Fermi vloeistof. In de duale zwaartekrachtaal
wordt dit beschreven met een geladen zwart gat in de AdS ruimte, met ae
fermionendichtheid in de bulk gelijk nul. We hebben in detail ha spectrum
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van dit systeem bestudeerd. Wij vinden excitaties bij een spaake en-
ergieEr en impuls kg die we duidelijk kunnen identi ceren met de Fermi
energie en Fermi impuls. Wij hebben dus hologra sch Fermi-oppendkken
gevonden. Door met de parameters van het model te spelen vinden we
zowel stabiele scherpe pieken die we kennen van de Fermi vio®is maar
ook instabiele pieken met exotische en ongewone eigenschappen (zoals
deeltjes-gat asymmetrie) die typerend zijn voor niet-Fermi vlceisto en.

Dit klopt met de verwachting die we hebben van het kwantum-kritische
punt: van daar uit kan het systeem zowel een Fermi vioeistof alsook &e
niet-Fermi vloeistof worden.

De logische vervolgstap is om te onderzoeken hoe dit systeem zich
gedraagt net voorbij het kwantum-kritische punt, dat wil zeggen: wat
gebeurt er als het zwarte gat instabiel wordt? Aan de zwaartekrachtkant
zien wij paar productie in een electrostatisch en zwaartekrachtsvd. Een
deel van de fermionen die ontstaan in de paar-productie komt in een baan
om het zwarte gat, waardoor dit instabiel wordt. Het resultaat is een
nieuwe metriek aan de zwaartekrachtszijde, en dat komt overeen metes
nieuw systeem aan de velden-theoretische kant. We hebben dit nieve
model "een zwart gat met Dirac haar" genoemd. Het blijkt dat dit sys-
tem alleen maar stabiele Fermi-vloeistof quasideeltjes bevat; denstabiele
excitaties zijn verdwenen. Met wat wiskundige trucs kunnen we aarde
zwaartekrachtskant een aantal resultaten vinden die gelijk zijn aan een
Fermi-vioeistof. We hebben daarom een overtuigende duale bescjving
van de Fermi-vloeistof gevonden.

Ons volgende doel is om dit systeem te begrijpen voor alle mogelijke
parameters in alle mogelijke grondtoestanden. Onze hologra sche Fermi
vloeistof blijkt echter onverwacht robuust: voor alle parameters wot
het spectrum gedomineerd door de stabiele quasideeltjes zolang wéenh
in de kwantum-kritische fase (het geladen zwarte gat, dat duidelijk e&n
niet-Fermi vloeistof signatuur heeft) zitten. Het is ietwat onverwacht dat
zelfs in de sterke-koppelingstheorie de Fermi vioeistof overal ajuikt { en
alleen verdwijnt in het kwantum-kritisch regime. Overigens is het goed
voor te stellen dat andere, meer gecompliceerde zwaartekrachtsmatimn
meer mogelijke niet-Fermi vloeistof fases kunnen beschrijven.De over-
gang tussen de twee genoemde fases is van het Berezhinsky-Kostetli
Thouless type, oftewel een oneindige-orde faseovergang. De overgangtte
niets met vortices te maken maar eerder met een speci eke instaliteit
van de niet-Fermi vloeistof; in technische termen komt het neerop het
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samengaan van twee vaste punten in de renormalisatiegroep-stroom. We
hebben daarmee een nieuw voorbeeld gevonden van een niet-topologische
Berezhinsky-Kosterlitz-Thouless overgang binnen de hologra schéheorie.
Samenvattend: we hebben tot nu toe onbekende vormen van fermion-
ische kwantum kritikaliteit in ADS/CFT bestudeerd, waarbij we een bewijs
gevonden hebben voor de stabiliteit de Fermi vioeistof aan de zwaartekcht-
skant. Het eerstgenoemde toont de mogelijkheden aan van het gebruik
voor AdS/CFT om vooruitgang te boeken in het onderzoek naar veel-
deeltjes fysica. Het tweede is een belangrijke toets waarbij het Is¢
bekende resultaat van de gecondenseerde materie wordt gereprodurke
We staan slechts aan het begin van het hologra sch onderzoek naar kwantum-
materie, maar er zijn goede redenen om te geloven dat dit onderzoek de
potentie heeft om compleet nieuwe inzichten in de gecondenseerdeaterie
te genereren.
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Stellingen

behorende bij het proefschrift
Holography, Fermi surfaces and criticality

. Wavefunction renormalization Z, i.e. the jump of number density
n(k) at the Fermi surface k = kg is the Landau-Ginzburg order
parameter of a holographic Fermi liquid.

This thesis, Chapter 4.

. At high temperatures holographic Fermi liquids undergo a rst order
phase transition to the phase dual of a charged black hole.

This thesis, Chapter 5.

. In the phase diagram of holographic fermions a continuous phase
transition separates the Fermi liquid phase from the quantum critical
AdS, metal phase.

This thesis, Chapter 5.

. The empirical stability of Fermi liquids has its gravity dual in th e
fact that an extremely broad class of systems with bulk fermions
develops a Lifshitz horizon in the interior of the AdS space.

. The accuracy of calculations of eld-theoretic quantities in AAS/CFT
is not simply related or directly proportional to the accuracy of cal-
culations on the gravity side.

. Even if of little use for the understanding of high-T. superconductiv-
ity, the many elaborate models proposed to explain it such as emer-
gent gauge theories, resonant valence bonds etc. have contributed
much to broadening the horizons and the arsenal of methodological
tools available in many-body physics.

. The importance of knowing the Lagrangian/Hamiltonian of a phys-
ical system is overrated. At strong coupling it doesn't help much

. The purpose of computational physics is not to replace analytical
work but only to help it. The goal of science is insight, not numbers,
and insight only comes from analytical considerations.



9. Quality of text is an example of a non-extensive property: improvirg
several paragraphs individually might still decreasethe quality of the
whole.
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